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We propose the analysis of the 2D intensity contours maps which is based on the optical transmission function for
the polarizer-specimen-analyzer system. The small modification of HAUP technique (high-accuracy universal
polarimeter) was used to measure the intensity maps (HAUP maps), determine the phase retardation, linear
dichroism (LD) parameters and multiple light reflection contribution in uniaxial crystals. We have performed
measurements in direction perpendicular to the optical axis on pure birefringent LiNbOs, birefringent optically
active SiOz and two birefringent optically active dichroic galogermanate crystals doped with Mn3* and Cr3* ions. We
have obtained good agreement of the experimental data for 532, 633 and 650 nm wavelengths with analytical
values. These results extend the capabilities of the high-accuracy polarimetry to the anisotropic crystal studies.
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1. INTRODUCTION

The high accuracy polarimetry is one of the most precise
experimental methods in crystal optics studies. HAUP version,
introduced in 1983 [1], has undergone multiple upgrades over time -
in the form of the spectropolarimeter [2], enhanced HAUP for
significantly anisotropic crystals with linear and circular dichroism [3-
5], fast-type HAUP with CCD spectrometer [6], dual-wavelength
polarimeter [7-9]. Despite the fact, that there are other experimental
methods of solving crystal optics problems (for example, tilter-
polarimeter [10,11] or Mueller matrix polarimeter [12-14]), HAUP still
remains as one of the most popular methods.

The fundamental advantage of HAUP is its versatility, i.e. possibility
of simultaneous measurement of main anisotropic optical properties
of the crystal (linear birefringence (LB), circular birefringence, linear
and circular dichroism), and parametric optical phenomena
(electrooptic or electrogyration effect). The basic optical setup of
polarizer-sample-analyzer (PSA) is used in HAUP and there is no need
in additional elements to change polarization state of the light, like
photoelastic modulators in [12], but the requirements for the quality of
the optical elements are very high.

The peculiarity of HAUP is that the polarizer azimuth #and analyzer
azimuth y which are both measured from the principal crystal axes,
are very small (they hardly reach 10-2 rad). It means, that the initial
setup of the polarizers at different angular positions within these
ranges must be very accurate. The transmitted light intensity is
precisely measured as a function of the polarizer position 6 and
relative polarizer-analyzerangle Y = y - 6.

In this paper we discuss the application examples of the 2D maps of
the light intensity in the shape of ellipses, which, in high accuracy
polarimetry, can be analyzed to determine the parameters related to
the optical properties of the crystals. The definition ,HAUP map” for
the intensity contours of the bivariate transmission function was
introduced by Moxon and Renshaw [4]. They considered theoretically
the properties of the 2D intensity maps for different crystal anisotropy
parameters and systematic errors of the polarimeter. Although,
conventional HAUP has been used multiple times by different authors,
HAUP maps were hardly ever used for experimental data processing.
Only in experimental work [15], the preliminary results of linear
dichroism (LD) calculations, using the HAUP map analysis, have been
presented for one of the crystals from the langasite family.

In current paper, we have analytically and then experimentally
considered several optical anisotropy parameters manifestations in
the HAUP map. We have also considered the multiple light reflections
(MLR) and LD superposition effect and the possibility of separation of
the corresponding parameters. In order to eliminate the possible
errors we have also used lasers with different wavelengths in the
experimental setup. Experiments have been carried out in the
perpendicular to the optical axis direction of uniaxial crystals using a
modified HAUP technique. As samples we have used cut crystal plates
with the optical axis always in the surface plane.

2. HAUP MAPS IN THE PSA SYSTEM

In the transparent optically active crystals two elliptically polarized
eigen waves propagate with different velocities and with the opposite
sign of ellipticity & . In general, two main refractive indices », and n,
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correspond to the two eigen polarizations. They define the
birefringence An=n,—n,, and phase difference or retardation

I'= 277[Anz , where A is the wavelength of light and z is the specimen

thickness.

In current study, the main attention was paid to the investigation of
the 2D intensity maps which have been described in [4] for the first
time. We have examined the 2D intensity maps in polarizer azimuth 8
and analyzer azimuth y coordinates. For small polarizers azimuths (

6,y <1), the transmission function J (6, ) of the PSA system can

be written in a matrix form as [2,3]:

1

JO.2)=[1 (z-6) (z-0)]c| 6 |. (1)
92

For optically active birefringent crystal, without taking second-

order terms and parasitic ellipticity of the polarizer and analyzer
[1,2,16,17] into account, the nonzero components of the matrix C are

[2318]: C,=2(1-cosT), C, =-2ksinT’, C,, =2(1-cosT),
C;,=1. Then from (1) we obtain the transmission function, that
describes the second order surface in two variables (6,y) and

contains, exclusively, & ) ;(2 , 8y, 0, y terms. It has a form of an
elliptic paraboloid, in general:

J(60.x)=ab’ +2b0y +cy’ +2d0+2f y+g. (2)

According to equation (1) a=c¢=1, b=-cos', d =ksinT,
f =—ksin" and g =0. The transmitted intensity does not contain
the isotropic term, conditioned by the absorption and the reflection of
light.

Intersections of the J(6,y) surface with planes of equal

transmitted intensities J(6,x)=J, =const have the shapes of

ellipses. The full sets of these cross sections form the 2D intensity maps
(HAUP maps) [2,15]. Experimentally, instead of J (6, ) , one measure

some intensity value (6, y) in arbitrary units. However, by choosing
the appropriate J, constant, we can get a and c coefficients next to &

and y* to be equal 1, as in equation (2). Therefore, the major axes of

ellipses on the 2D maps are always tilted by 45° and the ratio of semi-
major to semi-minor axes depends on the phase difference T".

3. MEASUREMENT OF THE 2D INTENSITY MAPS

Universal, related to HAUP, laser polarimeter, based on the PSA
optical scheme and full computer control (Figure 1), has been used for
the numerous important anisotropic materials studies [7-9, 19-21]. In
our most recent version the high quality Glan-type calcite prisms with
extinction ratio of 105 (specified by the manufacturer) and a clear
aperture of 10x10 mm? have been used. Angular resolution (minimal
rotation angle) of the polarizers was approximately 4x10~ degree
over the 20 degrees range. As light sources we have used He-Ne laser
(A =633 nm), semiconductor red laser with wavelength of 650 nm and
diode pumped solid state laser with A = 532 nm.

The light transmitted through the PSA system has been detected
with a photodiode followed by a high impedance operational amplifier
and 24-bit analog-to-digital converter. The computer has controlled
the reference light intensity prior to the beam entrance to the polarizer,

the intensity of the light transmitted through the analyzer, the stepper
motors orientations and the temperature of the sample.

QP P S A PD2
Leser 0 D
L d
PD1
———————— .—

6 f 0° o s 90°
A s A /
X X
P

P

Fig. 1. Schematic representation of the experimental setup. L: laser; QP:
quarter-wave plate; P: polarizer; S: sample; A: analyzer; PD1, PD2:
photodetectors; AMP1, AMP2: high impedance amplifiers; SM1, SM2:
stepper motors; T: temperature stabilizer; ADC: analog-to-digital
converter. The two crystal sets (02 and 902) in PSA system are also
presented. 6: rotation angle of polarizer; y: rotation angle of analyzer; f,
s: fast and slow axis of the sample.

In HAUP setup we have measured the transmitted light intensity by
scanning the grid of usually 21x 21 points of & and j, with a step of
approximately 0.05°. In our polarimetric method the scanning area is
usually a parallelogram, which is defined by the phase difference '
[9]. Dependencies of the absolute intensities 7, () ona small angle of

the analyzer rotation y forall fixed 6, azimuths are always parabolic:
]i(Z)zAiZZJ'_BIZJrCi ’ (3)

where y,. =—B,/24,.With 4,, B, C, coefficients we can calculate

min

the array 7 (Q., ;(j) of the intensities values on the square grid and

later find the values of these coefficients from (2). The analyzer
azimuth ., which corresponds to the minimum transmission of the

PSA system, i.e. (gl] =0, depends on the polarizer azimuth @ as:
X

6

Xmin (0)=6cosT +ksinl . (4)

Consequently, the locus of the %,,, pointsin the (6, y) coordinate

system is a straight line and the tangent of the slope angle of linear

dependence (3) in PSA system is equal to [%] =cosl.
ag PSA

00

Two crystal sets have been used in the PSA system during the
experiment: 0° when the plane of the incident light polarization was
close to the fast crystal axis; 90° when the crystal was rotated by 90°
around the beam direction and the incident light polarization was close
to the slow crystal axis (see Figure 1). Rotation of the sample by 90°

Naturally, in the polarizer-analyzer (PA) system (%J =1.
PA
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around the incident light reverses the signs of I and k parameters
[1,3,4].

4. HAUP MAPS FOR DICHROIC OPTICALLY ACTIVE
CRYSTALS

In case of significant optical anisotropy of crystal (presence of the
linear and circular birefringence, as well as linear and circular
dichroism) nonzero components of the C matrix are [3,5,6]:

C,, =const , C,, =4K(cosT —coshE),
C,; =2(cosh E —cosT'),

C, = 2K (cosT—¢") sinT,

___2k
E*T? +1

C22=2(eE—cosl"), C,=¢". (5)

K=[k(E/T)+k'|/|(E/T) +1
Here [ ( ) ] [( ) } is the superposition of

E=02x/A)A
the eigen waves ellipticity k., (27/ A) Amz is the linear

dichroism parameter, which depends on the difference between the

o - . Am=m_ —m,
principal extinction coefficients = 7 for two orthogonal

k'=(27w/A)Akz

linear polarization states, and is the parameter of

Ak=kK -k

the circular dichroism, which depends on the difference
between the extinction coefficients for left and right circularly
polarized light.

By taking the new C matrix components into account and neglecting
terms which are proportional to k>, K etc. for the transmitted
intensity function (1) we obtain the elliptic paraboloid (2), with
coefficients:

a:e_E, b=-2cosl', C=€E,

d=K(cosT —e’)+———sinT

( ) Err+l
f=K(cosT—e")— sinT". (6)

E* T +1

For purely birefringent and optically active crystal, when E =0
and &’ =0, these coefficients equal those already mentioned in [7]. It
is important that coefficients a and ¢ are not equal and depend only
on the parameter of linear dichroism E . Unequal coefficients at &
and ° in equation (2) indicate that LD leads to the rotation of the

major axes of ellipses on the 2D maps, with the angle of rotation
dependent on the phase difference I' and LD parameter E. It is
obvious, that

b 2cosT’

tan2¢& = =
é: a—c e —e*

; (7)

where & is the counterclockwise angle of rotation of the major axis of
the ellipse from the @ -axis. The tangent of the slope angle of the lines
Y win _ COST

7 -
e

X (@) in dichroic crystals is equal to

Accordingly,

% value, which can be easily measured experimentally, is not

always equal to cosI", as in equation (3), but contains also information

about LD. However, the 2D maps give chance to determine the ellipse’s
rotations angle & and then by relations

9 Wi tan 28
06 \tan2&-20y,. /06’

cosl' =

1 tan2&
In| ———|, 8
2 n[taan—Zalmin /86] ®)

calculate the correct values of cosI" and parameter E of the LD in
dichroic crystals. In addition to the alternating sign of the I' and k
parameters, rotation of the sample by 90° around the incident beam
also reverses the signs of Eand &,

In experiment it is important that I', £ and k' values depend on
the thickness of the sample z and at the same time eigen waves
ellipticity k does not depend on z. We should note, that one can use the
approximation e” =1+ E , when E <1, which can be achieved by
the sample thickness reduction.

20
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Fig. 2. Acquired measurement results on a SGG: Mn3+ crystal plate, 1.51
mm thick. The various experimental points correspond to 02 (open
symbols) and 902 (solid symbols) crystal sets as well as two different

9y .
wavelengths. Upper panel: measured % (O, ) and calculated

cosT (@, W) values for A=532 nm ((J, @) and 4 = 650 nm (O, @).
Lower panel: angle of rotation £ of the major axis of the ellipse on the

HAUP maps from the 6 -axis for 4=532 nm (4, A) and 4= 650 nm
(v, V).
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Using these properties of the HAUP maps in the (6, ¥) coordinate

system, we have measured the value of LD in langasite family
Sr3GazGes014 (SGG) single crystal, doped with Mn3+ ions (0.1 at %).
Figure 2 presents the temperature dependence of the corresponding
anisotropy parameters for two wavelengths (532 and 650 nm) and
two (0° and 90°) crystal sets (open and solid symbols).

It is important to note the considerable difference between the

f aZ min

extremum values o and cosT' caused by LD, and, respectively,

significant rotations of the ellipses on the HAUP maps relative to the
value of 452 for non-dichroic crystals. For two sample sets in PSA
system (02 and 909) the angles & of these rotations differ from 45°

only by sign (lower panel in Figure 2) and the differences 45°—¢& are

the most significant when % — 0. We note here that at this
temperature the ellipses on the 2D maps become circles and the
rotation angles are meaningless. The actual cosT" values (upper panel
in Figure 2), calculated using formulas (8), do not depend on the crystal
set.

The LD parameters E have opposite signs for two (02 and 902)
crystal sets, but their absolute values are very close to each other
(Figure 3). At the wavelength of 532 nm the difference between the
extinction coefficients is Am =3.0x107 and at wavelength of 650 nm

-Am=12x10". The described polarimetric method of the LD
measurement complement the traditional two-spectra and differential
methods for anisotropic samples [22] and allows steadfast
measurement of the Am value, which is significantly smaller than

5.0x107°.
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Fig. 3. The temperature dependencies of the LD parameter E in Mn-
doped SGG crystal for 4 =532 nm ([J, @) and A= 650 nm (O, @) for
two (02 and 909) crystal sets (open symbols, solid symbols).

(LiNbO3) was sometimes used as the reference crystal, since it is
optically inactive (eigen waves ellipticity k£ =0) [15, 23-25] and
makes it possible to find the systematic errors easily. However, good
sample quality and relatively high refractive index are always the cause
of the MLR effect. It is interesting to note here, that influence of the
imperfect parallelism of crystal faces on high-accuracy universal
polarimeter measurements is also considered in [26].

0.4
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Fig. 4. Equi-intensity contours on the two HAUP maps measured for 4=
633 nm at different temperatures on LiNbOs3 crystal show the influence
of MLR. The dashed lines are parallel to the major axes of ellipses.

5. MULTIPLE LIGHT REFLECTIONS MANIFESTATION IN
HAUP MAPS

5.1. Expression for the transmitted intensity

The effect of multiple light reflections (MLR) is often observed in
polarimetric experiments with crystal samples with high surface
parallelism. The authors of several works have reported in their results
the influence of MLR in the high accuracy polarimetry. Principally, this
effect is manifested in the form of oscillations in temperature
dependencies of the phase difference I' and, consequently, other
parameters, that depend on the I'. For example, a lithium niobate

In Figure 4 we present the examples of two maps, that have been
measured with LiNbOs crystal and which show how MLR affects the
experimental results. One can easily see the rotation of the major axis
of the ellipse on the 2D maps with regarding to the line y =86,
measured beforehand in PA system. These rotations, calculated from
the first part of equation (7), are equal to £, =53.8°and &, =33.6°
for a and b cases respectively, i.e. they have different rotation directions
when compared to the 45° line. Let us notice, that eccentricities of the
ellipses in Figure 4ab are the same, therefore, phase differences I'
should be comparable at these temperatures. But measured values of

ag—"g“ in Figure 4 are different and are equal to (%) =0.568

and (%) =0.387 respectively. Since the MLR is also manifested
b

as dichroism, i.e. in the ellipse rotations on the HAUP maps, the authors
of [16] introduced an effective linear dichroism of LiNbOs to include
this phenomenon.

To find the actual value of cosT", we have to find the transmitted
intensity of the PSA system and take the MLR into account (see
Appendix).

With accuracy to isotropic multiplier, which contains isotropic
absorption parameters, and neglecting higher order terms, we acquire
formula for transmission function:

—E E
J(9,1)=%92+%;/ -

—AZB|:COSF — 217 (2cos2 gsinhE +2cos’ pcosh E — eEﬂ 6y +

+F0+ F,y +const ,

(9)
where ¢ = (27[ / l)r_zz is the average phase change for two eigen
modes inside the crystal o« is the absorption -coefficient,
IS =(ﬁ—1)2/(ﬁ+1)2, A=1—2r02eE’”Zcos(2(p+F),

B=1-21je"*cos(2¢-T) and 7is the mean refractive index.
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The functions F, and F,, that are included in relation (9), are very

cumbersome and they do not affect the ellipses rotations in the 2D
maps, so we do not present their expressions.

The relations for the tangent of the slope angle % of lines
X (6) in PSA system and for angle & of ellipses rotations are the
following:

o cosT =27 e (2 cos’ gsinh E +2cos’ pcosh E — eEj
00 ef —2r%e  cos2pcosT —2r2e sin2¢psin T
(10)
cosT =27 e (2 cos’ Esinh E +2cos” pcoshE — eE)
2
tan2& =—

sinh E — 2re* sin2¢sin T
(11)

We shall consider two application examples of these equations in
analyzing the 2D maps and calculation of the phase difference T .

5.2. Multiple light reflections in non-dichroic quartz crystal

We have observed the MLR effect in high-quality quartz plate,
z=2.113 mm thick. At room temperature it is a half-wave plate (
cosT" = —1) for wavelength 4= 633 nm. Since quartz crystal does not
have LD for this wavelength and it can be considered transparent for

He-Ne laser light, we can introduce some simplifications into equations
(10,11):

O in cosT — 27, cos2¢

= 5 — — . (12)
00  1-2r;cos2¢cosT" —2r; sin2¢sinT’
_ 2
tan 2& :——COSI; ‘ 2 cos 29 (13)
2r; sin2¢@sinI’
1.00 — : : . . . . . 85.0
050 - 4650
L
L 2
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Fig. 5. Temperature dependencies of % (O) and rotation angle &

of equi-intensity ellipses (@), acquired by the analysis of the HAUP
maps and wavelength 4= 633 nm on a high-quality SiOz plate.

Figure 5 presents measured temperature dependence of a;% ,
which in absence of MLR should be equal to cosT" . MLR is the reason
of oscillations, which are clearly visible in temperature dependence of

.. ) . S
Olin. Maximum amplitude of these oscillations is at the temperature

20

region, where cosT" =0 and gradually decreases when temperature
approaches values at which cosT = =1 . This result correlates with
equation (12).

Using the HAUP maps analysis, rotations of equi-intensity ellipses
for each temperature have been calculated using equation (7). At

phase difference F=§+2m7r (m - integer) angles & become

abnormally high (Figure 5). At the same time, maximum deviations in
determination of cosI" remain almost constant. It can be explained by
the fact, that ellipses eccentricities on the HAUP maps approach zero
and even high-angle rotations do not affect the measurement of
Huin (6) significantly.

System of equations (12,13) is nonlinear, therefore it is convenient
to solve it using numerical methods, assuming that parameter 7, stays
constant with the sample temperature change (refraction indices of
quartz at 4=6328 nm n,=15426, n,=1.5517 [27], and

respectively 7’ =0.0461). Temperature dependence of cosT,

acquired from equations (12,13), is shown in Figure 6a. Figure 6b
displays cos2¢ temperature dependence (experimental data and

approximation result) which has major contribution to the
characteristic oscillations, seen in Figure 5, which have been measured
directly during the experiment.

04

0.2 | G@

cosI”
S

200 300 310 320 330 340 350 360 T, K
10F b
05}
g
2 0
o
O

—05} o o

5 8

)

1 1 1 1 1 1 1
290 300 310 320 330 340 350

Fig. 6. Temperature dependencies of calculated cosT" (a) and cos2¢

(b) on commercial plates of SiOz crystal. Solid line - result of
approximation.

Therefore, the 2D maps analysis can serve as a criterion of accuracy
of measurement of the crystal optics parameters. If the deviation from
45° of the slope angle of the ellipses major axes is noticeable on the
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HAUP maps, then it is advisable to take MLR effects into account or
take measures to limit its contribution.

5.3. Manifestation of the multiple light reflections in dichroic
crystal

Let us consider equations (10,11) for the case, when LD cannot be
neglected. We assume, that LD parameter £ is small, that we can use
the approximation e” =1+ E . We can also neglect terms proportional

to Er; . Next, let us add the effective LD parameter £ in the case of
MLR presence:
O win /06 E—2r7¢ *sin2¢sinl’
tan2& —dy /960 1-2r7e “cos2¢pcosIT’ . (14)
=E 21 e % sin2¢sinT = E

Experimentally measured temperature dependencies of £ for two
crystal sets in the PSA system of Cr3+ doped Ca-galogermanate
(CasGazGe04014) crystal with thickness of 0.72 mm are shown in

Figure 7. Some oscillation of the effective £ parameter are linked to,
according to (14), with MLR. In the temperature region of 290-350 K

for A =633 nm the average value of E=~0.13 and the absorption

coefficients difference ( Am =1.8x107°) is 103 times smaller than the
one acquired in [5] for the dichroic crystal.
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Fig. 7. Temperature dependencies of the effective parameter E of LD
and cos2¢ for two crystal sets (O and @ refer to the 0° and 90°

orientation of the plate in PSA system) of Cr3+ doped Ca3Ga2Ge04014
crystal.

For the wavelength of He-Ne laser, using data [28], we get the values
257 =0.17 and e * =0.59 [29]. Since we have polished the crystals

on our own, we canreplace 7; with Sr; , by introducing the empirical
parameter /3, which describes the sample imperfections (non-parallel
facets, small light scattering) [30]. In our case, amplitudes of
oscillations in Figure 7 for two crystal sets are different, therefore we
should choose different values for £, in particular £, =0.2 and

By, =0.1. Unlike with the quartz crystal (section 5.2), where
parameter S =1, there are no visible oscillations in temperature
dependencies of dy,, /00 and one can assume that

cosI'=dy . /06.

min

6. CONCLUSIONS

We have considered examples of direct applications of the 2D
intensity maps in experimental results analysis in high accuracy
polarimetry and improvement of the crystals optical anisotropy
parameters measurement capabilities. We have not mentioned optical
activity measurement results in this paper, because they have been
discussed already in our previous articles. The influence of multiple
light reflection in the high quality crystal plates on the polarimetric
experiment has been measured and interpreted using the HAUP maps.
These results are in reasonable agreement with previously reported
for similar experiments [16, 31, 32] but without application of the 2D
intensity maps. We have also established that multiple light reflection
and linear dichroism are accompanied by rotations of the ellipse on the
2D maps so that the slope angle of the major axis differs from 45° value
relative to the polarizer azimuth axis. It makes possible to easily
determine the parameters of the linear dichroism and allows the
detection of the difference between the absorption coefficients

Am <107 for two orthogonal eigen polarizations. Summarizing, we
have extended the experimental measuring possibilities of the small
quantities of linear dichroism in crystals.

APPENDIX: JONES MATRIX FOR ANISOTROPIC
CRYSTAL WITH MULTIPLE LIGHT REFLECTIONS
For anisotropic crystal with MLR effect the Jones matrix M has

been proposed in [16, 31, 32]. One of the possible ways of finding that
matrix is presented in [31] and is the following:

M=t'xSxMxt, S=(1-N)",
N=MxQxMxQ ,

where txt =¢’I, I is the unit matrix, M is the Jones matrix for a
single pass of light, given by [5] and multiplied by isotropic phase factor

1 0
exp(ip—az/2), Q=r, (O J is the reflection matrix (see also

comment from [33]). Then we have the following matrix
M:tze—zzz/z(]‘{ll A?IZJ
MZ] M22
which elements are:

i (q}+£j+£
e 2) 2

- 2 i(2p+T)+E-az ’
l—roe’(“’ JrE-az

E+il’

2¢" (k' — ik )sinh

2 _i2¢-oz
[l —re } ,

2= ’
S
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26 (K — ik)sinh £
1\421 — 2 |:1 _ r02e12¢7(1zj| ,
L

22 2 i(2p-T)-E-az ’
l_l,bel((ﬂ ) Z

and
S = |:1 _ roze[(2¢+l‘)+E—{rz :| |:1 _ roze[(2¢—l")—E—az:| )

The transmitted through the PSA system light intensity can be

written as J (6, %) =‘A*1\7IP ’

, where P and A are the Jones

vectors of polarizer and analyzer.
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