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1. Introduction

In [1] the following boundary value problem for a system of delay differential equations of population dynamics is
investigated

dNq(t Ky + ANy (t —
1()=r1N1(t) 1+ ANz ( IZ)—Nl(t)
dt 1+ N (t — o) (1.1)
dN,(t Ky + AN (t — '
H(t) — 1N, () 2 + ANy (E — 71) —Ny()
dt 1+ Nqi(t —17)
for 0 < t < ¢, subject to the boundary condition
Ni(t) = wiN1(€ + ) + @1(0), Ny (t) = uaNo (€ +t) + ¢ (0), (1.2)
where —t = — max{ty, 12} <t < 0 (for the problem itself also see [2]).

The authors of the above-mentioned paper assume that the coefficients r;, A;, K; and the delays 7;, i = 1, 2, of system
(1.1) are constant, positive and satisfy A; > K;, i = 1, 2. For the same i, N; is the amount of a single species, r; is the
growth rate of each species, A; is the ratio of the mutualism (or cooperation) between different species, K; is the amount
of environmental accommodations (carrying capacity). For obtaining an approximate solution to problem (1.1)-(1.2) they
employ Chebyshev polynomial series. They assume that the unknown solution (N;, N»)T and an auxiliary function (1, ¥)"
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have finite expansions into (m + 1)-term Chebyshev polynomial series and reduce the task of finding this approximate
solution to determining the coefficients of these expansions.

In this paper we propose the approach which was used in [3] and proved to be more effective than many other known
methods as far as the accuracy of the approximated solutions is concerned. As it also works for more general problems than
the boundary value problem (1.1)-(1.2) we use the last one as a model problem and generalize it to the following boundary
value problem for systems of delay differential equations

dy(t)

T :f(tsJ’(t)d’(t_Tl),~~»».V(t_fk))7 t e (av b]v (13)

Piy(t) + Py(b—a+t) =¢(t), tela—rt,al (1.4)
where we assume that: f = (f;,....f)7 : [a,b] x R¥f! — R is continuous on some compact subset D of the set
[a, b] x R y(t) = (y1(t), ..., ya())T is the unknown function defined on [a — 7, b], (t) = (@1(t), ..., ea(t)T is
continuouson [a — 7, a], P, = [pi(jk)]i,j:] ,,,,, n, k= 1,2, are constant matrices and P; is nonsingular, 7; > Ofori = 1,...,k

and T = miny<i<,{7;}. In the sequel, we also assume that problem (1.3)-(1.4) has a unique continuous on [a, b] solution.
Let us notice that the boundary condition (1.2), for a = 0 and b = ¢, can be written in the form (1.4) with

P1:|:(1) (1’] pzz[_é“ _ZZ] and <p(r)=[$§3] (15)

The nonsingularity of P; implies that for any s = (51, ..., s,)! the system P;r = —P,s — ¢(a) has a unique solution r =
(r1, ..., r,)T.Thendefining for t € [a—, b] the function q(t) = (q(t), . .., g.(t))T with q;(t) = r;+((si—r;)/(b—a))(t —a)
and making the substitution y(t) = u(t) — q(t) we can reduce problem (1.3)-(1.4) to an equivalent problem

du(t) -
m =f(t,u(t), ut —71),...,ult — ), te(a,b], (1.6)
Piu(t) + Pu(b—a+t) = p(t), tela—rt,a] (1.7)
with ¢(t) = @(t) + P1q(t) + P,q(b — a + t), t € [a — 7, a] and with the property
Piu(a) + Pou(b) = (0, ..., 0)". (1.8)
For this reason, we can assume without loss of generality, that in (1.4) ¢(a) = (0, ..., 0)".

The equivalence of (1.3)-(1.4) and (1.6)-(1.7) consists in the following: if y(t), t € [a — t, b] is a solution to (1.3)-(1.4)
then u(t) = y(t) + q(t),t € [a — t, b] is a solution to (1.6)-(1.7) and vice versa, if u(t), t € [a — t, b] is a solution to
(1.6)-(1.7) then y(t) = u(t) — q(t), t € [a — 7, b] is a solution to (1.3)-(1.4).

Let us also remark that condition (1.7) includes periodic boundary conditions if P; = —P, = I, and ¢(t) = (0, ..., 0)T,
where I, is the n x n identity matrix.

The organization of the paper is as follows. In Section 2 we show how to reduce problem (1.3)-(1.4) to a fixed-point
problem. In order to make the paper self-contained in Section 3 we recall the necessary definitions, the main theorem and
corollary as well as the formulation of the e(h) approximate method, which were introduced in [3]. In Section 4 we prove
three lemmas which show the continuity of corresponding operators and the fourth lemma showing the compactness of
the corresponding family of functions. These properties guarantee that the ¢(h) approximate method is well defined and
convergent. Section 5 is devoted to numerical experiments. Using three examples of boundary value problems: a boundary
value problem for a system of delay differential equations of population dynamics, a periodic boundary value problem for
the periodic distributed delay Lotka-Volterra competition system and a periodic boundary value problem for a system
of delay differential equations modeling two coupled identical neurons with time-delayed connections, we show how to
reduce these problems to fixed-point problems and provide the results of numerical experiments. We end the paper with
concluding remarks.

2. Reduction of the problem (1.3)-(1.4) to a fixed-point problem

For the sake of shortness let us denote the right-hand side of (1.3) by
fe,y@®),y(t —71), ..., y(t — w) = F(t, y(t), y()
and rewrite (1.3) as
Yy =F(t,yt),y(), telabl (2.1)

Assume that there exists a continuous matrix B = B(t), t € [a, b], such that for the fundamental matrix Y of the system
¥y = By, satisfying Y (a) = Iy, the matrix Q = P; + P,Y(b) is nonsingular. Let us consider the following auxiliary BVP for
the system of differential equations

y'(t) =By(t) + v(t), te€lab], (2.2)
P1y(a) + Py(b) = (0, ...,0)". (2.3)
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The solution to (2.2)-(2.3) can be written

b ¢
y(t) = Y(t) [—Qle%(b) / Y (5)v(s) ds + / Y (S)v(s) dS} . (2.4)
Denoting the right-hand side of (2.4) by (Gv)(t) we can write the solution to (2.2)-(2.3) in the form
(g1v)(t)
y(t) = (Gu)(t) = : (2.5)
(g0 (1)
and reduce the problem (2.1) with boundary condition (1.4) to the following fixed-point problem
v(t) = F(t, (Gv)(t), (Gv)(-)) — B(Gu)(t). (2.6)

3. An approximate method for a fixed-point problem

3.1. Notation and basic definitions

In [3] there were introduced the following notions and definitions. Let: (L, d) be a metric space with a metric d, M be an
interval (0, hy], hy > 0, or a sequence of positive real numbers convergent to zero, {Sy : h € M} be a family of spaces of grid
functions defined for each h on a finite set of grid points from a compact setK, {r, : h € M, r, : L —> Sy} be a family of
operators mapping L onto Sy and {p,, : h € M, py : S, —> L} be a family of operators mapping Sy, into L.

Remark 1. In the sequel, speaking of an arbitrary family of sets Q; or transformations g, we shall mean the families
{Qn | h € M}or{qy | h € M} respectively.

Definition 3.1. We shall say that the family of spaces S, and the families of operators r;, and p, define a convergent
approximation of L if for any x € L the condition

d(pnrpx, X) —0 (3.1)
holds.

Definition 3.2. We shall say that the family x" of functions in L is compact in L with h — 0 if for any sequence of functions
belonging to this family corresponding to the sequence of values of the parameter h convergent to zero a subsequence
convergent in L can be chosen.

Now, let € > 0 be a given real number.

Definition 3.3. We shall say that x € Lis an e-fixed-point of A : L — L if
d(x, Ax) < €. (3.2)

3.2. The main theorem and corollaries, an approximate method for a fixed-point problem
In [3] the following theorem and corollary have been proved.

Theorem 3.1. If

(a) operator A is continuous in L,
(b) the family of spaces Sy, and the families of operators ry, and py, define a convergent approximation of L,

then A possesses at least one fixed-point if and only if there exists a non-negative function (h), e(h) — 0 for h — 0 such that
the operator A possesses ¢ (h)-fixed-points pyxy and the family {ppx, | h € M} is compact with h — 0.
Corollary 3.1. If

(i) the operator A : L —> L is continuous and has a unique fixed-point x,
(ii) the family of spaces Sy, and the families of operators ry, and py, define a convergent approximation of L,
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(iii) for c, = d(0, pprpx) a sequence (ppxy) satisfying the condition
def .
d(prxn, Appxn) = ec(h) = min  d(ppyn, APYh), (33)
{yn:d(0,phyn) <cp}

is compact with h — 0,
then

lim ppxp, = x. (3.4)

h—0

Corollary 3.1 suggests the following approximate method for a fixed-point problem with a continuous operatorA : L —
L, which we will call the e(h) approximate method:

1. choose such families of spaces S, of grid functions u, = (uq,uy, ..., uyp) defined on finite sets of grid points
(X1, X2, ..., Xyy) in a given compact set K and operators pj, and r, that
(a) they define a convergent approximation of L,
(b) the family of pyx;, satisfying d(ppxy, Apnxp) —> 0if h — 0 is compact with h — 0,
(c) the functions

qn(u1, Uz, . . ., Uny) = d(pnUn, Apptin) (35)
are continuous with respect to the variables uq, uy, . .., Uyn;
2. choose large enough constant ¢ and small enough parameter h and find an & (h) fixed-point of A by minimization of g
on the (compact in S;) closed ball B(0y, ¢) of radius ¢ centered at 05, where 0, = (0, ..., 0) is the zero function in Sj.

Then pyx;, approximates the fixed-point x of A because pyx, — xif h — 0.

Remark 2. It follows from the proof of Theorem 3.1 (see [3]) that this method can be applied to the problems with a unique
fixed-point if operator A is continuous only in some neighborhood of the fixed-point if the initial approximations to an &. (h)
fixed-point is taken close enough to the fixed-point of A.

3.3. An example of a convergent approximation and other auxiliary theorems

Also in [3] there was given the following example of a convergent approximation of the space
L2[a, b] = L*[a, b] x - - x [*[a, b]

n times

with the metric d induced by the norm || - ||§")

1 1
n 2 b 2
||v||§'”=<§ ||v'||§> : where||v‘||z=(/ |v'<s)|2ds) : (36)
i=1 a

Now, let on [a, b] be defined a family of grids Ny (H = 2h, h = L’Z;N“, N =1,2,...) with grid points x, = a + kH, k =
0,1,...,N.Denote the set of h by M and for h € M let
ST = S"[a, b] = Syla, b] x - - - x S[a, b] (3.7)
n times

be a linear space (over R) of grid functions defined on the grid Ny.
We define the extension operators pj : S — [2[a, b] by the formula

defined for v € L2[a, b] by putting:

Phvn = (Prvp, -, Prvp), (3.8)
where 15,,1),"1, for a fixed h, is a piecewise linear function with values in the grid points Ny equal to the values of the grid
function v}l in these grid points.

We also extend the domain of the function v € [2[a, b] by putting

v(s) =0 ifs ¢ [a,b]. (3.9)
Now, for a fixed h define the restriction operator ry, : Lﬁ [a, b] — S§ by putting
v = (Fhvl, ...,Fhv"), (3.]0)

where

= i ~1 1
v (X)) =0 (xx) = E

The integral appearing in this formula is a Lebesgue integral and the function wy(x, s) is an averaging kernel (for details on
averaging kernels see [4]). Next, there were proved the following theorems.

/ n(Xg, S)v' () ds.

—00
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Theorem 3.2 ([3]). There exists a constant K (independent of h € M andu, v € Lﬁ [a, b]) such that for all h, u, v

d(puratt, prrpv) < Kd(u, v). (3.11)
Theorem 3.3 ([3]). Foreach v € [2[a, b]
d(pnrhv, v) —0

i.e. the family of spaces Sy and the families of operators p, and r, define a convergent approximation of [*[a, b].

4. Solution of fixed-point problem (2.6) by the ¢(h) approximate method

It is clear that operator G defined by formula (2.5) is linear with respect to the variable v.
Denote by Cé") [a, b] the space of continuous functionsy = (y1, ..., y.)",y : [a, b] — R" satisfying condition (2.3) with

norm defined by the formula [lyllo = (31, (maxa<c<5 yi())?)*.
Using the Holder inequality it is easy to verify the following lemma:

Lemma 4.1. The operator G : Lﬁ[a, b] — Cé") [a, b] defined by formula (2.5) is continuous.

Now, fori =1, ..., k, let us define the operators Q; : Cé”) [a, b] = C™]a, b],
, P @(t — ) — Py 'Py(b—a+t—1) ift—1 <a,
S)©) = {y(t—r,-) ifa<t—r <b.

It is also easy to verify the following lemma:

Lemma 4.2. The operators S; : Cé”) [a, b] — C™]a, b] are continuous.
Denote

YO = (SO, ..., (SY)(D)). (4.1)

Next, observe that the righthand side of (2.6) defines the operator
A:[%[a,b] — C™[a, b] C [?[a, b], i.e.

(Av)(t) = F(t, (Gu)(t), (SGv)(t)) — B(Gu)(t). (4.2)
We have the following lemma:
Lemma 4.3. The operator A : [[a, b] — L2[a, b] defined by (4.2) is continuous.

Proof. For a given v € Lﬁ [a,b] and ¢ > 0O let U(v, ¢) denote an open ball in Lﬁ [a, b] with radius ¢ centered at v, for the

vectors y(t) = (y1(t), ..., yn(t)), w = (w1, ..., wy) and z = (zq, ..., z,) let
max y(t) = (max y;(t), ..., max yn(t)),
a<t<b a<t<b a<t<b
lw| = (lwq],...,|wy]) andw <z ifandonlyif w; <z Vi=1,...,n.

Then for u € U(v, c) the definition of Q implies

max [SG(u — v)(t)]| < ||Pf1P2 loo Mmax |G(u — v)(t)]. (4.3)
a<t<b ast<b

Now, let us return to formula (2.4) and denote by m;; the entries of —Q~'P,Y(b), by yij(t) the entries of Y(t) and by y;(s)
the entries of 4~ (s). We also put

b 1/2
m = max |myl, r = max &fj(s)ds .
1<i,j<n 1<i,j<n a

Then from the Holder inequality we derive the following inequality for the i-th component [G(u — v)(t)]; of G(u — v)(t)

n n b 1/2
G — v)(O)l <7 (nrh PN IZIGIES 1) > ( / [u(s) — v(s)des) : (4.4)
=1 =1 \Ja
where [u(s) — v(s)];, j =1, ..., n,is the j-th component of u(s) — v(s).
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From (4.3)-(4.4) it follows that for ¢ small enough there exists a compact subset of D, say D., such that
(t, (Gu)(t), (SGu)(t)) € D, whenevert € [a, b] and u € U(v, c). Define F by the formula

F(t, (Gu)(1), (SGu) (1) = F(t, (Gu)(t), (SGv)(t)) — B(Gu)(t) (4.5)

and let ui(n), i = 1, ..., n, denote the modulus of continuity of the i-th component of F on D,. Then for any u € U(v, ¢)
and the norm || - ||§") defined by (3.6) the following inequality holds

lAu — Av[lS” < (b — )2 u(n), (4.6)

where

1<i<n tela,b] 1<i<n tela,

. 1/2
p(n) = (Z(M(n))2> :
i=1

Inequality (4.6) implies the continuity of A in Lﬁ [a,b]. O

n = max(max{max |G(u — v);(t)[}, max{ max ISG(u — v)i(O1}),

The process of minimization of the functions g, defined by (3.5) on a ball B(0, ¢) in S produces a family p,v,. Now,
it remains to prove that this family is compact with h — 0. Put (ppvp)s(t) = ppvp(t + ), |[(Prvn)s — phv,,]f||§ =
fab I[(PrvR)s(t) — pron(t)]i1*dt, where [(pavp)s(t) — prup(t)]; is the i-th component of (pyvp)s(t) — pavn(t).

Then according to Riesz’s theorem (see, e.g. [4]), the family pjvy, is compact with h — 0 if it is bounded in L2[a, b] and

(IPrvw)s — prondill3, - - - I1PRVR)s — Prvnlall3) P ©,...,0 (4.7)
uniformly with respect to all ppvy.

It is clear, that condition (4.7) holds if fori = 1, ..., n, ||[[(Prvn)s — Prvnlillo — 0 with s — 0 uniformly with respect to

all p,vp. Introduce the notation " (t) = (rf(t), e, r,f(t)) = prop(t) — Aprun(t). To prove the compactness of (4.9) we will

consider the difference [(pnvp)s — prvnli = [(Appvn)s — Appvnli + [(rih)s — rih]l-.

Remark 3. We should bear in mind that assuming (3.9) we obtain for s > 0

b—s b
I[(Aphvn)s — Apronlills = / ([(Apnvn)s(0) — Aphun(0)1)*d6 + ([Aphvn(9)1:)*d6 (4.8)
a b—s

and we have to consider the two integrals appearing in (4.8) separately. However, due to the uniform continuity of % and
Y~ on [a, b] and the boundedness of ||[pyvp]i|l2, which results in the boundedness of the integrand ([Appvy(6)];)?, the
second integral can be made arbitrarily small by choosing small enough s. A similar problem appears for s < 0, where we
have to consider one integral over the interval [a, a + |s|] and the second integral on [a + |s|, b]. The integral over [a, a+ |s|]
can also be made arbitrarily small by choosing small enough s.

We have the following lemma

Lemma 4.4. The family pyvy, satisfying

Iprvn — Appunlly” = min [Ipaun — Apaunlls” (4.9)
up€B(0,c)

is compact with h — 0.

Proof. Let p,vy satisfy (4.9). Obviously, there exists a ¢ for which we have ||phv,.,||§") < ¢(b — a)'/?, i.e. the family pyvj, is
bounded. We will show that fori = 1, ..., nand any ¢ > 0 there exist h, and s, such thatif h < h, and |s| < s, then

I[(Pavn)s — pronlilla < € (4.10)
for all ppvy, satisfying (4.9). For (tih)S the following inequality holds

I@slz < 17157 < ech), ec(h) —>o. (4.11)
For ||[(phvn)s — prunlill2 we have

IL@rvr)s — pronlillz < II[APRV)s — Apnunlillz + (x5l + N7 112 (4.12)
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Assume thats > 0 and put M = —Q ~'P, Y (b). Now, consider the difference |[(Gpyvp)s(t) — Gprvp(t)];| for t +s < b (related
to the first integral in (4.8))

[[(Gprvn)s(t) — Gppop(t)]il

b t+s
[(%(r)—y(t)) (M f Y1 (O)pnvn(0)do + / y‘%e)phvh(e)do)] . (4.13)

1

The uniform continuity of % and % ~! on [a, b] and the boundedness of ||[prvs];|l» imply the existence of a function Mi(ll”c) of
argument s € R, M (s) —> 0,such that
s—

_max [[(Gprun)s(t) = Gpuun(Ohi < M (). (414)

Using a similar reasoning, we can conclude the existence of a function Mfz’"c) ofargument s € R, M,.(zh’c) (s) puvs 0, such that
=

max [[(SGpyun)s(t) — SGpavn(D)]i| < M"(s). (4.15)

Denote by D¢ such a compact subset of D that

(t, (Gprun)(t), (SGprup)(t)) € D°,
(t + s, (Gprup)s(t), (SGprup)s(t)) € D,
whenever t € [a, b] and v, € B(0, ¢). Let j1;(n) be the modulus of continuity of the i-th component F; of F on D¢, where

h, h, h, h,
n =9 = max(s|, M7 (s). ... M7 (). M3 (5), ... MG ().

Put 81.2 (s) = fbbﬂ ([Aprvn(0)15)? d6. Then (cp. Remark 3) 8;(s) —O> 0. We have
s—

I[(Apnvn)s — Aprunlilla < (b — @) jii(n) + 8i(s). (4.16)

It follows from (4.11) and (4.16) that the righthand side of inequality (4.12) can be made arbitrarily small by choosing h and
s small enough. A similar reasoning can be employed for s < 0 to arrive at a similar to (4.16) inequality. This means that
there exist h, and s, such thatif h < h, and |s| < s, then inequality (4.10) is fulfilled for all p,vy satisfying (4.9), which
implies that pyv, is compact withh — 0. O

5. Numerical experiments

Example 5.1. As the first example for numerical experiments we take the problem (1.1)-(1.2) withr; = 1.2, r, = 1.3, K; =
2.0,K; = 1.0,A; =2.2,A, =2.0,71 = 1.0, 75 = 0.5, £1 = 0.006, uy = 0.004, ¢ = 2.0, p1(t) = @1 = 2.12, p2(t) =
¢, = 1.68. To reduce it to the form (1.6)—(1.7) with the property (1.8) we put N (t) = N1(t) — q1(t), No(t) = Ny (t) — q2(t),
where

1—pui+e 1—pr+9
(h(f):%f-i-m—%, Q2(f)=%t+m—<ﬂz-

For the given above numerical values of w1, (2, @1, ¢2 we get

qq1(t) = 1.557t — 2.114, q2(t) = 1.338t — 1.676, and
¢1(t) = 1.547658t¢, @2(t) = 1.332648t.

Then from (1.1)-(1.2) we obtain the following system for N1, Nz

O — 410 + (o) — g0y | PR ZBCZDD) ) 4 g,
t 1+ Na(t — 12) — q2(t — 12) (5.1)
WO _ 0+ 12fo(0) - goeyy | 2T REZ ) =0T gy g
dt 1+ Ni(t —71) — q1(t — 71)
for 0 < t < ¢, subject to the boundary condition
N1 (t) Nie+6)] _ @
P [Nz(t):| +h [NZ(JZ + t)} - |:¢2(f)] ' (52)
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Now, associate with (5.1)—(5.2) the following problem of the form (2.2)-(2.3)
N'(t) = BN(t) + v(t), t €0, ¢], (5.3)

P;N(0) + P,N(£) = (0,0)7, (5.4)
where

8 Ny (t) 0 1 —1 0
S A A |

It is easy to check that the fundamental matrix Y (t) of the corresponding to (5.3) homogenous system satisfying the

condition % (0) = I is of the form Y(t) = [(]J q]and det(Q) = det [] _0’” 1__%12] = (1 = p1)(1 — uy) # 0. The solution

to the problem (5.3)-(5.4), according to the formulas (2.4), takes the form

¢ t
Ny(r) = —H2 f vy (s)ds + / vy(s)ds (5.5)
1—pua Jo 0
_ " ¢ ¢ _ ¢
Ny (t) = ( / v2(s)ds +/ (v1(s) — sz(S))dS) + N2 (1) +/ (v1(s) — sv2(5))ds. (5.6)
1—p1 \1=p2 Jo 0 0
Denoting the righthand side of (5.5) by (g, v)(t) and the righthand side of (5.6) by (gv)(t) we can write

N(t) — def | (810)(1)
NO = Goo = [(gzv)(t)] ‘

(5.7)
Now, replacing the lefthand side of (5.1) by the righthand side of (5.3) and replacing N; and N, at the righthand side of (5.3)
by the righthand side of (5.7) we arrive at the following fixed-point problem of the form (2.6)

v(x) = F(t, (Gu) (1), (Gu)(-)) — B(Gu)(t) (5:8)

where F(t, (Gv)(t), (Gv)(-)) = Bﬁ;g; (o, ggvgg;;] is defined by the formulas
fi(t, (G)(b), (Gléé')))(: qll(t))-i- 51 (((glv)(t)))_ qi(t))
Ki+Ai1((@u)t—1) —@t—n
— t t
X [ T @)t — o) i  &VOTN )}
fa(t, (Gu)(t), (Gv)(+) = g5(t) + r2((g2v) (1) — g2(t))
[Kz +A(E@E—1) —qit—7) (@) (0) + qz(t)] .

1+ (@)t —71) —qi(t — 11)

Problem (1.1)-(1.2) was solved by minimization of ||pyv, — Aprusll, , where A is defined by the righthand side of formula
(5.8) with F defined by the righthand side of (5.9). v, are discrete functions defined on a grid (xq, X1, ..., X,), Where,
X=a+jH, j=0,1,...,n,H = (b —a)/n and py, are extension operators assigning to each [vy]; = (voi, V1i, ..., Uni) @
piecewise linear function [pjvy]; satisfying [prvn(x))]i = vji, j =0, 1, ..., n. The exact formulas for the integrals appearing
in formulas (5.5)-(5.6) were used. The integral defining the norm || - ||, was always evaluated by applying the composite
Simpson formula obtained by applying the ‘simple’ Simpson formula to each interval [x;, xj41], j = 0,1,...,n — 1. Figs. 1
and 2 represent the graphs of approximate solution to the fixed point of A obtained for h = 0.05 while Figs. 3 and 4
represent the corresponding to it graphs of approximate solution to problem (1.1)-(1.2). We denoted by w the minimum of
llphvn — ApponlS"” obtained for a given h.

It was relatively easy to obtain these approximations for a coarse grid with equidistance gridpoints for h = 1/10, h =
1/20,h = 1/25 and h = 1/30 using a gradient method of minimization and a PC with a C++ compiler. The authors of [1]
write: ‘we recommend the use of Chebyshev series of degree m = 20-30 from the viewpoint of computational efficiency’.
Recall, that for their method the number of unknowns to be found is 4m + 4 and for the method considered in this paper
with h = 1/N the number of variables of the minimized function is 4N + 2. There was no problem to carry on computations
with the gradient method of minimization for h = 1/40,h = 1/80, 1/160 and h = 1/320 if as an initial approximation
to the grid values of ¢(h/2)-fixed-point (to start the gradient method) the obtained approximation to the grid values of
&(h)-fixed-point (with linear approximations of the missing values) were used.

To estimate the accuracy of approximate solutions to problem (1.1)-(1.2) the authors of [1] use the maximum on [0, £]
of absolute values of residuals obtained by replacing N; and N, in (1.1) with the approximate solutions and denote it by
£1. The maximum on [—t, 0] of absolute values of residuals obtained by replacing Ny and N, in (1.2) with the approximate
solutions they denote by ¢,. A linear combination of ¢ and &, serves then as an estimate for the error of the approximate
solution. To compare our results with the results reported in [1] we placed in Table 1 the residuals &; for our approximate
solutions corresponding to different h = 1/N and the residuals £ reported in [ 1] corresponding to approximated solutions
obtained for different m. We do not report our residuals &; as they all are zero up to the rounding errors. We can see that
our results (residuals &) are slightly better than those reported in [1].

(n)
2
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Fig. 1. v; (h = 0.05).
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Fig. 2. v, (h = 0.05).
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Fig. 3. N (h = 0.05).
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1.683 |
1.682 |

1.681

i

-1.0 -05 0.0 0.5 1.0 1.5 2.0

Fig.4. N, (h = 0.05).

Remark 4. For applying the proposed approximate method to problem (1.1)-(1.2) it is not necessary to transform it to an
equivalent system of the form (1.6)-(1.7). It is done for the proof of its convergence and ease of presentation. Namely, it
is easy to notice that N(t), t € [—t, £], is a solution to (1.1)-(1.2) if and only ifN(t) = N(t) +q), t € [-7,{],isa
solution to (5.1)-(5.2). Similarly, v(t), t € [0, £], is a fixed-point of A defined by the righthand side of (5.8) if and only if
w(t) = v(t) + q'(t) — Bq(t) is a fixed-point of 4 defined by a formula similar to that given by the righthand side of (5.8)
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Table 1

Residuals for different values of step h = 1/N.
N w &1 m é] N w &1
10 4.30-107° 1.73-107* 10 1971074 40 2.70-107° 1.11-107°
20 1.08 - 107> 4.40 - 107> 20 9.84-107° 80 6.74 - 1077 2.78 - 107
25 6.38-107° 2.61-107° 25 7.59 -107° 160 1.69-1077 6.97 - 1077
30 4.79-1076 1.97-107° 30 6.43-107° 320 4.21-1078 1.75-1077

where F is defined with the use of the righthand side of (1.1) and G is defined by the formula

b t
%(0) [Q‘l <(P(0) - sz(b)/ Y Ow) dS) +/ Y Owe) dS}

instead of formula (2.4), which was used to obtain (5.5)-(5.6). Moreover, p,vj, satisfies (4.9) if and only if = p,wy, defined by
the formula pywy, = ppvn + ¢’ — Bq satisfies (4.9).

Example 5.2. As the second example consider the following system of delay equations with distributed delays given in [5].

0

Yi(t) =y (t) [3 —sint — (3 —cost)y(t) — (2 + sint) / Ki2()ya (t + s)dS]
~Ta (5.10)

0
V5 () = y2(t) |:6 —cost — (10 — sint)y,(t) — (2 + sint) / Ky1(s)yq(t + s)ds]

T

for 0 < t < 2, subject to periodic boundary conditions
y1(t) =y12w +t)
Y2(t) = y22m + 1),

wheret € [T, 0],and T = max(Ti2, T21).

(5.11)

There are many papers devoted to this kind of periodic equations as they can model, for example, plankton allelopathy and
population dynamics (see [6-9] respectively and the literature therein). They give conditions for existence periodic (and
some of them positive) solutions but do not treat the problem of solving such equations. We will show that we can verify
numerically their theoretical results using the proposed in this paper method.

For our numerical experiments we take T;; = Ty = 1 and K3(s) = K31(s) = s + 3/2 so that fEle Kip(s)ds =

ffTﬂ K>1(s)ds = 1. These conditions are required by the corresponding existence theorem in [5].
The first step consists in replacing the integrals appearing on the righthand side of system (5.10) with a numerical
quadrature, for example, using a composite Simpson rule. The composite Simpson rule with 5 nodes applied to the integrals

ffm Ko (s)u(s)ds or ffrﬂ Ko1(s)u(s)ds gives

0
/ Kz (s)u(s)ds ~ %(u(—l) + 6u(—0.75) + 4u(—0.5) + 10u(—0.25) + 3u(0)). (5.12)

Tiz
Next, using the notation y(t) = [y;(t), y»(t)]" we rewrite periodic conditions (5.11) in the form
Piy(t) + Py@2m +1t) =0, tel[-T,0], (5.13)

where P; = I, P, = —I,. So, problem (5.10)-(5.11) can be written in the form

’ . 2+Sint
y1(t) = y1(0) <3 —sint — (3 — cost)y (t) — [T(Vz(t -1

+6y,(t — 0.75) + 4y, (t — 0.5) + 10y, (t — 0.25) + 3y2(t))]>

/ . (2 +sint) (5.14)
Y,(8) = ya(t) <6 —cost — (10 — sint)y,(t) — [Tm t—1)
+6y;(t — 0.75) 4+ 4y;(t — 0.5) 4 10y, (t — 0.25) + 3y1(t))}>
for 0 < t < 2m, subject to the boundary condition
y1(t) yir+o)| _ |0 3
a |:Y2(t)] +h [y2(27r + t)] = [0} » LEl=T.0L (5.15)
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Now, we can easily see that we cannot use the auxiliary system
y'(t) =By(t) + v(t), te€la,b], (5.16)
Piy(a) + Py(b) = (0, ..., 0) (5.17)

with matrix B as in (5.3) because the matrix Q = P; + P, % (27), where ¥%(s) is a fundamental matrix of the corresponding to
(5.16) homogeneous system satisfying the condition % (0) = I, is singular. To get a nonsingular matrix Q we will consider
the auxiliary system (5.16)—(5.17) with matrix B of the form

0 1
B = |:_9/4 O:| (5.18)

for which a fundamental matrix of the corresponding homogeneous system is
3 2 . (3
cos (?) 3 sin (§t>
Y(t) = 3 /3 3 (5.19)
——sin| =t cos | =t
2 2 2
and the matrix Q takes the form
2 0
e-[5 3]

Then, introducing the following notation
L 2 3 2 (3 J
1= /0 (cos (55> v1(s) — 3 sin <Es) vz(s)> s
I /2” (3 sin (35)1) (s)+cos<35)v (s)) ds
2= = = 1 = 2
0 [2 2 2 (5.20)
t) = / cos Es v1(s) — gsin (§s> v (s)) ds
wi(t) = A 5 1 3 5 2
" /3 . /3 3 d
wy(t) = /0 (2 sin (25> v1(s) + cos (§s> vz(s)> s

the solution to (5.16)—(5.17) can be written as

3 1 1 . 3
yi(t) =cos| =t )| —=L + wi(t) ) — =sin| =t | (I, — 2w (t))
2 2 3 2
(5.21)

t) = 3t ]I t 4 3t I 2 t
YZ()—COS<5><—52+w2()>+§sm<5>(1— wi(t)).

Denoting the righthand sides of (5.21) by (g,v)(t) and (g,v)(t) respectively and defining operator G as (Gv)(t) =
[(g1v) (1), (g2v)(£)]T we arrive at the following fixed-point problem

v(x) = F(t, (Gv)(t), (Gv)(-)) — B(Gv)(t) (5.22)
where F(t, (Gu)(t), (Gv)(-)) = [gg; G- ggg;g;;] is defined by
fi(t, (Gu)(©), (Gv)(1)) = y1(t)<3 —sint — (3 — cost)y1(t)

_|2Esne J;Zm d (y2(t — 1) + 6y, (t — 0.75) + 4y, (t — 0.5) + 10y,(t — 0.25) + 3y2(t)):|) — (gv)(t)
i (5.23)

fa(t, (Gu)(t), (Gv)()) = y2(D) (6 —cost — (10 — sint)y,(t)

[ (2 +sint) 9
— | ———— @1 (t = 1) + 6y1(t — 0.75) 4+ 4y,(t — 0.5) + 10y1(t — 0.25) + 3y1(t))]) + Z(glv)(t).

24

Problem (5.22) was solved in exactly the same way as in the case of Example 5.1. To be consistent with Example 5.1 in Table 2
we placed the residuals w and &, for corresponding values of h. The graphs of obtained approximations to y;, y and vy, v,
are depicted in Figs. 5 and 6 respectively.
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Table 2
Residuals for different values of steps h for Examples 2, 3a and 3b.
Example 2 Example 3a Example 3b
h w &1 h w &1 h w &1
0.079 8.0-107* 7.0-1074 0.125 3.4-1073 15-1073 0.829 46-1072 9.7-1073
0.039 2.0-1074 1.7-1074 0.063 49.1074 2.7-1074 0.414 3.3.-1072 6.6-1073
0.020 5.0-107° 44.107° 0.031 1.9-107* 8.8-107° 0.207 2.9-1072 5.9-1073
0.010 1.2-107° 1.1-107° 0.016 47-107° 2.1-107° 0.104 1.9.1072 4.1-1073
12+
10f
0.8+
0.6} B
// o~ ~.
0.4 // Do >
7 ~o
~ _ //
0 1 2 3 4 5 6

25F N v

20t < v

15t R s

1.0 ~Noo o

05F

0.0 [
~05 .. '

Fig. 6. Example 2: (h = 0.010), v, (dotted line), v, (dashed line).

Example 5.3. As the third example consider the following system of delay equations modeling two coupled identical
neurons with time-delayed connections, which was investigated in [10].

Y)(®) =y1(®) = 2y1(0) + Po tanh(y: (t — 7)) + Prz tanh(y2(t — 7)) (5.24)
Yo () = y2(t) = Ay2(t) + Botanh(y(t — 7)) + Bo1 tanh(y: (¢ — 71)) '
for t € [0, t;] subject to periodic boundary conditions
ya(t) = yity + 1) (5.25)

Y2(t) = ya(ty + 1),

fort € [—1.5, 0]. We consider system (5.24) for the values of parameters: A = 0.5,y = —1,81; = 1,711 = 0.2, 1, =
0.2, 7, = 1.5 and:

(a) t; = 10.0174, By = 1.27406;
(b) t; = 66.3164, B = 2.35001.

To reduce problem (5.24)-(5.25) with t¢, B, from (a) and (5.24)-(5.25) with t;, 8,; from (b) to fixed-point problems we can
use the auxiliary problem (5.16)-(5.17). However, we have to calculate new matrices Q. For the data given in (a) and (b)
they are equal (to six decimal figures) respectively

1.776400

—0.420161 0507960  0.580382
(@ Q= [0.94536] } (b) Q=[ }

1.776400 —1.305860 0.507960
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Fig. 8. Example 3a: (h = 0.010), v; (dotted line), v, (dashed line).

Now, using the notation like in (5.20) with the integral upper limit 277 replaced with 10.0174 for case (a) and with 66.3164
for case (b) we obtain for (a)

3 1 2 3 1
Y1 (t) = COS <5t> (—511 + 0.11826212 + W1(t)) + § sin <5f) (—026608911 — 512 —+ ll.&(t))

3 1 3 3 1 (5.26)
y2(t) = cos <5t> <—O.26608911 — 512 + wz(t)) —3 sin (5t> <—511 + 0.1182621, + w1(t)>
and for (b)
= > ]I 0.571287I 2 sin (2 1.2854001 ]I
yl(t) = CO0S (5[') <—5 1 — 0. H + u)](t)) + 5 sin (5f> < . 1— E H + wz(t)>
3 1 3 3 1 (527)
y,(t) = cos <5t> <1.28540011 — 512 + wz(t)> —3 sin (?) (—511 — 0.5712871, + wl(t)> .
Using these formulas we arrive at the fixed-point problem (5.22) with
fi(t, (Gu)(0), (Gv)(-)) = y1(t) — 0.5y1(t) — tanh(y(t — 1.5)) + tanh(y,(t — 0.2)) — (g2v)(¢) o
Bt (GO, GD)() = y2(0) = 0.5,(0) — @NhY(E — 1.5)) + 127406 @nh(ys(c —02) + L @)D )
for case (a) and
fi(t, (Gu)(©), (Gv)(-)) = y1(t) — 0.5y1(t) — tanh(y1(t — 1.5)) + tanh(y2(t — 0.2)) — (gv)(t) o
fo(t, (G)(t), (Gv)(-)) = yo(t) — 0.5y, (t) — tanh(y,(t — 1.5)) + 2.35001 tanh(y,(t — 0.2)) + Z(glv)(t) (5:29)

for case (b).

Problem (5.22) for both cases were solved in exactly the same way as in the case of Examples 5.1 and 5.2. In Table 2 we
placed the residuals w and &4 for corresponding values of h. The graphs of obtained approximations to y1, y, and vy, v, are
depicted in Figs. 7-10 respectively.
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Fig. 9. Example 3b: (h = 0.010), y; (dotted line), y, (dashed line).
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Fig. 10. Example 3b: (h = 0.010), v; (dotted line), v, (dashed line).
6. Concluding remarks

In this paper we showed how the e(h) approximate method introduced in [3] can be employed to solve general linear
boundary problem for nonlinear system of delay differential equations. Such linear boundary problems include periodic
boundary problems for systems of delay differential equations with distributed and discrete delays and model a variety of
biological and physical phenomena.

We see that the same auxiliary linear boundary value problem (2.2)-(2.3) needed to reduce a differential problem to a
fixed-point problem can be used for different problems as long as the matrix Q is nonsingular. We also see that the formulas
for the solution y of (2.2)-(2.3) do not depend on the original problem (1.3)-(1.4) but depend on the interval [a, b]. If the
function v appearing on the righthand side of (2.2) is piecewise linear and the matrix B is constant than for each t € [a, b]
the solution y can be evaluated exactly up to the rounding error. If the interval [a, b] is the same and nonsingular matrices
Q are the same for different problems under consideration then we can use the same formulas for calculating values y(t) at
t=t,t=t—rq,...,t = t;— 1 forsuitable values of i, which are necessary to evaluate the residuum w = ||prvy —Appvp ||§").
We remark that if max;<;<x 7 < b — a then solving the problem under consideration we always evaluate the values of the
unknown function y at points t € [a, b] because if t; — 7; & [a, b] for some i and I then we use boundary conditions to express
y(t; — 1) by a formula which involves the value y(b — a + t; — 1)).

Some authors before solving the boundary problem for a system of delay differential equations on the interval [a, b], b >
1, transform the interval [a, b] into the standard interval [0, 1]. However, this results in multiplying the derivative of
unknown function by the factor b and increasing in this way the rate of change of y. Numerical experiments with such
an approach employed to the boundary value problem for delay differential equations with known solution and then using
the proposed in this paper method show that both residua w and &; are larger and the solution is less precise than when
the proposed method is applied to the problem with the original interval [a, b].

Itis also easy to see that the proposed method can be employed for solving boundary problems with advanced arguments
after proving the corresponding lemmas from Section 4.
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