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Static magnetic multipole susceptibilities of the relativistic hydrogenlike atom in the ground state:
Application of the Sturmian expansion of the generalized Dirac-Coulomb Green function
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We study far- and near-field magnetic and electric multipole moments induced in the ground state of the Dirac
one-electron atom placed in a weak 2% -pole magnetostatic field. The analysis is carried out within the framework of
the first-order Rayleigh-Schrodinger perturbation theory, with the use of the Sturmian expansion of the generalized
Dirac-Coulomb Green function [Szmytkowski, J. Phys. B 30, 825 (1997); 30, 2747(E) (1997)]. Closed-form
analytical expressions for multipole magnetizabilities x,, magnetic nuclear shielding constants omz—mz, the
far-field magnetic-to-electric cross-susceptibilities ymz— g1y, and the near-field counterparts omz— g1y of
the latter are derived. The formulas obtained for x; and om; .M, are much simpler than those available in the
literature. We establish the relationship xmr— k1) = OELF1)->ML, Where og 1) v are the multipole far-field
electric-to-magnetic susceptibilities discussed in our previous paper [Szmytkowski and Lukasik, Phys. Rev. A
93, 062502 (2016)]. It is also found that when the atom is placed in superimposed weak and static electric and
magnetic fields of respective multipolarities 271 and 222, such that L; = L, F 1, then the second-order correction
to the ground-state energy contains an additional term entangling both fields and involving the cross-susceptibility

QEL|—»ML, = XML,—EL;-

DOI: 10.1103/PhysRevA.98.022502

I. INTRODUCTION

In a series of papers published over the past years, our
group presented applications of the Sturmian expansion of the
Dirac-Coulomb Green function [1] in perturbative calculations
of various kinds of electric and magnetic susceptibilities for
relativistic hydrogenic ions in the ground [2—11] and excited
[12—17] states. In those works, it was assumed that perturbing
fields, either electric or magnetic, were of the dipolar nature.
An exception has been the recent work [10], in which we
have dealt with the general electric multipolar case. In the
latter paper, we have derived analytical expressions for atomic
ground-state multipole polarizabilities «;, electric nuclear
shielding constants og; g, far- and near-field electric-to-
magnetic cross-susceptibilities gz M1y and oL mLx1),
and also for far- and near-field electric-to-toroidal-magnetic
cross-susceptibilities ag; 1, and ogr7.. In the current
paper, which is a natural complement to Ref. [10], we shall
be concerned with magnetostatic multipole susceptibilities of
the Dirac one-electron atom' in the ground state. Specifically,
we shall investigate multipole magnetizabilities y, magnetic
nuclear shielding constants oy .Mz, the far-field magnetic-
to-electric cross-susceptibilities xmz—Egrzx1), and also their
near-field counterparts oz —gLx1)-

Our search through the literature has revealed only two
earlier papers, in which an effect of relativity on hydrogenic

*Corresponding author: Radoslaw.Szmytkowski @pg.edu.pl

'Throughout this work, the term “atom” is used in the broad sense
and refers both to the genuine hydrogen atom (with Z = 1) as well
as to hydrogenlike ions (with Z > 2).
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magnetic susceptibilities was studied in the general multipolar
case. In Ref. [18], Manakov et al. used a series expansion of the
Dirac-Coulomb Green function in a Sturmian basis associated
with the second-order Dirac-Coulomb equation, and expressed
the ground-state multipole susceptibilities y; in terms of four
nonterminating generalized hypergeometric functions 3 F>(1)
with the unit argument. The same mathematical tool was
exploited by that group in Ref. [19], where the ground-state
multipole magnetic nuclear shielding constants oy, v Were
obtained in a form involving four finite sums, each one being
related to a truncating 3 F,(1) function. The results from
Refs. [18,19] were recounted in the monograph [20, Sec. 4.6].
The reason for which we have decided to report in the current
paper our formulas for the susceptibilities x; and omz—mr
is that they appear to be much simpler than those presented
in Refs. [18,19]; each of our expressions contains only two,
rather than four, generalized hypergeometric functions 3 F>(1).
As concerns the cross-susceptibilities xmz— g and omz—Ex,
which characterize an electric response of the atom perturbed
by an external 2”-pole magnetic field, it seems they have not
been subjects of studies thus far.

The paper is structured as follows. In Sec. II, we shall
present a mathematical model, based on the Dirac-Coulomb
equation, for the one-electron atom in the ground state placed
in a weak 2L-pole magnetostatic field. In Sec. III, we shall
carry out a detailed analysis of the far-field multipole mag-
netic moments induced in the atom by the field and derive
expressions for related multipole magnetizabilities x;. In
Sec. IV, we shall show that a 2”-pole magnetic field induces
in the atom only far-field electric multipole moments of orders
2LF1 and then we shall prove that pertinent magnetic-to-
electric cross-susceptibilities xmz— g1y are related to their

©2018 American Physical Society
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electric-to-magnetic counterparts og +1)—wmz from Ref. [10]
through the identity XML—E(LF1) = QE(LF1)—ML- Multipole
magnetic nuclear shielding constants oy, My, and the near-
field cross-susceptibilities onmy—gz+1) Will be determined in
Secs. V and VI, respectively, from the analysis of induced near-
field magnetic and electric multipole moments. (In Secs. IV-VI
we shall be brief and shall omit details of calculations which,
to a large extent, parallel those from Sec. III.) A summary
and concluding remarks will form Sec. VII. In Appendix A,
we shall list several formulas for multiple (triple, quadruple,
and quintuple) sums over magnetic quantum numbers which
have proved to be useful for evaluation of angular integrals
appearing in Secs. I[II-VI and those from Appendixes B and C.
In Appendix B, we shall relate the multipole magnetizability
XL to the second-order correction to energy for the atom in
the 2L-pole magnetic field. The resulting formula may serve
as a definition of the magnetizability x;, alternative, but still
equivalent, to the one which appears in Sec. III. Finally, in
Appendix C we shall show that if the atom is placed in a
combination of two fields, an electrostatic one of multipolarity
251 and a magnetostatic one of multipolarity 22, such that
L, = L, F 1, then the second-order correction to the atomic
ground-state energy includes a term which entangles both fields
and contains the far-field cross-susceptibility xmr,—EL, =
OEL,—>ML,- This proves that the cross-susceptibilities are mea-
surable quantities.

II. PRELIMINARIES

The system we shall be concerned with in the present work
is a Dirac one-electron atom with a motionless and pointlike
nucleus. We shall be assuming that the only nonvanishing elec-
tromagnetic moment characterizing the nucleus is its electric
charge equal to 4+ Ze. The position vector of an atomic electron
with respect to the nucleus will be denoted as r and the unit
vector in that direction as n,. The atom is placed in an external
static 2¢-pole magnetic field of induction B(Ll) (r), which may
be derived, with the aid of the relation B(Ll)(r) =V x A(Ll)(r),
from the vector potential

4 L
Wy s L
A= T e
L
x Z Dyl (n) (L>1) (2.1)
M=—L

(the asterisk denotes the complex conjugation); the field B(L])(r)
is

L
BY(r) = VarLrt S Dy hlim,) (L 1. 22)
M=—L

The coefficients D(Ll,)u, constrained to obey
DYy = (MDY, (2.3)

are components of a spherical tensor operator D(Ll) of
rank L, while Y%, (n,) are the vector spherical harmonics

[21, Sec. 7.3]; in particular, one has

AYrm(n,)
Yiyn) = ———=, 2.4)
LM TL+D
where A = —ir x V, while Y,y (n,) are the scalar spheri-

cal harmonics normalized in accordance with the Condon-
Shortley convention. Since it holds that

Yiym) = MHYL ), 2.5

the relation (2.3) guarantees that the vector potential (2.1)
is real, and so is the magnetic field (2.2). Observe that for
L =1 the coefficients D(11131 are simply cyclic components
of the spatially uniform magnetic field B(]l) = B(ll)n (with
Bil) = |B(11)|), i.e., one has

D) =B (M =0,+1). (2.6)

The Dirac equation describing the bound atomic electron
subjected both to the Coulombic force due to the nucleus and
the Lorentz force due to the external magnetic field is

- 2 ze M
—icho -V + Bmec” — + V) (r) — E|¥(r)=0,
(47T60)F
2.7)
where « and f are the standard Dirac matrices, while
V() = eca - AV (r)
) 4m L L
= —jec | ——————r
(L+DQEL+1)
L
x Z D\ YE, () (L>1) (2.8)
M=—L

is the electron—-magnetic-field interaction energy. Equa-
tion (2.7) must be solved subject to the standard regularity
and boundary conditions, the latter being of the form

lim r@(r) =0,  lim U@ =0, (2.9)
r— r—00

imposed on the electronic spinor wave function W (r).
Throughout the rest of this paper, we shall focus on the
ground-state properties of the atom described by the Dirac
equation (2.7) in the case when the magnetic field is so weak
that the operator (2.8) is a small perturbation of a Dirac-
Coulomb Hamiltonian of an isolated atom. Then, to the first
order in the perturbation, we approximate the ground-state

eigenenergy E as
E~E9 4+ ED, (2.10)

where E© is the ground-state energy of an isolated atom, given
by

EQ = m.?yi, (2.11)
with
Ye = VK2 = (@Z)? (2.12)

(here and below «, which should not be confused with the Dirac
matrix o, denotes the Sommerfeld fine-structure constant).
The value of the first-order energy correction E(" will be
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determined below. In the same manner, we approximate the
ground-state wave function as
V() =~ vOr) + v, (2.13)

where W©(r) stands for the perturbation-adapted wave func-
tion of the isolated atom in its ground state. It is of the form

VO = dl/z‘l’f%(r) + 6171/2‘If(_01)/2("), (2.14)
where
L POMHQ_.(n,) 1
0) _ 1m\Iy _ -
‘Dm (r)= r (l Q(O)(F)le(nr) "= i2 ’ @.15)

with the radial functions given by

POG) = — Z 1+n (2Zr V]e—Zr/ao (2.16a)
ag TRy + 1D\ a ’

00¢) = Z l-n (2Zr yle—Zr/ao (2.16b)
aTCyi+ D\ a

(ag is the Bohr radius) and with 2,,,(n,) being the spherical
spinors [22]. The functions (2.15) are orthonormal in the sense
of

. 1
/ PrvOTeywO ) = 8, <m,m’=i§), (2.17)
]RS

and if the normalization constraint

/ Pryv T EHwOe) =1 (2.18)
R3
is set, this restricts the coefficients a.,> to obey

a1 + lasi ol = 1. (2.19)

Proceeding along the standard route of the Rayleigh-
Schrodinger perturbation theory, one finds that the correction
WD (r) solves the inhomogeneous equation

. , zé O g
—icha -V + Bmec” — — EV [W(r)
(47T€o)r
= —[v"(r) — EDwO), (2.20)

under the same conditions which have been imposed before
on solutions to Eq. (2.7), and also subject to the additional
orthogonality restraint

1
/ Er vy =0 <m = j:—).
R? 2

Insertion of Eq. (2.14) into the right-hand side of Eq. (2.20),
followed by projection of the resulting equation onto the
unperturbed eigenfunctions W9 (r), leads to the following
algebraic system for the coefficients a.>:

2.21)

1/2

Z [VL(lznm’ - E(])Smm’]am’ =0 (m = i%), (222)

m'=—1/2

where
L
4 L
vo S Dl
L.mm lec (L + 1)(2L + 1) = LM

x / ErvOieyrta - YE,m)v0 ). (2.23)
R3
Adopting, for the sake of brevity, the bracket notation
(e |02 ) = P, 2L (1)0Du, 1), 220
4

with the aid of the identities

K — K

. L ) — —_—
(Qumlo - YTy Qo) IS

<Qlcm | YLM Qk’m’) (225)

and
(kam |YLM97K’m’> = (ka |YLM Qk’m’)v

the matrix element in Eq. (2.23) may be cast into the form

4ec 4 *©
v / / dr rE PO 0O
L,mm L+1 2L+1 0 rr (F)Q (r)
L

XY DI Qi Yiw Q).
M=—L

(2.26)

(2.27)

Using then the well-known formula

4_”(
2L +1

l=3 L K=
= ("2l
: 0

ka,( ‘YLMQK’mKr>

k=1 L -1
X( my -M —My H(lK’Lle’)’ (228)

where (] a S C) denotes the Wigner’s 3 coefficient,
mg  mp  me

while
1 forl., +L +1[.even
O, L) = (2.29)
0 forl.+L+1[.o0dd,
with
L= |+ 3| — 3, (2.30)

one finds that

(Qoim [ YLmLim)

—3“[\/555 8 15(3 8
\/4; 3 M19m,1/20m’',—1/2 \/§ MO0\Om,1/20m’,1/2

2
—Om,—1/20m',~12) — \/;SM,lsm,l/Zam’,l/Z}- (2.31)

The Kronecker delta &, appearing in the above formula
causes that the cases L = 1 and L > 2 have to be considered
separately.

At first, let L = 1, when the perturbing magnetic field
B(ll) = D(l]) is spatially uniform. Inserting Eq. (2.31) and the
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result

/ dr rP(O)(r)Q(O)(r) — _aaoi(Zyl +1) (2.32)

0

into Eq. (2.25) yields the elements V") .
arranged in the Hermitian matrix

(1 (1)
v — < Viipan Viip—-ip )
= V(l) V(l)
1,-1/2,1/2 1,-1/2,—1/2
(1) (H
Do ‘/§D1,71 (2.33)
_2ph _pm |
11 10

which may be

1
= 5(2)/1 + 1)MB(

where
eh

2me

uB = (2.34)

is the Bohr magneton. From Eq. (2.33) one easily deduces that

two eigenvalues of V(Y. ie., the first-order energy corrections

EW to E© are
EY =41y + Hus|D"| (L =1), (2.35)

where

D] = \/Dﬂ))z —2p)p | = \/sz +2pWP

(2.36)

is the modulus of the magnetic induction vector B(]) D(l)
Let 0 < <7 and 0 < ¢ < 27 be spherical angles such
that

1 T
ﬂ,) = |D(l)| cos ¥, Dgll = :Fﬁ|D(ll)|ei‘¢‘ sin 9.
(2.37)
Then from Egs. (2.22), (2.33), and (2.35), we have
(1)
ai/n \/ED — —i l?i
2o _ ) L (11) = ¢ cot - (EM = E(l))
a-172 Dig Dy’
(2.38)
where
vy =11, ¢ = (2.392)
and
S_=m -0, ¢p_=¢ kx for ¢ _ 7 (2.39b)

J

GO (r,r

= i
(k#0) Mie=—1K

Hence, after the constraint (2.19) is taken into account, it
follows that for L = 1 the mixing coefficients in Eq. (2.14)
may be chosen to be

Vs

aip = e i +02)/2 o T

4 b
a,l/z=e—’<Xi—¢i>/2sin?i (EM = EL),  (2.40)

with 0 < x+ < 4. In what follows, whenever the case L = 1
is considered, perturbation-adjusted zeroth-order wave func-
tions with the coefficients (2.40) will be denoted as lllf )(r).

The case of L > 2 is much simpler, since then the angular
integral (2.31) is zero, and so is the right-hand side of
Eq. (2.27):

y

Lomm =0 (L = 2). (2.41)
Consequently, we see from Eq. (2.22) that, to the first order in
the perturbation, the multipole magnetic fields with L > 2 do
not shift the atomic ground-state energy level:

EDV =0 (L>2), (2.42)
and that the mixing coefficients a4/, in Eq. (2.14) may be
chosen freely.

Whatever L is, once the coefficients a4/, and thus the
perturbation-adapted zeroth-order wave function W (r), are
known, the corresponding first-order correction W (r) to the
latter may be obtained from the formula

4L -
() =iec | —r— D
" (L+1>(2L+1>M;L o

X f Er'GOw,ryr'ta - YE,mH)wOr).
RS
(2.43)

Here G©(r,r’) is the generalized Dirac-Coulomb Green func-
tion associated with the ground-state energy level (2.11) of the
Dirac-Coulomb Hamiltonian (cf. Ref. [1, Sec. 4]). It may be
represented by the multipole expansion

K|—1/2 — / - /
47160 i | \Z/ L 80 )R, )R, (1) =i ()R, ()R, (1)) o
180 ), ()R, (1)) 3 (), (0)QT (1))

The four radial functions g((i) 4y (r,r’) appearing herein may be collected into the 2 x2 matrix

_(0)

_ g(O)
GOy ="

8(—+x

(rr') B ()
0 9
rr’) g ()

(2.45)

which forms the radial generalized Dirac-Coulomb Green function for the atomic ground state. Depending on whether « # —1
or k = —1, the latter may be given in the forms of the following Sturmian series expansions:

00
- 1 SO (r)
0) AN nyK
GK (r,r ) - Z © _ 1 (T(O)(r)

n,=—00 Hen,ie

)( 08O (")

TOW) (c #—1) (2.46)
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and

o0 (0) (0)
= 1 S””il(i’) 1 S(),,l(r)
Gl =Y _1< (Ko 1 S ) T,f??l(r/>)+(y1—§> (S5.40)  To, ()

0
Tn(, ,)71(” )

ny=— 00 'uﬂr,—l

(n, #0)

D), o o S0
" (Ko,l(r)) (02007 To2, () + 7%,r)

,—1

in the latter case with

lo,_1(r) = nir

Jo,—1(r) = nir

and

Ko _1(r)=nr

dT(;,Oll(V) 1

T()(,Oll(r)

)(JO,_I(r’) Ko, —1(r)), (2.47)
sy’ () 1

0,-1r) 558(,)11(”’ (2.48a)
sy’ (r) 1

0.—1(r) i ES(()(,))fl(r)’ (2.48b)

N ETo(,Oi . (2.48¢)

The functions S{°) () and T,\%) (r), appearing in Egs. (2.46)—(2.48), are the radial Dirac-Coulomb Sturmian functions associated
with the ground state of the atom. Their explicit representations are

(1 + v, ] + 2y, |! (zzfﬂ)”ezﬁ%[ﬂzm <2Zr> o —

SO () =
O =N 2z e — T 1+ 270\ a0

and

ao

(1 = y)(ne| + 2y0)In, ! (2Zr)”em[L<m (22) k-

7O —
(") \/ 2ZNpe(No e — T (I, + 274)

where L®)(p) denotes the generalized Laguerre polynomial

[23]; we define L(_al)( p) = 0. The parameter N, . is a Sturmian
“apparent” principal quantum number defined as

N = V(] + y)* + (@Z)?
=+ n, 2+ 2n, |y + K2,

(2.50)

with the convention that the plus sign is to be chosen forn, > 0
and the minus sign for n, < 0; for n, = 0 one chooses the
plus sign if k < 0 and the minus sign if ¥ > 0, i.e., one has
Nox = —«. It is easy to verify that in the particular case of
n, = 0 and x = —1 it holds that

Se(r) = @P@)(r), 7, (r) = @Q%). (2.51)

Finally, the parameter ,ufg),{ entering Eqs. (2.46) and (2.47) is
a Sturmian eigenvalue given by

o _ [ny| + Ve + Nu,«

ok — (2.52)
1

Nn K %) 27Zr
ALY L) — 2.49
T 2y (ao (245

=1 ao

=1\ 2

Nn K 27) ZZV
— L =], (2.4%9
st (o)) e

(

III. MAGNETIC MULTIPOLE MOMENTS OF THE ATOM
IN THE MULTIPOLE MAGNETIC FIELD AND ATOMIC
MULTIPOLE MAGNETIZABILITIES

A. Decomposition of the atomic magnetic multipole
moments into the permanent and the first-order
magnetic-field-induced components

In magnetostatics, spherical components of the 2*-pole
magnetic moment M; of a system of sourceless electric
currents characterized by the distribution j(r) are defined as
[10, Appendix B]

] 4w s s ,
B PR . L Y: (n,)- j(r).
Mu==1 oD@+ /de rriY, () - jr)

(3.1)

with u = 0,%£1, ...,£A. Inthe case of an atom in the magnetic
field investigated in this work, the current density j(r) in the
electronic cloud is given by

—ecUT(M)aW(r)
Jrs 31" W)W ()’

Jr)= (3.2)
where the spinor wave function W(r) solves Eq. (2.7). Under
the assumptions given in Sec. II, with the aid of Egs. (2.13),
(2.18), and (2.21), the current density (3.2) may be approxi-
mated as

i) =~ jOm + jPw), (3.3)
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where
JOr) = —ecv T (rawO(r) (3.4)
is the current density in an isolated atom, while
JPr) = —2ecRe[W T (r)aw V(1)) 3.5)

is the first-order field-induced correction to the latter. Accord-
ingly, one has

My = M+ M, (3.6)
where
. 4 A .
M= G DT D Jp @7 Y 50

(3.7)

are components of the 2*-pole moment foo) of an unperturbed
atom, while the set of 2A 4 1 quantities

(1) 3. Ayh )
\/<x+1><2x+1> /wd rr ) )

(3.8)

defines the first-order 2*-pole field-induced moment Mf\l).
The unperturbed moments Mf\o) have been considered in

Ref. [9], where it has been shown that the only nonvanishing

magnetic moment of an isolated atom is the dipole one:

M = MO, . (3.9)

The cyclic components of M(1 ) expressed in terms of the
superposition coefficients a+/, appearing in Eq. (2.14), are
given by

1

M(IO()) = _5(27/1 + Dug(laipl* = la—i%),  (3.10a)
V2

MY, = i7(2yl + Dupaiy paz1y. (3.10b)

If the unit vector v, with the spherical components

V4 = :F«/iail/za;l/g, (311)
J

2 2
= laipl” — la-121%,

is introduced, Egs. (3.10a) and (3.10b) may be compactly
rewritten as

2y + 1

M = — =y, (3.12)
The parametrization
: s
a1 = e 02 gos =
: %2
a_ip = e =92 5jn —
O x<4nr,0<p <27, 09 <), (3.13)

admitted by the normalization constraint (2.19) for arbitrary
L > 1 [obviously, for L = 1 the angles ¢, ¢, and x in the
above formula are the angles ¥+, ¢+, and x4 from Eq. (2.39)],
casts the two formulas in Eq. (3.11) into

Vo = cos ¥,

1 .
Vi = F—— e ?sin v, (3.14)
V2

ie., ¥ and ¢ are, respectively, the polar and the azimuthal
angles of the vector v in the spherical system of coordinates. It
follows from Egs. (3.14), (2.37), and (2.39) that for L = 1 the
vector v is either parallel or antiparallel to the perturbing field
B(l) D(ll), depending on whether the resulting first-order
energy correction EV [cf. Eq. (2.35)] is positive or negative.

We next proceed to the analysis of the induced moments.
Insertion of Eq. (3.5) into Eq. (3.8) gives

AL
M(]) —4me cz\/

A+ D@2r+ DL + DL + 1)

x Z D /11{3 &r /1;3 &r' VO (ryrta - Y (nr)G(O)(r,r’)r’er YE WO,

1 1 1
M) = M) + (- M, (3.15)
where
~ 4 A
@ _
Mo =iee D1 D
X / Pryviryrte - Y, m)v V). (3.16)
R3
Use of Eq. (2.43) transforms Eq. (3.16) into
(3.17)

To evaluate the double integral in Eq. (3.17), we insert into it the representation of W®(r) which follows from Eqgs. (2.14) and
(2.15), and then replace the generalized Green function G”(r,r’) by its multipole expansion (2.44). This enables one to perform
integrations over angular and radial variables separately. Using the identities (2.25) and (2.26), we obtain

~m (o 4 -
M= (471) A+ DL+ 1) (2k+1><2L+1>K;OO(K

L 1/2 172 [k|—1/2

X Z Z Z Z D(Ll[{;a* A <Q—lm‘YAuQ—KmK><Q—KmK |YLMQ—lm’>~

=—Lm=—1/2m'=—1/2 me=—|x|+1/2

_ I)ZREX,L)(Q(O)’P(O); Q(O)’P(O))

(c #0)

(3.18)
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Here R*D(Q©, PO; 0O p©) s a particular case of the general double radial integral

~ - Fr)
REE i F = [ dr [ a6 BOEGO e (),
0 0 Fa(r')

(3.19)

with Gf(o)(r,r/) standing for the radial generalized Dirac-Coulomb Green function (2.45). The quadruple sum over M, m, m’, and
m, appearing in Eq. (3.18) is akin to the one in Eq. (A10). Hence, we find that

M) = M8 (3.20)
where
Vi) Vit Vi)
My, =My + My (3.21)
with

/’\'/l"’(l) _ [ Ko - Sgn(/()(/c—l)2
L = \dm ) (L+12QL+ 12"

where

1 M
{v®og>}m = Z Z (Im; LM Ay, DY), (3.23)
m=—1 M=—L

({(jimy; jomy| jzms) stands for a Clebsch-Gordan coefficient).
From Egs. (3.15) and (3.20)—(3.22), with the use of the property

{reD,’};

L = vedl), (3.24)

of the irreducible spherical tensor product {v ® D(Ll)} L» We
conclude that components of the first-order induced moments
are

M= MS)550 (3.25)
with
(1) (1) (1)
Mp, =My M (3.26)
where
MO (Mo N 2L« — 1
Lk — \ 4o T L1V T L 12
4 (L+1DQRL+1)
s . (1)
x R,((L L)(Q(O),P(O), Q(O)’P(O))DLH
(«k =—L,L+1). (3.27)

We thus see that, to the first order of the perturbation theory,
the 2% -pole magnetic field induces in the atomic ground state
a single magnetic moment of the same multipolarity as that
of the perturbing field. Hence, for the total (permanent plus
induced) magnetic moments one has

M, ~ M5, + M s, ;. (3.28)

REP(QO,PO; 00 POYDY) + VLI + D{v @D}, ] (c=—-L,L+1),

(3.22)

B. Atomic multipole magnetizabilities

The 2'-pole magnetizability (magnetic susceptibility)
xmr—wmr is defined through the relation’

—1
[
M = (—0) xmL—mz DY, (3.29)

4
We have separated out the SI factor (ug/4m)~! with the
intention the physical dimension of 7wz is (length)?t+1!,
Henceforth, we shall adapt to the most popular notational
convention and abbreviate xymz_.mz tO Xr.
By Eqgs. (3.26), (3.27), and (3.29), we see that x; may be

written in the form
XL = XL.-L + XL.L+1, (3.30)

with the constituents of the right-hand side defined as

2L[Kk — 1|
= RLD(QO pO. n©® p©)
Koo = L+ DL+ 12" © ¢ )
(k =—L,L+1). (3.31)

Exploiting Eqgs. (3.19) and (2.46), it is found that the compo-
nent parts x , of the magnetizability are

i 1

2LIk — 1| o
el L | 4
A =L ¥ D@L+ 1) nZ 2O 1 /0 nr

F=—00

x [QV)SO).(r) + POTOr)] / Tar
0

x [ @V CHS) + POCHTR()]

(k=—L,L+1; k #—1). (3.32)

2t will be shown in Appendix B that the magnetizability x; may be
equivalently defined with the aid of the formula

-1
E® = _%(iﬂ) x.D" . D,
T

where E® is the second-order magnetic-field-induced shift in the
energy of the atomic ground state. The reader should be warned that
the magnetizability defined in Refs. [18,20,24]is —(L + 1)/2L times
the one we use.
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An exception occurs for x; _;, which, by virtue of Egs. (3.19), (2.47), (2.48), and (2.51), is given by

2 & 1
Xi-1 = § Z © 4

n, = —00 'uﬂr,*l

(n, #0)

0

[ arrf0®59 01+ P 0]

° 8 00 2
x / dr’ r/[Mf;f{_lQ<°>(r/>s,g??_l<r/)+P<°><r/>T,f?f_1(r/>]—§y1@[ /0 drer)(r)Q(O)(r)} . (333

Radial integrals, which appear in Egs. (3.32) and (3.33), and involve the Sturmians in their integrands, may be evaluated by
employing Egs. (2.16), (2.49), and (2.52), together with the known integration formula [25, Eq. (7.414.11)]

F'y+DIn+ao—1y)

o0
/.5 dx xVe_"L(n“)(x) =
The results are

/ " ar [0SO r) + PONTONM] = —az<
0

ao
27

Rey > —1). (3.34)

n!l'a —y)

\/E(Nn,-i( - K)

L+1
) Vaoln !Ny« (Ny, e — Ty + DE(In | + 2y, + 1)
y Fye +t i+ L+ D0(ne [+ =1 — L)

and

27

—az( 52 ) (145

(3.35)
F(VK -V - L)
oo
| 1 008+ PO
0
- 1)(Nn,l< - K)
V2a0n, ['Ny i« (Ny, i — 1OT Qyr + DU(Ine | 4 2y, + 1)
F(y, L+ D0 +ye -y —L—1 L+ 1Ny +1
a7+ L+ DTl + v —n ){K_H( + 1) ,+)} 536
F(ye =ni—L) In| +ve =ni

[we emphasize that Eqgs. (3.35) and (3.36) remain valid also in the case of L = 1 and k = —1].

At this moment, we have in our hands all necessary ingredients to complete calculations of x; ,, and then x,. Plugging
Egs. (2.52), (3.35), and (3.36) into Egs. (3.32) and (3.33), and then manipulating with the resulting infinite series over n, just as
we did in Ref. [10, Sec. I[II B], one obtains the sought final expressions for the dipole

P+ +n+2)

oal (yi + D4y —1) {
X1 =—

VA 18

and higher-order multipole

62y — DIy + )T 2y + 1)

—vi—Ly—y =1, —
F V2=V Y2— Vi V2 )/1;1 (3.37)
n—-vn+L2n+1

AL = 700 DL + DQRL + 12T 2y + 1)

LT*yppi+n+L+1) Vet =V Lovie = vi— Lo vis — )/1; 1 (L =22
Vvl — Y1+ 1,2y + 1

N

magnetizabilities of the Dirac one-electron atom in the ground
state, expressed in terms of the generalized hypergeometric
functions 3 F, of the unit arguments.

The result for the dipole magnetizability displayed in
Eq. (3.37) is identical to those presented in Refs. [3,26], and
also to those which may be inferred from Refs. [12,18,24].
The reader should be warned that corresponding formulas
displayed in Refs. [20,27,28] contain several more or less
obvious misprints. As regards higher-order magnetizabilities
xr with L > 2, the only other pertinent result available
in the literature seems to be the one provided in Ref. [18]
and reproduced, with some differences, in Ref. [20]. It
involves four different 3 F,(1) functions, thus being much

ooy L LD n+L+D (r=-n-Ly-n-Ly-n,
e —yrCr+1 7

b}

yo—vi+ 1,2y, +1

(3.38)

(

more complicated than our one in Eq. (3.38), as the latter
incorporates only two functions of such kind.

For benchmark purposes, in Table I we provide highly
accurate numerical data for the dipole (L = 1), quadrupole
(L = 2), octupole (L = 3), and hexadecapole (L = 4) mag-
netizabilities for hydrogenic atoms with Z = 1 and Z = 137.
The numbers have been obtained by coding Egs. (3.37) and
(3.38) in MATHEMATICA. The value of the inverse of the
fine-structure constant used has been @ ~! = 137.035 999 139
(from CODATA 2014 [29]). All digits displayed are ac-
curate except for the last ones in significands, which are
affected by a natural truncation-and-round-off process. It is
worthwhile to add that data for Z = 137 have been obtained
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TABLEI Numerically exact (up to natural truncation-and-round-off errors in the last decimal place) values of the multipole magnetizabilities
xr with 1 < L < 4 for the ground states of the hydrogen atom (Z = 1) and for the hydrogenic ion with Z = 137, both with point-charge nuclei,
computed from Eq. (3.37) for L = 1 and from Eq. (3.38) for L > 2. The value of the inverse of the fine-structure constant used in calculations
has been «~! = 137.035 999 139 (from CODATA 2014).

L x. (units of a“*")

Z=1 Z =137
1 —2.662 378 678 204 431 742 882 334x 107 1.147 344 605 832 761 686 544 069 x 10~1°
2 1.996 801 200 524 924 682 701 696x 10~ 2.558 468 317 313 541 963 409 678 x 10~
3 1.198 068 405 871 657 083 307 805x 103 5.280 642 300 945 502 538 135 788x 10718
4 1.537 506 713 555 372 629 652 922 x 1072 2.459 574 506 149 252 615931 133x 1072

with the same ease and accuracy as those for Z = 1, which
is usually not the case in purely numerical approaches
based on use of finite differences, Lagrange meshes, or
splines.

Numerical values of the lowest-order magnetizabilities with
1 < L < 4for selected hydrogenic ions in the ground state are
presented in Table II. In contrast to the entries of Table I, now
the numbers are given in the format which informs how they
are influenced by the declared statistical uncertainty (equal to
31) in the last two digits of the CODATA 2014 value of .

For some applications, it may suffice to know approximate
expressions for the magnetizabilities valid to the second
order in oZ. Such expressions may be derived proceeding
analogously as in Ref. [10, Sec. IIIB], and this leads to the
approximations

2

(3.39)

o’ai 1 | 4( 77
=" T3

and

_a’ay" 3L — 1)(2L)!

{1 —(aZ)? [w(zm 46

is the digamma function. The expressions for quasirelativis-
tic approximations to y; with 1 < L < 4, extracted from
Egs. (3.39) and (3.40), are collected in Table III. The result for
L = 1fully agrees with those provided in Refs. [26,30] (cf. also
Refs. [20,24,27,28]). The value 65/48 for the numerical factor
multiplying («Z)?, given in Ref. [18], is evidently in error
and should be replaced by 4/3 (= 64/48). In the quadrupole
(L = 2) case, Refs. [18,20,24] give the value 167,/200 for the
numerical factor multiplying (e Z)?, which is in disagreement
with our value 703 /600. We believe our result is a correct one.

The factors in front of the square bracket on the right-hand
side of Eq. (3.39) and in front of the curly brace on the
right-hand side of Eq. (3.40) give nonrelativistic multipole
magnetizabilities x N} for hydrogenic ions in the ground state.
The result for the dipole magnetizability,

2.3
NR__la ay

X1 = 2
coincides with the one well known from the literature (see,
e.g., Ref. [28, Eq. (2.4.32)]). The formula

(3.42)

e @ladtt BL — DL
AL = Z2L 2L — 1)

(L>22) (3.43)
for higher-order magnetizabilities is in agreement with the
finding of Manakov et al. [18,20,24] (observe, however, that an
expression given in Ref. [18] may be simplified considerably),
after differences in definitions used are taken into account (cf.

XL = Z2L 22L+1(L _ 1)
4L +15L° — L+ L +1
T2 T DL+ DGL - 1)” (L 22), (340
where
1 dI'(z)
= T 3.41
VO= 10 @ (341)

footnote 2 of the present work). Somewhat surprisingly, we

TABLE II. The static multipole magnetizabilities x, with 1 < L < 4 for selected hydrogenic ions in the ground state, computed from the
analytical formulas in Egs. (3.37) and (3.38). The number in parentheses following each significand is an uncertainty in its last two digits, and
stems from the one-standard-deviation uncertainty (equal to 31) in the last two digits of the value of the inverse of the fine-structure constant
a~! = 137.035 999 139 (from CODATA 2014) used in calculations.

X3 (units of a])

Xa (units of af)

V4 x1 (units of a?) X2 (units of a3)
1 —2.6623786782(12)x10°  1.996 801 200 52 (91)x 10~
2 —6.654 528 896 0 (30)x 10° 1.247 767 150 68 (57)x 1073
5 —1.063 136977 70 (48)x 10° 3.190 098 991 1 (15)x 1077
10 —2.6436773943(12)x107  1.984 481 176 33 (89)x 108
20 —6.467 948 998 0 (29)x 1078 1.217 077 812 35 (54)x 107
40 —1.477 390017 82 (59)x 1078 7.036 528 266 0 (28)x 10~
60 —5.559035 1062 (17)x10~° 1.209 460 538 56 (41)x 10~
80 —2.367 686 026 55 (31)x107~° 3.075 158 743 53 (65)x 10~12
100 —9.318 033458 0(28)x 10710 8.966 282 348 22 (28)x 10713
120 —2.044 067 5417 (51)x 10710 2.409 493 920 8 (16)x10~13
137 +1.147 344 605 8 (46)x 10710 2.558 468 32 (12)x 10~

1.198 068 405 87 (54)x 103
1.871 573772 48 (85)x 103
7.654269 671 4 (35)x 10
1.189 463 455 15 (54)x 1072
1.818 075902 10 (80)x 10!
2.594 464 562 8 (10)x 1013
1.937 732430 73 (61)x 1014
2.676 175 877 74 (46)x 10715
4.736 237750 50 (50) x 1016
8.100 744 853 2 (67)x 1017
5.280 642 30 (27)x 1018

1.537 506 713 56 (70)x 102
6.004 407 447 2 (27)x 10~
3.928 271 052 8 (18)x 103
1.525 046 102 84 (69)x 1010
5.811030 078 2 (26)x 1013
2.049 184 462 11 (80)x 1013
6.664 062 860 1 (20)x 1017
5.015954 916 67 (68)x 10~'8
5.417 345278 73 (93)x 10~"°
5.955659 278 5 (57)x 10~
2.459 574 51 (14)x 102!
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TABLE III. Quasirelativistic approximations for the static multi-
pole magnetizabilities x, with 1 < L < 4 for the Dirac one-electron
atom in the ground state. The expressions for which L > 2 have been
derived from Eq. (3.40).

L XL
2.3

1 —”ZZO = 4@z)]
a*a} 5 703 2]

2 240 T 600( aZ)y]

3 SAEN - 5@z
a2a9

4 5[1 _ 170827( Z)Z]

78 110880

have been unable to track down in the literature any other
publication with an independently derived expression for N}
with L > 2.

IV. ELECTRIC MULTIPOLE MOMENTS OF THE ATOM
IN THE MULTIPOLE MAGNETIC FIELD AND ATOMIC
ML — E(L 1) MULTTPOLE CROSS-SUSCEPTIBILITIES

A. Decomposition of the atomic electric multipole moments
into the permanent and the first-order
magnetic-field-induced components

The far-field static electric 2*-pole moment of the atomic
electronic cloud in the stationary state characterized by the
wave function W(r) is defined as [10, Appendix B]

4
=5 LA mee. @

—eUimW(r)
Js 31" W)W (r)

where

p(r) = (4.2)
is the electronic charge density. In the weak external per-
turbing field, under the assumptions displayed in Egs. (2.18)
and (2.21), the density in Eq. (4.2) may be approximated as

p(r) = p ) + p V), (4.3)

with
pOr) = —ew O (rwO(r) (4.4)

and
pV(r) = —2e Re[W VT (r) WD (). (4.5)

This implies the approximation

Qi Q) + Q. (4.6)

with
QO ,/2;1 1 A{ & Y0 ) 4.7)

and

1 47
N /R Y. @)

It has been shown in Ref. [10] that the only nonzero
permanent electric multipole moment of the electronic cloud

in the ground state of the isolated atom is the monopole one:
Qi = Qndroduo. Qo = — 4.9)

As concerns the components QA M of the induced moments,
they may be evaluated in a manner very much similar to that
which has led us from Eq. (3.8) to Eq. (3.27), and therefore we
omit details. At the end, one finds that

Q) = Q811 = 8L1) + 851411, (4.10)
with
o _ (B i_2L0=D)
G 47 Qr+DQRL+1)
{v®D(Ll)}
RED(pO 9. 9O pOy 1~ & ‘i
X R (PO 0 )(10;L0|AO)
(A=LF1,1#£0), (4.11)
where
(10; LO[20) = (A — L) ArLl A=LF1, 412)
’ - 2L+ T ETOE
while
1 L forA=L—1
K’\L:_E()‘_L)()”+L+1):{—L—l forA=L+1.
(4.13)

Thus, the 2£-pole magnetic field induces in the ground state of
the Dirac one-electron atom electric moments of multipolar-
ities 2+! and 257!, provided that L # 1. In the latter case,
when the perturbing magnetic field is the dipole one, only
a quadrupole electric moment is induced. [Mathematically,
vanishing of Q&) is a consequence of the orthogonality of
WD (r) to WO(r); physically, this reflects the obvious fact that
the perturbing field cannot induce a net electric charge in the
atom.] For the total (permanent plus induced) electric moment
of the electronic cloud, one thus has

Q, ~ Q(ko)tsxo + le)[SA,L—l(l =68 + o1l (4.14)

B. Atomic multipole ML — E(L F 1) cross-susceptibilities

We define a magnetic-to-electric cross-susceptibility
XML—Ex through the formula

_ 1)
Q) = (Mo lc_l)( {ve@D;’},
- 47 ME=EX 1105 L0[20)

O.=LF1,xr#0). (4.15)

It is evident that the physical dimension of xyp—_g) iS
(length)**£+! Comparison of Egs. (4.15) and (4.11) yields
the cross-susceptibility in question in the form

= PO_OO. 9O po©)
XML—Ex. G T DL D) RZ, (P, 0775 0 )

(A=L=F1,A#0). (4.16)

In Ref. [10], we have defined and investigated a coun-
terpart quantity og;_.m—the electric-to-magnetic cross-
susceptibility—which characterizes a 2*-pole magnetic mo-
ment induced in the atom by an external 2% -pole electric field.
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In particular, we have shown that ag; My can be written as

20D pengo po, po) o)
@r+ DRL + 1) o R

(A=LF1,A#0).

OEL—-Mr =

4.17)

Now, we shall make two observations. First, it follows from
the definition (3.19) and the identity

G,(co)(r,r') = G,(CO)T(r’,r)

(here T denotes the matrix transpose) obeyed by the radial
generalized Green function that the double radial integral
RLLI(F, Fy; F,, F;) possesses the symmetry property

(4.18)

Second, from Eq. (4.13) one easily infers that

(4.20)

—KiL = K-

On combining Eqs. (4.16), (4.17), (4.19), and (4.20), we arrive
at the relationship

AML—E(LF1) = OE(LF1)—>ML, 4.21)

with L > 2 (L > 1) inthe upper (lower) sign case. The identity
(4.21) allows us to deduce exact and approximate expressions
for xmr—Eg@s1) from those given in Ref. [10, Sec. IV.B]
for agr—m 1), after the simultaneous replacements L —
A(=L F 1) and A — L are made in the latter. Proceeding in

REVE(F, Fy; Fo Fy) = RYLY(F, Fy; F, F).  (4.19)  that way, we arrive at the general formula
|
aa) Tt LIL—=MTQy+A+L+2)

XML—Ex» =

ZHIHT P (i, — DA+ D@L + D@y + 1)

{1 + (L+ Dy, —D =A=MY, + 1 + A+ D (Y, + 1+ L +1)
(Ve =71 + DEQy1+ A+ L +2)0 2y, + 1)

VK,\L — Y _)"7 VKAL — V1 — L7 yK,\L — Y + 1
X 3 F; 1 A=LTF1, A£0), 4.22
3 z( Ve — 7142, 20, + 1 ( F # 0) (4.22)
which particularizes to
_ aad” LTQ2y; +2L +1)
AML=E(L=D = 700 =1L — 1)@EL2 — DI'Q2y1 + 1)
9 {1 + L+DnL - =Ly +n+L0Tye+n+L+1)
(ye =i+ DIQyi +2L + DI Ry + 1)
vi—vi—Lyc—n—-L+1,y—y+1
F. i1 L>2 4.23
X3 2< VL_VI+272VL+1 ( ) ( )
and
aalt™? LTy, +2L +3)
XML—E(L+1) =

Z2L+2 Q2L+ £ 2)(2L + 1)L + 3)T2y; + 1)

9 {1 LA DEAD+ Dl +n+ L+ Dl + i+ L+ 2)
V41 =1+ DIQyp +2L +3)IQyr4 + 1)

visi—vi—L—1, vy —vi— L,y —y +1
F L) g 4.24
3 2( Vel — V1 +2, 2y + 1 ’ (4.24)

In the dipole (L = 1) case, Eq. (4.24) becomes

AMI=E2 = 74 3600 2y + 1)

aaf Ty +5) {1 6+ DL+ 7+ DT+ 71 +3)
(2 =71+ DLy + 502y + 1)

(-2 rn-n-Lr-yn+l
v2—v—+2,2y+1 i

(4.25)

This agrees with the result which may be inferred from Ref. [8, Eq. (4.20)], after the latter is transformed with the aid of the

identity

P (41 a2 a3 roOro—-a —a+1)
N a4+ 1, b

[Re(b — ay — ap) > —1].

T bh—a— Db —a)l b —ay)

(ay —az —1)(ay —az — 1) ai, az, az + 1,
_ B 1

a3+ 1Db—a3—-1) az+2,b

(4.26)

Numerical values for the cross-susceptibilities xmz—gr 1) With 1 < L < 4, computed for selected hydrogenic ions from

Egs. (4.23) and (4.24), are presented in Tables IV and V.
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TABLE IV. The static magnetic-to-electric cross-susceptibilities xmz—gr—1) With 2 < L < 4 for selected hydrogenic ions in the ground
state, computed from the analytical formula in Eq. (4.23). The number in parentheses following each significand is an uncertainty in its last two
digits, and stems from the one-standard-deviation uncertainty (equal to 31) in the last two digits of the value of the inverse of the fine-structure

constant &~ = 137.035 999 139 (from CODATA 2014) used in calculations.

Z

XM2—El (units of aé)

XM3—E2 (units of ag)

Xma—p3 (units of af)

S W N =

40
60
80
100
120
137

3.283 609 988 21 (74)x 102
2.051 883 757 57 (47)x 1073
5.246 149 090 0 (12)x 10~
3.263 961 669 54 (73)x 1076
2.002 912 101 25 (43)x 107
1.160 561 045 67 (21)x 10~%
2.001 899 182 26 (22)x 10~°
5.112 923 654 384 (67)x 10710
1.497 342 934 87 (38)x 10~1°
4.025 596 828 3 (36)x 10!
4.095 281 71 (19)x 1012

1.641 779 910 28 (37)x 10~

2.564 697 947 34 (58)x 1073

1.048 828 974 42 (24)x 10~3

1.629 485 276 85 (36)x 10~

2.488 285 199 83 (53)x 10~?

3.536 787 823 83 (59)x 10!
2.622 086 172 86 (22)x 1012
3.576 878 765 05 (25)x 1013
6.199 237 022 9 (23)x 10~ 4

1.018 161258 7 (12)x 10~

5.745 732 04 (32)x 10716

1.915 387 218 71 (44)

7.480 014760 8 (17)x 1073
4.893 086 196 1 (11)x 1076
1.898 813 208 63 (42)x 1078
7.222 989 034 9 (15)x 10~!1
2.529 227 814 95 (40)x 10~ 13
8.120 641 172 46 (49)x 10~'5
5.987 127 613 93 (69)x 10716
6.253 163 632 3 (28)x 10~
6.466 767 859 0 (85)x 10~!3
2.193 61003 (14)x 10~

The quasirelativistic approximations to the expressions
displayed in Egs. (4.23) and (4.24) are

XML—E(L—1)

_ aagt (L+1)Q2L)!

ToZRL 2L(L — 1)

L—1DQL*+ L3 +2L>+2L +1

_( JQL* + L° +2L* 4+ 2L + 1) L>2)

2L%(L + DL - DHQRL+1)

{1 — <aZ>2[w<2L +2)—¥(2)

“4.27)
and
XML—E(L+1)

_aay" @z L*(2L3 + 11L% + 20L + 13)(2L)!
oz 2L2(L + 1)(L + 2)2L + 3)

)

V. NEAR-NUCLEUS MAGNETIC MULTIPOLE MOMENTS
OF THE ATOM IN THE MULTIPOLE MAGNETIC FIELD
AND MAGNETIC MULTIPOLE NUCLEAR
SHIELDING CONSTANTS

Spherical components of the near-field magnetic multipole
moment N; associated with the current distribution j(r) are
defined as [10, Appendix B.3]

dr(L+1)

Now =1 A2A+ 1)

Aw drr 7Y ) - jr). (5.

For the atomic system under study the current j(r) is the one
in Eq. (3.2). Use of the approximation (3.3) yields

Nipw = N9 L D (5.2)

A ApL

(4.28)

respectively. Explicit representations deduced from Eqs. (4.27)
and (4.28) for 1 < L < 4 are collected in Table VI.

o _,; [4r0+ 1D
TV A2+ D

/R AT - j ) (53)

TABLE V. The static magnetic-to-electric cross-susceptibilities ymz— giz+1) With 1 < L < 4 for selected hydrogenic ions in the ground
state, computed from the analytical formula in Eq. (4.24). The number in parentheses following each significand is an uncertainty in its last two
digits, and stems from the one-standard-deviation uncertainty (equal to 31) in the last two digits of the value of the inverse of the fine-structure
constant o' = 137.035 999 139 (from CODATA 2014) used in calculations.

z

XMI—E2 (units of aé)

Xm2—E3 (units of a)

XM3—E4 (units of af)

Xma—Es (units of a;”)

S W N =

40
60
80
100
120
137

7.447 801 428 7 (51)x 108
1.861 763994 3 (13)x 1078
2.976 734913 0 (21)x10~°
7.423 191 448 8 (51)x 101
1.837 121 846 2 (13)x 1071°
4.404 779 739 7 (29)x 101
1.816 173088 1 (11)x 10~ "1
9.069 233 476 7 (50)x 10~'2
4.810 527 179 2 (20)x 10~'2
2.398 905 441 474 (94)x 1012
6.535200 35 (19)x 1013

7.840 878 107 8 (53)x 1077
4.899 814 158 6 (34)x 108
1.253 036 091 45 (85)x 102
7.802 108 784 5 (53)x 10!
4.803 053 653 1 (32)x 102
2.820 265 342 7 (18)x 10~13
4.983 382 447 9 (29)x 1014
1.323 207 519 24 (64)x 1014
4.126 084 143 0 (12)x 1013
1.243 760 509 44 (27)x 10~
1.835 801 306 (67)x 101

1.234 923 524 98 (84)x 103
1.929 209 479 8 (13)x 1077
7.891 765 327 7 (54)x 10~1°
1.227 360 291 30 (83)x 10!
1.882 114263 5 (13)x 1013
2.722 166 133 1 (17)x 10715
2.082 589 394 7 (12)x 1010
2.987 634 353 8 (14)x 10~
5.611 8107387 (12)x10~'8
1.064 754 960 93 (42)x 10~18
9.459 904 27 (40)x 102

2.944 977 893 0 (20)x 10~
1.150 135 134 26 (78)x 1076
7.526 205826 1 (51)x 10710
2.924 158 478 3 (20)x 102
1.117 776 688 30 (74)x 1014
3.993 935 630 7 (25)x 10~
1.329 890 711 11 (73)x10~'8
1.039 173 156 16 (42)x 10~1°
1.190 427 803 76 (17)x 10~
1.451 110 265 85 (78)x 102!
8.182 983 16 (38)x 1023
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TABLE VI. Quasirelativistic approximations for the static
magnetic-to-electric cross-susceptibilities ymz— g—1) With2 < L <4
and xmz—gr+1y With 1 < L < 4 for the Dirac one-electron atom in
the ground state. The expressions have been derived from Eqs. (4.27)
and (4.28).

L XMLSE(L—1) XML—E(L+1)
aad 23 2

add 9 409 2 aaf 113 2

7t 311 = 55 @2)7] 7 56 @2)

@ M(az)l

6
ﬂﬁ[l - @(az)Z] 78 32

70 2 1260

A~ W

aay) 8337 (o 72

aay 575 3317 2
—¢ 51 — (@ Z)”] 710 11

78 2 2016

m_,; [+ D

real I USRIV

where N ,\(?L) and /\/'A(L) are components of the rank-A tensors
N(AO) and N(;), respectively. The unperturbed current j©(r)
|

5 204y + 6y — Ty — 12)

and the first-order induced current j(r) appearing in the
above equations have been defined in Egs. (3.4) and (3.5),
respectively. Carrying out angular integrations in the manner
similar to the one in Sec. III, one finds that

N, =~ Ns,; +N"s,,. (5.5)

The only nonvanishing permanent near-nucleus magnetic mul-
tipole moment of the atom is the dipole one and is explicitly
given by (cf. Ref. [10, Eq. (7.9)])

8 A 3
o _ L (z < a1£>. (5.6)
nCn—1 a 2

On the other side, the only nonzero induced near-nucleus
magnetic multipole moment of the atom is the 2*-pole one,
and is found to be of the form

—1
122
N(Ll) = <ﬁ> UML—)MLD(LI)~ (57)

The coefficient oyz_mz 1S the 2L-pole nuclear magnetic
shielding constant. For L = 1 one finds that

OMI—-MI = —

27y + D@2y — 1)

while for L > 2 the corresponding expression is

(L +1)?

2
OML—-ML = —«

_L’ 11 YL+1 — V1 — L

2
Z F .1
(2L+1)2{(VL—J/1)(J/L+V1—L)3 2(VL—V1+1,VL+V1—L+1

(Z < al?), (5.8)

_Lvlny_yl_L )_ L2
err— DL+ —L)

2 _
1)} (L >2, 7 < alL) (5.9)

F .
o 2()/L+1—)/1+1,)/L+1+J/1—L+1’ 2L

It should be observed that both hypergeometric functions which appear in Eq. (5.9) are truncating ones, and consequently not
only the dipole shielding constant o1, but also those with L > 2, may be expressed in terms of elementary functions. For
the reader’s convenience, in Table VII we collect such simple exact expressions for oyzmy With 1 < L < 4.

The formula for the dipole shielding constant oy, M displayed in Eq. (5.8) is identical with the one presented in Refs. [7,15].
With some algebra, it may also be shown to coincide with the results given in Refs. [31,32]. The counterpart expression derived
in Ref. [19] (cf. also Refs. [20,24]) should be corrected in that in its denominator the factor A, should be replaced by A; (being
our y;). Our result (5.9) for oy My With L > 2 contains two truncating 3 F>(1) functions and is definitely simpler than the one
derived in Ref. [19] (cf. also Ref. [20]), where four such functions are involved implicitly.

TABLE VII. Exact analytical expressions for the static magnetic multipole nuclear shielding constants oy v, With 1 < L < 4 for the
Dirac one-electron atom in the ground state. The expressions for which L > 2 have been derived from Eq. (5.9).

L OML—ML Constraint on Z

24y +6y2—Ty1 —12) 13

1 —q?z AT Z<a %2
2771 (n+DQ2y1—1) 2

8y3+58y2+133y1+71 1 V5

2 —q?z AN AT Z <a Y2
S(n+D2y1+1)@y1—1) 4

3 27 2(48y +964y{ +7284y2 +23887y7 +33618y +15199) 7 < o 35
35(1+D(r1+DRy1+7 @y +1D(6y1 —1) 6

4 —u’7 2(128y/ +5072y 2 +80580y +636000y{ +2680407y 3 +5997453y 2 +6535165y| +2587195) 7 <! 37
81(y1+ D1+ +12y1 +5)2y1+23)dy1 +1D 8y —1) 8
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TABLE VIII. Quasirelativistic approximations for static magnetic
multipole nuclear shielding constants oy, With 1 < L < 4 for
the Dirac one-electron atom in the ground state. The expressions for
which L > 2 have been derived from Eq. (5.11).

L OML—ML

1 o?Z 11+ Z(aZ)*]

2 —?Z[1+ Z(@Z)]

3 —a?Z 21 + S (@ Z)]
4 —?Z L1 + poms (@ Z)?]

The quasirelativistic limit for the dipole shielding constant
is easily found to be

omim = o’ Z i1+ Z(@Z)*], (5.10)

while that for ony_mz With L > 2 is

L+3
2, +

OML—->ML = —U m

{1 —(aZ)?
(L — )4L* +5L +2)
L(L + 1)(L +2)(L +3)

L(L? 4+ 11L% + 14L +6)
2(L — 1)(4L% + 5L +2)

[W(ZL) — (L)

|} @z
(5.11)

The explicit forms of the quasirelativistic expressions ap-
proximating the shielding constants oy mz With 1 < L < 4
are brought together in Table VIII. In the dipole case, our
result agrees with those found in Refs. [7, 19,20,31,32].% In the
quadrupole and octupole cases, Refs. [19,20] give incorrect
values for the factors R; multiplying (aZ)?: for R, one should
read 47/90 (= 705/1350) instead of 707/1350, while for R;

VI. NEAR-NUCLEUS ELECTRIC MULTIPOLE MOMENTS
OF THE ATOM IN THE MULTIPOLE MAGNETIC FIELD
AND NEAR-NUCLEUS ML — E(L 1) MULTIPOLE
CROSS-SUSCEPTIBILITIES

Finally, we consider the near-field electric multipole mo-
ments R;, related, like their far-field counterparts Q;, to
the electronic charge distribution p(r) defined in Eq. (4.2).
Spherical components of such moments are defined as

4 o
Ry = /2x+1/Rs &r r771Y, () p(r). (6.1)

If the charge density p(r) is approximated as in Eq. (4.3), we
have

R, ~R” + R, 6.2)

with components of the moment tensors R(AO) (the permanent
one) and R(Al) (the induced one) defined through the relations

47
Ry = /ZA - fw &Err 7Y, m)p %) (6.3)
nd
D _ 4r r rly. 0 6.4
e — m - rr )»//.(nr)lo (r). (6.4)

The unperturbed and the first-order induced electronic charge
densities p© (r) and p'"(r) have been defined in Egs. (4.4) and
(4.5), respectively.

Evaluation of the integrals in Egs. (6.3) and (6.4) casts
Eq. (6.2) into the following one:

R ~ R0 + RV 1 + 81.041). (6.5)

The only nonvanishing permanent moment from the family
considered here is the monopole one, given by [10, Eq. (6.9)]

Ze

a

the correct value is 5339/10800 2~ 0.494 rather than 0.292. Rgg = —y—a, (6.6)
140
J
while the induced moments are of the form
R!" =@ R lreD}, A=LF1. 6.7
A (4meg)comr E}‘(IO;LOI)»O) ( FD (6.7)
The near-field magnetic-to-electric cross-susceptibilities omz— g1y are
aay Y2 — 1 aday (@ Z)?
OM1—E0 = T n <= -2 >, (6.8)
Z 3y Z 3y
aag  LQy;+1) { (L> = D(n + 1) ( —L+2,1,yp—n—L )}
OML—E(L—1) = —— 1 F T 01 L>2),
MEEED = TG D) Tt Dot LD P\t 2o - L2 )] 2P
(6.9)
and
oaZ 2L L+DnL+2)—L—-1]
OML—E(L+1) = —— -
ap Yi(L +2)2L + (2L + 3) e =+ D+ —L—1)
_Lv 17 VL+1_VI_L —]\/(2L+1)(2L+3)
F. 1 Z . 6.10
3 2<VL+1_V1+2vVL+1+V1_L =« 2L+ 1) (6.10)

3There is a sign misprint in Ref. [20, Eq. (4.41)]: The factor [1 — (¢ Z)*R;] should be replaced by [1 + («Z)*R;] (cf. Ref. [19]).
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TABLE IX. Exact analytical expressions for the near-nucleus static magnetic-to-electric multipole cross-susceptibilities of the Dirac one-
electron atom in the ground state. The expressions for oy g(.—1), derived from Egs. (6.8) and (6.9), and given in the second column, are valid
provided that Z < o~!. The last column displays constraints on the nuclear charge number Z under which the expressions for oy gz +1) With
1 < L < 4, obtained from Eq. (6.10) and given in the third column, remain valid.

Constraint on Z

L OML—E(L—1) OML—E(L+1) in OML—E(L+1)
2
-1 @2) @2} 28y1+3) —1J/15
1 aag Vi — _ _ 2Bn+d 7 < q 1 ¥15
Z 3n ( Z 3n ) ap  45y1(y1+1)2 4y —1) 4
2 aap 2y1+1 (@z)} 2(30V12+79V1 +28) 7 < 0[_1 V35
z 3 ag 3511 (n+D2Qyi+7)(6y1 -1 6
3 aag 32yi+1)C2y1+5) @z 2096y} +684y2 41153y, +385) 7 <o
Z ~ 14Qn+)) a0 3G+ D@y DBy —1) 8
4 aay 22y1+1)(68y7+483y1+709) (@2)® 16(140y{+1976y} +8101y7 +10870y; +3450) 7 <o 311
4 189(y1+7)(dy1+11) ap  297y1 (D2 (114521 +5)2y1+23)(10y; —1) 10

Their explicit forms for 1 < L

< 4 are presented in Table IX. The quasirelativistic limits of Egs. (6.8)—(6.10) are found to be

OM1-E0 = _ﬂl(az) (6.11)
aay 1 ,L—1 LAL* —3L —5)
OML—E(L—1) = 7;{1 —(a2) —[IP(ZL) —y(L) - AL - )@L? = 1):” (L =2), (6.12)
and
aZ, ., 212 L+1
OML—E(L+1) = a—o(az) L1 DL 1)L+ DL 13) |:1/f(2L +2)—y(L+D+ T:| (6.13)

respectively (cf. Table X for explicit forms of these approxi-
mations for 1 < L < 4). We are not aware of any other studies
on the susceptibilities of that kind.

VII. SUMMARY

On the preceding pages, we have investigated far- and near-
field magnetic (M(Ll) and N(l)) and electric (Q(l) , and R(l)
multipole moments induced in the ground state of the electromc
cloud of the Dirac hydrogenlike atom by a weak static 2% -pole
magnetic field. For the reader’s benefit, in Table XI we collect
expressions relating the four moments listed above to the tensor
D(Ll) characterizing the strength and directional properties
of the perturbing magnetic field; these formulas serve also
as definitions of the corresponding atomic susceptibilities.
Closed-form formulas for the atomic multipole magnetizabil-
ities 1 (= xmr—wmr), the far-field magnetic-to-electric cross-
susceptibilities xmz—Ez+1), the magnetic nuclear shielding

TABLE X. Quasirelativistic approximations for the near-nucleus
static ~ magnetic-to-electric  multipole  cross-susceptibilities
OML—E(L—1) with 2 < L g 4 and OML—E(L+1) with 1 g L < 4 for the
Dirac one-electron atom in the ground state. The expressions have
been derived from Eqgs. (6.11)—(6.13).

(

constants oMz, and the near-nucleus magnetic-to-electric
cross-susceptibilities ony (1), derived in Secs. III-VI, are
conveniently brought together in Tables XII and XIII. It is
worth recalling here the important inference from Sec. IV
that the magnetic-to-electric cross-susceptibilities gy are
related to their electric-to-magnetic counterparts o/gr/— My
thI'OUgh the identity XML—E(LF1) = ¥E(LF1)—->ML-

In our previous paper [10], where we have dealt with
the atomic response to an external multipole electric field,
in addition to the moments M‘", N{", Q(Llil, and Fi(Ll)¢1 we
have also studied the electric-field-induced far- and near-field
multipole toroidal magnetic moments T(Al) and U&l) (cf.Secs. V
and VIII, as well as Appendixes C and D in Ref. [10]), with
components

4 / &rr*Yy,mor - jP@)  (7.1)
M T ari1V2ir1 "
4
(1) 3 A—1 -(1)
u,) = - A/2)\Jr1f1R3c1rr Yiumor - jOr), (7.2)

respectively; we have found that the only nonvanishing mo-
ments of such sorts are those for which A = L. We have not
deliberated on these two families of moments in the present
paper, since if the perturbing field is the magnetic one, the

L OML—E(L-1) OML—E(L+1) right-hand sides of Eqgs. (7.1) and (7.2) are found to vanish
{ e (7 @29 11 whgtever the value of A is, in result of integrations over angular
‘ R Ey 217307 variables.
aagn o
2 *[1 - i("‘z) | a | 3150 For the sake of completeness of the present study, we
3 wlll - Zz)y) R include here still one more table, Table XIV, to show how the
4 ol — ;gi(‘) (@Z)?] (@z)’ 5338 susceptibilities investigated in this work enter the near- and
2 far-zone asymptotic representations of electric and magnetic
022502-15
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TABLE XI. The collection of formulas defining the multipole susceptibilities considered in the present paper.

Susceptibility Related induced moment Constraints
Far-field zone
XML—ML M(Ll) = Z*O)_]XML»ML D(l)
. S
Near-nucleus zone
OML—ML (1) ( ) OML—ML D o
OML—Ex RE\U = (ZT,U) 1C_IUML—>EA <{"®D(LI)}AA A=LF1

10;20]20)

fields (and of their potentials), which are due to the first-order
changes in the electronic charge and current densities induced
by the perturbing external magnetic field.

Two further important results concerning the multipole
magnetizabilities x; = xmr—wmr and the far-field cross-
susceptibilities xmr,—»EL, = ®EL,—ML, are presented below
in Appendixes B and C, respectively. In Appendix B, we
establish a relationship between the second-order energy
correction E®, the magnetizability x, and the tensor D"
characterizing the magnetic field which perturbs the ground
state of the atom; in fact, this relationship may serve as a
definition of the magnetizability x; which is alternative, but
still equivalent, to the one given in Sec. III and in Table XI. In
turn, in Appendix C we consider the ground state of the atom
subjected to the simultaneous action of the perturbing 2% -pole
electric and 2%2-pole magnetic fields. We show that if L, #
L, F 1, then both types of fields contribute independently
to the second-order energy correction E®. If, however, the
constraint L, = L; F 1 is imposed, then an additional mixed
electromagnetic contribution to E?® arises, which involves
the cross-susceptibility ogr, Mz, = XML,—EL,- This implies

J

L lc|=1/2

> XY A

M=—L M'=—L' me=—|k|+1/2

(—)F
=088 + 64 —1)————
L (Ser ,L1)47_[ IR

L M'<Qflm |YLMQK'm,( ><ka,(

the positive answer to the quite natural question whether the
far-field cross-susceptibilities investigated here and in Ref. [10]
are measurable quantities.
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APPENDIX A: SOME RELEVANT SUMS OVER
MAGNETIC QUANTUM NUMBERS

Throughout this Appendix, the symbols A; and B, denote
two spherical tensor operators of integer ranks L and L',
respectively, components of which obey

Ay =M AL, Biny =Y Brow.  (AD
1. Triple sums

The following formulas for triple sums over magnetic
quantum numbers hold:

Yim Qi)

{(5m,1/25m'.1/2 + 8m,—1/20m,—12) |k {AL @ B }oo

[L(L+1)
— sgn(x) T[fsm,l/zf?mzl/z{AL ® B }io + 8128w 12V2(AL ® B}

— 3m,—1/25m',1/2\/§{AL ®Br}it — 8m—128m,—12{AL ® BL’}IO]}, (A2)
L []—=1/2
Z Z Z A LM’(QflmiYLMQKmKXQmeK YL’M’Qflm’)
Me——L M'——L' my=—c|+1/2
lic|
= —(6xL0k,L/+1 + Ok, —L—106k — Sm.1/20m A, B,
(S8, r+1 + 8e—L-1 471\/(2L+1)(2L’ 1)<L0;L’O|10)[ 1/28m,12{AL @ Brrho
+8m,1/25m/,—1/2\/§{AL ®Br}i-1— 5m,—1/25m',1/2\/§{AL ®@Br i1 — m—1/26m,—12{AL ® B }10]. (A3)
Here
Iy
{AL®BL)m, = Z > LM LM IM ) ALuBro, (A4)
M——L M—1L
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where (jimi; jams|jzms) is the Clebsch-Gordan coefficient,
is an M; component of the irreducible tensor product of rank
J of Ay and By. For L’ = L and B; = Ay, it holds that
[21, Sec. 3.1.8]

(—)k
AL ®A =———A;-A;, A5
{AL £ }oo NS L-AL (AS)
where
L
AL-AL= ) Al (A6)
M=—L

is the scalar product of the tensor Ay with itself; moreover, one
has

{AL®ALhm, =0 (M; =0,£1), (AT)

and consequently Eq. (A2) simplifies to

lkl—1/2

Z > Y A

=—L M'=—L m,=—|k|+1/2
X <Q—lm | YLMQK}’HK )(ka,( YLM’ Q—lm/)
= (8L + Suc,—L—1)(Em,1/28m,172 + S, —1/20m,—1/2)

L el
AL+ 1)

A, -A;. (A8)

2. Quadruple sums
If the coefficients a4, satisfy the constraint
2 2 _
la12|” + la_12|” =1, (A9)

the following formulas involving quadruple sums over mag-
netic quantum numbers hold:

L 1/2 1/2 lk|—1/2

> Y Y Y e

M'=—L' m=—1/2m'=—1/2 me=—|x|+1/2

X (Q—lm|YLMQKmK><QKmK YL’M’Q—lm/>
1
= 8.1/(3, Sk —1)———————
L (Ber + 81 ])471(2L+1)
X [k By — sgn(e)y/ L(L + D{v @ B }yl,  (A10)
L 1,2 172 k=172

ZZZ 2

=—L' m=—1/2m'=—1/2 me=—|k|+1/2

X (Q—lm ’YLMQKWI,()(Q—KW!,( ’YL’M’Q—lm’>

* *
LM G G’

1
= (810,41 + SK,—L—I(SK,—L/)H(LO; 10/L0)
x{v®@Br Ly, (Al1)

where v is the unit vector with the cyclic components

vo = laipl = laipl?, var = FV24a% pazip. (Al2)
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3. Quintuple sums

Provided the coefficients a. 1 satisfy the constraint (A9), the following formulas for the quintuple sums over magnetic quantum
numbers:

L 1/2 172 |k|—1/2
Z Z Z Z Z -’4 L/M/a:,;am’(g—lm}YLMQKmKXQKmK YL’M/Q—lm’)
=—L M'=—L m=—1/2m'=—1/2 my=—|k|+1/2
(=" [ L(L+1) }
=818k + 6k —1-1)———| |k|{AL ® By }oo — sgn(k),/] ————v - {A; By, Al3
Lo (St K,L1)47T TR Ik [{AL ® Br oo — sgn(k ),/ 3 {AL®Brh (A13)

and
1/2 1/2 lkl—1/2

Z Z Z Z Z AzMBz’M’a;am’<Q—lm‘YLMQKmK)<Q_KmK

=—L M'=—L' m=—1/2m'=—1/2 my=—|x|+1/2

Yo Qi)

K v-{A, @B,
= —(8crk,L+1 + 8.~ 18k, —1") be) { .L ; v (A14)
47w /QL+ DL + 1) (L0O;L'0[10)
may be derived from the pair of Egs. (A2) and (A3) or, alternatively, from the pair of Eqs. (A10) and (A11). In both Eqgs. (A13)
and (A14), v is the vector with the cyclic components (A12). For L’ = L and B, = A, by virtue of the identities (A5) and (A6),
Eq. (A13) becomes

L 1/2 1/2 lel=1/2

Z Z Z Z Z AzMAzMra:;lam’(Q—lmiYLMQKmK )(ka,(

M=—L M'=—L m=—1/2m'=—1/2 me=—|x|+1/2

Yo Qim)

|K|
—( L ,7L71) ! (2L 1) L L ( )

APPENDIX B: MULTIPOLE MAGNETIZABILITIES VS THE SECOND-ORDER CORRECTION
TO THE ATOMIC GROUND-STATE ENERGY

Within the framework of the second-order perturbation theory, the wave function and the energy eigenvalue are approximated

as
U(r) >~ VOr) + vV + @) (B1)
and
E~E94+ED+ E® (B2)
respectively. The corrections W (r) and E® enter the inhomogeneous equation
7 2
[—ichoc -V + Bmec? — 7 ‘ e E<0>]\1/<2>(r) = —[v"(r) — ED D) + EQwOr), (B3)
€

which is to be solved subject to the usual regularity constraints, including the limit conditions

lim rU@@r) =0, lim ~2wP@F) =0, (B4)
r— r—0o0
and also the orthogonality restraints
1
/ &Er v vy =0 <m = :I:§>. (B5)
R3

For L = 1, we know from Sec. II that the degeneracy of the atomic ground state is lifted already in the lowest order of the
perturbation theory. There are two distinct first-order corrections Eg) to energy, given by Eq. (2.35), the related perturbation-
adapted zeroth-order wave functions being the ones in Eq. (2.15) with the mixing coefficients (2.40). Hence, if we identify W©(r)
in Eq. (B3) either with \Df)(r) (for the state with EV) = ES:)) or with W9(r) (for the state with E() = E"), then project the
latter equation from the left onto the function chosen, after exploiting the orthogonality constraint (2.21) and the representation

for UD(r) displayed in Eq. (2.43) [again with WO(r) identified with \I’(O)(r)] we obtain the corrections E P 0 EO 4+ EQ) in
the form

EY = / d*r / &Pr' v v GO w VO (L =1, EV = EY). (B6)
R3 R3
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After integrations over angular variables are done, Eq. (B6) goes over into

—1
1 1
£ = _(@> [‘R(_lil)(Q(O),P(O); 0. P+ T R(QV. P Q(O),P(O))} D" D{" (L=1), (B7)

4 9

with R(ELD(F, Fy; F., Fy) defined in Eq. (3.19). The right-hand side of Eq. (B7) is independent of which of the two levels which
have arisen within the first-order perturbation theory is investigated; therefore, the subscript at E® has been dropped.

For L > 2, we know, again from Sec. II, that the first-order energy correction is zero, and therefore the perturbation-adapted
zeroth-order wave function in Eq. (B3) is the one given by Eq. (2.14), with the mixing coefficients a. /> chosen at will [up to the

normalization constraint (2.19)]. Projecting then Eq. (B3) onto the basis functions \Ilfl) (1) leads to the algebraic 2x2 system

12
1
v — E@8Jaw =0 (m =+, L> 2>, (B3)
m'=—1/2
where
= 1

Vi = / dsr/ &P vtV GO v e e ) (m,m’ =45, L> 2). (B9)

R3 R3

Carrying out angular integrations yields

-1
(, 1) _ Ho L (L L) (0) (0) (0) ©

4
R DO, p®; 0O pO) DV . DY (m' = £2 L >2 (B10)
(L+1)(2L+1)2 R ’ L TL D R A

It is seen that the matrix with elements V(

. 18 amultiple of the unit 2 x2 matrix. From this, by virtue of Eq. (B8), we infer that

the higher-order (L > 2) multipole ﬁelds shlft the atomic ground state by the quadratic amount

-1
B9 = —(42) [ R P00 p0) +
4

but do not split it.

(L+1)(2L+1)? Rii

g (L L)(Q(O) P(O) Q(O) P(O)):|D(l) D(l) (L > 2)

(B11)

It is worthwhile to observe that Eqs. (B7) and (B11) may be united into the one of the form

4

-1
Ho L
B0 =~ (42) [ iRt 0. )+

[notice that Eqs. (B11) and (B12) are not identical since in
the latter, as opposed to the former, the value of L is not
constrained]. Comparison of Eq. (B12) with Egs. (3.26) and
(3.27) reveals the relationship

E® =-IM".D{". (B13)

If the induced-magnetic-moment tensor M(Ll) is written in
the form (3.29), this yields the following expression for the
second-order energy correction E® in terms of the 2L -pole
magnetizability yp:

1 -1
E® = __<ﬂ) x.D DY (B14)

2\ 4m

The reader should compare the relation in Eq. (B14) with its
counterpart for the atom immersed in the electric 2Z-pole field,
derived by us in Ref. [10, Appendix A].

2

RED0©® pO. »© pO 1) ph
@+ DL+ 0 e (@PTRe P>]° O

(B12)

APPENDIX C: MULTIPOLE CROSS-SUSCEPTIBILITIES
VS THE SECOND-ORDER CORRECTION TO THE
ATOMIC GROUND-STATE ENERGY IN COMBINED
MULTIPOLE ELECTRIC AND MAGNETIC FIELDS

Consider the atom, being initially in its ground state,
placed in two superimposed weak fields: an electric one of
multipolarity 2% and a magnetic one of multipolarity 2%2,
with L; > 1 and L, > 1. The potential characterizing the
interaction of the atomic electron with the resulting field is

Vb ) = Vi () + V) (), (C1)

where (cf. Ref. [10, Eq. (2.3)])

4

(1)
Ve, (r) =e TN

Z Cy Yooy  (C2)

My=-L,
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and [cf. Eq. (2.8) of the present work]

Vo, (r) = —lec\/ dm Ly rke
: (La+ 2Ly + 1)
L,
x > Dy Y, (). (C3)
My=—L,

At first, let us assume that L, # 1. Then it follows from
Ref. [10, Sec. II] and from Sec. II of the present work that in
the first order of the perturbation theory the interaction (C1)
does not affect the energy level in question. Proceeding as in
Appendix A, it is easy to show that the second-order energy
corrections may be obtained through the diagonalization of the
2x2 matrix V(I’II‘) with elements

Vit = /d3 / & v )
R3 R3
e ’ ’ ’ , 1
x GOw v e <mm _ §>’
(C4)

where the basis spinor functions W®(r) are defined in
Eq. (2.15). On carrying out angular integrations, and exploiting
the results from Ref. [10, Appendix A] as well as those from
Sec. IT and from Appendix B of the present work, one deduces
that the diagonal and off-diagonal elements of the matrix V(1 1)
are given by

(1,1
ViLasi2.5102
-1
(o
2\4nm
1 1
X XLzD(LZ) : D(L,) FOrLiL,—1+8L,,L,+1)

(e @Dy,
(L,0; L,0/10)

1
= —5(47T60)05L1C(Ll]) . C(Ll]) —

X (4w €0)CUEL, ML, (&%)

and

(1L,
LiLostt2,12 = FOLL,—1 + 0L, 1,41)(@m o)L, - ML,

f{c(l) ® D(l)}

L3l (C6)
(L10; L,0[10)

respectively (recall that agr, .mz, = XmrL,—EL,)- Hence, with
no difficulty, one finds that the two eigenvalues of the matrix

(1,1)
Vi, are
1 ! -

@ (M, o Ho . p
EL = _5(47'[60)05L1CL1 ’ CL] N §<4_7T> XLZDLz ’ DLZ
+(82,. 1,1+ 81, 1,+1)(@T€0)C|oEL, ML, |

[N
x DT Tl (g, > ), €7
[{L10; L,0[10)|
where

(e @D}, = /(e DY), - {C) @D}, (c8)

is the modulus of the vector {C(ll) ® D(l)}1 From Eq. (C7) one
sees thatif L # L, &+ 1 (with L, 5 1), then the superposition

of the two fields shifts the atomic ground-state level by the
amount

1
EY = —5(47160)01L]C(Lll) . C(Lll)

1/ o\
-42)
but does not remove its degeneracy. A more interesting
phenomenon occurs when L = L, F 1, still with L, > 2.
Then the initial level shifts and splits simultaneously. The two
resulting levels are located symmetrically with respect to the
energy E(()Z) given above, the gap between them being

,DY) DY) (Ly>2), (€9

AE® = 2(4rep)clagr, mL,|

(1) (1)
TR 1= L2 s L2 = )
I{L,10; L20|10)|

(C10)

A different situation occurs when the magnetic field is the
dipole one, i.e., for L, = 1. Then (cf. Ref. [10, Sec. II] and
Sec. IT of the present work) the atomic ground-state level splits
in the first order of the perturbation theory. Each of the two
resulting levels is nondegenerate, with their energies being
given within the first-order perturbation theory by E© + E{”
[cf. Egs. (2.11) and (2.35)]. Within the second-order theory,
the energies are approximated as

E~E94+ED 4+ EP, (C11)
with
(2) 7y (OF [¢Y]
fw d’r /R Er v vy ()
x GOr.r YV Hw ), (C12)

where \Di)(r) are the perturbation-adjusted zeroth-order wave
functions with the mixing coefficients displayed in Eq. (2.40).
Evaluation of the double integral in Eq. (C12) yields eventually

1 Lo\~
£ = - (megar,C) - € - 5(5) 4D D

5
:F‘3L1,2\/;(47T€0)COIE2—>M1" : {C(zl) ® D(ll)}l, (C13)

where n is the unit vector along the magnetic induction vector
B(l) D(]) Hence, for L, = 1, to the second order in the
perturbatlon the gap between the two resulting energy levels
is

AED £ AE® =20y, + 1)MB}D(11)| —81,2V10 (47 ep)

x capwin - {C) @ D} . (C14)
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