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Sum-over-state (SOS) expressions to simulate absorption spectroscopy and resonance Raman (RR)
scattering including Franck-Condon (FC) and Herzberg-Teller (HT) effects are described. Starting
from the general SOS method, several simplified SOS formulae are derived. In particular, within
the so-called independent mode displaced harmonic oscillator model, it is shown that including the
vibronic structure in the absorption and RR spectra only requires the calculation of FC overlap
integrals of the type (980|6’eu>, where g, e, and v stand for the electronic ground state, excited
state, and vibrational quantum number, respectively. Additionally, an approximation of the latter
approach is introduced, referred as the simplified ®, method, in which the FC factors are neglected.
This method is advantageous from the computational point of view and it is demonstrated that it
reproduces the main characteristics of the more involved approaches. The merits and drawbacks of
the different methods are discussed by applying them to the prototypical compound of Rhodamine
6G. Overall, this work intends to unravel and clarify some differences in the SOS theories of RR

scattering. © 2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4941449]

. INTRODUCTION

The spectroscopy of resonance Raman (RR) scattering is
a widely used technique, which has proven to be an excellent
tool for unraveling the dynamics and structure of molecular
excited states.!? Indeed, RR spectroscopy probes the dynamics
in the Franck-Condon (FC) region, which is generally short-
lived and thus structurally similar to the ground state. The RR
intensities, which are associated to the ground state vibrational
frequencies, carry specific information about the structure of
the resonant electronic states. For example, identification of
the vibrational modes with strong RR enhancements is used
in multichromophoric systems to determine the chromophore
involved in the excitation at a certain frequency and to
assign the type of the electronic transitions. Additionally,
the enhancement pattern reflects the geometric and electronic
structures of the excited state. Therefore, RR intensity analysis
is employed to elucidate the displacements of potential energy
surfaces (PESs) of excited states relative to the ground state to
extract changes in bond lengths upon electronic excitation and
to calculate reorganization energies, e.g., for charge transfer
processes.>

The interpretation of experimental RR spectra can
strongly benefit from accurate calculations of the RR
intensities, which can be obtained from the Kramers,
Heisenberg, and Dirac expression of the Raman polarizability
tensor.”® To this aim, several methodologies were proposed
recently in the literature, which can be classified into
two families. The first type of method is based on an
explicit evaluation of the sum-over-state (SOS) expression
for the Raman polarizability tensor. This type of method
is also referred as time independent. The second type of
method corresponds to a time dependent approach originally
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developed by Heller and co-workers,’'> which is based

on wave packet dynamics. In this formulation, the Raman
polarizability is expressed as a half-Fourier transform of
a time dependent overlap between the final and initial
vibrational states. While time independent methods require
the evaluation of an infinite summation over vibronic states,
the time dependent formulation necessitates a numerical
integration of an unbounded integral. Recent implementations
and applications of the time dependent approach are discussed,
e.g., in Refs. 13-18.

The purpose of the present work is to describe and
assess several SOS methods to calculate RR intensities.
This is motivated by the following facts: (i) SOS methods
are employed by several research groups to compute RR
intensities,!”28 (ii) SOS methods are efficient and accurate in
simulating RR spectra including large and complex molecular
systems,?”*" and (iii) several approximations/simplifications
have appeared in the literature, which creates demand for an
assessment of their respective merits. Therefore, the detailed
derivation of different SOS expressions is presented in order
to describe the involved approximations, to give the required
input quantities, and to estimate their computational cost.
The methods are applied to the well-known compound of
Rhodamine 6G (R6G).?!*? Thus, their ability in reproducing
different physical effects is investigated. This concerns (i) the
inclusion of non-Condon scattering, i.e., Herzberg-Teller (HT)
effects, (ii) the dependence of the RR intensities with respect
to the excitation frequency, (iii) the inclusion of Duschinsky
rotation effects, and (iv) the reproduction of the vibronic
structure in the absorption and RR excitation profiles. It is the
author’s intention that this contribution will help unraveling
and clarifying some differences in the SOS theories of RR
scattering.

©2016 AIP Publishing LLC
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The paper is organized as follows: Section II presents the
main theory and the standard approximations used in absorp-
tion and RR spectroscopies. Section III provides the derivation
of several simplified SOS approaches. Section IV describes the
computational methods employed to calculate the properties of
R6G. Section V reports and discusses the simulated absorption
spectrum, RR intensities, and RR excitation profiles. Finally,
conclusions are given in Section VI.

Il. THEORY AND MAIN APPROXIMATIONS

This section presents the definition of the absorption
and RR cross sections as well as the main approximations
employed to derive expressions for the FC and HT
contributions. The formalism described in this section was
already reported by different authors (see, e.g., Refs. 33, 24,
3, and 34) and is reproduced herein to introduce the employed
notations as well as to make the document self-contained and
intelligible to the reader.

A. Absorption cross section

The absorption cross section for transitions from an initial
state |i) to an ensemble of final states | f) is given by

47?2 o 1
ocalwr) = ZwL Kl po 1) = ——————-
3ch ;p{xz,:;,z} ! d (“’fi_‘”L>2"’r2

(D

In Eq. (1), wr is the frequency of the incident light,
(il up | f) is a component of the transition dipole moment,
and wy; = (Ef — E;) /h is the Bohr frequency between the
initial () and final (f) states. A homogeneous broadening is
described by a Lorentzian function with a damping factor T,
i.e., the full width at half maximum (FWHM) is equal to 2I".
In the following, it is assumed that the Born-Oppenheimer
approximation is valid, that the vibrational modes and
frequencies are obtained within the harmonic approximation,
and that the transition occurs between the electronic ground
state (g) and an electronic excited state (¢) of the molecule.
In this case, the initial and final vibronic states can be written
as a product of the electronic |¢) and vibrational |§) wave
functions,
10 = 6] 0gu) - 1) =18} 16en) )
u and v are multi-indices representing the harmonic quantum
numbers of the vibrational normal modes of the ground and
excited states, respectively, i.e., u = uy,up,. .., ,up, where M
is the number of modes. Next, the transition dipole moment
can be written as

<l| Mp |f> = <9gu| <¢g| Mp |¢e> |9eu> = <9gu| (:up)ge |0ev> , (3

where (u P)ge is a component of the electronic transition dipole
moment between the electronic ground state and the electronic
excited state. (/‘p)ge depends on the nuclear coordinates and
can be developed as a Taylor series,

J. Chem. Phys. 144, 064106 (2016)

(Hp),e = (,up)ge + Z (5(;‘;)lge) O+ )

l

(,up)ge and (6(u,,)ge/6Ql)0 are, respectively, the electronic
transition dipole moment and the derivative of the electronic
transition dipole moment evaluated at the ground state
equilibrium geometry (denoted by 0). The index / indicates
a summation over all the mass-weighted normal coordinates
Q; of the ground state. An alternative choice is to expand
the transition dipole moment with respect to the excited state
normal coordinates.

The following steps are made in order to obtain an
expression for the square modulus of the transition dipole

moment |(i| Ho |f)|2:

(1) Eq. (4) is truncated after the linear term with respect to
Q;. Then, it is reported in Eq. (3).

(i) The well-know identity for harmonic oscillators is
employed,

, h
<0gu| (] wev) = 2_0)1 {\/M_l<0g...ul—l...|gev>

+ Vur + 1<9g...ul+l...|9ev>} s 4)

where w; is the vibrational frequency of the /th mode
and (0,,|0.,) denotes a FC integral describing the
overlap between the vibrational wave functions of the
ground state and excited state. Within the harmonic
oscillator approximation, the FC overlap integrals are
real quantities, i.e., (Ogul0cv) = (OevlOgu)-

@iii) It is assumed herein that the initial state is in the
vibrational ground state |9g0), i.e., u; = 0VYI/. However,
the formalism can easily be generalized to describe
temperature effects by including a Boltzmann distribution
of initial states.

(iv) The dimensionless vibrational coordinates ¢; Eq. (6.1)
are introduced. Additionally, simplified notations are
employed for the transition dipole moment and its
derivative Egs. (6.2) and (6.3). In the following, it is
also assumed that y1,, and (u,), are real quantities,

q = \/%Qz, 6.1)

tp = (o), - (6.2)

a(uy)., a(uy).,
(up)ﬁz( (gq?g ) =\/MEI( (5Q)l”’ ) (6.3)

After the steps (i)-(iv), the square modulus of the transition
dipole moment can be written as

Kil 1o 15 = (1) (Bg0l6e0)’
+ Z \/Eﬂp (ﬂp)z, (01,1020 {Og0l6c0)
1

1 ’ ’
+ Z E (,up)l (,up)l/<9g1[|9ev> <9gllr|9ev> . (7)

L

The notation |,1,) means that u; =1 and u; = 0Vi # L.
Following the denomination introduced by Santoro et al.,* the
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first, second, and third terms on the right-hand side of Eq. (7)
describe the FC contribution, the FC/HT interference, and
the pure HT contribution, respectively. The FC contribution
involves the square of the transition dipole moment, the FC/HT
contribution involves the products between the transition
dipole moment 4, and the derivatives (u,); with respect
to all normal coordinates, and the HT contribution involves
all products of the type (1,,); (ip);-

B. Resonance Raman cross section

The total and differential (for the commonly employed
90° scattering geometry) Raman cross sections for a transition
between the initial |i) and final | ) vibronic states are given by

wng
i = ——S E
4 187T83C4

p,0={x,y,z}

(@po)i, - @D

doi_y B wng i
dQ 167‘[28(2)6‘445

(454> +58%+7yH, (8.2

where w;, is the frequency of the incident light, wg is the
frequency of the scattered light, and a2, 6%, and y? are the
three Raman invariants for randomly oriented molecules (see
the supplementary material®®), which depend on the Raman
polarizability tensor (@),

=

1 k) (k| po i
(aw)i%f:£z{<f|upl )kl por 10)
k

a)k,-—wL—iF

S e k) Ckl pp |i>}
+ .

a)kf+wL+il"

€))

(FC)ER = \/Eﬂpllo- Z
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The index k indicates a summation over all the vibronic states
of the molecule.
The following approximations are introduced.

(1) In Eq. (9), only the first “resonant” term is kept, while
the second “non-resonant” term is neglected. This is
a good approximation for an excitation frequency wy,
in close resonance with a set of vibronic states |k)
(WL = W)

(i) The Born-Oppenheimer and harmonic oscillator approx-
imations are employed.

(iii) The transition dipole moments are expanded in a
Taylor series up to the second term according to
Eq. (4).

(iv) Only RR intensities for fundamental transitions are
considered herein, i.e., the initial state is |¢,)|640) and
the final state is |¢, ) [0¢1,,)-

Under approximations (i)-(iv), the RR polarizability
tensor can be written in the form

1
(@00) 4001, = oy Z‘ {(FORR + (FC/HT)ER + (HD)ER|,
e*g
(10)

where (FO)XX, (FC/HT)RR, and (HT)RR are the FC,
the FC/HT, and the HT contributions to the Raman
polarizability tensor, respectively. The index e indicates
a summation over all the resonant excited states (e).
The derivation of Egs. (10) and (11) made use of
the identity of Eq. (5) and of the notations introduced

in Egs. (6),

<9glnlgev> <9g0|gev>

<9gln|9e'v> <0gl[|9ev>

(FC/HT)RR = 1, Z (o) Z
1 v

Weg + Wyo— wp — il

l#n

(HT)RR = Zl] (kp), (o), % Z [

’ ’ 1 <981n11|96v> <0gll/|6‘eu>
+ Z Z (ﬂp)l (/10')1/ E Z PTT— ,

I#n U’

where w., and w,o describe the electronic and vibrational
transition frequencies, respectively. The index v indicates a
summation over all the vibrational states (described by the
harmonic quantum numbers = vy,0y,. . .,Ups) Of the electronic
state (e). The notation |6,1,,1,) means that u, = 1, u; = 1, and
u; =0Vi # n,l.

+ > ()t Y etotlOer) oo

. 9
Weg + Wy — wp, — il

— Weg + Wy — wp — il (1.1
( ), [<9g0|9ev> + \/§<9g2n|9ev>] <9g0|9ev>
* ,UpnﬂaZU: Weg + Wyo—wp — il
(11.2)
<980|93U> + \/§<9g2n|96v>] <9gl[|93v>
Weg + Wyo — wp — il
(11.3)

lll. SUM-OVER-STATE EXPRESSIONS IN THE FRAME
OF THE INDEPENDENT MODE DISPLACED
HARMONIC OSCILLATOR (IMDHO) MODEL

The simulation of absorption and RR spectra requires
the calculation of the square modulus of the transition dipole
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moment (Eq. (7)) and of the RR transition polarizability
tensor (Eq. (10)), respectively. This demands the computation
of the electronic transition frequencies w,, (i.e., adiabatic
transition energies), vibrational transition frequencies w,g
(i.e., harmonic vibrational frequencies), components of the
transition dipole moment 1, and their derivatives (1),
These quantities can be obtained from quantum chemistry
calculations making use of density functional theory (DFT) or
wave function based approaches. Additionally, it is necessary
to evaluate the FC overlap integrals between the ground state
(g) and the excited states (e). In the general case, in which
the ground and excited states have different equilibrium
geometries, different vibrational frequencies, and different
normal coordinates (i.e., inclusion of Duschinsky rotation
effects), the FC overlap integrals can be computed using
recursive relations.’’ This approach was applied to both
absorption and RR spectra including or neglecting HT
effects (see, e.g., Refs. 38, 31, 35, and 24). In particular,
it requires the calculation of a large number of FC integrals,
which can be classified according to the ground state (g)
vibrational state, i.e., values of the quantum number u.
Hence, integrals of the type (0/0.,) and (f,1,|0.,) are
necessary to calculate the absorption spectrum (Eq. (7)) as
well as the RR intensities within the FC approximation. In
addition, integrals of the type <9g2n|9ev> and <981n11|9€l’> are
required to simulate the RR spectrum including HT effects.
An accurate evaluation of the absorption cross section and
of the RR transition polarizability demands convergence
of the—in principle infinite—summations over v (Egs. (1)
and (10)), which involve products of FC integrals of the
type <9gu|96,)> <9gu/|6?eu>. This task requires consideration
of a large number of vibrational states (u, u’, and v),
which may lead to convergence difficulties (i.e., a proper set of
vibrational states v need to be selected) as well as to a higher
computational burden for large molecules or when several
electronic excited states need to be included. Therefore,
even if efficient algorithms were implemented recently to
perform such summations,” it is of interest to introduce
additional approximations to reduce the computational cost
and to overcome possible problems in the evaluation of the
summations. The purpose of this section is to introduce some
simplified expressions to simulate absorption and RR spectra.
Next, in Secs. IV and V, these expressions will be applied on
a typical model compound and compared to one another.

The most widely employed and simplest approximation
to describe the PESs of the ground and excited states is known
as the IMDHO model, in which it is assumed that the ground
and excited states share the same normal coordinates (neglect
of Duschinsky rotation) and the same vibrational frequencies.
This model was applied to many molecular systems and
provided in several cases a sufficiently accurate description
of the excited states PESs allowing a reproduction of the RR
intensities and an assignment of experimental bands (see,
e.g., Refs. 19, 32, and 29). In this case, the difference
between the ground and excited states (e) PESs is only
determined by the dimensionless displacements A, ; along
the normal coordinates (/). Within the IMDHO model, the
multidimensional FC integrals <9g,4|6‘e,,> can be written as a
product of one dimensional FC integrals and simple recursive

J. Chem. Phys. 144, 064106 (2016)

relations® can be used to compute them efficiently (see the
supplementary material®®).

As presented below (Sections III A and III B), an
interesting feature of the IMDHO model resides in the fact
that it is possible to derive expressions for the absorption
cross section and RR polarizability tensor that depend only
on the FC integrals of the type (0,0|0c,). Therefore, the
use of such expressions only requires the calculation of a
set of FC integrals (defined by the quantum numbers v),
so that the sum of FC factors ), <9g0|96,,>2 converges to
unity. This makes the approach computationally attractive as
integrals of the types (0,1,,10c0), (042,10c0), and (Og1,,1,10c0)
do not need to be explicitly calculated. A further advantage of
these expressions is that they can be used as a starting point
to introduce additional approximations leading to simplified
sum-over-state expressions (Sections III C and III D).

A. Absorption

Starting from Eqgs. (1) and (7), and making use of recursive
relations for the FC overlap integrals, the absorption cross
section can be written as

raw)) = oy > Aot + (Fe/HT)! + (HT)LY

3ch P
(12)
where
(FOL = > popm{®(wr)},  (13.1)
p={x.y.2}
(FCIHTY =3 D" Ho (), AIm{®, (wr)

L p={xy.z}

- O (wr —wi)}, (13.2)
’ ’ 1
(HT); = Z p{zj} (10 (o) Tm{@elor. = i)}

3 iy P e ()

LI p={x,y,z}

— O (WL —w) = P (W — wy)

+ @ (wp —w —wp)}. (13.3)
The function ®,(w;) is defined as**!°
2
<6g0|06v>
o, = . 14
(@r) Zweg+w,,0—wL—iI“ (14

v

To simplify the notations, the dimensionless displacements
for the excited state (e) are defined as A; = A, ;.

B. Resonance Raman

Following a similar approach, the three terms appearing
in Eq. (10) for the definition of the RR polarizability tensor
can be written as
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(FC)eI;R = llp,uo'An {D, (wr) = Pelwr — wy)},

(FC/HT)fR = Hp (Her)n e (WL — wp) + (/Jp); Ho P, (wr) + Z {:up (Mor); + (Hp); ,u(,-}
1

- O, (wr, — wy) = Po(wr, — wy) + Po(wp — Wy, — W)},

J. Chem. Phys. 144, 064106 (2016)

(15.1)
AL A
TI {D, (wr)

(15.2)

(HDER = 3" (1), Gty S A® w0~ ) = P, o, — )

1

’ ’ An
+ Z (ﬂp)l (/J(r)l 7 {O(wr — wy) = Po(wp — W, — W)}
1

# 3 (), (10h 5 {@eleor) = o, = )}
1

L Ay
+ 2 ()] () =5

Ll

+ D (wp — Wy —wp) + Pe(wp — Wy — W) = Pe(wr — Wy — Wy —wp)} .

The derivation of Egs. (12)—(15) presents no particular
difficulties but is too tedious to be fully described here.
The interested reader can find details on the derivation in the
supplementary material.>® Despite rather lengthy expressions,
Egs. (13) and (15) can easily be implemented in programs
and evaluated by computers. Indeed, they involve only
finite summations over the vibrational modes (), in which
the summands are products between the transition dipole
moments, their derivatives, the dimensionless displacements,
and a linear combination of the ®, function evaluated at
different frequencies. The interesting features are that the
summation over the FC integrals (described by the quantum
numbers v) is moved in the definition of the ®, function and as
stated before only involves FC integrals of the type (0,0/0e,)-
As shown by Egs. (13) and (15), these properties are verified
both when FC and HT effects are included. The formalism
employed in Sections III A and III B originates from the
transform theory.*!#04243 In particular, the FC contributions
(Egs. (13.1) and (15.1)) as well as the two first terms of
the FC/HT contribution (Eq. (15.2)) were already reported in
the literature.*>** However, to the author’s knowledge, the full
expressions for the FC/HT and HT contributions of absorption
and RR are presented for the first time using this formulation
and are applied in Section V to compute HT effects.

C. Simplified ®, function

The expressions reported in Secs. III A and III B allow the
computation of the absorption and RR intensities. In particular,
they require the calculation of the adiabatic transition
frequency w,, as well as the FC factors <9g0|08,,)2. However,
in some cases it can be computationally advantageous to avoid
calculating the FC factors and to replace the determination
of the adiabatic transition frequency by the calculation of
the vertical transition frequency, denoted ... This can be
performed by virtue of the FC principle, which states that
the most probable transition (given by the FC factor) occurs

{(De(wL) - @, (wL —wy) — (De("-)L - (Ul) - (De(wL - wl’) + (De(wL — Wy — (’-)l)

(15.3)

vertically from the ground state geometry. Therefore, the
values of w.g +w,o in Eq. (14) can be approximated by
the vertical transition frequency (€.g). Application of this
simplification along with the property that ), <0g0|9w>2 =1
leads to

1

O, (W) = ————.
R

(16)

A particular case of the latter simplification is known as the
small shift approximation®® for RR intensities, in which the
geometrical displacements are assumed to be small. In this
situation, the largest FC factor is given by <9g0|9e0>2, meaning
that the adiabatic and vertical transition frequencies almost
coincide (see the supplementary material®® for the connection
between the small shift approximation and the simplified @,
function approach).

The @, function was originally defined within the frame
of the transform theory. This theory uses the fact that, within
the FC approximation, the absorption spectrum is related
to the imaginary part of the @, function (see Eq. (13.1)).
Hence, employing the experimental absorption spectrum and
its Kramers-Kronig transform, RR excitation profiles can be
simulated. In the present work, the @, function is directly
evaluated from the SOS expression (Egs. (14) and (16))
without making direct use of the experimental spectrum.
Nevertheless, the connection between the @, function and the
absorption spectrum gives an indication that the simplified
@, function approximation should be valid in situations when
the excitation frequency wy is in resonance with absorption
bands displaying a large broadening and non-resolved vibronic
structure. It should be mentioned that the present formulation
neglects inhomogeneous broadening effects, which might be
predominant for experiments done, e.g., in solution. Such
effects can be easily included (see, e.g., Ref. 45). For example,
the simplified @, function approximation was employed
recently in several applications on transition metal complexes
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and succeeded in reproducing the main characteristics of RR
spectra,*3:29:46

D. Simplified SOS

In the case of RR spectroscopy, several authors extended
to use of the Placzek and double harmonic approximations
to obtain RR intensities directly from the derivatives of the
frequency dependent polarizability with respect to the normal
coordinates.*’*° In particular, Rappoport et al.?’ derived a
simplified SOS expression including FC and HT contributions.
Using a similar nomenclature as in Egs. (15), the simplified
SOS formula reads
0Q,, )

0

FORR = _ [ —=2
(FO), ﬂpﬂ(aqn

2
Q.. — -T2+ 27 (Q,, -
% ( g “)L) + 2 ( g wL) LAY

2
[(geg —wr) + r2]
Qup —wp +iT }
(Qug —wr ) +12)
(17.2)

(FC/HT)fR = {,up (,uo'):z + (ﬂp); :uo-} {

A derivation of the expression and the connection with the
simplified ®, function approximation is provided in the
supplementary material.>® The advantage of this formula is
that it is easily computed and that it requires only quantities
calculated at the ground state geometry, namely, the vertical
transition frequencies (Qe,) and their derivatives (0Q.,/dq;),
and the transition dipole moments (u,) and their derivatives
(/Jp);'

Within the IMDHO model, the gradients (€, /dq;), can
be related to the dimensionless displacements according to

_ 1 (aﬂeg)
Y . (18)
wr\ 9q 0

Using this relation, it can be shown that the simplified SOS
formula (Eq. (17)) is an approximation of the simplified
®, function approach. As presented in the supplementary
material,*® it approximates the dependence on the excitation
frequency (wy) for the FC and FC/HT contributions, and it
neglects part of the FC/HT contribution and totally the HT
contribution. In particular, concerning the FC/HT contribution,
the simplified SOS approximation leads to a symmetric
polarizability tensor with respect to exchange of the p
and o components. Therefore, it cannot describe anomalous
polarization effects.??

E. Summary of SOS methods for RR intensities

The different SOS approaches presented in this work
are summarized in Fig. 1. The methods are ordered starting
from the simplest and computationally cheapest (given at the
bottom of the ladder) to the more involved and computationally
demanding (top of the ladder). For each method, the required
quantities are also reported. Note that in all cases, calculation
of the ground state vibrational frequencies and normal
coordinates is necessary.
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1

Method | Required quantities
X : A

FullsOs 1 g, () o A (0,]6.,)
Eq. (11) i
Duschinsky :<9g1, 9ﬂ> <9g21 6’8"> <921wl: 06\')
FC, FC/HT, HT ) Excited state Hessian

[]

IMDHO Model | -
Eas.(15,14) 'y (u) o, A (0,905 g
FC, FC/HT,HT S

1 c
e ! 3

Simplified ¢, ! . =3
Egs. (15,16) 1 #y (), @ A E
FC, FC/HT,HT | .

8
2

FIG. 1. Ladder of SOS methods to calculate RR intensities.

At the bottom of the ladder is the most widely employed
and simplest method to calculate relative RR intensities. This
approach is known as the short-time (ST) approximation® or
simply as the gradient method. It includes only FC effects and
the approach can be used when a single electronic excited state
is in resonance with the excitation frequency (w; ). Thus, the
relative RR intensities for fundamental transitions are given
by

2
aQeg) . (19)
0

oq

The next rung of the ladder describes the simplified SOS
method. This approach neglects the vibronic structure in the
RR excitation profile and requires only vertical quantities,
namely, the excitation frequencies, the transition dipole
moments, and their derivatives. The simplified SOS method
is an approximation of the simplified @, approach. In the
latter approach, the displacements can be calculated from the
excited state gradients (Eq. (18)), which makes the simplified
@, method equivalent to the simplified SOS method in terms
of the input data and of the computational cost, but not in
terms of the results (see Section V). An alternative way is to
calculate the displacements from the difference between the
excited states and ground state geometries. This is often called
the adiabatic shift method (see, e.g., Refs. 24, 26, 18, and 50),
in which an optimization of the excited state geometries is
necessary. The next rung corresponds to the IMDHO model.
In the formulation of Egs. (15) and (14)), this model only
requires—in addition to the simplified @, input data—the
calculation of FC integrals of the type (6’g0|96v> as well as an
estimation of the adiabatic transition frequency (w.,). This
makes the model computationally advantageous over the more
involved full SOS approach, which requires the calculation of

Ig0—>gln < (
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additional types of FC integrals. The full SOS method also
includes Duschinsky rotation effects and hence necessitates
the calculation of the excited state Hessian.

As mentioned in recent works,2%!8 the main computa-
tional burden is associated to the calculation of the required
quantities by quantum chemistry methods. In particular, the
computation of the displacements in the adiabatic shift method
or of the excited state Hessian in the full SOS method is
more time consuming. Calculation of the derivatives of the
transition dipole moments has also an important computational
cost when done by numerical differentiation. Usually, the
calculation of the FC integrals and of the RR cross sections
represents only a small fraction of the total computational
cost. Nevertheless, the use of simplified approaches like
the IMDHO model or the simplified ®, method makes the
evaluation of the RR cross section easier and it can avoid
possible inaccuracies arising from the incomplete convergence
of the summation of FC integrals.

IV. COMPUTATIONAL METHODS

Quantum chemical calculations were performed with the
GAUSSIAN 09 program,’! which provides the structural and
electronic data necessary for the simulation of the absorption
and RR spectra of the R6G molecule. All the calculations were
performed in a vacuum by means of DFT and time depen-
dent DFT (TDDFT) using the B3LYP exchange-correlation
functional with the 6-311G(d) basis set. These methods were
proven to be accurate for the simulation of the RR spectrum
of R6G*'? in resonance with the first singlet excited state S;.
The geometry, harmonic vibrational frequencies, and normal
coordinates of the ground state Sy were obtained by DFT,
whereas the vertical excitation energies and transition dipole
moments of the S; excited state were obtained by TDDFT.
The geometry and harmonic vibrations of the S; state were
also computed with TDDFT in order to investigate Duschinsky
rotation effects. To correct for the lack of anharmonicity and
the approximate treatment of electron correlation, the har-
monic frequencies were scaled by the factor 0.98.

A program developed locally is employed to calculate the
RR cross sections and absorption spectra. In particular, this
demands the computation of the geometrical displacements
A;, derivatives of the transition dipole moment (,u,,);, and FC
overlap integrals <9gu|66,)>. Within the IMDHO model, the
displacements were calculated from the gradients (Eq. (18))
as well as by projecting the difference between the S; and
So geometries on the ground state normal coordinates (adia-
batic shift method). The latter displacements were also em-
ployed to compute absorption and RR spectra in association
with Duschinsky effects (adiabatic Hessian method?*). The
FC overlap integrals were computed from the displacements,
vibrational frequencies, and normal coordinates using recur-
sive relations.?” Within the IMDHO model, a nearly complete
convergence of the FC factor summation was obtained, with
a value of ), <9g0|geu>2 > 0.99. When Duschinsky effects are
included, the summations of the FC overlap integrals were not
completely converged, e.g., the summation of the FC factors
> <6g0|0€1)>2 reaches a value of only 0.92. This incomplete
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convergence leads to an underestimation of the absolute RR
cross sections but has only a weak impact on the relative RR
intensities and on the shapes of the excitation profiles (see
Section V). The derivatives (0Q.,/0q;), and (u,), were ob-
tained by a two-point numerical differentiation procedure from
the vertical excitation energies and transition dipole moments,
which were computed with TDDFT for distorted structures re-
sulting from the addition or subtraction of a finite displacement
along the normal coordinates to the ground state geometry. In
the simulation of the absorption and RR spectra, a value of I'
equal to 400 cm™~! was assumed to reproduce the experimental
broadening® and the transition frequency had been shifted
so that the experimental (530 nm) and theoretical absorption
maxima A,,,, coincided, namely, a w,, of 18 800 cm™! was
employed with the full SOS and IMDHO model methods,
whereas a Q. of 18867 cm™! was employed when using the
simplified ®, and simplified SOS approximations. The RR
spectra were simulated for an excitation wavelength of 532
nm (i.e., wy of 18797 cm™!) and a Lorentzian function with
a FWHM of 5 cm™' was employed to broaden the Raman
intensities.

V. APPLICATION TO RHODAMINE 6G

The methods described in Secs. I-IV to simulate
absorption and RR spectroscopies are applied to the
prototypical compound of Rhodamine 6G. The RR properties
of this dye were investigated in the past both from the
theoretical and experimental points of view.’!3%16:52 In
particular, important vibronic effects were identified in the
RR spectrum for excitation frequencies close to the absorption
maximum. Therefore, it constitutes a good example on which
the different SOS approximations can be tested and on which
their effects can be discussed.

A. Absorption spectra

The vibronic structure of the absorption spectrum for
the first singlet excited state (S;) was simulated according to
Eq. (1). The results obtained in the FC approximation are
presented at the top of Fig. 2 and made use of three different
methods. Within the IMDHO model, the displacements were
calculated from the gradients as well as from the difference
between the S| and Sy geometries. Additionally, the spectrum
including Duschinsky effects was simulated. As discussed in
previous works,?!*? the spectrum is dominated by a single
band with a vibronic shoulder at higher energy. Fig. 2 shows
that the spectra obtained from the gradients and from the
geometry difference are superimposed. This indicates that
in this case, the gradient approximation is appropriate to
calculate the geometrical displacements. The inclusion of
Duschinsky rotation effects leads to a transfer of intensity
from the maximum of absorption to the vibronic shoulder.
Nevertheless, the change of vibrational frequencies between
the ground and excited states as well as the effect of
Duschinsky mixing remains rather limited in the present
system. Therefore, all methods are in overall agreement with
the experimental spectrum.>?
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FIG. 2. Top: Comparison between the absorption spectra calculated in the
FC approximation. A’s obtained from the gradients within the IMDHO model
(grey line), A’s obtained from the difference between the St and Sy geometries
within the IMDHO model (dashed line) and including Duschinsky rotation
effects (black line). Bottom: Absorption spectra calculated within the IMDHO
model with A’s obtained from the gradients. In the FC approximation (grey
line), including FC, FC/HT, and HT terms (dashed line) and including only
the FC contribution with the simplified ®, method (black line). The vertical
dotted line indicates the excitation frequency employed in Section V B.

The bottom of Fig. 2 presents the absorption spectra
calculated within the IMDHO model using gradients for
the displacements. First, it is seen that the inclusion of the
FC/HT and HT contributions is negligible for the absorption
spectrum. This is the case within the IMDHO model (Fig. 2)
and within the simplified ®, method (results not shown).
It can be related to the rather large oscillator strength of
S;, which has a calculated value of 0.744, indicating that
the FC contribution dominates the spectrum. The use of the
simplified ®, approach leads to a single band in the absorption
spectrum with no vibronic shoulder. This is related to the fact
that in the FC approximation, the simplified ®, method
describes the absorption band by a single Lorentzian function
(see Egs. (13.1) and (16)). Therefore, in comparison to the
IMDHO model, additional intensity is located close to the
maximum of absorption. Because the simplified ®, method
neglects the vibronic structure in the absorption spectrum, it
is only adequate to describe bands with small or negligible
vibronic progressions. Additionally, this approximation is
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also practical in situations when the structure of an absorption
band is dominated by the contributions of several overlapping
electronic excited states (see, e.g., Refs. 45 and 29). The
effects of this simplification on the RR intensities and on the
RR excitation profiles will be discussed in Secs. VB and V C.
Inclusion of the FC/HT and HT contributions together with
Duschinsky effects was not performed, but on the basis of the
results obtained with the IMDHO model, it is expected that
FC/HT and HT contributions will be also negligible in this
case.

B. RR spectra

In this section, the RR spectra obtained for an excitation
frequency in close resonance with the maximum of absorption
are described. The top of Fig. 3 considers the results calculated
with the short-time approximation as well as with the IMDHO
model including the FC contribution. Both methods provide
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FIG. 3. Comparison between RR spectra obtained for an excitation in close
resonance with the maximum of absorption. Top: A’s obtained from the
gradients in the FC approximation and within the IMDHO model (grey line)
using the short-time approximation (dashed line). Bottom: A’s obtained from
the difference between the S| and Sop geometries within the IMDHO model
(grey line) and including Duschinsky rotation effects (dashed line) in the FC
approximation. The four selected modes are indicated.
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comparable relative intensities above 1400 cm~!, whereas

the lower frequency modes have larger intensities using the
IMDHO model. In particular, the large enhancement of the
two vibrations at about 610 cm™! and 770 cm™! was ascribed
to a vibronic effect,> which is not captured by the short-time
approximation. The strong intensities of these two modes are
in agreement with the experimental results’”> (see Fig. 4).
Therefore, the short-time approximation is not fully adequate
for simulating the RR spectrum of R6G in resonance with the
first excited state.

The bottom of Fig. 3 presents the spectra calculated
in the FC approximation using displacements computed
from the geometry difference within the IMDHO model and
including Duschinsky rotation effects (full SOS method). First,
comparing with the top of Fig. 3, the IMDHO model gives
some differences in the RR spectra when using displacements
calculated from the gradients (Fig. 3, top) or from the
geometry difference (Fig. 3, bottom). These changes were
not visible in the absorption spectrum and mainly concern
modifications of some relative intensities. For example, the
modes at about 610 cm™' (v1), 770 cm™!, 1350 cm™! (v2),
and 1510 cm™! (v3) have slightly larger RR intensities when
using displacements calculated from the gradients (Fig. 3,
top), whereas the vibration at about 1650 cm™' (v4) has
a stronger intensity in the case of displacements calculated
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from the geometry difference (Fig. 3, bottom). Comparison
with the experimental spectrum (see Fig. 4) shows that the
former spectrum (Fig. 3, top) is in slightly better agreement
with the experimental results. Although the differences are
relatively moderate, this seems to indicate that in this case, the
displacements obtained from the vertical gradients are more
accurate. A discussion of the respective merits of vertical and
adiabatic models for the description of the potential energy
surfaces as well as applications to different systems can be
found, e.g., in Refs. 14, 26, 18, and 50.

The inclusion of Duschinsky effects mainly leads to an
overall decrease of the absolute cross section, which can be
related to the lower absorption cross section close to the
maximum when including Duschinsky effects (Fig. 2, top) as
well as to the incomplete convergence of the SOS expression.
Some changes of relative RR intensities are also observed
when considering Duschinsky effects, e.g., for the vibrations
vl and v4, but generally they remain small. Therefore, in
the case of the S; state of R6G, it can be concluded that the
IMDHO model provides an accurate description of the RR
properties. Thus, in the following the impact of the FC/HT and
HT, contributions will only be investigated using the IMDHO
model.

The top-left of Fig. 4 describes the effects of FC/HT and
HT contributions on the RR spectrum within the IMDHO
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FIG. 4. Comparison between RR spectra obtained for an excitation in close resonance with the maximum of absorption. On the top-left (IMDHO model),
top-right (simplified @), and bottom-right (simplified SOS), the spectra are calculated in the FC approximation (grey line) and including HT effects (dashed
line) with A’s obtained from the gradients. Bottom-left: Experimental spectrum’%32 (black line), IMDHO model in the FC approximation with A’s obtained
from the difference between the S; and Sy geometries (red line) and with A’s obtained from the gradients (blue line), including HT effects (green line). In the
calculated spectra, a Lorentzian function with a FWHM of 20 cm™! was employed to broaden the RR intensities.
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model. Contrary to the absorption spectrum, the inclusion
of HT effects leads to noticeable changes in several relative
RR intensities. Similar effects were noticed in other systems
(see, e.g., Refs. 25 and 50). This is mainly the case for
the vibration v3, which has a larger intensity when HT
effects are included, and for the vibration v4, for which HT
effects leads to a decrease of the RR intensity. Interestingly,
these modifications appear to improve the agreement with
the experimental spectrum (see Fig. 4, bottom-left), which
indicates that consideration of such contributions can be
important even when in resonance with strongly allowed
transitions.

The top-right of Fig. 4 presents the RR spectra obtained
using the simplified @, approximation. Comparison with
the spectra on the top-left of Fig. 4 clearly shows that
the simplified ®, method provides very similar results as
the IMDHO model. This concerns both the FC and FC
+ FC/HT + HT approximations. In particular, the simplified
@, method perfectly reproduces the strong intensities of the
low frequency modes at about 610 cm™' (v1) and 770 cm™!,
which are underestimated with the short-time approximation.
Therefore, it is seen that neglecting the FC factors in the @,
function (Eq. (16)) has only a minor effect on the relative
RR intensities and that this approximation is adequate to
reproduce the RR spectrum including both FC and HT effects.
Investigation of the relative importance of the FC/HT and
HT contributions (see Fig. S1°¢) demonstrates that the HT
effects entirely originate from the FC/HT contribution, while
the higher-order HT contribution is negligible in the present
case.

The RR spectra calculated with the simplified SOS
expression are reported on the bottom-right of Fig. 4. Two
main observations can be made. First, the simplified SOS
method fails in reproducing the large RR intensities of the two
low frequency modes and provides a too large RR intensity
for the vibration v4. In fact, the spectrum obtained with
the simplified SOS approach resembles closely the spectrum
calculated with the short-time approximation (Fig. 3, top).
Second, the effects of the FC/HT contribution are almost
negligible using this approximation. Therefore, the results
obtained with the simplified SOS method contrast strongly
with the results calculated using the simplified ®, function.
However, this latter approach is in better agreement with the
higher level methods (i.e., IMDHO model and full SOS) as
well as with the experimental spectrum. Hence, the results
show that the simplified SOS method is not fully adequate to
simulate the RR intensities of R6G and does not provide a
proper inclusion of the HT effects. Because both simplified
SOS and simplified @, (using displacements calculated from
the gradients) methods employ the same input data and
require nearly identical computational cost, the simplified
®, approximation should be preferred over the simplified
SOS approach to calculate RR intensities.

C. RR excitation profiles

In Sec. V B, the RR spectra were calculated assuming
a fixed excitation frequency in close resonance with the
absorption maximum. However, the RR cross sections and
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relative RR intensities are dependent on the excitation
frequency. These effects can be analyzed in detail by
investigating the RR excitation profiles (RREPs). As a matter
of illustration, the RREPs of the four most intense vibrations
are computed and presented in Fig. 5.

The top of Fig. 5 shows the RREPs calculated within
the IMDHO model including FC and HT effects. The RREPs
display typical shapes in agreement with a previous work.*?
In particular, the RREP for the low frequency mode v1 is
composed of a single band with a very weak shoulder at
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FIG. 5. Comparison between the RR excitation profiles of the four selected
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(simplified SOS) the profiles are calculated in the FC approximation (full
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in Section V B.
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about 21000 cm™' originating from the vibronic structure
(i.e., FC factors) in the ®, function. However, the RREPs
of the higher frequency modes v2, v3, and v4 present
a typical two bands shape, which highlights the strong
dependence of the RR cross section with respect to the
excitation frequency. The inclusion of the FC/HT and HT
contributions shows that HT effects are negligible for the
vibration v1, whereas they are more important for the higher
frequency modes. The importance of the HT effects is related
to the magnitude of the derivative of the transition dipole
moment (u,) . More precisely, the HT effects can lead to
an enhancement or to a de-enhancement of the RR cross
section depending on the considered mode and depending on
the excitation frequency. For example, the intensities of the
modes v2 and v3 are increased for an excitation close to
the absorption maximum and decreased for an excitation at
larger frequencies, i.e., above ~20 000 cm~!. However, it can
be seen that the situation is opposite in the case of mode v4.
A detailed study of the different contributions shows that the
HT effects originate from the first two terms in Eq. (15.2),
namely, u, (e )y e (WL — wp) + (,up);, Ho P, (wr), whereas
the other terms lead to negligible contributions in the case of
R6G (see Figs. S1 and §23%). The interference of this non-
negligible contribution with the FC contribution (Eq. (15.1))
produces positive or negative corrections to the RR cross
section around the two resonances in the RREP, which
are centered at frequencies of about w,, (first resonance)
and w., + w, (second resonance). In the present case, the
differences between the behaviors of the modes v2 and v3
in comparison to the mode v4 stem from opposite signs for
the values of the displacements A,, while u, and (u p); have
positive values.

The RREPs obtained with the simplified ®, method are
presented in the middle of Fig. 5. By comparing the results
obtained with the IMDHO model (Fig. 5, top), it is seen that the
simplified @, approach provides RREPs of comparable shapes
and that the inclusion of HT effects is properly reproduced. In
particular, this method is able to describe the two resonances
present in the RREPs. Differences concern the absence of
the weak vibronic shoulder above 21000 cm™!' as well as
some changes in the relative intensities at given excitation
frequencies arising from the simplified shape of the @,
function, i.e., neglect of the FC factors. Nevertheless, this
shows that when the vibronic structure can be neglected,
the simplified ®, method provides an adequate formalism
to calculate RR intensities at a low computational cost and
including HT effects.

The full SOS approach including Duschinsky rotation
effects was also applied including the FC contribution
(see Fig. $3%°). In agreement with the data presented in
Sections V A and V B, these results show that the RREPs
have comparable shapes as those obtained with the IMDHO
model (Fig. 5, top).

The RREPs calculated with the simplified SOS approach
are reported at the bottom of Fig. 5. The RREPs present a
similar shape for all the modes and are composed of a single
band centered at Q... Indeed, the simplified SOS approach
does not reproduce the second resonance located at higher
frequencies (see Eq. (17) and supplementary material®®) as
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well as the vibronic structure described by the FC factors.
Moreover, the HT effects are almost negligible in this
case, which can be related to the overestimation of the FC
contribution. The combination of these approximations leads
to relative RR intensities showing no dependence with respect
to the excitation frequency. In particular, the cross sections
of the higher frequency modes are overestimated and the low
frequency modes are not enhanced for an excitation close to the
maximum of absorption. These results are in strong contrast
to the results obtained with the simplified @, and higher-level
methods (IMDHO model, full SOS) and indicate that the
frequency dependence of the RREPs is not properly described
using the simplified SOS method. Therefore, following the
conclusion of Section V B, the simplified ®, approximation
should be preferred over the simplified SOS approach to
calculate RR intensities.

The validity of the simplified ®, method is further
investigated in the frame of the FC approximation. The first
column of Fig. 6 reproduces the absorption spectra and the
RREPs obtained for R6G. In this case, the good agreement
between the RREPs obtained with the simplified ®, method
and the IMDHO model can be related to the small values of
the displacements. This leads to an absorption spectrum with a
weak vibronic shoulder and to comparable values of the adia-
batic w,g (18 800 cm~!) and vertical Q.q (18867 cm™) transi-
tion frequencies. In such a situation the simplified ®, method
is similar to the small shift approximation (see Section III C
and the supplementary material®). To test the effects of larger
shifts, all the displacements of R6G were multiplied by the
factor 2.0 and the same adiabatic frequency (w. ) is employed.
In this case, the absorption spectrum (Fig. 6, middle-top) in
the IMDHO model displays a marked vibronic shoulder.
This shoulder cannot be reproduced by the simplified @,
method, but in order to approximate the broadening and to
reproduce the position of the absorption maximum, values
of 800 cm™! and of 19225 cm™! were used for the damping
factor I' and for the vertical frequency (£2.,), respectively
(Fig. 6, middle column). The RREPs within the IMDHO
model show complex shapes characterized by the presence of
a vibronic structure. In this case, the simplified ®, method
presents only a partial agreement with the IMDHO model.
In particular, the RREPs for excitations below ~20 500 cm™!
are still adequately reproduced, but important deviations are
obtained for larger excitation frequencies, which is related to
the lack of vibronic structure in the simplified @, approach.
Nevertheless, it is seen that the simplified ®, method provides
a better reproduction of the shape and position of the RREPs
than the simplified SOS approach. The right column of Fig. 6
presents a situation in which the twice larger displacements are
employed together with a larger broadening (I' = 1500 cm™}).
In this case, the details of the vibronic structure are hidden
by the large broadening and it is seen that the IMDHO model
and the simplified ®, method provide globally comparable
RREPs. The differences concern a small deviation between
the RREP maxima and the fact that the IMDHO model gives
broader RREPs due to the inclusion of the vibronic structure.
Similarly in this case, the simplified ®, method provides
better results than the simplified SOS approach. Generally,
it can be concluded that the simplified ®, method gives a
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FIG. 6. Comparison between the absorption spectra and the RR excitation profiles in the FC approximation. The values of the A’s obtained from the gradients
are multiplied by 2 in the middle and right columns, and different values of the broadening are employed. The absorption spectra are given in the first row
using the IMDHO model and the simplified @, approach, whereas the RR profiles are depicted in the second (IMDHO model), third (simplified ®.), and fourth

(simplified SOS) rows.

correct reproduction of the RREPs obtained with the IMDHO
model, provided the excitation frequency is in resonance
with absorption bands displaying a large broadening and
non-resolved vibronic structure, i.e., in situations in which the
absorption band can be approximated by a simple Lorentzian
function.

VI. CONCLUSIONS

In the present work, SOS expressions to simulate the
related spectroscopies of absorption and RR—including
both FC and HT effects—have been described. Several
approximations were summarized (Fig. 1), namely, the general

full SOS method, the IMDHO model, the simplified @,
approach, the simplified SOS method, and the well-known
short-time approximation. The most involved method is
the full SOS, which allows, e.g., inclusion of Duschinsky
rotation effects. In the case of the IMDHO model, practical
expressions were derived, which only require the calculation
of a given type of FC overlap integrals, i.e., <9g0|96,,>, making
the method computationally advantageous. Within the latter
approach, a straightforward simplification can be introduced
in the ®, function leading to the so-called simplified @,
method. This simplification is justified in situations when
the vibronic structure described by the FC factors can be
neglected. Additionally, an expression reported recently in
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the literature?’ and called herein the simplified SOS method
has been presented. This method requires identical input data
as the simplified @, approach and has therefore an identical
computational cost.

As a matter of illustration, the different methods were
applied to the prototypical compound of R6G. The impact
of the different simplifications and of the HT effects on
the absorption, RR spectra, and RREPs was described.
Comparison with experimental results was also performed.
It was found that (i) the excited state gradients provide an
accurate evaluation of the geometrical displacements, (ii) the
inclusion of HT effects is improving the RR intensities when
comparing with the experimental results, (iii) the IMDHO
model leads to comparable spectra as the more involved full
SOS approach, (iv) the simplified ®, method is adequate to
reproduce the RR intensities of R6G, for which there is only
a weak effect of the FC factors, and (v) the simplified SOS
approach is less accurate than the simplified ®, method and
provides similar spectra as the short-time approximation.
Because both simplified SOS and simplified @, (using
displacements calculated from the gradients) methods employ
the same input data and require nearly identical computational
cost, the simplified @, approximation should be preferred over
the simplified SOS method to calculate RR intensities.

In general, the IMDHO model and the simplified ®,
method appear to be good alternatives to the more involved
full SOS approach due to their lower computational cost
and their ability to properly include HT effects. These two
approaches can also easily be implemented in any quantum
chemistry program. Therefore, it is expected that they will
be employed in the future—in conjunction with the full SOS
method when necessary—to describe large molecular systems,
in which the multimode character and the presence of several
electronic excited states in resonance should be taken into
account.
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