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The nonlinear phenomena which associate with magnetoacoustic waves in a plasma are analytically studied. A plasma is an open
system with external inflow of energy and radiation losses. A plasma’s flow may be isentropically stable or unstable. The nonlinear
phenomena occur differently in dependence on stability or instability of a plasma’s flow. The nonlinear instantaneous equation which
describes dynamics of nonwave entropy mode in the field of intense magnetoacoustic perturbations is the result of special projecting
of the conservation equations in the differential form. It is analyzed in some physically meaningful cases; those are periodic
magnetoacoustic perturbations and particular cases of heating-cooling function. A plasma is situated in the straight magnetic
field with constant equilibrium magnetic strength which form constant angle with the direction of wave propagation. A plasma is
initially uniform and equilibrium. The conclusions concern nonlinear effects of fast and slow magnetoacoustic perturbations and

may be useful in direct and inverse problems.

1. Introduction

The study of propagation of magnetohydrodynamic (MHD)
perturbations has a key role in the astrophysical applica-
tions. It is of crucial importance in solar hydrodynamics,
in particular in formation of coronal loops, fluid flows
in thermonuclear reactors, interstellar gases, and planetary
nebulae. Gaseous plasma is an open system with disturbed
adiabaticity of wave perturbations. This may be modeled by
some heating-cooling function which reflects the physical
conditions of energy inflow and radiation losses [1-3]. Linear
dynamics of the MHD waves, that is, waves of infinitely small
magnitude in an open plasma which may be isentropically
unstable, has been well studied in the last decade. The main
conclusions are common in hydrodynamics of open systems
[4, 5]. Flows of other fluids in thermodynamical nonequi-
librium reveal analogous features which are described by
the similar equations [6, 7]. Apart from complexity of the
MHD system of equations which imposes coexistence of
slow, fast sound modes, and Alfvén modes, along with the
nonwave modes, other linear effects go into play, such as
mechanical damping and thermal conduction of a plasma.

The general nonlinear dynamics of perturbations in plasma
is not far well understood. As for the peculiarities of
nonlinear evolution of wave MHD perturbations without
accounting for their interaction with other modes, they are
well understood starting from some particular but important
cases which concern one-dimensional flows along and across
the magnetic field [8-10] and ending by various numerical
investigations. Nakariakov and coauthors in [11] advanced
in the analysis of one-dimensional propagation of the MHD
wave perturbations at arbitrary angle between the straight
magnetic field and direction of wave’s propagation. They
have derived the generic weakly nonlinear evolutionary
equation which describes slow and fast perturbations in
active plasma. Authors of [12] concluded about possibility
of self-organization of MHD waves and described theoreti-
cally slow magnetoacoustic shock autowaves with magnitude
independent on the initial or boundary conditions. They
discovered that the extension of a heating-cooling function
in the Taylor series accounting for quadratic nonlinear terms
“introduces new physics such as existence of solitary waves”.
The conclusions concern nonlinear dynamics of individual
slow and fast wave perturbations. The formation of the
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asymmetric autowave pulse in the similar geometry of a flow
was described in [13].

While perturbations of infinitely small magnitude
develop independently, nonlinearity makes different types
of a fluid’s motion to interact in physical reality which deals
with finite-magnitude perturbations. The wave modes may
excite nonwave modes which form inhomogeneities in turn
impacting on wave propagation; waves may be scattered by
other waves, and so on [14-16]. Apart from nonlinearity,
the reasons for interaction are irreversible losses in energy
and momentum or/and the disturbance of adiabaticity.
In description of nonlinear interaction of modes, we face
with mathematical difficulties much serious as compared
to the case of nonlinear dynamics of individual mode.
The nonlinear excitation of the entropy mode in the field
of slow and fast magnetosonic perturbations for different
kinds of external heating-cooling function is the subject
of this study. Following Nakariakov and coauthors, we
consider weakly nonlinear flow of completely ionized gas
affected by some generic heating-cooling function. Weak
nonlinearity means the smallness of the Mach number in
a flow: M « 1. Also, the impact of nonlinearity may be
obtained as corrections to the linear results. This concerns
the links between specific perturbations inside every mode
and dynamic equations. The method which has been applied
by the author in studies of nonlinear interaction of wave
and nonwave modes in a number of different fluid flows is
useful in investigation of magnetic flows as well. It allows
subdividing nonlinear dynamic equations for perturbations
in a specific mode from the system of conservation equations
in a differential form. The procedure is in fact some linear
combination of equations which eliminates all liner terms
containing nonspecific perturbations. The dynamic coupling
equations include the first-order derivatives with respect
to time. The quadratic nonlinear terms which are products
of nonspecific perturbations and their derivatives form the
“foreign forces”. In the context of weak nonlinearity, the
quadratic terms including magnetosonic perturbations are of
importance. Nonlinear corrections in the dynamic equations
for fast and slow magnetosonic perturbations may be also
considered as a result of self-interaction of corresponding
wave mode. Nonlinearity, even weak, accumulates in time
and is responsible for formation of shock fronts, enrichment
of perturbations’ spectrum, and nonlinear transfer of energy
and momentum. In regard to magnetoacoustic heating,
nonlinear transfer of the wave energy into the energy of the
entropy mode leads to forming of the thermal lenses which in
turn scatter sound. The effects of plasma’s boundaries are not
considered. Nonlinear dynamic equations are valid with the
accepted accuracy up to quadratic nonlinear terms, that is, up
to terms proportional to the squared Mach number, M. That
concerns also terms originating from the heating-cooling
function. The perturbations which specify the entropy
mode enhance with time. In the frames of a model, their
magnitudes should not exceed magnitudes of corresponding
wave perturbations. When these magnitudes equalize, the
entropy mode may have impact on the wave process. Hence,
the equations are valid over some temporal and spatial
domains, where wave perturbations remain dominant.
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One may expect that not only the wave processes, but
the magnetoacoustic heating reveals anomalous behavior in
the isentropically unstable active plasma, as it happens to
all acoustically active media independently on the physical
reason of acoustical activity [6, 7]. The subsequent analysis
confirms this conclusion. We do not consider mechanical
and thermal losses in a plasma and its finite electrical con-
ductivity which are well studied. They introduce additional
attenuation and dispersion. The magnetoacoustic heating due
to propagation of the MHD perturbations across the straight
magnetic field has been studied by the author in [17, 18]. In
this study, we analyze the instantaneous dynamic equation
of excitation of the entropy mode by fast and slow MHD
sound modes in the field of planar waves which form an
arbitrary angle with the magnetic strength and discuss it in
some physically meaningful cases of wave perturbations and
the heating-cooling function. That concerns also the case
of nonadiabatic instability. The first results in a special case
of heating-cooling function which depends exclusively on
temperature may be found in the recent author’s paper [19]. In
this study, we make conclusions about entropy perturbations
due to magnetosonic heating in general case.

2. Perturbations of Infinitely Small Magnitude
in the MHD Flow

The system of PDE equations consists of continuity equation,
momentum equation for ionized gas, energy balance equa-
tion, and electrodynamic equations:

LT (57) =0

av — - o\ —
p;=—Vp+‘u0<V><B)><B,
dp _pdp
a_ PP 1) L(pp), M
i Vodr (y=1)L(p:p)
0B
= - =
E_VX(VXB)’
N
V-B=0,

where 7, B, p»> and p are the velocity of a plasma, the mag-
netic field strength, plasmas pressure, and density, respec-
tively, and p, is the magnetic permeability of free space.
L is the heating-cooling function which disturbs adiabatic-
ity of wave perturbations in a plasma. The choice of the
heating-cooling function which depends on pressure and
density makes using these basic thermodynamic variables
and expressing all other thermodynamic quantities such
as internal energy as functions of pressure and density
convenient. Following [11], it is assumed to be dependent on
pressure and density. The third equation in the set (1) relates
to an ideal gas with the caloric equation of state
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where e denotes the internal energy of a gas and y = Cp/Cy,
is the ratio of specific heats under constant pressure and
constant density. We consider the same geometry of a flow

N
as in [11]. The equilibrium magnetic strength B, lies in the
(x,z) plane. Its equilibrium magnitude B, is constant, and it
forms constant angle 0 with the positive direction of axis z,
s0

BO,X = BO Sin (0) N
A3)
By, = By cos (0)

denote projections of _B)O onto axis x and z. Axis z points
to the direction of wave propagation. Figurel recalls the
geometry of a planar flow.

All field quantities are expanded in the vicinity of the
equilibrium state as f(z,t) = f, + f'(z,t). We consider
initially homogeneous stationary plasma without bulk flows.
That imposes vy, = v,, = Vo, = 0. The starting point
represents the leading-order equations which follow from (1):
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are partial derivatives of the heating-cooling function L(p, p)
evaluated at equilibrium state (p,,p,) and

YPo
= | 6
s \] 2 (6)

is the acoustic speed in unmagnetized gas in equilibrium.

As usual, establishment of the dispersion relations is the
primary procedure in the linear flows of a fluid. All pertur-
bations are thought as a sum of planar waves proportional to
exp(iw(k,)t — ik,z), where k, designates the wave number of
any individual planar wave which propagates along axis z:

(@) = J F(k,) exp (iw (k,) ¢ — ik 2) dk,,  (7)
and (f(kz) exp(iw(k,)t) = f(kz, t) denotes the Fourier trans-
form of f'(zt), so flk,t) = (1/2m) [ f(z,0)e**dz).
The dispersion relations in a planar flow of a magnetic fluid
reflect the solvability of (4). They take the form of seven

solutions to the algebraic equation which demands zero main
determinant of the system of linear equations:

B,k
Wy, = iM = iCA,zkz’
VHoPo
.S /2
w3456 =Ck, + zc—2 (CO LP + LP) , (8)
0
i(y- I)LP
CU7 = C2 >
0
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where

(c-c)y-1)

S=-——
2(2C2-¢¢-C3%)
9
C, = B, ’ €)
VHoPo

Cy,=Cycos(0).

C 4 designates the Alfvén speed, C,, , is its z-component, and
C is one from four roots of the equation
2 4 2 2\ (p2 2
B .C'+(C* =) (B;, — topoC*) = 0. (10)
All magnetosonic speeds are evaluated at the equilibrium

state (py, py)- Four roots C are real values for any 6. With
accounting for equalities

B C
0x — ZAX _ sin o,

B, Ca

s c 11)
02 _ ZAZ _ cos o,

By Cyu

(10) which determines acoustic speeds takes the form
C'-C (g +Cy) +Ch, =0. (12)

The first two roots w; , w, relate to the magnetic Alfvén waves,
the next four roots specify magnetosonic waves of different
directions of propagation (the so-called slow and fast MHD
waves of different direction of propagation), and the last root

p
V.X
V}’
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p
B,
B;V
0 0 0
0 0 0
0 0 0
z:
0 0 0
-(y-1L, 0 0
0 ik,B,, 0
0 0 ik,By,
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w, corresponds to the entropy mode. The dispersion relations
in (8) are calculated with accuracy up to terms proportional
to the first powers of L » L o They have been established
by Nakariakov and coauthors [11, 12] and were in fact the
starting point for analysis of individual weakly nonlinear
wave perturbations in a plasma. The condition of acoustic
(isentropic) instability is

L, +L,>0, (13)
since S is real negative value for any C and 0, apart form
the particular case of 6 = 0, when C* equals C; and
S = 0. This condition has been discovered in the earlier
studies of nonequilibrium processes in fluids [4, 5]. In the
case of isentropic instability, the MHD wave perturbations
of infinitely small magnitude enhance in the course of
propagation. The condition of thermal isobaric instability
sounds as

L,6<0O.

p (14)

Note that the heating-cooling function is supposed to depend
on pressure and density. The choice of the reference thermo-
dynamic variables evidently impacts on the form of instability
conditions. These inequalities are common for open systems
and do not certainly overlap.

The linearized system (4) has an equivalent form
o ~_ -\ ~
L +ILy=(iw+ L)y =0, (15)
¥ Ty=(w+ )7
where
—ipk, 0 0 0 (16)
0 0 iszO,z 0
Potho B
i
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. ) Potto
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o, Po Polto
—ik.qpo —(y-1)L, 0 0
—ik,B, 0 0 0
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denote vector of the Fourier transforms of perturbations and
matrix operating in the space of Fourier transforms. In fact,
seven roots of dispersion equation (8) are the eigenvalues
of matrix iL. The total perturbation is represented by a

sum of specific disturbances which are eigenvectors of iL
corresponding to seven eigenvalues. Magnetoacoustic modes
are represented by four eigenvectors which connect the
Fourier transforms of specific perturbations:

1

p By, (Cq (C* =)k, + (icg (y = 1) +iS (C* + 7)) (chP + LP))
Vx B BO,xCZCgkpo
~ 0
" Cck 's( 21 4L )
_ ck, +1iS (¢ +
V3456 = Vj = S K Cg;() £E_*F P3.45.6 17)
P chkz—i(y—l)(chP+Lp)
B Ck,
5 (Cg (C* =)k, +i(cy(y—1)+25C?) (chP + LP)) o
Y7 3456 CB, .k,
0

where the ordering number by C is omitted. The relations
between perturbations may be readily written on in z,t
variables, reminding that the factor —ik, corresponds to the
operator 9/dz and (—ik,)™" corresponds to jdz. The upper
limit of integration is z, and the lower one depends on
the physical context of a flow. In the case By, = 0, the
magnetoacoustic x-component of velocity and perturbation
in magnetic strength in all four modes are zero: 7, = 0, B, =
0,sov, =0, B; = 0. The specific perturbations representing
the Alfvén modes are linked in the following way:

4 0
Vv, 0
v, 1
1//1 = VZ = 0 Vy,l N
? 0
B, _B
! CA
B Y . 0
(18)
0
0
1
v, = 0 Yy
0
By
Ca
0

The entropy mode is established by the relations

1
!
P (Y - 1)CA,pr J
x —C 2, %
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v, 0
= v = -1)L . (19
1z : (yz)pjdz pr- (19)
p CoPoo
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Bf 0
y

All eigenvectors are derived with accuracy up to terms
including the first powers of L, and L ,. The case C,, = 0
corresponds to zero v, in the entropy mode. Any total
perturbation is a sum of specific disturbances:

7

Vx = zvx,i’
i=1
7

Vy = ZVW
i=1
7

Ve = sz,i’
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(20)

Index in summation i denotes the ordering number of
specific mode. The row which distinguishes individual excess

ne(1-

Analogously, the projecting rows which subdivide velocity
specifying the Alfvén modes are determined by the systems
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and take the forms
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Projectors P,,P, are also evaluated with accuracy up to terms
proportional to the first powers of L, and L,. When P,
P,, P, apply at the linearized equation (4), they reduce
all therms containing perturbations which do not belong
to the corresponding mode. Application of projectors yield

cor
Y3456 =

TSR

~= o~

o

y 3,4,5,6

(chP+LP) sz 0
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density corresponding to the entropy mode is determined by
the system of seven algebraic equations:

P
VX
Vy
P7 Vz, = p7, (21)
¢
B?‘
y
It takes the form [19]
(y=Dpo( 1
_T(COLP+LPsz) oo (22)

the linear dynamic equations which govern v, v, ,, and
p;» respectively. In the following section, we consider the
nonlinear excitation of these modes in the field of intense
magnetoacoustic waves.

3. Nonlinear Effects Which Associate with the
Intense Magnetoacoustic Wave

Among variety of nonlinear phenomena, we should dis-
tinguish nonlinear effects associated with the individual
magnetoacoustic wave without accounting for its interaction
with other modes and these ones which reflect interaction
between different modes. In the context of nonlinear acous-
tics, distortions and nonlinear phenomena of intense wave
are of the major importance. That means that magnetosonic
perturbations are larger than that of other modes, at least in
some temporal and special domains under consideration. We
suppose that only one magnetosonic wave is dominant with
the linear speed C which is arbitrary of four roots of (10). The
dynamic equation which describes the nonlinear distortion of
magnetoacoustic wave and its nonlinear phenomena follow
by means of application of corresponding projector at system
(4). Since (4) include only quadratic nonlinear terms, the
resulting dynamical equations are valid with accuracy up to
quadratic nonlinear terms, also up to these one which stand
byL,,Lp,Lp,L,pand L.

The correct description of nonlinear effects associating
with quadratic nonlinear terms imposes that the linear
relations of perturbations in a wave should be corrected by
means of involving terms which make them isentropic in
the leading order [18]. The corrected links in terms of the
longitudinal velocity v, are as follows:
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} 4C* (¢ +C% - 2C2) ’
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.= .

Relations (25) may be obtained from the set of algebraic
equation. Substituting into (4), they must yield the equivalent
dynamic quadratic nonlinear equations for the MHD velocity
v,(z,t). In fact, these four algebraic equations determine four
unknowns A, ..., A,. The weakly nonlinear equation which
governs the component of velocity v, in all MHD wave modes
takes the form

ov ov ov
a—tZ+Ca—ZZ +Csz+svza—ZZ =0, (27)
where
N
D = C_Cg (COLP +LP),
(28)

3c§+CZ(y+1)—C2(y+4)
T (@24
0 A

It may be readily obtained by application of one from four
magnetosonic projectors, P; 4 5 4, and it was firstly derived by
other method in [11, 12]. Equation (27) describes individual
dynamics of fast and slow magnetosonic perturbations. It
does not reflect the nonlinear interaction between different
modes. In the absence of magnetic field, these amendments

4C? (C* - C ) CACE

coincide with the well-known terms which make the progres-
sive Riemann’s wave isentropic [20]. This is the case B, = 0,
C=¢,Cy=Cy,=C,,=0,and

A= r=3)p
e 4z
0
A, =0,
? (29)
y+1
A = g Po
A, =0.

Equation (27) describes the nonlinear propagation of any
MHD wave taken alone. It recalls dynamic equations for
perturbations in other media which may be acoustically
active [6, 7]. Equation (27) without accounting for heating-
cooling function has been firstly derived and analyzed in
the context of propagation of a saw-tooth impulse in [10].
Equation (27) may be readily rearranged into the leading-
order pure nonlinear equation, if D # 0:

oV ¢ VaV 3

- Tyl = 30
0Z C? or 9, (30)
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by means of new variables

V =v,exp(Dz),

1_e—Dz
Z=—] (31)
z
T=1t—-—.
C

Equation (30) may be solved by the method of characteristics.
Note that Z is always positive for nonzero D. It has been
established that discontinuity in the waveform always forms
in acoustically active media (that is the case of D < 0) and
may not arise otherwise due to attenuation [6].

As for the Alfvén modes, they are not excited by the
magnetosonic modes in the leading order. This has been
discovered by Nakariakov and coauthors in [11]. The reason
is that the Alfvén modes are determined exclusively by v,

and B'y, while the magnetoacoustic mode is determined by
all other field perturbations. Magnetoacoustic and Alfvén

%+ (y+1)L,

(r=1)(CarC +Cy (G -@)) (3 + (y + 1) CL - (y +4) C?)
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modes only weakly couple in the nonlinear flows. That means
that there are only mixed quadratic nonlinear terms which
may form “the driving forces” in interactions between modes
and hence have impact on the nonlinear dynamics. The
projecting also confirms conclusions about weak coupling of
magnetosonic and Alfvén modes.

Application of P, at the system (4) leads to weakly
nonlinear evolutionary equation with properly distributed
quadratic nonlinear terms. By means of projecting equation
(1) into the different subspaces which are designated by dis-
persion relations, one readily obtains the equation describing
dynamics of excess density which specifies the entropy mode,
p;. The row P, projects the system onto relative dynamic
equation, eliminating all foreign terms in the linear part of
the final equation. Among all variety of quadratic nonlinear
terms, only MHD terms belonging to one from four wave
modes are kept. They form the magnetoacoustic forces of
magnetosonic heating or cooling. As a result of application
of P,, one arrives at the equation which governs an excess
density in the entropy mode:

(chP + Lp)povf7

ot Q@ pr =

4C,,C4e¢ (g + C% —2C?)

B (-0 (6L, L)

ac (Ct-qcy)

(32)

+C* (Lp + ZpOC(fLP}7 +2poL,, + Q ((2)/ ~1)L,+ 4p0LPP))

2
- céCi)z ((5 -v) L,+ 2cgp0Llf,IJ +2poL,, + cg ((y +3) L,+ 4p0LPp))) vﬁ +2 (2C4y (y-1)- Czcg (y-1)

-GG (P (@) 22 [ () ae').

Excitation of an excess density in the entropy mode is
described by (32), where C is one of four solutions to (27), that
is, the speed of slow or fast MHD wave. Equation (32) includes
only instantaneous perturbations and it is valid in description
of heating excited by any type of magnetoacoustic force which
is represented by its right-hand side. Equation (32) is written
on in terms of excess density which specifies the entropy
mode. The entropy mode is isobaric in accordance with
(19). An excess temperature in the isobaric processes readily
follows from the Clapeyron equation,

T
Pr__21, (33)

Po T

Isobaric cooling of a media is always followed by enlargement
in its excess density, and isobaric heating corresponds to
negative excess density.

3.1. Magnetoacoustic Heating for Different Cases of Heating-
Cooling Function. Equation (32) is much more simple for

analysis in the case of periodic or quasiperiodic magnetoa-
coustic perturbations. In the leading order,

v_ﬁ = —% Jvzdz, (34)

where top line denotes the temporal average over period of
the magnetoacoustic wave. We reproduce averaged over the
sound period form of (32) in some physically meaningful
cases. The first example refers to the case when the heating-
cooling function depends exclusively on temperature, L =
L(T). In this particular case, one may readily rearrange (32)
into the dynamic equation

op; (y+1) _
= L.p
ot Cy(y-1ypy 7

_ (y-1) (3Ci +2(y+1) cg +(3y+7) cgci) (35)
4y¢ (@ +C3) Gy

2
- Lyvs,
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if C4, = 0, that is, in the case of magnetic strength per-
pendicular to the wave vector, when speeds of fast modes

equal C = i\/cg +C?, and

a_P7 (y+1)Ly _ Y2_1

p =
ot Cy(y-1)ypy 2ygCy

Lv2,  (36)

in the case of parallel propagation of sound (this corresponds
to C,, = C, and fast modes with speeds C = +¢,). They are
readily integrated for zero initial condition with the result

7 = exp(Mt>

Cy(y=1)yp

e —Mt’ I(zt")dt,
[[ew( )iar)

0 Cy(y-1)yp

(37)

where I(z,t) is the averaged over magnetosonic period right-
hand force. This solution corresponds to zero initial p,. In
turn, v,(z,t) is a solution to (27). It may be approximately

let sinusoidal function with constant I proportional to v2 =

0.5V, where Vj is the amplitude of v,. In particular, (36) takes
the form

5= (o 0

Vo (r=1)"po
— L ) ) 2P (38)
Cy(y-1)yp, ) )

2
4c;

The case L < 0 reflects the enlargement in the background
temperature which achieves some maximum with time which
is independent on L

2
Vo2 (Y‘ 1) T

(39)
4¢?

L =
If Ly > 0, a gas is acoustically active. Linear conditions
of isentropic and thermal instability in this particular case
overlap. Sound enhances in a medium taking energy from
the background. This is followed by isobaric cooling of a
gas which is associated with enlargement of excess density
specifying the entropy mode in time, p, > 0, and T, <
0. Magnetoacoustic forces in (35), (36) are positive, and
theoretically they make excess entropy density to increase
with time infinitely. This growth in fact is suppressed by
the nonlinear transfer of energy between different modes in
dependence on the ratio of their intensities and nonlinear
attenuation of the wave modes. In (35), (36), the second-order
derivative L is omitted. That is valid if

(y-1)yCy

2
Y
|Lrr| < 2 |Lr| = T, |L7|. (40)

The dynamic equation becomes simple in the case of constant
heating per unit mass (L, = 0). In the cold molecular gas, the
external heating occurs mainly due to grain photoelectrons
and cosmic rays [3]. This is the case of L, = 0. Dropping

terms standing by the second derivatives L,,, L,,,and L,
we rearrange (27) as

o, (DL,
ot Q@ Pr

(y-1)(3Ch+2(2y-1)cg + 5y +3)Ch) py  (41)

4ct (@ +Cy)

‘L,

Y

in the case of magnetic strength perpendicular to the wave
vector and the force induced by the fast modes and

o, +DL,_ (y-1)2y-1)p, —
7 = L 12 42
ot " Q@ 4 2¢} Pz (“42)

in the case of magnetic strength parallel to the wave vector
and the force generated by the fast modes. Equations (41) and
(42) are readily integrated for zero initial condition with the
result

_ (y+1)L
()

0

t +1)L
. J exp (wc#t') I(z,t')dt',

0 0

(43)

with I standing in place of magnetoacoustic force of heating.
The conditions of acoustic and thermal instabilities sound as
L,>0and L, <0.

The example of L which depends exclusively on pressure
is also of importance. In particular, it specifies heating by
coronal current dissipation. In this case, L =0 and (32) may
be rearranged in the dynamic equation

o, (-1 (3C% + 2y + (3y +5) g C3) P, "
ot 4@ (@ +Cr) e

in the case of perpendicular direction of magnetic strength
and

o, _v-Dp, = (45)

2 P’z
ot 2¢;

in the case of parallel direction of magnetic strength. The
magnetic gas is thermally neutral, but it is acoustically active
if L , > 0. That ensures positive magnetoacoustic forces in the
right-hand sides of (44) and (45) and enlargement in time
of entropy excess density which follows an isobaric cooling
of a gas. Equations (44) and (45) are readily integrated with
respect to time.

4. Concluding Remarks

The main result of this study is analysis of the nonlinear
instantaneous dynamic equation (32), which describes exci-
tation of the excess density in the entropy mode in the
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field of intense magnetosonic waves. This is the nonlinear
phenomenon which takes place in flows with irreversible
internal losses or/and due to inflow of energy into a system.
We consider nonadiabaticity due to external heating-cooling
balance exclusively. For proper description of the magnetoa-
coustic heating (or cooling), the dynamic equation which
governs perturbations in the entropy mode is extracted from
the general system of equations by means of projecting. The
projecting in fact eliminates perturbations of foreign modes
in the linear part of equation but results to coupling terms
which form “the driving force” responsible for the nonlinear
excitation. The procedure is instantaneous and leads to the
instantaneous dynamic equation (32). Its right-hand side
represents the magnetoacoustic force of heating (cooling),
manifesting two origins of the phenomenon, nonlinearity
and nonadiabaticity. Equation (32) is valid for periodic and
aperiodic sound. The only limitations are

(1) the weak nonlinearity of a flow, so that only quadratic
nonlinear terms are considered;

(2) intense exciting wave perturbations as compared to
that of other modes;

(3) weak attenuation (or enhancement) of wave mode
over its characteristic period in the course of propagation.
The first condition means smallness of the Mach number, and
the last condition ensures the wave process and specifies in
fact the spectrum of magnetoacoustic disturbances. There is
no restriction concerning strength of the magnetic field in
this study.

Perturbation in density which specifies the entropy mode
is followed by the isobaric perturbation in temperature which
in turn forms the new background of the magnetoacoustic
waves. As it always happens to the open systems, a gas
may be acoustically active in dependence on the heating-
cooling function. That means that a magnetic gas may be
cooled by MHD wave perturbations. If the condition of
acoustical activity is not valid, the temperature of a gas
enlarges as it occurs in fluids due to irreversible losses,
that is, shear, bulk viscosity, and thermal conductivity,
though the reasons for damping are different and a flow is
described by the different equations. The condition of thermal
stability prevents unlimited theoretical growth of absolute
excess temperature and density in the entropy mode. In
fact, this enlargement is suppressed for other reasons. Not
to mention attenuation, the dynamic equations should be
rearranged in view of new ratio of magnitudes of specific
perturbations. The flow is determined by a number of other
factors, apart from the heating-cooling function. There are
the angle between the magnetic strength and the wave vector,
the equilibrium magnetic strength, and the equilibrium
thermodynamic state of a gas. As for the magnetoacoustic
waves in the accepted geometry of a flow, their individual
nonlinear dynamics without accounting for interaction with
other modes is analyzed analytically in detail in the number of
papers; see [12] and the reference therein. The recent studies
consider also impact of the second partial derivatives of L
on dynamics of MHD waves. The longitudinal velocity in
MHD wave which contributes in the magnetosonic force
must be solution to the corresponding dynamic equation
(27).

Advances in Mathematical Physics

Equations(35), (36), (41), (42), (44), and (45) are aver-
aged over the period of magnetosonic perturbations for
different kinds of L. They are valid for any angle between
the equilibrium magnetic strength and wave number by
means of linear magnetosonic speed C which is one of
roots of (10) and may correspond to slow or fast wave. For
example, we have considered fast periodic magnetosonic per-
turbations and particular cases of the heating-cooling func-
tion:

(1) L depends exclusively on temperature. In this case, the
magnetoacoustic force of heating for perpendicular magnetic
strength and wave vector is larger than in the case of parallel
orientation, if ¢, > 1/(2y — 1)/(3 — y)C,, that is, if the plasma
Bislarger than 2(2y-1)/(y(3—-y)) (B = (2/y)c§/Ci is the ratio
of hydrostatic and magnetic pressures). The ratio of magne-
toacoustic forces tends to 1 when ¢,/C 4 tends to infinity and
achieves maximum (4,5)/3 + 18)/2 + 30,5y +25)/4(y + 1)(y +
2)%. The next two cases refer to the heating-cooling function
which depends on pressure and density, L(p, p).

(2)L, = 0; L, # 0. In the case, the ratio of “perpendi-
cular” and “parallel” magnetoacoustic forces tends to 1 when
BB tends to infinity achieving maximum value (25y* — 18y +
33)/8(2y — 1)(y + 2). The ratio is greater than unity if § >
2(4y = 5)/y(7 = 3y).

(3)L, = 0; L, # 0. The ratio of “perpendicular” and
“paralle]” magnetoacoustic forces also tends to 1 when ¢,/C 4
tends to infinity and achieves maximum value (9y* + 6y +
25)/8y(y+2).Itis greater than unity if § > 2(2y—3)/y(5-7y).
All estimations concern equal magnetoacoustic powers of
“perpendicular” and “paralle]” MHD perturbations (propor-

tional to v2). All second derivatives of the heating-cooling
function are dropped.

Magnetoacoustic heating in general leads to the nonuni-
formity of the equilibrium temperature of a plasma, that
is, to the thermal lenses which in turn have impact on the
speed of magnetosonic perturbations and dynamics of their
wave fronts. These inhomogeneities may be of especial and
substantive interest in the plasma’s applications. The results
of this study may be addressed to a hot atomic plasma with
temperature greater than 10*K and a cold molecular gas with
temperature less than 10°K and to different kinds of the
function L(p, p) which describes effects of nonadiabaticity.
The radiation function also contributes in L. In particular,
the optically thin hot plasma radiates proportionally to
p*71p" [1]. Various models of coronal radiative losses and
coronal heating may be found in [21] and references therein.
The results may be useful in the inverse problems. The
slow variations of equilibrium thermodynamic state may be
measured remotely, which would provide data for analytical
establishment of the kind of heating-cooling function in a
plasma and magnetosonic perturbations. This may be of
importance in many applications, also these relating to pulsed
perturbations.

Theoretical predictions are of especial importance in view
of the new studies which revealed existence of isentropi-
cally unstable regions in the solar corona with nonlinear
enhancement of magnetoacoustic waves. The astrophysical
media with adiabatic instability have been recently discussed
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in [22-28]. Papers [24, 26, 28-33] were devoted to the fea-
tures of the nonlinear magnetosound waves distortions and
nonlinear interaction of waves in a magnetic fluid flow. The
acoustical activity and nonlinear phenomena in acoustically
active media have counterparts in many flows with other
kind of anomalous thermodynamic relaxation corresponding
dispersion: in flows of gases with excited vibrational degrees
of molecules and chemically reacting gases. That is why
the analytical methods and results may find application in
the similar problems of fluid flows, both well-known as
these less studied. The plasma applications are much more
difficult in view of involving of magnetic equations and strong
dependence of fluid dynamics on the angle between particles
velocity and the magnetic strength. In particular, thermal
self-action and self-refraction, which concern propagation of
divergent beams with varying direction of velocity can not
be considered by the analytical methods successful in the
unmagnetized flows [34, 35].
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