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ABSTRACT

Rate coefficients for the formation of carbon-monoxide (CO) by radiative association
of carbon and oxygen atoms are computed using quantum dynamical simulations.
At temperatures above 9 Kelvin CO radiative association is dominated by C(3P) and
O(3P) approaching on the A1Π potential energy curve. The rate coefficient is estimated

as k = A
(

T
300K

)α
exp−

β

T
with A = 2.78×10−18cm3s−1, α = −0.016 and β = 92.2 for

temperatures between 6 and 127.2 Kelvin, and A = 2.73×10−17cm3s−1, α = 0.41 and
β = 340 for temperatures between 127.2 and 15000 Kelvin. Furthermore we computed
the rate coefficients for approaching on the X1Σ+ curve. For temperatures below 200
Kelvin it is between 0.7 × 10−22cm3s−1 and 4 × 10−22cm3s−1.

Key words: atomic data – atomic processes – molecular data – molecular processes
– ISM: molecules – supernova remnants.

1 INTRODUCTION

Radiative association of carbon-monoxide (CO) has been
discussed in order to explain the abundance of CO in the in-
ner ejecta of the supernova 1987A (Petuchowski et al. 1989;
Gearhart et al. 1999; Hartquist and Williams 1995).

When a carbon and an oxygen atom collide, they can
form a bound CO molecule by emitting energy as a photon

C(3P) + O(3P) → CO(X1Σ+) + hν .

The rates for this reaction are required at many different
temperatures for modelling the CO-formation in different
astrophysical evironments (see e.g. (Prasad and Huntress
1980; Glover et al. 2010)).

Each of the two atoms, C and O, in their electronic
ground state has nine spin-orbit states, which can form a
total of 9×9 = 81 molecular electronic states. These include
two Σ+ states, one Σ− state, two Π states and one ∆ state,
each of them with total electronic spin multiplicities singlet,
triplet and quintet. Dalgarno et al. (1990) discuss the im-
portance of the various states for CO formation by radiative
association and and give rough numerical estimates for the
corresponding thermal reaction rate coefficients.

An early estimate for the radiative association rate co-
efficient for formation of CO is given by Julienne and Krauss
(1973) as 10−17 cm3s−1, which is independent of the tem-
perature. Later Dalgarno et al. (1990) and Singh et al.
(1999) computed the rate constant from a semiclassical for-
malism using classical trajectories for temperatures above
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300 Kelvin. Both groups of authors simulated the process
in which the two reaction partners approach on the poten-
tial energy curve of the A1Π electronic state and radiate
into the X1Σ+ state. Dalgarno et al. (1990) and Singh et al.
(1999) used the ab initio data of Cooper and Kirby (1987).
In that study the potential energy curve of the A1Π state
has a barrier of 838 cm−1 (1200 Kelvin). The classical tra-
jectories cannot penetrate into the reaction zone for collision
energies below the barrier height and quantum mechanical
tunneling becomes important. The importance of quantum
mechanical tunneling for radiative association at low tem-
peratures is pointed out by Bain and Bardsley (1972) and
Smith (1989).

In this paper we present quantum dynamical cross sec-
tions and reaction rate coefficients for the formation of
carbon-monoxide for the process in which the carbon and
oxygen atom approach on the A1Π potential energy curve
and radiate into the electronic ground state X1Σ+. The
method employed treats the nuclear wavefunction quantum-
mechnically and therefore takes full account of tunneling
effects. Furthermore we present computations for the non-
electronic transitions when the reactants approach on the
potential energy curve of the electronic ground state X1Σ+

and radiate into ro-vibrational levels of the same electronic
state.

2 THEORY

The thermal rate constant (in cm3s−1) at a given tem-
perature T to form the molecule in the electronic state
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η′ by radiative association from the initial electronic
state η is given by (Zygelman and Dalgarno 1990)

kηη′(T ) =

(

8

µredπ

)1/2
(

1

kBT

)3/2

×

∫

∞

0

E · σηη′(E) · e−E/kBT dE .

Here µred is the reduced mass, kB is the Boltzmann con-
stant and E is the collisional energy. The total integral cross
section σηη′(E) for the radiative association process can be
expressed as (see e.g. (Babb and Dalgarno 1995; Gianturco
and Gori Giorgi 1996))

σηη′(E) =
∑

v′,J′

∑

J

64

3

π5h̄2

c3

ν3

2µredE
PηSJJ′M2

ηEJ,η′v′J′ ,

where the sum is over initial angular momenta J and all
final vibrational states v′ and rotational states J ′. c is the
speed of light, SJJ′ are the Hönl-London factors (Watson
2008), and ν is the frequency of the emitted photon. The
statistical weight factor Pη for approaching in the initial
molecular electronic state η is given by (see e.g. Andreazza
et al. (1995))

Pη =
(2Smol + 1)(2 − δ0,Λ)

(2LC + 1)(2SC + 1)(2LO + 1)(2SO + 1)
,

where LC , SC , LO, SO, are the electronic orbital and elec-
tronic spin of the carbon and oxygen atom, Smol is the total
electronic spin of the molecular electronic state, and Λ is
the quantum numbers of the projections of the electronic
angular momentum of the initial molecular electronic state
η onto the molecular axis. For the X1Σ+ ← A1Π transition
we have PΠ = 2/81 and for the X1Σ+ ← X1Σ+ transition
PΣ = 1/81. MηEJ,η′v′J′ is given by the integral

MηEJ,η′v′J′ =

∫

∞

0

FηEJ(r)µηη′(r)Φη′v′J′(r)dr .

Here µηη′(r) is the matrix element of the dipole moment
operator between the two molecular electronic states η and
η′, which depends on the internuclear distance r. In the case
that the initial and final electronic state are the same µηη′(r)
is the eletronic dipole moment, otherwise it is the elec-
tronic transition dipole moment. The wavefunction FηEJ(r)
is the time-independent continuum wavefunction of the ini-
tial electronic state η for the partial wave J and normal-
ized to the collision energy E (see e.g. Taylor (2009)). The
wavefunction Φη′v′J′(r) is an eigenfunction for the potential
energy curve of the final electronic state η′ with quantum
numbers v′ and J ′ to indicate its vibrational and rotational
levels.

3 COMPUTATIONAL DETAILS

3.1 Computational Methods

The wavefunctions Φη′v′J′(r) for the bound states are com-
puted using discrete variable representation in the formula-
tion of Colbert and Miller (1992). The continuum wavefunc-
tion FηEJ(r) is computed by R-matrix propagation (Kulan-
der and Light 1980; Stechel et al. 1978) as described in the
appendix. We have used the following grid of energies: in

the energy interval 1 × 10−5 − 0.1 eV we have used a step
size of 1 × 10−5 eV, in the interval 0.1 − 1.0 eV a step size
of 1× 10−4 eV, and in the interval 1.0− 10.0 eV a step size
of 1 × 10−3 eV.

3.2 Molecular Data

The potential energy curves, the transition dipole moments
and the dipole moments are calculated with the internally-
contracted multi-reference configuration interaction method
using the aug-cc-pV6Z basis set as implemented in MOL-
PRO (Werner and Knowles 1988; Knowles and Werner
1988).

4 RESULTS

In this study we are considering the two lowest-lying elec-
tronic states X1Σ+ and A1Π. Radiative association can fol-
low approach on any of the two electronic states and it can
radiate into any of the two states. Therefore four different
transition can occur, two transition (X1Σ+ ← X1Σ+ and
X1Σ+ ← A1Π) with the electronic ground state as final
state and two transitions (A1Π ← X1Σ+ and A1Π ← A1Π)
with the first excited singlet state A1Π as final electronic
state. Dalgarno et al. (1990) mention the possibility of ra-
diative association by following approach on the X1Σ+ curve
and radiating into the A1Π state, but they give numerical
estimates of the rate coefficient only for the X1Σ+ ← A1Π
transition.

In order to get a rough estimate of the importance of
the two transitions ending in the A1Π, we have done some
initial computations using the potentials, dipole and transi-
tion dipole moments of Cooper and Kirby (1987) and Kirby
and Cooper (1989). We have found that the computed rate
coefficient for forming CO in the A1Π state are several orders
of magnitude smaller than the rate coefficients for forming
CO in the X1Σ+ state and therefore we did not re-compute
them using our new potentials, dipole and transition dipole
moments.

The cross section and hence the rate coefficient for
the association by approaching on the A1Π curve depends
strongly on the barrier height on that surface. Our ab ini-

tio calculations give a barrier height of 636 cm−1. This is
in good agreement with a recent study by Varandas (2007),
who reports a barrier height of 594 ± 46 cm−1. The previ-
ous studies on radiative association of CO by Dalgarno et
al. (1990) and Singh et al. (1999) employed the ab initio

data of Cooper and Kirby (1987). Cooper and Kirby (1987)
report a barrier height of 838 cm−1, which they obtain by
interpolating their ab initio data. Their highest computed
data point, however, lies at 649 cm−1.

Figure 1 shows the computed total cross sections for
forming CO in the X1Σ+ state by approaching either on
the A1Π or X1Σ+ curve. The cross section for the X1Σ+ ←
A1Π transition increases significantly at collision energies
between 5 meV and 70 meV. Since the barrier height is 79
meV (636 cm−1), this increase is due to tunneling through
the barrier. The baseline of the cross section for approaching
on the X1Σ+ curve is nearly constant with respect to the
collision energy. It has a large number of resonances, some
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Figure 1. Computed total cross sections for forming CO in the

X1Σ+ state by approaching on the X1Σ+ curve (red) and on the
A1Π curve (black)

10 100 1000 10000
temperature (K)

1e-26

1e-25

1e-24

1e-23

1e-22

1e-21

1e-20

1e-19

1e-18

1e-17

1e-16

ra
te

 c
oe

f.
 (

cm
^3

/s
)

Σ<−Π
(quantum)

Σ<−Σ
(quantum)

Σ<−Π
(semi-cl.)

Figure 2. Computed reaction rates for forming CO in the X1Σ+

state by approaching on X1Σ+ curve (red) or on the A1Π curve
(black); semi-classical results by Singh et al. (1999) (green circles)
and Dalgarno et al. (1990) (green diamonds)

of them having heights two orders of magnitude higher than
the base line.

The computed reaction rates for the two transitions are
shown in figure 2 together with the semi-classical results of
Dalgarno et al. (1990) and Singh et al. (1999). At temper-
atures below 900 Kelvin our computed reaction rates are
about one order of magnitude larger than predicted by the
semi-classical methods. Even at temperatures as low as 100
Kelvin, the reaction rate is above 10−18cm3s−1. For higher
temperatures the agreement between the quantum dynami-
cal and the semi-classical rates is better.

The total reaction rate for radiative association

k(T) = kAX(T ) + kXX(T )

is the sum of the reaction rates kAX and kXX for the
X1Σ+ ← A1Π transition and the X1Σ+ ← X1Σ+ transi-
tion respectively. Each rate-coefficient curve shown in figure
1 can be approximated by a three parameter curve using a
range of temperature intervals (Kooij 1893)

k = A
(

T

300K

)α

exp−
β

T
.

The fitting parameters for the two reaction rates are given in
table 1. On average the analytic form reproduces the plotted

data within 1 per cent. However large relative errors can
be found at the temperatures at which the parameters are
switched from one temperature interval to the other. Hence
the largest relative error for the X1Σ+ ← A1Π transition
is 18 per cent and can be found at 127.2 Kelvin. For the
X1Σ+ ← X1Σ+ the largest relative error (18 per cent) is at
the temperature 144.1 K.

5 CONCLUSIONS

The rate coefficients for forming CO by radiative association
of carbon and oxygen atoms has been estimated using quan-
tum dynamical simulations. Compared to previous semi-
classical simulations by Dalgarno et al. (1990) and Singh
et al. (1999) our simulations predict much higher rate coef-
ficients for temperatures below 900 Kelvin, where quantum
mechanical tunneling is important.

While at temperatures above 9 Kelvin CO is mainly
formed by C(3P) and O(3P) approaching on the A1Π po-
tential energy curve, at temperatures below 9 Kelvin ap-
proaching on the X1Σ+ potential energy curve becomes the
dominant process. The rate at those temperatures is, how-
ever, very small.

The total rate coefficient is expressed as a sum of
the rate coefficients for two processes. The rate coeffi-
cients are fitted to the three parameter expression k =
A

(

T
300K

)α
exp− β

T
, with the parameters given in table 1.
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APPENDIX A: COMPUTATION OF THE

CONTINUUM WAVEFUNCTION

The continuum wavefunction FηEJ(r) is computed by solv-
ing the radial Schrödinger equation by R-matrix propagation
(see e.g. Kulander and Light (1980)). Since our equations do
not contain any couplings between different reaction chan-
nels, we use a different expression for the radial wavefunction
than the one derived in Kulander and Light (1980). In the
following we supress the indices η, E and J . The radial wave-
function Fn = F (rn) at the radial grid-point rn is generated
from the wavefunction at the point rn−1 by the recursion
relation

Fn = −
(

1 − r
(n)
1 R

−1
n

)

−1

r
(n)
2 R

−1
n−1Fn−1 . (A1)

Here Rn and Rn−1 are the global R-matrices at the radial
grid point rn and rn−1, respectively, and r

(n)
1 and r

(n)
2 are

the sector R-matrices at rn. The elements of the sector R-
matrices are given by (Stechel et al. 1978)

r
(n)
1 =

{

|λn|
−1coth|hnλn| , λ2

n > 0
−|λn|

−1cot|hnλn| , λ2
n 6 0

(A2)

r
(n)
2 =

{

|λn|
−1csch|hnλn| , λ2

n > 0
−|λn|

−1csc|hnλn| , λ2
n 6 0 ,

(A3)

where hn = rn − rn−1 and λ2
n = 2µred(V (rn − hn

2
) − E) .

This paper has been typeset from a TEX/ LATEX file prepared
by the author.
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