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geodesic, all of whose vertices belong to X. Aset X is convex in G if forall a, b € X all vertices
from every (a, b)-geodesic belong to X. The weakly convex domination number of a graph
G is the minimum cardinality of a weakly convex dominating set of G, while the convex
Domination number domina_tion number of a graph G is the minimum cardinality pfa_convex dominating set of
Convex sets G. In this paper we consider weakly convex and convex domination numbers of tori.
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1. Definitions

Here we consider simple, undirected and connected graphs G = (V, E) with |V| = n. The open neighbourhood N;(v) of a
vertex v € V is the set of all vertices adjacent to v and the closed neighbourhood N¢[v] of a vertex v € V is the set Ng(v) U {v}.
A subset D of V is dominating if every vertex of V — D has at least one neighbour in D. Let y (G) be the minimum cardinality
of a dominating set of G.

The distance dg(u, v) between two vertices u and v in a connected graph G is the length of the shortest (u, v) path in G.
A (u, v) path of length d¢(u, v) is called a (u, v)-geodesic.

AsetX C V is called weakly convex in G if for every two vertices a, b € X, exists an (a, b)-geodesic, all of whose vertices
belong to X. A set X is convex in G if for all a, b € X all vertices from every (a, b)-geodesic belong to X. AsetX C V
is a weakly convex dominating set in G if X is weakly convex and dominating. Further, X is a convex dominating set if it is
convex and dominating. The weakly convex domination number y\ycon (G) of a graph G is the minimum cardinality of a weakly
convex dominating set of G, while the convex domination number .., (G) of a graph G is the minimum cardinality of a convex
dominating set of G. Convex and weakly convex domination numbers were first introduced by Topp [4].

2. Cartesian product

The Cartesian product of two graphs G; and G,, denoted by G = G10G, is the graph with vertex set V(G) = V(G1) XV (Gy),
where two vertices (ug, uy), (vq, vy) are adjacent in GG, if and only if the following holds:

(a) Uy =v and Uxvy € E(G1),
(b) U = vy and ujvg € E(Gz)
For v; € V(Gy), Gﬁ denotes the subgraph of G;0G, induced by V(G;) x {v;} and we call Gﬁ the ith copy of G in G;0G,. If

V(Gy) = {v1, ..., v}, then (I"l and Gj1 are neighbouring copies in G10G, if vjv; € E(G,). The Cartesian product of two cycles
Cn and G, is called a torus, if m > 3 and n > 3. The problem of domination in a torus was considered in [5]. The bondage
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(z1,y4) (22, y4) (23,94) (24, y4)

@ vertex in D'
(1,Y3) *2,Y3) z3,Y3) (z4,y3)

QO vertex not in D’
z1,Y2) T2,Y2) z3,Y2) ’M,yz)

(z1,y1) ’m21y1) s, y1) (za,91)

Fig. 1. The case (a).

number and signed domatic number of a torus is studied in [2] and in [3], respectively. Here we consider weakly convex and
convex domination numbers of a torus.

In 1963 Vizing conjectured that y (G;0G;) > y(G1)y (G,) for every two graphs Gy and G,. In [1] it was proven that the
following Vizing-type inequality for the convex domination number is true.

Theorem 1 ([1]). For connected graphs G, and G,
Ycon (Gl ) Ycon (GZ) =< Ycon (Gl DGZ) .

It is easy to verify that the convex domination number of a cycle C;,, on m > 6 vertices equals m. Hence, Theorem 1
implies what follows.

Corollary 2. Let C,, and C, be cycles on m > 6 and n > 6 vertices, respectively. Then

Ycon (GrOCy) = mn.

A similar result may be proven for the weakly convex domination number.

Theorem 3. Let C,, and C, be the cycleson m > 7 and n > 7 vertices, respectively. Then

Ywcon (CmDCn) = mn.

Proof. Let G = C,,0C,, where V(G) = {(x;,y)) : x; € V(Cn),y; € V(Cy),1 <i<m,1<j<n}andm,n > 7. Suppose

Yweon(G) < mn. Let D be a minimum weakly convex dominating set of G. Since |D| < mn we assume, without of loss of

generality, that (x3, y3) € D. Then (x3, y3) belongs to the ((x3, ¥2), (x3, ¥4))-geodesic and thus (x3, y2) & D or (x3,y4) & D.

Without loss of generality, let (x3,y,) ¢ D. Similarly, (x3, y3) belongs to the ((xs3, Y1), (x3,¥4))-geodesic and thus we let

(x3,¥1) € D. Further, (x3, y3) belongs to the ((x2, y3), (X4, ¥3))-geodesic so, without loss of generality, we let (x5, y3) & D.

Each ((x2, ¥2), (x3, y4))-geodesic contains (x3, y3) Or (x3, ¥2) or (X2, ¥3), 50 (X2, ¥2) & D or (x3,y4) & D.

(a) If (x2,¥2) € D, then (x4,y,) € D dominates (xs3, y,). Moreover, since D is weakly convex, (x1,y,) & D. However this
implies that (x,, y1) € D which is a contradiction, because no ((x3, y1), (X4, y2))-geodesic is contained in D. (See Fig. 1,
some edges in the figures are omitted to make them more clear.)

(b) If (x3, y4) & D, then (x4, y3) € D dominates (x3, y3). Moreover, since D is weakly convex, (x1, y3) ¢ D and (x5, y4) & D.
However, this implies that (x,, y,) € D which is a contradiction, because no ((x3, ¥2), (X4, y3))-geodesic is contained in
D.(SeeFig.2.) O

The following propositions give exact values for the convex domination number and the weakly convex domination
number for a torus G = C,,0C,, where n € {3, 4, 5, 6}. We start with a lemma.
Lemma 4. Let G = C,0C,, wheren > 3and m > 5. Let D be a minimum weakly convex dominating set of G such that (x3, y;) &
D for j € {1, 2, 3}. Then, without loss of generality, (x;, y;) & D for i € {2,3},j € {1, 2,3} and (x1,y2) € D, (x4,y2) € D.

Proof. Let G and D be defined as above. Since D is dominating, (x3, y») has a neighbour in D. Without loss of generality let
(x4,y2) € D.Since m > 5, each ((x2, y1), (X4, y2))-geodesic contains (x3, ¥1) or (x3, ¥2), so the weak convexity of D implies
that (x2, y1) € D.By similar arguments, (X, y3) ¢ Dand (x,, y,) & D.Hence, (x1,y2) € Ddominates (x,, y,).(SeeFig.3.) O

Proposition 5. Let G = C,,(0C3, where m > 3. Then
Ywcon (G) = Vcon(G) =m.

Proof. Since ycon(G) > Yweon(G) > y(G) = 3 and the set {(x3, y1), (X2, ¥2), (x2, y3)} is a convex dominating set of G, the
result is true for m = 3. Let G = C,0C3, where m > 4 and denote V(G) = {(x;,¥;) : xi € V(Cn),yj € V((3),1 < i <
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(21,v4) z2,Y4) z3,Y4) (z4,94)

@ vertex in D’
(1, y3) z2,Y3) z3,Y3) z4,Y3)

O vertex not in D’
(21, y2) ’w27y2) z3,Y2) (z4,92)
(z1,91) (x2,y1)  (z3,91) (z4,y1)

Fig. 2. The case (b).

(21, y3) z2,Y3) z3,Y3) (z4,y3)

@ vertex in D’

O vertex not in D’

’11,242) z2,Y2) z3,Y2) ’»M»yz)

(@1,91)  (w2,y1)  (z3,91)  (wa,91)

Fig. 3. [llustration for the Lemma 4.

m,1 <j < 3}, Weshow that D = {(x;,y1) : 1 < i < m}is a minimum convex and weakly convex dominating set of G.
It is obvious that D is convex and dominating, SO }iycon(G) < Veon(G) < m. Suppose D is not a minimum weakly convex
dominating set of G. Then there exists a weakly convex dominating set D' C V(G) such that [D’'| < |D| = m. However, it
is possible to verify that for C401C3 we cannot find a weakly convex dominating set of cardinality at most 3. Hence, in what
follows we assume m > 5. Since |D’| < m, there exists an index i such that all three vertices of V(Cé) do not belong to D'.
Without loss of generality, let i = 3. By Lemma 4, we obtain that (x;, yx) &€ D' forl € {2, 3}, k € {1, 2,3} and (x1,y,) € D,
(x4,y2) € D’ (See Fig. 4.)

Recall that Yycon (Cr) = k for k > 7. For this reason, since D’ is weakly convex and dg((x1, y2), (X4, ¥2)) < 3, we conclude
that m < 6. Hence, |[D’| < 6. Since D’ is dominating, (x1, y1), (X1, ¥3), (X4, ¥1), (x4, y3) € D’. However, this implies that
|D'| > 6, a contradiction. Therefore, icon(G) = Yeon(G) = m. O

Proposition 6. Let G = C,,(0C4, where m > 7. Then

yWCOH(G) = Ycon (G) =2m.

Proof. Let G = G,,OC4, wherem > 7 and denote V(G) = {(x;, yj) : x; € V(Cn),yj € V(Cs), 1 <i<m, 1 <j < 4}. We show
thatD = {(x;,y;) : 1 <i <m,1 <j < 2} isaminimum weakly convex and convex dominating set of G. It is obvious that
D is convex and dominating, S0 Ywcon(G) < Veon(G) < 2m. Suppose D is not a minimum weakly convex dominating set of G.
Then there exists a weakly convex dominating set D' C V(G) such that |[D’| < |D| = 2m. Then there exists an index i such
that at least three vertices of V(Ci) do not belong to D’. Without loss of generality, let (xs, y1), (x3,¥2), (x3,¥3) € D'. Now,
by Lemma 4, we obtain that (x;, yx) & D' forl € {2, 3}, k € {1, 2, 3} and (x1,y2) € D', (x4, y2) € D'. Now, since D’ is weakly
convex and dg((X1, y2), (X4, y2)) < 3, we conclude that m < 6 which is impossible. Hence, Ywcon(G) = ¥con(G) =2m. 0O

The straightforward, albeit technical proof of the following observation is omitted.

Observation 7. The weakly convex domination number and convex domination numbers of the Cartesian product of Cy, and Cy,
where m € {4, 5, 6}, are also equal to 2m.

Proposition 8. Let G = C,,(0Cs, where m > 5. Then
yWCOH(G) = VYcon (G) = 3m.
Proof. Let G = C,0Cs, where m > 5 and denote V(G) = {(x;,¥;) : xi € V(Gn),¥; € V(Gs),1 <i<m,1<j<5}.We

show that D = {(x;,yj) : 1 <i <m, 1 <j < 3} is a minimum convex and weakly convex dominating set of G. It is obvious
that D is convex and dominating, so Yicon (G) < Ycon(G) < 3m. Suppose D is not a minimum weakly convex dominating set
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(z1,y3) z2,Y3) (z3,73) ‘(24,93)

@ vertex in D’

O vertex not in D’

’9011@/2) (22, y2) (23, 72) z4,Y2)

(z1,91)  (w2,y1)  (=3,91)  (ea,91)

Fig. 4. The C,,(0C; (some edges are omitted).

’9617?!5) *2,Ys5) (z3,y5) ’964,?!5) ’985795)

’11,?14) ’-752».744) ’Is,y4) ’m4,y4) ’I5,y4)

@ vertex in D/

’ ’ ’ O vertex not in D’
z1,Y3) z2,Y3) z3,Y3) z4,Y3) z5,Y3)

’wl,yz) T2, Y2) z3,Y2) ’$4,y2) ’wsﬂn)

qrhyﬂ w2, y1) (=3, v1) ’I4ay1) ’IS»ZJI)

Fig. 5. Case (a) of C;,0Cs.

of G. Then there exists a weakly convex dominating set D' C V(G) such that [D'| < |D| = 3m. Therefore, there exists an
index i such that at least three vertices of V(Cé) do not belong to D'. Since D’ is weakly convex, those three vertices induce
a P; in G. Without loss of generality, let (x3, y1), (x3,¥2), (x3,¥3) &€ D'. Now, by Lemma 4, we obtain that (x;, y,) ¢ D’ for
le{2,3},ke{1,2,3}and (x1,y,) € D', (x4,y,) € D'. Again we conclude that m < 6.

If (x4,y3) & D/, then (x3,y4) € D' and so no ((x4,y2), (X3, ¥4))-geodesic is contained in D’. Thus we conclude that
(x4,y3) € D'. By similar reasoning and symmetry we obtain that (x;,y3) € D, (x4,y1) € D' and (xq,y1) € D'. Further,
since D’ is weakly convex, we have that (xs,yx) € D for k € {1,2, 3} and if m = 6 then, additionally, (xs, yx) € D’ for
ke {1,2,3}.

(a) Suppose (x3,y4) € D'. Then (x4,y4) belongs to the ((x3,ys), (X4, ¥3))-geodesic that does not contain vertices from
V(G) — D/, so (x4,y4) € D'. Similarly, considering the ((xs, y4), (x1,y3))-geodesic outside of D" we conclude that
(X1,y4) € D' and (x3,y4) € D'. This implies that (xs,y4) € D', (Xs,¥5) € D', (X4,¥5) € D" and (x1,ys) € D' (see
Fig.5). Then |D’| > 17 form = 5 and |D’| > 20 for m = 6. However this contradicts |D'| < 3m.

(b) Thus, (x3,y4) & D'.If (x2,y4) € D/, then each ((x2, y4), (X4, y3))-geodesic would contain vertices from V(G) — D/,
SO (X2,¥4) & D.If (x4,y4) & D/, then (x3,ys) € D’ dominates (x3,y,). However, each ((x3, ¥5), (X4, ¥3))-geodesic
contains vertices from V(G) — D'. Thus, (x4, y4) € D'. Similarly we obtain that (x{, y4) € D'. Since D’ is weakly convex,
(Xs,v4) € D', (x1,y5) € D, (x4,y5) € D and (xs,ys) € D’ (see Fig. 5). Thus, |[D’'| > 15form = 5.1f m = 6,
then (xg,yx) € D' fork € {1,2,...,5} and thus |D’| > 20. However both cases contradict the fact that |[D'| < 3m
(Fig.6). O

Our last result for the Cartesian product of two cycles concerns only weakly convex domination.

Proposition 9. Let G = C,,00Cs, where m > 6. Then

Ywcon (G) = 4m.

Proof. Let G = C,,0Cg, where m > 6 and denote V(G) = {(x;,¥)) : x; € V(Cn),yj € V(Gs),1 <i <m,1<j <6}.We
show that D = {(x;,y;) : 1 <i <m,1 < j < 4}is a minimum weakly convex dominating set of G. It is obvious that D is
weakly convex and dominating, so Ywcon(G) < 4m. Suppose D is not a minimum weakly convex dominating set of G. Then
there exists a weakly convex dominating set D' C V(G) such that |[D’| < |D| = 4m and therefore there exists an index i
such that at least three vertices of V(Cé) do not belong to D'. Since D’ is weakly convex, those three vertices induce a P; in
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’24, Y5)

z2,Y5) (z3,y5) Y5)
’11194) (w2, ya) z3,Y4) ’x4vy4) ’m5,y4)
@ vertex in D’
O vertex not in D’
’Ilyya) z2,Y3) z3,Y3) ’1'4,243) ’15»y3)
’11192) z2,Y2) z3,Y2) ’9641?12) ’w5»y2)
qzlayﬂ Hw2,y1) (=3, v1) Qz4ay1) ’175»?41)
Fig. 6. Case (b) of C,,0GCs.
’117y6) (22, y6) (3, y6) ’147746) (25, y6) (26, y6)
’ﬁlvyii) ’wmy\a) ’wsyys) ’M»yr)) (5, y5) (z6,y5)
@ vertex in D/
’I17y4) ’12,744) ’137y4) ’147744) (25, ya) (z6,ya)

O vertex not in D’

’xlvyii)

’itm y3)

’905,93)

’9%'7 y3)

’3367 y2)

z2,Y3) z3,Y3)
’771792) z2,Y2) z3,Y2) ’9047?&) ’wsyw)
’Ilyyﬁ Hz2,y1) (23, 91) ’1471/1) ’9357141)

’Iey Y1)

Fig. 7. Case (a): subcase (x3,ys) € D" of Cs0Cg.

G. Without loss of generality, let (x3, y1), (x3,y2), (X3, ¥3) &€ D'. Now, by Lemma 4, we obtain that (x;, y,) & D' forl € {2, 3}
and k € {1, 2, 3} and (x1,y,) € D', (x4,y2) € D'. Again we conclude that m < 6.

Moreover, by similar reasoning as in the proof of previous proposition, we obtain that (x;, y,) € D' forl € {1, 4, 5, 6} and

ke(l,2,3).

(a) If (x3,y4) € D/, then by considering ((x3, y4), (X4, ¥3))-geodesics we conclude that (x4, y4) € D'. Similarly, (x1, y4) and
(%2, y4) belong to a ((xs, y4), (X1, y3))-geodesic and thus they belong to D'. If (x3, y5) € D', then each ((xs, ¥5), (X4, y1))-
geodesic in D’ contains (x4, ¥s), SO (X4, ¥s) € D’ and further (x4, y5) € D'. Similarly, each ((x3, ys), (X1, y1))-geodesic
in D’ contains (x1, ys), SO (x1,ys) € D’ and further (x1,ys) € D’ and thus (x,, ys) € D’ (see Fig. 7). Since D" is weakly

convex, (X2, ¥e), (X3, ¥s) € D' or (x5, ¥6), (X, ¥s) € D'. In both situations |D’| > 24 = 4m, a contradiction.

Therefore we conclude (x3,ys) ¢ D'. Since D' is weakly conveXx, (x3,y¥s) & D.If (x5,y5) € D/, then each
((x2,¥s), (x4, ¥1))-geodesic would contain vertices of V(G) — D’ which is impossible. Thus (x;,ys) ¢ D" and further
(x2,¥¢) € D'. Since D' is dominating, (x1,ys) € D/, (x4,¥s) € D’. Moreover, the weakly convexity of D' implies
that (x;,ys) € D' forl € {1,4,5,6} and (x;,ys) € D forl € {5,6} (see Fig. 8). However then |[D'| > 24, a

contradiction.

(b) If (x3,y4) ¢ D', then by the similar reasoning as in the proof of Proposition 8, we obtain that (x3, y4) & D’ and (x;, y4) € D’

forl € {1, 4, 5, 6}. Now, the rest of the proof is similar to the proof of the Case (a) and (b) of Proposition 8.

O
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’ml’yﬁ)

z2,Y6)

z3,Y6)

’u,ya)

’msyys)

’mﬁ’yﬁ)

’wlvyS)

z2,Y5)

z3,Y5)

’14» Y5)

’%a Ys5)

’9%'7 ys5)

’9017214)

’m»yzl)

’w-'iv ya)

’9047 ya)

T5,Y4)

(z6,ya)

’wlv y3)

’wm y3)

’ws,ys)

’9067 y3)

’%7 y2)

z2,Y3) z3,Y3)
’myyz) z2,Y2) z3,Y2) ’Myy'z) ’ws,w)
’$17y1) w2, y1)  (w3,91) ’9047741) ’1571/1)
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