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QUANTUM INFORMATION

Superadditivity of two quantum information resources

Mohamed Nawareg, **

Entanglement is one of the most puzzling features of quantum theory and a principal resource for quantum
information processing. It is well known that in classical information theory, the addition of two classical information
resources will not lead to any extra advantages. On the contrary, in quantum information, a spectacular phenomenon
of the superadditivity of two quantum information resources emerges. It shows that quantum entanglement, which
was completely absent in any of the two resources separately, emerges as a result of combining them together. We
present the first experimental demonstration of this quantum phenomenon with two photonic three-partite non-
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distillable entangled states shared between three parties Alice, Bob, and Charlie, where the entanglement was com-

pletely absent between Bob and Charlie.

INTRODUCTION

Quantum entanglement leads to the most counterintuitive effects in
physics (1, 2) and an important quantum resource, which plays a central
role in the field of quantum information and communication. Therefore,
the investigation of entanglement properties of quantum states is cru-
cial. The characterization of entanglement for multipartite and mixed
systems is still under intense research (3). Entanglement can be easily
destroyed by decoherence processes as a result of unwanted coupling
with the environment. This uncontrollable interaction introduces noise
and transform, for example, maximally entangled states into mixed
states. Therefore, it is critical to know which mixed states can be distilled
to maximally entangled states with the help of local operations and clas-
sical communication (LOCC) and then be valuable again for further
information processing (4, 5). It has been discovered that there is a
new class of entangled states where no entanglement can be distilled,
and it has been called bound entanglement (6, 7). On the contrary,
the distillable entanglement is called free entanglement. After this dis-
covery of bound entanglement, the impression was that this type of en-
tanglement is completely useless for quantum information processing.
However, it has been shown that, even in the bipartite case, there is an
option to pump entanglement of many bound entangled states into
one weakly entangled pair to beat the quantum teleportation fidelity
threshold that is unbeatable otherwise (8). This process is called activa-
tion of bound entanglement, and it was the first manifestation of super-
additivity of quantum communication resources. Later, it turned out
that bound entanglement can lead to various superadditivity of that
kind in the multipartite case (9). Bound entanglement also turned out
to be useful, somewhat surprisingly, for quantum key distillation (10)
[see the study by Dobek et al. (11) for an experimental realization],
which eventually paved the way to streaking superadditivity or the ac-
tivation of quantum bipartite channels (12) where the channel cor-
responding to bound entanglement is activated by a 50:50 erasure
channel. Independently, it has been shown that multipartite bound en-
tanglement is a useful resource for other quantum communication tasks.
Not only can it be superactivated in a specific situation (13), one can use
it for remote quantum information concentration as well (14). It has
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also been shown that von Neumann measurements on special bound
entangled states allow generation of a new classical secrecy phenomenon,
which is called multipartite bound information (5). All of these make
bound entangled states intriguing objects of quantum information, jus-
tifying the term “black hole” of the quantum information field in the
sense that the entanglement goes in but is impossible to recover because
of the nondistillability (15). However, because the bound entanglement
can be activated as seen above, analogically, one can say the “black hole
can evaporate” in the sense that it can become entangled and therefore
become useful.

Here, we report on the first experiment when, metaphorically speak-
ing, “adding two zeros” results in a “nonzero value” or when, in more
precise words, the resource (a specific type of free entanglement), which
is completely absent in any of the two ingredients, emerges as a result of
putting the two ingredients together. Here, the three-partite bound
entangled state has been synthesized, and after the interaction with
some special free entangled state, the new quantum entanglement has
been established, which could not be made out of any of the states (or an
arbitrary number of copies of them) of each of the two classes alone.
This is also the first observation of three-qubit bound entanglement ac-
tivation. Note that, at the same time, we experimentally produced the
first representative of bound entanglement that can be used for the gen-
eration of multipartite bound information (16).

It is known that there is more than one type of entanglement in the
multipartite case. The most celebrated is the Greenberger-Horne-Zeilinger
(GHZ) versus W state nonequivalence (17, 18). In the case of mixed
states, there are different types of states that are also not equivalent. Be-
low, we shall describe the situation when one has two different types of
mixed state entanglement, each of them unable to perform some task;
however, the combination of the two resources (in terms of local inter-
action and classical communication) resolves this impossibility.

RESULTS

Multipartite bound entanglement

Consider the family of tripartite states p = p** for which the partial
transposition of the indices on the, say, first system is positive; that is,
one has the nonnegative eigenvalues of partially transposed matrix p'
produced from the matrix representation of the original state with the
elements [pyiimn] = [pAB S ijkimn DY swapping the first two indices
corresponding to the row and column of the first subsystem A, namely,
[pijﬁklﬁmn]“ = [plji jt,mn- This is just a positive partial transpose (PPT)
test attributed to Peres (19) performed with respect to system A. Note
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that it means that the partially transposed matrix is a legitimate state. It
is known that this property makes it impossible for one to distill, via
LOCC, any maximally entangled state between party A (on which
transpose was checked) and any of the other parties (B or C), or both
[see Horodecki et al. (7)]. Distilling a maximally entangled bipartite
pure state with a subsystem X, requires the PPT condition for the orig-
inal multipartite state to be violated with respect to X from the very
beginning. It must be so because the positivity is conserved under
LOCC (7). An even more demanding condition follows immediately:
Because bipartite entanglement fails PPT test if and only if both of its
subsystems fail, then to distill entanglement between the two parties X
and Y out of some multipartite state, the violation of the test is needed
with respect to each of the two parties X and Y independently; that is,
one must have neither p™ nor p' positive. Otherwise, on the basis of
the fact that any two-qubit entanglement is distillable (5), one may
write Dy.y(p) > 0 to denote that pure entanglement between X and
Y can be distilled. To have distillability of singlets between them, this
requirement of simultaneous violation of the PPT condition by the two
systems is generally necessary for a multipartite system made of qubits.
This fact, which is briefly summarized in Fig. 1, follows from the result
stating that any two-qubit state violating the PPT condition is distillable
(5). Diir and Cirac (9) have designed a tripartite state pAB € that has the
property that two of its partial transpositions, p™# and p'?, are positive,
but the third, p'¢, is not (see Fig. 2). There is some entanglement in this
state (because it violates the PPT entanglement test). However, there is
no chance to distill any pure entanglement out of it because there is no
pair of qubits that violate the PPT test. Thus, the state is bound entangled
and is denoted as

(1)

which expresses the fact that no pure entanglement can be distilled
among any number of parties. It does not allow any distillability be-
tween any two parties, which we denote, as mentioned before, by writing
Ds.c(Pround) = 0- This can be easily seen from Fig. 2, where the three-
qubit state described above has been symbolically depicted.

D(pbound) =0

Bound entanglement activation
Now, consider the following situation shown in Fig. 2 [see the study by
Diir and Cirac (9)]. The three parties share the abovementioned three-

qubit state pEC | which is bound entangled because both pggun qand

pfa =0
p'E=0
plE=0

Pfree

DFDC(pfree) >0

Fig. 1. Two families of qubit states in a six-qubit free entangled state. The
red (green) circles symbolize the fact that PPT with respect to the subsystems they
mark is satisfied (violated). Only between the pairs with two green circles (marked
by green dashed lines) can pure entanglement be distilled if some extra conditions
are also satisfied [see the study by Dur and Cirac (9) for details].
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p[é‘und are positive. This state satisfies D(pyq) = 0. In particular, the
distillable entanglement restricted to parties B and C is also zero

(2)
However, in addition, the parties share another tripartite state p?}éf <
It has free entanglement with respect to subsystems A" and B but still
has no distillability power with respect to the specified cut

DBiC(pbound) =0

(3)

Originally, the bound entangled state is the following one designed
by Diir and Cirac (9)

Dy.c (pfree) =0

ABC
Pbound

1 2P
— o)W =2 4
3 [Yenz)(Waonz| +34 (4)

where the GHZ state |Wgnz) = \/LE (|000) + |111)) and the projection

Pprojects onto {|010), [011), |100), |101)}, that is, |010){010] +[011){011| +
[100%100| + |101)101|, whereas the free entangled state is defined as

Proma = [V X¥ "Ly @R (5)
where one of the states is just a maximally entangled state between A’
and B,|¥") = \/% (|00)+|11)), whereas |Q) is either some qubit state or
just a vacuum state (no photon).

Let us stress once again the fact that no pure entanglement between
Bob and Charlie parts can be created from an arbitrary number of copies
of any of the state ppound OF Prree, Decause these states satisfy Eqs. 2 and 3,
respectively. Now, as depicted in Fig. 3, this no-go property disappears
when the two states are allowed to be processed together. Then, party A
(Alice) performs the joint measurement—projection onto a maximally
entangled state or the complement three-dimensional projector. If the
measurement is successfully concluded (projection onto singlet), then
Alice sends the message to Bob and Charlie who may then verify that
they now share some free entangled state that can be further distilled to
the singlet form. The probability of Alice’s joint measurement that led to
a successful projection onto the singlet state is /5.

The entanglement verification protocol relies on the PPT test that
reports entanglement between Bob’s and Charlie’s laboratories, but
among the specially chosen qubit subspaces {|00)zz |11)5z |0)c|1)c}s
we omitted the trivial vacuum state | Q)¢ on system C'. It is well known
that non-PPT bound entangled states do not exist ina 2 x N system and
that all non-PPT 2 x N entangled states are distillable (3). In this sense,
we have here the LOCC protocol mapping ppound ® Pfree — Ofree» Where
Egs. 2 and 3 show initially zero distillable entanglement between Bob
and Charlie with the input states (Ppound and pree) but finally give free
entanglement, that is, Dg.cc (Gfree) > O.

Because the total protocol on Fig. 3—being LOCC—cannot create
free entanglement (this is a standard property of LOCC operation), we
have to conclude eventually that the condition Dpg'. ¢’ (Pround @ Phree) > 0
must have held initially despite vanishing Egs. 2 and 3. Thus, as al-
ready mentioned, we have here the first realization of the extreme super-
additivity of quantum resources, which means that although we have
complete absence of some quantum information ingredient (free entan-
glement between Bob and Charlie) in any of the two resources, when one
allows the two of them to interact, the ingredient surprisingly emerges.
One of the crucial elements here for which this “something out of nothing”
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A Phound B Pfree
\p+
A B y) @)
Vacuum
(no photon)
Cl
C
D(pbound) =0 = DB:C(pbound) =0 DB':C' (pfrcc) =0

Fig. 2. The two resource states used in the protocol. (A) The special bound entangled three-qubit state ppoung designed by Diir and Cirac (9) (see the formula in the
main text) is depicted symbolically on the left-hand side. Because there is always at least one qubit guaranteeing a PPT property in each pair of qubits, with the original
three-qubit state, there is no chance to distill any pure entanglement out of the state. Thus, distillable entanglement vanishes D(py,o,ng) = 0. In particular, no singlet can
be distilled between B and C, which we write as Dp.c(ppoung) = 0- However, there is still some entanglement in the state because the PPT test is violated with respect to
subsystem C. Thus, the state is entangled, and because it is nondistillable, it is therefore bound entangled. (B) The second, free entangled state pfee cOrresponds to two-
qubit singlet and the virtual (vacuum) part. There is no chance to distill entanglement between B’ and C' from pgee. Summarizing the two pictures, no pure entan-
glement between Bob and Charlie parts can be created from an arbitrary number of copies of any of the state ppound OF prree- IN that sense, any of the two states alone is
weak because some important quantum entanglement ingredient is completely absent in any of them.

Lp+

-l

Lp+
A B
Classical
M @ communication
c'
Cc
pbound®pfree Ofree

DBB’:CC' (Gfree) >0

Fig. 3. Superadditivity protocol. The weakness of the two resources shown in the previous picture in Fig. 2 disappears when we allow them to interact through LOCC and
the bound entanglement of the first state is activated and creates free entanglement between Bob’s and Charlie’s part (BB’ versus CC'). This is the result of Alice’s local
measurement M (projection onto singlet) followed by classical communication to Bob and Charlie about whether the projection was successful. Here, Alice is teleporting
to Bob. This emergence of absence before the interaction of free entanglement between Bob and Charlie represents the extreme form of the superadditivity of the two
quantum resources. To make a complete description of the consequences of the effect, observe that it implies that given many copies of the two states, one can distill pure
singlets among the two parts. Note that because we already have the singlet resource between Alice and Bob, the creation of either AC singlet or just full three-partite GHZ is
possible (by teleportation from the Bob station provided that he has also some extra copies of particles pf.ee at his disposal).
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Fig. 4. Experimental results: The density matrix. Density matrix of the mixed

three photon bound entangled state ppe, 4 in the computational base {|H), |V)}.

Table 1. Table of eigenvalues of the partially transposed density
matrix of the bound entangled state around A/BC, B/AC, and C/AC
cuts. The theoretical eigenvalues are {1/3; 1/6; 1/6; 1/6; 1/6; 0; 0; 0}, {1/3; 1/6;
1/6; 1/6; 1/6; 0; 0; 0}, and {1/6; 1/6; 1/6; 1/6; 1/6; 1/6; 1/6; —1/6} for these cuts,

respectively.

A/BC B/AC C/AB
Eigenvalue  Error  Eigenvalue Error  Eigenvalue Error
0.29098 0.00294 0.29056 0.00287 0.17265 0.00291
004764 000261 004726 000267 015600 000187

0.00275

0.00149 0.00159 0.00149 -0.11778 0.00258

type of effect is to be guaranteed is that one really has to prepare bound
entanglement in the experiment. Moreover, this protocol can also be
viewed as activation of three-qubit bound entanglement. In this context,
we like to mention that there was an unsuccessful experimental attempt
to activate four-qubit bound entanglement (20).

Finally, it is informative to further examine our protocol from the
resource theory perspective governed by the LOCC paradigm (defined
by separated locations and quantum operations used as free resources).
Namely, at a first look, the protocol presented seems to be viewed as an
entanglement swapping experiment transferring the entanglement
from B to whatever A was entangled to (in this case, systems B and
C). However, this perspective misses the resource framework aspect

Nawareg et al., Sci. Adv. 2017;3:e1602485 22 September 2017
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Fig. 5. Experimental results: The density matrix after LOCC operation. Den-
sity matrix of the mixed three photon entangled state p?Xp) in the computational
base {|H), |V}}.

here, where the locations are essential as dictated by the LOCC para-
digm. From this perspective, having just three locations (for example,
local regions)—;\ (with particles A, A"), B (with particles B, B'), and C
(with particles C, C')—rather than physical systems is more important.
Now, in usual entanglement swapping, it is that one free (distillable)
entangled state shared between locations A and B and another free
(distillable) entangled state shared between locations AandC initially.
After successful joint measurement at A, Band C become entangled. In
contrast, in our activation protocol, one free (distillable) entangled state
is shared between locations A and B and another bound (nondistillable)
entangled state is shared between locations A, B, and C, but no entangle-
ment is shared between locations A and G, as opposed to the previous case.

Experiment

In our experiment, the physical qubits are polarized photons, where the
computational basis corresponds to horizontal H and vertical V linear
polarization |0) = |H) and |1) = | V). To prepare the three-photon polar-
ization bound entangled state ppoung, We used a spontaneous parametric
downconversion (SPDC) process and quantum interference. To exper-
imentally and fully investigate the properties of a three-qubit bound en-
tangled state, we have evaluated the three-photon 8 x 8 density matrix
Pray 4> by making 27 local polarization measurements in linear, diagonal,
and circular polarization bases |H/V), |[4+/ — ) = (|[H)% |V))/v/2, and
|R/L) = (|H) +i|V)) /+/2. The results of these measurements allow
us to tomographically reconstruct the density matrix py.. .. Fourfold
coincidences were recorded for each projective measurement.

To guarantee that the reconstruction algorithm does not allow un-
physical results, we used a maximum likelihood technique. Figure 4
shows the real parts of the elements of the density matrix pp», ; in
the H/V basis. We observe the symmetric form of the state in the H/V
basis, one peak on each of the four corners and four peaks on the diag-
onal. The preparation fidelity of p, o, ;is 95.4 + 0.3%, and the fidelities
of its parts GHZ and projectors are 83.8 and 98.5%, respectively.

In Table 1, we list all eigenvalues of the partially transposed density
matrix of the tripartite quantum state p’; 5 corresponding to A/BC,
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B/AC, and C/AB cuts. For the two first cuts, all the eigenvalues are pos-
itive, and in contrast, for the C/AB cut, one eigenvalue is negative,
-0.118 + 0.003, which implies that the state is bound entangled. The
SD of the obtained negative eigenvalue is 646 (note that the theoretically
expected negativity is —0.1667). We have experimentally applied the
witness (Eq. 6) to our prepared state p.., ;, and we have obtained the
result Tr(w; ppo, ;) = —0.4785. The value of the witness for the ideal
state bound is /5. The difference is due to the imperfect interference in

Table 2. Table of eigenvalues of the partially transposed density
matrix of the bound entangled state after activation around the C/BB’
cut. The theoretical eigenvalues are {1/6; 1/6; 1/6; 1/6; 1/6; 1/6; 1/6; —1/6}
for this cut.

Eigenvalue Error
0.18292 0.00417

-
N

IE

Ajustable
polarizer

A
U

QWP HWP PBS Filter

—]

@) ? 2

the preparation of the GHZ part of the state. Note that this witness is the
one that provides the minimal value (~1) for the maximally entangled
state where the Bob qubit subspace is spanned by the two vectors |HH)
and |V V) and the Charlie subspace corresponds to the standard basis
1D, [V)).

The superadditivity protocol is performed through a conditional
teleportation (with positive Hong-Ou-Mandel interference), where
the party Alice performs a joint Bell measurement on modes A and A'.
Figure 5 shows the real parts of the elements of the density matrix
p; (BB C of the state shared between Bob and Charlie in the {|H), |V)}
basis. We observe the symmetric form of the state, one peak on each of
the four corners and four peaks on the diagonal. The preparation fi-
delity of exp pf};';,ic is 92.8 + 0.3%.

In Table 2, we list all eigenvalues of the partially transposed density
matrix of the bipartite quantum state p( BB) ¢ corresponding to the C/BB’
cut. One can observe that one of the elgenvalues is negative, —0.09 + 0.003.
The SD of the obtained negative eigenvalue is 60c. These results imply
that the state p - is free entangled and consequently demonstrate
superadditivity of quantum information resources and the bound entan-
glement activation. We have experimentally applied the witness to the
state after activation and have obtained the result, —0.362. Again, this val-
ue is smaller compared to the theoretical value of */5. The discrepancy is
due to the imperfection of the dip interference.

DISCUSSION
We have prepared for the first time a high-fidelity mixed three-qubit
polarization bound entangled state. This state is the first experimental

Fig. 6. Experimental setup for the generation of three-qubit polarization bound entangled state. The colored area represents the state preparation. See Methods
for more details. QWP, quarter-wave plate; HWP, half-wave plate; PBS, polarizing beam splitter; BBO, B-barium borate; UV, ultraviolet.
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realization of a bound entangled state that can be used for generation of
multipartite bound information. Using quantum state tomography,
we have fully reconstructed its density matrix and demonstrated
all its entanglement properties, which make this state useful for novel
multiparty quantum communication schemes, for example, secret
sharing and communication complexity reduction. We have also
realized the activation scheme. The unique feature of quantum me-
chanics revealed by the present experiment is its something-out-of-
nothing character: The ingredient completely absent in any of the
two resources suddenly emerges after putting the two resources to-
gether. This phenomenon lies in the very heart of quantum informa-
tion. We strongly believe that the results reported here will help in the
development of novel quantum information and communication
protocols and in the deeper understanding of foundations of quantum
mechanics.

METHODS

The three-photon polarization bound entangled state pounq can be ob-
tained as follows: First, we generated the product of two photon pairs in
maximally entangled states “P*)mv = (]HH)mv + ‘VV)W/) /v/2 and
¥ = (JHH)y — |VV)y)/v/2 in modes (a, a’) and (b, b'), re-
spectively, by SPDC sources (see Fig. 6) (21). The two-photon coinci-
dence rate of these SPDC processes is 2.2 x 10°/s, and the fidelity for
[WF) . and [¥F) 4y 896+ 1%. To prepare the three-qubit [¥guz),

we used the quantum interference at PBS between the modes in 4’
and b'. To obtain the indistinguishability of the photons in modes a’
and V', because of their arrival times, we adjusted the path length of the
photon in mode b'. The |Weuz)asc = (|HHH)upc + | VVV)apc)/ V2
was produced in modes A, B, and C, when the photon in mode T
was successfully projected onto the diagonal linear polarization state
and conditioned by a click at the trigger detectors in mode T. Second,
to prepare the three-qubit mixed state, we placed an adjustable po-
larizer in each of the four photonic paths a, b, a’, and b'. These polar-
izers consist of a PBS and three adjustable HWP. The settings of these
plates for horizontal, vertical, and both polarizations states were
(45°,0°,0°), (45°,0°,45°), and (0°,0°,0°), respectively. To switch between
the settings, these plates were mounted on motorized rotation stages
(see Fig. 6). All these settings were controlled by random number gen-
erators to guarantee the needed probability for the preparation of each
of the terms of mixed bound entangled state. All measurements in the
four modes A, B, C, and T were performed with polarization analysis
components followed by single-photon detectors (avalanche photo-
diode) and a multichannel coincidence unit. The dip interference vis-
ibility was 83 + 1%. The conditioned three-photon coincidence rate
was 300/s. For quantum state tomography, the measurement time
for each setting was 60 s, which gives an average of 18,000 threefold
coincidence events by setting. We note that similar techniques have
been used for the preparation of a four-partite bound entangled state
(22-24).

Fig. 7. Experimental setup for the superadditivity protocol. See Methods for more details.
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To also check one-qubit/two-qubit separability, we constructed a
witness (25), with the form

1
5 (1,®1p + o;®05)®1c

w; =
1 x X y ' X
- E(GA®GB — 0,80})®0; ©
1
+ 5((52‘@0{; + 0),®0;)®c,
1
— 5 (1a®c; — o;®1s)®0¢

The activation setup consisted of a quantum interference between the
photonic modes A and A’ (see Fig. 7). We used a third maximally en-
tangled polarization photon state in modes A’ and B’ (created by a third
SPDC process) and the three-qubit bound entangled state in photonic
modes A, B, and C. This interference was realized with the help of PBS
and HWP plates set at 22.5°. To obtain the indistinguishability of
photons A and A" due to their arrival times, we adjusted the path length
of the photon in mode A’. The zero delay corresponded to the maximal
overlap with a visibility of V' = 83 + 1 %. The six folded coincidences
corresponding to the detection of a photon in each of the six spatial
modes B, B, C, T, and two modes after the interference were recorded
for each projective measurements. The observed average rate of the six
folded coincidences was 1/s. The measurement time for each setting
was 1 hour, which gives an average of 3600 sixfold coincidence events
by setting.
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