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Abstract: The procedure of derivation of a new dynamical equation governing the vorticity mode that is generated
by sound, is discussed in detail. It includes instantaneous quantities and does not require averaging over
sound period. The resulting equation applies to both periodic and aperiodic sound as the origin of the
vorticity mode. Under certain conditions, the direction of streamlines of the vorticity mode may be inverted
as compared with that in a fluid with standard attenuation. This reflects an anomalous absorption of sound,
when transfer of momentum of the vorticity mode into momentum of sound occurs. The theory is illustrated
by a representative example of the generation of vorticity in a vibrationally relaxing gas in the field of periodic
weakly diffracting acoustic beam.
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1. Introduction. Basic equations
and starting points

The theory of nonlinear sound propagation and phenom-ena associated with it in a thermoviscous nonlinear flowhas achieved undoubted success. The secondary nonlinearphenomena induced by sound are of great importance inmedical and technical applications. These effects involveacoustic streaming, i.e., nonlinear generation of the vor-ticity mode by periodic sound, and acoustic heating, i.e.,nonlinear generation of the entropy mode by it. Extensive
∗E-mail: anpe@mif.pg.gda.pl (Corresponding Author)
†E-mail: pwojda@mif.pg.gda.pl

reviews on this subject exist in the literature [1–3].Larger streaming velocities are obtained for compressiblefluids and are more evident in a gas than in a liquid [4].Nonlinear effects of aperiodic sound, including pulses orwave packets, are also of great importance in medical andtechnical applications. The nonlinear generation of thevorticity mode in the thermoviscous flow occurs indepen-dently on the type of sound, periodic or not. The proce-dure of determination of every branch of acoustic and non-acoustic modes in Newtonian fluids, and further derivationof individual dynamic equations governing every mode ina weakly nonlinear flow, has been proposed and appliedby one of the authors in analysis of nonlinear interactionof sound and non-acoustic modes [5, 6].It may be readily applied in studies of flows over non-Newtonian fluids, like Bingham plastics [7]. The method
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makes it possible to distribute the nonlinear terms be-tween dynamic equations of different modes correctly.The interest on acoustics of non-Newtonian fluids con-stantly grows. This is due to new applications of soundin different areas, starting from shear-thinning and shear-thickening fluids and ending by thixotropy fluids with verycomplex fluid characteristics, which are common in foodproducts [8].This study considers a gas flow in some sense similarto flows in the Maxwell relaxing fluids. It considers re-laxation of excited vibrational degrees of freedom of gasmolecules. The important feature of these gases (widelyused in lasers), making their dynamics special, is that exci-tation may take place reversibly or not. In spite of differentphysical content, some chemically reacting gases possesssimilar features. Sound amplifies instead of being attenu-ated during propagation over medium in irreversible (i.e.,non-equilibrium) regime in both cases. The properties ofnonlinear interaction of sound with non-acoustic modesalso look different in these two regimes. The hydrody-namics of non-equilibrium fluids is one of the new fieldsof modern hydrodynamics. It is now passing through thestage of formulating the fundamental equations and of re-vealing new physical effects. A number of problems relatedto the effects of nonlinearity and rate processes in gaseswith internal relaxation have been studied previously. Inthis context, the contributions due to Chu, Parker, Clarkeand McChesney are worth mentioning [9–11].This paper is devoted to the nonlinear generation of thevorticity mode by sound in vibrationally relaxing gas. Thetheoretical possibility of anomalous streaming in a vibra-tionally excited molecular gas, was first discovered byMolevich [12]. The mean flow of the vortex motion mayoccur in the opposite direction compared to that in anequilibrium gas. The possibility to estimate vortex mo-tion is important in closed vessels occupied by gaseousmixtures which are used in lasers. The bulk vortex mo-tion transports perturbations in temperature. In turn, thisaffects the conditions of heat exchange between internaland translational degrees of freedoms of the molecules ina gas. The bulk motion alters the propagation of a soundbeam. Along with cooling, it may lead to anomalous self-focusing of a beam [12]. The large-scale vortex motion isof importance in the atmospheres of Venus and Mars, con-sisting predominately of CO2 molecules. They are naturallaser objects.In Sec. 3.2 we derive the instantaneous equation govern-ing the vorticity mode. As an example, in Sec. 3.3 weillustrate the latter by applying it to a weakly diffractingperiodic sound beam as the origin of streaming. Our start-ing point is the linear determination of modes as specifictypes of gas motion whose steady, but non-equilibrium,

state is maintained by pumping energy into the vibra-tional degrees of freedom at a time rate I and a heatwithdrawal from the translational degrees of freedom at atime rate Q (both I and Q refer to unit mass) (Sec. 2). Theeffects of standard attenuation on both sound and vortic-ity mode will be briefly discussed in the Concluding re-marks. The relaxation equation for the vibrational energyper unit mass should complete the system of conservationequations in the differential form,
dε
dt = −ε − εeq(T )

τ + I. (1)
The equilibrium value of the vibrational energy at thegiven temperature T is denoted by εeq(T ), and τ(ρ, T )denotes the vibrational relaxation time. The equilibriumquantity εeq(T ) equals in the case of a system of harmonicoscillators,

εeq(T ) = ~Ω
m (exp(~Ω/kBT )− 1) , (2)

where m is the mass of a molecule, ~Ω is the magnitudeof the vibrational quantum and kB is the Boltzmann con-stant. Eq.(2) is valid for temperatures above those whereone can neglect anharmonic effects [13, 14]. The mass,momentum and energy equations describing the flow overa vibrationally relaxing gas read:
∂ρ
∂t + ~∇ · (ρ~v ) = 0,

ρ
[
∂~v
∂t + (~v · ~∇)~v] = − ~∇p, (3)

ρ
[
∂(e+ ε)
∂t + (~v · ~∇)(e+ ε)] + p( ~∇ · ~v ) = χ∆Tρ(I − Q),

where ~v denotes velocity of a fluid, ρ and p are den-sity and pressure, e is internal energy per unit mass oftranslation motion of molecules. Besides Eq. (2), two ther-modynamic functions e(p, ρ), T (p, ρ) complement the sys-tem (3). The standard attenuation of a gas including first,second viscosity and thermal conductivity is not consid-ered by Eqs. (3). Acoustic streaming in standard attenu-ating media is well studied, and the objective of this studyis to concentrate on nonlinear phenomena originated ex-clusively from the excitation of internal degrees of freedomof the gas molecules. The validity of this limitation will bebriefly discussed in the Concluding Remarks. The thermo-dynamics of an ideal gases gives the equalities
e(p, ρ) = p(γ − 1)ρ = R

µ(γ − 1)T (p, ρ), (4)
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where γ is the isentropic exponent without account for vi-brational degrees of freedom, R is the universal gas con-stant, and µ is the molar mass of a gas.
2. Modes in a linear flow and their
decomposition
2.1. Equations governing a linear flow
Let us consider a linear two-dimensional flow in the plane
OXY . Every quantity q represents a sum of an unper-turbed value q0 and its variation q′, (|q′| � |q0|). Fol-lowing Molevich, we assume that stationary quantities ε0,
T0, P0, ρ0 are maintained by a transverse pumping. Thebackground quantities are constant in the plane OXY ,and I0 = Q0, I ′ = Q′ = 0. The governing equations ofmomentum, energy balance and continuity may be readilyrearranged into

∂v ′x
∂t + 1

ρ0
∂p′
∂x = 0,

∂v ′y
∂t + 1

ρ0
∂p′
∂y = 0,

∂p′
∂t + γp0

(
∂v ′x
∂x + ∂v ′y

∂y

)
− (γ − 1)ρ0 ε′τ

+(γ − 1)ρ0T0Φ1
(
p′
p0 −

ρ′
ρ0
) = 0, (5)

∂ρ′
∂t + ρ0

(
∂v ′x
∂x + ∂v ′y

∂y

) = 0,
∂ε′
∂t + ε′

τ − T0Φ1
(
p′
p0 −

ρ′
ρ0
) = 0,

where
Φ1 = (Cvτ + ε − εeq

τ2 dτ
dT

)
0 (6)

is the quantity evaluated at p0, T0, and Cv = dεeq/dT .The series expansion of the equations of state (4) wereused to express the perturbations of internal translationalenergy per unit mass and temperature in terms of pertur-bations in pressure and density,
e′ = p0(γ − 1)ρ0

(
p′
p0 −

ρ′
ρ

) = R
µ(γ − 1)T ′. (7)

The last equation in the set (5) is actually the linearizedversion of Eq. (1):

∂ε′
∂t +ε′

τ = (Cvτ + ε − εeq
τ2 dτ

dT

)
0 T
′ = T0Φ1

(
p′
p0 −

ρ′
ρ0
)
.(8)The relaxation time in the most important cases may bethought as a function of temperature according to Landauand Teller, τ(T ) = α exp(βT−1/3) for some constants α and

β [13, 14].
2.2. Dispersion relations
Studies of fluid motion of infinitely-small magnitude, usu-ally start by representing all perturbations as a sum ofplanar waves, where q exp(iωt) is the Fourier-transformsof any perturbation q′:

q′(x, y, t) = ∫ ∞
−∞

∫ ∞
−∞

q(kx , ky)
· exp i(ωt − kxx − kyy)dkxdky + cc. (9)

The dispersion equation is algebraic of the fifth order:
ω2(ω3 − i(1

τ + γ(γ − 1)T0
c2 Φ1)ω2 − c2∆̃ω

+i(c2
τ + (γ − 1)T0Φ1)∆̃) = 0, (10)

where ∆̃ = k2 = k2
x + k2

y and c = √
γ T0

µ = √
γ p0
ρ0 de-notes the linear sound speed in an ideal uniform gas. It isthe velocity of sound of large frequency as compared withthe inverse characteristic duration of relaxation, i.e., the"frozen" sound velocity. Eq. (10) determines two acoustictypes of motion (they represent wave motion) and threenon-wave modes.The first simplifying, but physically founded condition onthe way of establishing the acoustic roots, relates to thedomain of acoustic frequencies large compared with theinverse duration of vibrational relaxation,

1
ω1,2τ ≈

1
c
√∆̃τ ≡ δ � 1. (11)

The approximate roots of the dispersion equation for bothacoustic branches under this condition are well-known [12,14]:
ω1 = c

(√∆̃ − iB) , ω2 = −c (√∆̃ + iB
)
, (12)
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where
B = − (γ − 1)2T02c3 Φ1. (13)

We will consider wave processes associated with sound,so its attenuation (B < 0, or amplification, B > 0) onthe wavelength is small, |B| � k . The non-wave rootsof the dispersive equation, estimated without the abovelimitations ωτ � 1 and |B| � k , are:
ω3 = i

(1
τ + (γ − 1)(γ + c2∆̃τ2)T0

c2(1 + c2∆̃τ2) Φ1
)
,

ω4 = 0, ω5 = 0. (14)
The mode determined by the third root of the dispersionequation, comes from the vibrational relaxation. One ofthe zero-frequency modes, labeled as fourth, exists in anyplanar flow of a fluid and it represents the thermal, orentropy mode. The fifth root determines the vorticity mode.It appears as one of the possible types of motion in flowsexceeding one dimension. The last three roots manifestslow varying and stationary, non-wave motion of a gas.
2.3. Determination of modes
The dispersion relations (12), (14) uniquely determine thespecific modes of a flow. The modes are in fact relationsof perturbations in dynamic variables. They are differentfor the different modes. The total perturbation vector is asum of all eigenvectors. In Fourier space, it takes the form

ψ = 5∑
n=1 ψn.

The relations for both acoustic branches determined by ω1and ω2, are represented by ψ1, ψ2:

ψi =



v x,i

vy,i

p′i

ε′i

ρ′i


=



ωikx
ρ0∆̃
ωiky
ρ0∆̃

c2 + 2Bc3
iωi+A

− 2Bc3(γ−1)ρ0(iωi+A)1


ρ′i,

A = (1
τ + γBc(γ − 1)

)
, i = 1, 2. (15)

The third mode is determined by relationships

ψ3 =



v x,3
vy,3
p′3
ε′3
ρ′3


=



ω3kx
ρ0∆̃
ω3ky
ρ0∆̃
ω23̃∆

1
ρ0(γ−1)

(
c2 − ω23̃∆

)
1


ρ′3, (16)

and the fourth (i.e., the entropy) mode is given by thevector ψ4 below

ψ4 =



v x,4
vy,4
p′4
ε′4
ρ′4


=



0
0
0

− τT0
ρ0 Φ1
1


ρ′4. (17)

All four first modes represent the potential velocity field,
−→∇×−→v i = −→0 , i = 1, . . . 4. (18)

The velocity of the vortex mode is solenoidal,
−→∇ · −→v 5 = 0, p′5 = 0, ε′5 = 0, ρ′5 = 0. (19)

Eqs. (18), (19) represent actually a certain way of ap-plication of the Helmholtz vector decomposition theorem,which enables us to decompose potential and solenoidalvector fields. The relations of specific perturbations in the(x, y) space follow from Eqs. (15) - (17) and dispersionrelations, Eqs. (12), (14). The linear flow may be uniquelydecomposed into individual modes at any time. That maybe achieved by the use of a set of matrix projectors.The matrix projectors were derived and exploited by one ofthe authors in some problems of nonlinear hydrodynamicsin media with standard absorption [5, 6], and in studies ofsome dispersive media as well [16, 17].For example, in order to decompose the vorticity part fromthe overall velocity vector, it is sufficient to apply the oper-ator Pv on the vector of the Fourier-transforms of velocitycomponents:

Pv

 v x

vy

 = 1̃∆
 k2

y −kxky

−kxky k2
x


 v x

vy

 =
 v x,5
vy,5

 .

(20)
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Operating in the (x, y) space Pv satisfies the equality
Pv∆ =

 ∂2
∂y2 − ∂2

∂x∂y

− ∂2
∂x∂y

∂2
∂x2

 , (21)
where ∆ = ∂2

∂x2 + ∂2
∂y2 denotes the Laplacian operator actingon the (x, y) space. It corresponds to the factor −∆̃ in thespace of Fourier transforms.

2.4. Quasi-planar sound
In order to simplify the mathematical content and meaningof the physically interesting case of quasi-planar soundpropagating in the direction of the OX axis, let assumethat all acoustic perturbations vary much faster in the OXdirection than along OY : kx � ky. That is a standard as-sumption in the theory of acoustics which studies acousticbeams [2, 18]. It allows us to expand the relations forsound perturbations in power series of the small parame-ter µ = k2

y/k2
x . For a progressive sound beam in the posi-tive OX direction, the leading-order relationships (withinaccuracy up to terms involving Φ11, µ1 and δ1), take the

form:

v ′x,1(x, y, t)
v ′y,1(x, y, t)
p′1(x, y, t)
ε′1(x, y, t)
ρ′1(x, y, t)


=



c
ρ0 + c2ρ0 ∂2

∂y2 ∫ dx ∫ dx − Bc
ρ0
∫
dx

c
ρ0 ∂

∂y
∫
dx

c2 − 2Bc2 ∫ dx
2Bc2(γ−1)ρ0

∫
dx

1


ρ′1.

(22)In view of relations (22), the equation governing an acous-tic excess density in the wave propagating in the positive
OX direction, to leading order is

∂ρ′1
∂t + c ∂ρ

′1
∂x + c2 ∂2

∂y2
∫
ρ′1dx − cBρ′1 = 0. (23)

We are able, obviously, to suggest the model propagationequation (23) follows not only from relations (22), but alsofrom the dispersion relations (12), taking into account that√∆̃ ≈ kx + 12 k2
y
kx . The model propagation equation (23)not only from relations (22), but also from the dispersionrelations (12), taking into account, that √∆̃ ≈ kx + 12 k2

y
kx .

3. Dynamic equations of sound beam and vorticity in a weakly nonlinear flow

3.1. Accounting for the second-order nonlinear terms in the hydrodynamic system

Taking into account the leading-order nonlinear terms of the second order in Eqs. (1), (4) yield the series:
dε′
dt = −ε′τ + T0

( 1
τ2 dτdT

)
0 ε
′
(
p′
p0 −

ρ′
ρ0
)+ T0Φ1

(
p′
p0 −

ρ′
ρ0 + ρ′2

ρ20 −
p′ρ′
p0ρ0

)+ T0Φ2
(
p′
p0 −

ρ′
ρ0
)2
,

Φ2 = T0
(
− 1
τ2Cv dτdT −

(ε0 − εeq)
τ3

(
dτ
dT

)2 + 12τ dCvdT + (ε0 − εeq)2τ2 d2τ
dT 2

)
0 , (24)

T ′ = T0
(
p′
p0 −

ρ′
ρ0 + ρ′2

ρ20 −
p′ρ′
p0ρ0

)
.

The governing dynamic system with account for quadratic nonlinear terms differs from (5) by the quadratic right-handside:
∂v ′x
∂t + 1

ρ0
∂p′
∂x = −(v ′x ∂∂x + v ′y

∂
∂y

)
v ′x + ρ′

ρ20
∂p′
∂x ,

∂v ′y
∂t + 1

ρ0
∂p′
∂y = −(v ′x ∂∂x + v ′y

∂
∂y

)
v ′y + ρ′

ρ20
∂p′
∂y ,
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∂p′
∂t + γp0

(
∂v ′x
∂x + ∂v ′y

∂y

)
− (γ − 1)ρ0 ε′τ + (γ − 1)ρ0T0Φ1

(
p′
p0 −

ρ′
ρ0
) =

−
(
v ′x
∂
∂x + v ′y

∂
∂y

)
p′ − γp′

(
∂v ′x
∂x + ∂v ′y

∂y

)+ (γ − 1)ρ′ (ε′τ − T0Φ1
(
p′
p0 −

ρ′
ρ0
)) (25)

−(γ − 1)ρ0
(
T0
( 1
τ2 dτdT

)
0 ε
′
(
p′
p0 −

ρ′
ρ0
)+ T0Φ1

(
ρ′2
ρ20 −

p′ρ′
p0ρ0

)+ T0Φ2
(
p′
p0 −

ρ′
ρ0
)2)

,

∂ρ′
∂t + ρ0

(
∂v ′x
∂x + ∂v ′y

∂y

) = −(v ′x ∂∂x + v ′y
∂
∂y

)
ρ′ − ρ′

(
∂v ′x
∂x + ∂v ′y

∂y

)
,

∂ε′
∂t + ε′

τ − T0Φ1
(
p′
p0 −

ρ′
ρ0
) = T0

( 1
τ2 dτdT

)
0 ε
′
(
p′
p0 −

ρ′
ρ0
)+ T0Φ1

(
ρ′2
ρ20 −

p′ρ′
p0ρ0

)+
T0Φ2

(
p′
p0 −

ρ′
ρ0
)2
−
(
v ′x
∂
∂x + v ′y

∂
∂y

)
ε′.

3.2. Nonlinear equations governing sound
and vorticity mode
The linear projection is fruitful in investigations of weaklynonlinear interactions of different modes [5, 6, 16, 17]. Westill fix linear relations of perturbations in accordance toEqs. (15) - (17), (19) and will consider every field pertur-bation as a sum of perturbations of different modes.The main idea is to decompose the equations governingdifferent modes by applying the corresponding projectoron the system that includes weakly nonlinear terms (25).Application of projector on the linear part of the equationsresults in a reduction of all other modes there, and thenonlinear terms become distributed between the equationsin the proper way. The approximate solution of the finaldynamic equations depends on the contribution of everymode in the overall field perturbation.The problems of generation of non-acoustic types of mo-tion by intense sound are of major importance. The solu-tion of these problems gives hope to change the parame-ters of a medium (its temperature, the mean flow in it, etc.)remotely. We consider intense sound, progressive in thepositive direction, as compared to all other modes. Thatmeans that the characteristic amplitude of the velocity as-sociated with the first branch of sound, in the considereddomain, is much greater than that of the other modes:

max|v1| � max|vn|, n = 2, .., 5. (26)We will only keep terms corresponding to the rightwardsprogressive sound in the nonlinear terms in all formulasbelow. In view of relations specific for sound, the govern-ing leading-order equations for an acoustic excess density

(ρa ≡ ρ′1) takes the forms, the first being general, and thesecond describing sound beam,
general

∂ρa
∂t + c

√∆ρa − cBρa + 12 (γρa−→∇−→va + (−→va−→∇)ρa) = 0,(27)
quasi-planar

∂ρa
∂t +c ∂ρa∂x + c2 ∂2

∂y2
∫
ρadx−cBρa+(γ + 1)c2ρ0

∂ρa
∂x ρa = 0.

In order to decompose the dynamic equations for the ve-locity of the vorticity mode, it is sufficient to apply thematrix operator Pv (Eq. (20)) on the momentum equation(two first equations from the system (25)).As a result, all terms, corresponding to the potential ve-locity vector become reduced in the linear part. We onlykeep acoustic terms in the right-hand side of equations.Application of Pv yields the dynamic equation for the vor-ticity mode in the field of intense sound, in two equivalentforms,
∂−→v v

∂t = − 1
ρ0Pv

(
ρa
∂−→v a

∂t

)
,

∂
−→Ω
∂t = − 1

ρ0
−→∇×

(
ρa
∂−→v a

∂t

)
, (28)
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where −→Ω is the vorticity of a flow, −→Ω = −→∇×−→v v with −→v vreplacing −→v 5.Eqs. (28) are valid for all sound frequencies, not only thoselarge compared with 1/τ , and for any geometry of soundwave. Moreover, they decompose the solenoidal part ofoverall velocity in any fluid flow. The difference is in rela-tions linking acoustic perturbations ρa and −→v a in differentmedia. Accounting for Eqs. (15), (22), one may rearrangeequations (28) in the case of high-frequency sound, gen-eral (the first one) and concerning the quasi-planar ge-ometry of a beam (the second one):
general

∂−→v v

∂t = 2Bc3
ρ20 Pv

(
ρa
∫ −→∇ρadt) ,

∂
−→Ω
∂t = 2Bc3

ρ20
(
−→∇ρa ×

∫ −→∇ρadt) , (29)
quasi-planar

∂−→v v

∂t = −2Bc2
ρ20 Pv

(
ρa
∫ −→∇ρadx) ,

∂−→Ω
∂t = −→F a = −2Bc2

ρ20
(
−→∇ρa ×

∫ −→∇ρadx) .
−→
F a represents the acoustic source of the vorticity mode.While Eqs. (28) do not reveal that the necessary conditionof vorticity to be generated is B 6= 0, Eqs. (29), accountingfor relations between perturbations in density and velocityin the sound wave, include acoustic force proportional to
B. In order to make progress in deriving the equationsdescribing the effects of quasi-planar sound, we may usethe main term in the approximate series expansion of Pvwith respect to µ, following from (20):

Pv ≈

 ∂2
∂y2 ∫ dx ∫ dx − ∂

∂y
∫
dx

− ∂
∂y
∫
dx 1

 . (30)
3.3. The vorticity mode generated by periodic
sound
Eqs. (29) apply to periodic as well as aperiodic sound.They refer to instantaneous quantities. The only limita-tions which were used in order to simplify the calculations,are ωτ � 1 and |B| � k .

The difficulty of the solution of (27), (29) is obvious in viewof the nonlinearity in both equations. A simple estimationof acoustic source in the case of periodic sound may betaken as a solution of the linearized version of Eq. (27),valid in the case of the sound of infinitely-small magni-tude. We assume also very weak transversal diffraction ofa beam.Under these simplifying conditions, the periodic solutionof Eq. (27) in an unbounded volume of a gas, takes theform
ρ′a = Mρ0 sin(ω(t − x/c)) exp(Bx − Y 2), (31)

where Y = y/L denotes the dimensionless coordinate, Lis the characteristic transversal width of the sound beam,and M is the acoustic Mach number. Substitution of anexcess density (31) in the last equation in (29), in view of
ωτ � 1 and definition of A (Eqs. (15)), yields

∂Ωz

∂t = −4M2Bc2ω2(A2 + ω2)L Y exp (2 (Bx − Y 2))
≈ −4M2Bc2

L Y exp (2 (Bx − Y 2)) . (32)
This example belongs to the field of interest of acousticstreaming in its classical meaning, because the acousticforce in the right-hand side of Eq. (32) represents themean field. In its derivation, however, we did not use theaveraging over sound period at any stage.If B < 0 (that corresponds to the standard attenuation ina fluid), the sign of acoustic force in the right-hand sideof Eq. (32) is positive for x ≥ 0 and it decreases with x .The production of vorticity occurs similarly as in the caseof a fluid with standard attenuation. If B = 0, there is nononlinear generation of vorticity by sound. If B > 0, theacoustic source is negative and decreases as x increases.That reflects the inversion in generation of the vortex flowcomparatively with the equilibrium regime when B < 0.In particular, direction of streamlines become opposite.
4. Concluding remarks
The novelty of this study is the analysis of nonlinear phe-nomena differing from those in a Newtonian fluid.The main result of this study are instantaneous equa-tions governing the vorticity mode, its velocity or vorticity,Eqs. (29). They are valid at any time for any type of sound,periodic or aperiodic.The only limitations used to simplify the evaluations, aredomain of high-frequency sound ωτ � 1 and its weak at-tenuation or amplification over the wavelength, |B| � k .

1122

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Anna Perelomova, Pawel Wojda

Our conclusions are valid in temporally and spatially con-fined domains, where sound remains dominant with re-spect to other modes (vorticity, entropy, and vibrational).In standard thermoviscous fluid, sound always attenuates.This also takes place in the relaxing gas if B < 0.The reason for the acceleration of the acoustic wave (when
B > 0) is special in thermodynamics of relaxation pro-cesses in a gas. Sound "takes energy" from the back-ground, making it cooler [19, 20]. Streamlines in standardattenuating unbounded fluids are directed according tothe course of sound.If B > 0, the direction of streamlines becomes opposite.It is useful to estimate B for a typical laser mixture CO2 :
N2 : He = 1 : 2 : 3 at normal conditions p0 = 1atm =101325 Pa, T = 300 K .The density of this mixture is ρ0 = 0, 76 kg · m−3,
τ = 5 · 10−5s, T

τ
dτ
dT = −3, 4. The value of B dependson the pumping intensity I ≈ (ε−εeq)/τ in accordance toEq. (13); the threshold quantity is Ith·ρ0 = 1, 5·106W·m−3.If I · ρ0 = 109W · m−3, then B = 3, 3 m−1, and if I · ρ0 =108 W ·m−3, then B = 0, 3 m−1. For intensities less thanthe threshold quantity, B takes negative values, varyingfrom B = −0, 005 m−1 for zero I till B = 0 for I = Ith.Attenuation, or amplification of sound considered in thisstudy, and nonlinear generation of the vorticity mode byit, occur exclusively due to relaxation processes. In realsystems, the influence of inhomogeneity of the nonequi-librium gas is imposed on the effects discussed above, andthis must be taken into account in concrete calculations,though strongly complicates mathematical description [21].This study does not take into account the thermal andviscous (standard, Newtonian) attenuation of a gas. Theterms reflecting these phenomena should complement themomentum and energy equations in the system (3). Theyoriginate from the stress tensor and the energy flux associ-ated with thermal conductivity. The larger frequency stip-ulates the larger thermal and viscous attenuation. Disper-sion relations for both acoustic branches and the vorticitymode depend on viscosity. For the vorticity mode, it takesthe form

ω5 = i η∆̃ρ0 , (33)
where η is the shear viscosity. That changes the equationgoverning vorticity in the field of sound,

∂−→Ω
∂t −

η∆−→Ω
ρ0 = 2Bc3

ρ20
(
−→∇ρa ×

∫ −→∇ρadt) . (34)
The equation that governs sound includes the term de-pending on the total diffusivity of sound b due to the first,

second viscosities and thermal conductivity:
∂ρa
∂t + c

√∆ρa − cBρa − b2∆ρa
+12 (γρa−→∇−→va + (−→va−→∇)ρa) = 0. (35)

Eqs. (34), (35) are more complex to solve than (27), (29).Standard attenuation can be neglected in comparison withthe non-equilibrium effects at frequencies ω � (ττ0)−1/2,where τ0 is the average time of the molecular free path.On the other hand, ωτ � 1. For O2 at room temperature
τ equals 108τ0, so that the condition of validity reads:104 � ωτ � 1.That belongs to the domain ωτ0 � 1 (ωτ � 108). Onecan derive the conservation equations in the differentialform (3) from the gas kinetic Boltzmann equation onlyunder condition ωτ0 � 1.Otherwise, the starting point should be the Boltzmannequation. It may be concluded that results are applicableto some classes of relaxation processes; although concep-tually different, these processes are described by similarequations. The analogy with gases where a chemical re-action occurs, reversible or not, may be noted readily [15–17].
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