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Within the lattice dynamics formulation, we present an exact solution for anti-plane sur- 

face waves in a square lattice strip with a surface row of material particles of two types 

separated by a linear interface. The considered problem is a discrete analog of an elastic 

half-space with surface stresses modelled through the simplified Gurtin–Murdoch model, 

where we have an interfacial line separating areas with different surface elastic properties. 

The main attention is paid to the transmittance and the reflectance of a wave across the 

interface. The presented results shed a light on the influence on surface waves of surface 

inhomogeneity in surface elastic properties such as grain and subgrain boundaries. 
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Introduction 

Nowadays the interest in application of the surface elasticity models keeps growing with recent achievements in the nan-

otechnology, see, e.g., ( Duan, Wang, & Karihaloo, 2008; Eremeyev, 2016; Javili, dell’Isola, & Steinmann, 2013; Javili, McBride,

& Steinmann, 2013; Wang et al., 2011 ) and the reference therein. In particular, these models can forecast size-effect observed

at the nanoscale and other phenomena related to high ratio of material particles in the vicinity of a surface/interface to ones

in the bulk. Having an origin in the seminal works by Laplace (1805, 1806) , Young (1805) and Poisson (1831) and Gibbs, see

Longley and Van Name (1928) , within the finite elasticity the first model of surface elasticity was proposed by Gurtin and

Murdoch (1975, 1978) . The proposed model describes finite deformations of an elastic solid body with an elastic membrane

glued on its surface. The further extension of the Gurtin–Murdoch model was proposed by Steigmann and Ogden (1997,

1999) who considered also a bending stiffness of a surface structure. Some further extensions of the surface elasticity were

proposed by Placidi, Rosi, Giorgio, and Madeo (2014) , Lurie, Volkov-Bogorodsky, Zubov, and Tuchkova (2009) , Belov, Lurie,

and Golovina (2019) and Eremeyev (2019) . 

The presence of surface microstructure results in changes of effective properties of composites, see, e.g. , ( Han,

Mogilevskaya, & Schillinger, 2018; Kushch, Mogilevskaya, Stolarski, & Crouch, 2013; Sevostianov & Kachanov, 2007;

Zemlyanova & Mogilevskaya, 2018 ) and the reference therein, or even in appearance of new phenomena such as the ex-

istence of anti-plane surface waves ( Eremeyev, Rosi, & Naili, 2016; Xu, Wang, & Fan, 2015 ). Additionally, let us also men-
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tion recent results on the analysis of boundary-layer type solutions in dynamics of media with thin coatings ( Chebakov,

Kaplunov, & Rogerson, 2016; Ege, Erba ̧s , Kaplunov, & Wootton, 2018; Kaplunov, Prikazchikov, & Sultanova, 2019; Kaplunov &

Prikazchikov, 2017 ). It is worth reminding that surface acoustic waves are widely used in the nondestructive strength eval-

uation as they may bring some information on material structure in the vicinity of a surface, see, e.g., ( Achenbach, 1973;

Überall, 1973 ). Thus, the further analysis of models based on the surface elasticity approach lies in the focus of current

researches. 

For all continuum models of surface elasticity one should introduce constitutive relations on the surface additionally to

ones defined in the bulk. This axiomatic way of the problem statement found some confirmation through discrete mod-

els, such the lattice or molecular dynamics described by Brillouin (1946) , Born and Huang (1985) , Hoover (1986) and

Maradudin, Montroll, Weiss, and Ipatova (1971) . In particular, the latter results in reasonable values of surface elastic pa-

rameters, see, e.g. , ( Miller & Shenoy, 20 0 0; Shenoy, 20 05 ). In the same time discrete models can describe in all details the

material behaviour in the vicinity of crack tips, changes in geometry and other geometrical singularities, see, e.g. ( Ayzenberg-

Stepanenko, Mishuris, & Slepyan, 2014; Gorbushin, Vitucci, Volkov, & Mishuris, 2018; Mishuris, Movchan, & Slepyan, 2007;

2009; Mishuris & Slepyan, 2014; Porubov & Andrianov, 2013; Porubov, Krivtsov, & Osokina, 2018; Sharma, 2015a; 2017c;

Slepyan, 2002 ), where the efficiency of discrete lattice models is demonstrated. As an example, we recently provided the

comparison of the surface wave propagation within the Gurtin–Murdoch model and the lattice dynamics which shows sim-

ilarities in dispersion relations for both models after some re-scaling, see ( Eremeyev & Sharma, 2019 ). Thus, the lattice

dynamics can serve as a counterpart of continuum surface elasticity models. 

Let us note that almost all problems considered within the surface elasticity relate to constant surface properties. An

exceptional case presented by Wang and Schiavone (2015, 2016) demonstrated show that inhomogeneity in surface elastic

properties may significantly affect the corresponding solutions. Dynamics of dissimilar chains was recently analyzed by

Berinskii and Slepyan (2017) and Gorbushin and Mishuris (2019) . 

Following Eremeyev and Sharma (2019) here we discuss the anti-plane surface waves propagation in an elastic half-space

with a piece-wise inhomogeneity in surface properties. We consider a square lattice which consists of material particles of

mass M and stiffness of bonds K , where the surface consists of material particles of two kind which both are different from

the ones in the bulk. The surface material particles are separated by a line which constitute a surface interface. In other

words we consider a discrete model of an elastic halfspace y ≤ 0 with surface stresses defined at y = 0 such that the surface

elastic moduli and surface mass density are constant but different in half-planes x > 0 and x < 0 , respectively, see Fig. 1 .

The aim of the paper is to analyze the influence of the surface interface on the wave propagation. 

Suppose R S and T S denote the surface wave reflectance and transmittance ( Brillouin, 1946 ) relative to the surface inter-

face and given incident surface wave. These entities are respectively defined as the reflected and transmitted energy flux in

the surface wave per unit energy flux of the incident surface wave. Note that T S = 0 in the absence of a surface structure

on the other side of the interface, in which case even the entity R S is an interesting entity to discover behaviour rela-

tive to the incident wave parameters and material parameters on the side where the surface wave is generated. In general,

there is certain amount of energy lost into the bulk during the process of transmission on the surface. This is denoted by

D S = 1 − R S − T S . Indeed, due to energy conservation, the energy flux D S is carried by all other wave modes in the two

sides of the surface interface (besides the two surface wave modes). It is a fundamental question how D S depends on the
Fig. 1. Geometry of the three dimensional lattice half space is shown schematically by placing a cutting section along x − y plane. On the right side (by 

zooming into the central portion), an atomic/particle based discrete model of an elastic half space with surface interface Eremeyev and Sharma (2019) is 

shown. The kinematics assumed is that if anti-plane motion, i.e. the displacement occurs along z direction only, as shown on the left, while it is indepen- 

dent of the z coordinate. 
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wave number of the surface wave as well as material parameters associated with the surface structure on both sides. The

question is answered in the present paper and an exact expression is provided. Moreover, an additional question becomes

an interesting follow up of this paper concerning the continuum limit: to elastic half space following the work of Eremeyev

and Sharma (2019) ; Sharma (2015c, 2017a) as well as the limit to an elastic strip; this question has been deferred to another

paper elsewhere while the solution of the continuum problem itself is under investigation presently. 

The paper is organized as follows. After necessary mathematical preliminaries and notations given in Section 1 we formu-

late the square lattice model in Section 2 . Here we apply the discrete Fourier transform to governing equations and present

the transformed problem. In Section 3 we present the exact solution for a strip of N + 1 layers with fixed low boundary.

Far-field behavior for lattice strip is discussed in Section 4 whereas the energy leakage flux D S from the surface is analyzed

in Section 5 . Finally, we give some comments on the obtained results. 

1. Mathematical preliminaries 

In what follows we use the following notation. Let Z denote the set of integers, Z 

2 denote Z × Z . Let Z 

+ denote the

set of positive integers. Let R denote the set of real numbers and C denote the set of complex numbers. The real part,

� z , of a complex number z ∈ C is denoted by z 1 ∈ R and its imaginary part, � z , is denoted by z 2 ∈ R (so that z = z 1 +
iz 2 ). | z | denotes the modulus and arg z denotes the argument (with branch cut along negative real axis) for z ∈ C . If f is a

differentiable, real or complex, function then f ′ denotes the derivative of f with respect to its argument, and f ′′ denotes the

second derivative. The discrete Fourier transform ( Böttcher & Silbermann, 2006; Jury, 1964 ) u F y : C → C of { u x , y } x ∈ Z 

(along

the x axis) is defined by 

u F y = u y ;+ + u y ;−, where u y ;+ (z) = 

+ ∞ ∑ 

x =0 

u x , y z 
−x , u y ;−(z) = 

−1 ∑ 

x = −∞ 

u x , y z 
−x . (1)

The symbol T denotes the unit circle (as a counterclockwise contour) in complex plane. The letter H stands for the Heavi-

side function: H (x ) = 0 , x < 0 and H (x ) = 1 , x ≥ 0 . The square root function, 
√ ·, has the usual branch cut in the complex

plane running from −∞ to 0. The symbol z is exclusively used throughout as a complex variable for the discrete Fourier

transform. The notation for relevant physical entities is described in the main text. 

For scattering and Wiener-Hopf method we refer to ( Morse & Ingard, 1968; Noble, 1958; Sommerfeld, 1896; 1964 )

whereas for convolution integrals and Fourier analysis to ( Gakhov, 1990; Gohberg & Krein, 1960; Paley & Wiener, 1934;

Wiener & Hopf, 1931 ). 

2. Square lattice model: Formulation for half-plane 

Let ˆ i and 

ˆ j form the standard (orthonormal) basis of R 

2 . Consider a two-dimensional semi-infinite (half-plane) square

lattice { x ∈ R 

2 : x = ma ̂ i + na ̂ j for some m ∈ Z , −n ∈ Z 

+ } . The lattice mostly consists of identical particles of mass M con-

nected to each other by linearly elastic bonds (springs) of stiffness K . In order to model surface tension we assume that the

free surface y = 0 is constituted by particles with masses m s M and bonds with spring constant αs K , whereas m s and αs are

dimensionless parameters with s = A ahead of the surface coating junction and s = B behind. The anti-plane displacement

of a particle, indexed by its lattice coordinates x ∈ Z , y ∈ Z , is denoted by u x , y . The motion equation for square lattice is

given by 

M ̈u x , y = K 

(
u x +1 , y + u x −1 , y + u x , y +1 + u x , y −1 − 4 u x , y 

)
(2)

for x ∈ Z 

+ , y < 0 , y ∈ Z , see, e.g. Sharma (2017b) . On the free surface that is for 0 < x ∈ Z , y = 0 we have 

m A M ̈u x , y = αA K 

(
u x +1 , y + u x −1 , y − 2 u x , y 

)
+ K 

(
u x , y −1 − u x , y 

)
, (3)

for x ∈ Z 

−, y = 0 we have 

m B M ̈u x , y = αB K 

(
u x +1 , y + u x −1 , y − 2 u x , y 

)
+ K 

(
u x , y −1 − u x , y 

)
. (4)

for x = 0 , y = 0 we have 

m A M ̈u x , y = αA K 

(
u x +1 , y + u x −1 , y − 2 u x , y 

)
+ K 

(
u x , y −1 − u x , y 

)
. (5)

Motivated by a continuum context ( Sharma, 2015a ), let us re-write the symbols so that 

M = ρa 3 , K = μa, (6)

where ρ and μ are the mass density and shear modulus in the bulk. The velocity of anti-plane shear waves in the contin-

uum model is given by Achenbach (1973) 

c = 

√ 

μ/ρ. (7)

Thus, each particle of the lattice half-plane possesses unit mass, and, interacts with atmost its four nearest neighbours

through linearly elastic identical (massless) bonds with a spring constant c 2 / a 2 . The changes in lattice spacing near the
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Fig. 2. An illustration of the geometry of the lattice half space with structured surface interface on free boundary. A two dimensional projection is schemat- 

ically illustrated from Fig. 1 . 

 

 

 

 

 

 

 

 

 

 

boundary of the square lattice are ignored in this paper ( Maradudin et al., 1971; Wallis, 1964; 1959 ) except for the change

in mass and change in “horizontal” bond stiffness at the free surface ( Fig. 2 ). 

Due to nature of the problem, the (out-of-plane) displacement of a particle, located at the site indexed by its lattice

coordinates (x , y ) ∈ Z 

2 and denoted by u x , y , is complex valued. The notational devices employed in this paper find origin in

the analysis of discrete Sommerfeld problems on the infinite square lattice ( Sharma, 2015a; 2015b; 2015c; 2015d ). 

The equation of motion of the portion of lattice half-plane away from its boundary is 

(a/c) 2 ü x , y = � u x , y , where � u x , y ≡ u x +1 , y + u x −1 , y + u x , y +1 + u x , y −1 − 4 u x , y , (8)

while on each semi-infinite piece of the half-plane boundary modulo {0, 0} and the site at x = 0 , it is assumed that 

m A (a/c) 2 ü x , y = αA (u x +1 , y + u x −1 , y − 2 u x , y ) + u x , y −1 − u x , y ( s = A ) (9a) 

m B (a/c) 2 ü x , y = αB (u x +1 , y + u x −1 , y − 2 u x , y ) + u x , y −1 − u x , y ( s = B ) . (9b) 

m A (a/c) 2 ü x , y = αB (u x −1 , y − u x , y ) + αA (u x +1 , y − u x , y ) + u x , y −1 − u x , y ( x = 0 ) . (9c) 

Let us consider the incident surface wave 

u in x , y = A exp ( −i ξin x − iωt ) exp ( ηin y ) , (10) 

where ξin is the discrete wave number from the right side such that V g (ξin ) < 0 , ξin ∈ (0 , π) , and ηin is assumed to be

positive. A detailed description of the surface waves can be found in Eremeyev and Sharma (2019) . Let 

ω = ωa/c. (11) 

It is found that ω = ω A (ξin ) and ηin = ηA (ξin ) satisfy the two equations 

− ω 

2 = ( 2 cos ξin + 2 cosh ηin − 4 ) , (12) 

− m A ω 

2 = αA ( 2 cos ξin − 2 ) + ( exp (−ηin ) − 1) . (13) 

Assuming the steady state we look for the constant frequency solutions of (8) and (9a) –(9c) . Let u x , y denote the scattered

wavefield, i.e., u x , y + u in x , y represents the total wavefield at the site (x , y ) . Using the analysis of Sharma (2015a, 2017c) it is

easy to see that the Fourier transform of u x , y in the half space can be written as 

u F y = u F 0 λ
−y , y ≤ 0 , (14) 

with 

λ(z) = 

r (z) − h (z) 

r ( z) + h (z) 
, (15) 

where ( Slepyan, 2002 ) 

h (z) = 

√ 

Q (z) − 2 , r (z) = 

√ 

Q (z) + 2 , Q (z) = 4 − z − z −1 − ω 

2 . (16)

The Fourier transform as well as other functions stated above (according to the summation (1) ) are analytic in a suitable

annulus A . It can be shown that the annulus A contains the unit circle T , i.e., T = {| z| = 1 | z ∈ C } ; we omit the details. For

convenience, we introduce the notation that u F 
0 

= u F . Let 

u F = u + + u −, (17) 



B.L. Sharma and V.A. Eremeyev / International Journal of Engineering Science 145 (2019) 103173 5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where u + is analytic on the annulus A and outside it while u − is analytic on the annulus A and inside it. According to

(9a) –(9c) , since u in x , y (10) satisfies the equation of motion in the portion with boundary with index s = A, for y = 0 , 

αA (u x +1 , y − u x , y ) H (x ) + αA (u x −1 , y − u x , y ) H (x − 1) 

+ αB (u x +1 , y − u x , y ) H (−x − 1) + αB (u x −1 , y − u x , y ) H (−x ) 

+ u x , y −1 − u x , y + m A ω 

2 u x , y H (x ) + m B ω 

2 u x , y H (−x − 1) = − f in x , (18)

where (with y = 0 ) 

f in x = (αB − αA )(u 
in 
x +1 , y − u in x , y ) H (−x − 1) 

+(αB − αA )(u 
in 
x −1 , y − u in x , y ) H (−x ) 

+(m B − m A ) ω 

2 u in x , y H (−x − 1) . (19)

The Fourier transform of above equation leads to 

αA (zu + − zu 0 , 0 − u + ) + αA (z −1 u + + u 0 , 0 − u + ) 

+ αB (zu − + zu 0 , 0 − u −) + αB (z −1 u − − u 0 , 0 − u −) 

+ (u + + u −)(λ − 1) + m A ω 

2 u + + m B ω 

2 u − = −
∑ 

x ∈ Z 

f in x z −x , (20)

where the right hand side can be found to be 

−(αB − αA )(zu in − + zu in 0 , 0 − u in − + z −1 u in − − u in 0 , 0 − u in − ) − (m B − m A ) ω 

2 u in −

= −(αB − αA )((z + z −1 − 2) u in − + (z − 1) u in 0 , 0 ) − (m B − m A ) ω 

2 u in − (21)

where (using (10) ) 

u in − = A δD −(zz −1 
in 

) , z in = e −i ξin . (22)

Due to (10) , 

u in − (z) = 

∑ 

x ∈ Z 

−
u in x , y z 

−x = A δD −(zz −1 
in 

) = −A 

z 

z − z in 
, | zz −1 

in 
| < 1 . (23)

Note that | z in | = | e −i ξin | = | e � ξin | > 1 assuming a vanishing amount of damping so that ω = ω 1 + i ω 2 , 0 < ω 2 � 1 . With s =
A, B, let 

K s = λ + F s , (24)

where 

F s (z) = m s ω 

2 − 1 + αs (z + z −1 − 2) . (25)

F s is a function of the same form as Q (16) . Collecting the terms accompanying u ± in (21) , we get 

K A u + + K B u − = −(αB − αA )((z + z −1 − 2) u in − + (z − 1) u in 0 , 0 ) 

− (m B − m A ) ω 

2 u in − − (αB − αA )(z − 1) u 0 , 0 , (26)

Note that K A − K B = (αA − αB )(z + z −1 − 2) + (m A − m B ) ω 

2 and K A (z in ) = 0 . Hence, (26) can be re-written as 

K A u + + K B u − = (K A − K B ) u 
in 
− − (αA − αB )(1 − z) u t 0 , 0 . (27)

The Wiener-Hopf (WH) kernel in (27) is K B / K A which needs to be factorized multiplicatively. Thus, the half space problem

involves a multiplicative factorization problem which requires further analysis and computations to a reasonable extent, a

closed form solution is formidable task. It is indeed serendipity that a variant of the problem for the lattice half-plane does

admit a closed form solution, this can be construed as a kind of approximate factorization for the relevant WH problem

(27) as well. This is discussed in the next section. 

3. Exact solution for lattice strip 

Suppose that the lower surface of the square lattice strip is fixed, i.e., 

u t x , y = 0 at y = −N for all x ∈ Z . (28)

Clearly the appropriate incident wave also satisfies u in x , y = 0 at y = −N while it satisfies the free surface condition for s = A .

The dispersion relation for such a wave can be also easily found (see Fig. 4 for some choices of parameters). The relevant

details are provided in Appendix A . It is easy to see that the incident wave form when evaluated at y = 0 retains the same

form so that (22) persists; for specific purpose, it is given by (using (A.1) ) 

u in x , y = A ̂

 a A ;y (z in ) exp ( −i ξin x − iωt ) , (29)
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Fig. 3. An illustration of the geometry of the lattice strip with structured surface interface on free boundary. 

Fig. 4. Illustration of the dispersion relation (A.5) for the lattice strip with structured surface interface on free boundary. A stands for the portion ahead of 

the interface while B stands for the one behind. 
where ξin is the discrete wave number from the right side such that V g (ξin ) < 0 , ξin ∈ (0 , π) . 

In place of the general solution (14) in the lattice half space, the expression is given by 

u F y = u F V , y ≤ 0 , (30) 

where 

V y = 

λ−y −N − λy + N 

λ−N − λN 
. (31) 
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In term of the Chebyshev polynomials ( Mason & Handscomb, 2003 ) and using the recent analysis provided by ( Sharma,

2017b ) and Sharma (2016) , note that 

u F −1 = u F 	, 	 = V 1 = ( λ1 −N − λ−1+ N ) / ( λ−N − λN ) = U N −2 / U N −1 . (32)

Naturally, the Wiener-Hopf equation (27) is obtained again with a change that (24) is replaced by 

K s = 	 + F s , (33)

while F s continues to be given by (25) . Unlike the case of (24) , the expressions of K A and K B are found to be polynomi-

als involving z and z −1 so that the symbolic framework developed by Sharma (2016) applies. The Wiener-Hopf equation

(27) becomes 

u + + 

K B 

K A 

u − = 

(
1 − K B 

K A 

)
u in − − (αA − αB ) u 

t 
0 , 0 

(1 − z) 

K A 

. (34)

Let the Wiener-Hopf kernel be denoted by 

L = 

K B 

K A 

= 

	 + F B 
	 + F A 

= 

U N −2 + F B U N −1 

U N −2 + F A U N −1 

= 

B 

A 

. (35)

Then (34) can be re-written as 

u + + L u − = (1 − L ) u in − − (αA − αB ) u 
t 
0 , 0 

(1 − z) 

K A 

. (36)

Here K A (z −1 
in 

) = 0 , in fact, K A + (z −1 
in 

) = 0 as | z in | > 1 so that L 

−1 
+ (z −1 

in 
) = 0 ( A + (z −1 

in 
) = 0 ). It is easy to see that the multiplica-

tive factorization of B and A , which are polynomials in z and z −1 , can be carried out as spelled in Sharma (2016) , i.e.,

L = L + L − = 

B + B −
A + A −

. (37)

Then (36) can be re-written as (note that K A = A / U N −1 = A + A −/ U N −1 ) 

L 

−1 
+ u + + L −u − = C = C + + C −, (38)

with 

C (z) = (L 

−1 
+ − L −) u in − − (αA − αB ) u 

t 
0 , 0 F + (z) G −(z) , (39)

where 

F N −1 ;+ = U N −1 ;+ , G N ;− = (1 − z) U N −1 ;−, 

F + (z) = 

F N −1 ;+ (z) 

B N ;+ (z) 
= 

F N −1 ;+ (z) 

B + (z) 
, 

G − = 

G N ;−
A N ;−

= 

G N ;−
A −

. (40)

The rational function F + (z) can be expanded into partial fractions ( Ablowitz & Fokas, 1997 ) using the Cauchy residue theo-

rem. The denominator of F + (z) is B + (z) which can be written as product of terms of type 
√ 

z i 
−1 (1 − z i /z) ≡ √ 

z i 
−1 z −1 (z −

z i ) ( i ranging over the number of zeros of B inside the unit circle T in the complex plane). Assume that ω is such that B +
has only simple poles (a generic case, indeed). Note that 

lim 

z→ 0 
F + (z) = lim 

z→ 0 

F N −1 ;+ (z) 

B + (z) 
= lim 

z→ 0 

z N U N −1 ;+ 
z N B + (z) 

∝ z → 0 . (41)

Above observation allows the expansion 

1 

z 
F + (z) = 

∑ 

˜ z | B + ( ̃ z )=0 

1 ˜ z 

Res | ˜ z F + (z) 

z −˜ z 
= 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
1 

z −˜ z 
, (42)

where 

P( ̃  z ) = 

1 ˜ z 
Res | ˜ z F + (z) = 

1 ˜ z 

F N −1 ;+ ( ̃  z ) 

B 

′ + ( ̃  z ) 
. (43)

Thus, (39) leads to 

C (z) = (L 

−1 
+ (z) − L −(z)) u in − (z) − (αA − αB ) u 

t 
0 , 0 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
z 

z −˜ z 
G −(z) . (44)

Due to the assumed form of the incident wave (29) , 

u in − (z) = A ̂

 a A ;0 (z in ) δD −(zz −1 
in 

) = −A ̂

 a A ;0 (z in ) 
z 

z − z 
. (45)
in 
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Fig. 5. Illustration of the evaluation of U given by (52) . The blue curve refers to the analytical expression (52) while the black curve (with points) refers 

to the value obtained via a numerical solution of the scattering problem. (For interpretation of the references to colour in this figure legend, the reader is 

referred to the web version of this article.) 

 

 

 

 

 

 

 

 

Indeed, the manipulations outlined so far lead to the additive factorization of C such that C = C + + C − where 

C −(z) = A ̂

 a A ;0 (z in ) (L −(z) − L 

−1 
+ (z in )) 

z 

z − z in 
− (αA − αB ) u 

t 
0 , 0 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
z 

z −˜ z 
(G −(z) − G −( ̃  z )) , (46)

and 

C + (z) = A ̂

 a A ;0 (z in ) (−L 

−1 
+ (z) + L 

−1 
+ (z in )) 

1 

1 − z in z −1 
− (αA − αB ) u 

t 
0 , 0 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
G −( ̃  z ) 

1 −˜ z z −1 
. (47)

C + is analytic on the annulus A and outside it while C + is analytic on the annulus A and inside it. As | ̃  z | < 1 , note that

L −(z) u −(z) → 0 , C −(z) → C −(0) = 0 , a constant as z → 0 and also note that L 

−1 
+ (z) u + (z) → a constant, C + (z) → C + (∞ ) a

constant as z → ∞ . Hence, (38) can be split into the form 

L 

−1 
+ u + − C + = C − − L −u − = C −(0) = 0 . (48)

For the last equation in (48) , we use the Lioville’s theorem ( Ablowitz & Fokas, 1997; Noble, 1958 ). Finally, 

u + = L + C + , u − = L 

−1 
− C −, (49) 

and after adding both half-Fourier transforms 

u F (z) = L + (z) C + (z) + L 

−1 
− (z) C −(z) 

= −A ̂

 a A ;0 (z in ) 

L + (z in ) 

1 − L (z) 

L −(z) 

z 

z − z in 
− (αA − αB ) u 

t 
0 , 0 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
z 

z −˜ z 

(
G −(z) 

L −(z) 
− G −( ̃  z ) 

1 − L (z) 

L −(z) 

)
. (50) 

Note that u t 
0 , 0 

, i.e., u 0 , 0 , is still an unknown at this stage. Using the technique similar to that for the site facing the rigid

constraint Sharma (2015b) , it is found that 

u t 0 , 0 = A ̂

 a A ;0 (z in ) U (z in ) , (51) 

where U (z in ) is given by 

U (z in ) = 

1 

L + (z in ) 

∑ 

z| B −(z)=0 

A −(z) 

B 

′ −(z) 

1 

z − z in 

1 − (αA − αB ) 
∑ 

˜ z | B + ( ̃ z )=0 

∑ 

z| B −(z)=0 

P( ̃  z ) 

z −˜ z 

G N ;−(z) − G −( ̃  z ) A −(z) 

B 

′ −(z) 

, (52) 

which is derived in the Appendix B . The expression (52) has been verified analytically by a numerical solution of the scat-

tering problem, see Fig. 5 . A snapshot of the numerical solution of the surface wave transmission problem is shown in Fig. 6 .

The numerical scheme is based on that described in the appendix of Sharma (2015a, 2016) . 
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Fig. 6. (a) Illustration of the dispersion relation for the lattice strip with surface structure on free boundary. In the dispersion curves, the color gray refers 

to right part s = A while the color black refers to left part s = B. ω A = ω in = ω (ξin ) . The gray shaded region is the pass band of the bulk lattice. The 

bottom three plots (b), (c), and (d) present the contourplots of the real part of the incident wave u in x , y , scattered wave field u s x , y ( = u x , y ) and the total wave 

field u t , respectively. The dots superpose the physical lattice strip with the contour plot (horizontal axis is x and vertical axis is y . 

 

 

 

 

 

 

 

 

 

4. Far-field behavior for lattice strip: Reflection and transmission coefficient 

So far we used the mathematical convenience of the presence of a positive imaginary part of the frequency ω . For the

purpose of physical problem, it is useful to look at the limit ω 2 → 0 + . In this conservative limit, the total energy flux in

terms of all outgoing wavemodes can be subdivided into the energy flux ahead of (resp. behind) the surface interface. In

other words, one portion of the given energy flux carried by the incident wave mode ( Brillouin, 1946 ) is sent back into the

side same as that of incidence and the remaining is transmitted into the other side of the surface interface. This applies in

general for arbitrary wave modes which are incident and in particular to the surface wave mode incident. However, in this

case of surface wave incidence, a splitting is further possible in terms of energy flux carried by the surface wave modes

and all other wave modes. Using the dispersion relation, the group velocity ( Brillouin, 1946 ) of the propagating wave with

a given wave number ξ can be determined (see Appendix A ). 

Analogous to (29) , let the eigenmodes ahead and behind the interface be denoted by 

ˆ a A ;y (z A ) , ˆ a B ;y (z B ) , (53)

respectively. Now as x → + ∞ , 
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u x , 0 = 

1 

2 π i 

∮ 
T 

L + C + z x −1 dz = 

1 

2 π i 

∮ 
T 

B + 
A + 

C + z x −1 dz ∼
∑ 

Res 

B + (z) 

A + (z) 
C + (z) z x −1 

= A ̂

 a A ;0 (z in ) 
∑ 

A + (z)=0 

B + (z) 

A 

′ + (z) 

(
L 

−1 
+ (z in ) 

z − z in 
− (αA − αB ) U (z in ) 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
G −( ̃  z ) 

z −˜ z 

)
z x . (54) 

Hence, as x → + ∞ , 

u x , y ∼ A ̂

 a A ;0 (z in ) 
∑ 

A + (z)=0 

B + (z) 

A 

′ + (z) 

(
L 

−1 
+ (z in ) 

z − z in 
− (αA − αB ) U (z in ) 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
G −( ̃  z ) 

z −˜ z 

)
ˆ a A ;y (z) 

ˆ a A ;0 (z) 
z x . (55) 

Similarly, as x → −∞ , 

u x , 0 = 

1 

2 π i 

∮ 
T 

L 

−1 
− C −z x −1 dz = 

1 

2 π i 

∮ 
T 

A −
B −

C −z x −1 dz ∼ −
∑ 

Res 

A −(z) 

B −(z) 
C −(z) z x −1 

= −u in x , 0 − A ̂

 a A ;0 (z in ) 
∑ 

B −(z)=0 

A −(z) 

B 

′ −(z) 

(
− L 

−1 
+ (z in ) 

z − z in 
− (αA − αB ) U (z in ) 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
G −(z) − G −( ̃  z ) 

z −˜ z 

)
z x . (56) 

Hence, as x → −∞ , 

u x , y ∼ −u in x , y − A ̂

 a A ;0 (z in ) 
∑ 

B −(z)=0 

A −(z) 

B 

′ −(z) 

(
− L 

−1 
+ (z in ) 

z − z in 
− (αA − αB ) U (z in ) 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
G −(z) − G −( ̃  z ) 

z −˜ z 

)
ˆ a B ;y (z) 

ˆ a B ;0 (z) 
z x . 

(57) 

The amplitude of the reflected surface wave, which has the form u A 
x , 0 

= A ̂  a A ;0 (z A ) C S: A exp ( i ξA x ) , can be obtained from

above expression (54) where ξA = −ξin . In fact, z A = z −1 
in 

and A + (z A ) = A + (z −1 
in 

) = 0 , so that the surface wave reflection

coefficient is given by 

C S: A = 

ˆ a A ;0 (z in ) 

ˆ a A ;0 (z A ) 

B + (z A ) 

A 

′ + (z A ) 

(
L 

−1 
+ (z in ) 

z A − z in 
− (αA − αB ) U (z in ) 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
G −( ̃  z ) 

z A −˜ z 

)
. (58) 

The amplitude of the transmitted surface wave of the form u B 
x , 0 

= A ̂  a B ;0 (z B ) C S: B exp ( i ξB x ) can be obtained from expression

(56) . Indeed, B −(z B ) = 0 , so that the surface wave transmission coefficient is given by 

C S: B = 

ˆ a A ;0 (z in ) 

ˆ a B ;0 (z B ) 

A −(z B ) 

B 

′ −(z B ) 

(
L 

−1 
+ (z in ) 

z B − z in 
+ (αA − αB ) U (z in ) 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
G −(z B ) − G −( ̃  z ) 

z B −˜ z 

)
. (59) 

5. Energy leaked away from the surface 

Following the standard procedure to calculated the energy fluxes ( Achenbach, 1973; Brillouin, 1946 ), using (29) and

(A.12) we get for the incident surface wave 

E in = 

1 

2 

ω 

2 | V g (z in ) || A | 2 , (60) 

while for the reflected surface wave 

E A = 

1 

2 

ω 

2 | V g (z A ) || A C S: A | 2 , (61) 

and finally for the transmitted surface wave 

E B = 

1 

2 

ω 

2 | V g (z B ) || A C S: B | 2 , (62) 

where the group velocity is determined by (A.7) and (A.8) and M (z) is given by (A.9) . In terms of the expression (58) , since

V g (z in ) = −V g (z A ) , M (z in ) = M (z A ) , the surface reflectance is given by 

R S = 

E A 

E in 
= | C S: A | 2 . (63) 

On the other hand and in terms of the expression (59) , the surface transmittance is given by 

T S = 

E B 

E in 
= | C S: B | 2 | V g (z B ) 

V g (z in ) 
| . (64) 
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Fig. 7. Illustration of the reflectance R S , transmittance T S , and the leaked energy flux D S . (a)–(h) correspond to N = 2 , 3 , . . . , 8 . In all plots, αA = 1 . 4 , 

αB = 1 . 5 , m A = 2 , m A = 5 . The vertical axis represents ω . The horizontal axis on left plot for each part is the wave number ξ. The horizontal axis on right 

plot for each part is R S , T S , D S . 



12 B.L. Sharma and V.A. Eremeyev / International Journal of Engineering Science 145 (2019) 103173 

Fig. 8. Illustration of the reflectance (black thin curves), transmittance (gray thick curves), and the leaked energy flux (black thick curves) by superposition 

of the eight values of N ; N = 2 , 3 , . . . , 8 with αA = 1 . 4 , αB = 1 . 5 , m A = 2 , m A = 5 , as shown in Fig. 7 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Using the expressions (63) and (64) , the energy lost into the bulk, per unit energy flux of the incident surface wave, during

the process of transmission on the surface is given by 

D S = 1 − R S − T S = 1 − | C S: A | 2 − | C S: B | 2 | V g (z B ) 

V g (z in ) 
| , (65)

where (58) and (59) need to be employed. By inspection it is clear that (58) as well as (59) hold for any other wave mode

in the portions behind and ahead the interface, respectively, i.e., C ′ 
A 

and C ′ 
B 
. Hence, by the conservation of energy it follows

that 

D S = 

∑ 

z ′ 
A 
� = z A 

| C ′ A | 2 | 
V g (z ′ A ) 
V g (z in ) 

| + 

∑ 

z ′ 
B 
� = z B 

| C ′ B | 2 | V g (z ′ B ) 
V g (z in ) 

| . (66)

An illustration of the physically important entity D S relative to the incident wave frequency ω is presented in Fig. 7 . When

the frequency is such that there is no other wave modes in both lattice strips, besides the surface wave modes, then ac-

cording to (66) it is expected that D S = 0 . A superposition of the energy flux plots from Fig. 7 has been provided in Fig. 8 . 

6. Physical implications and inferences: A discussion 

Surface waves, i.e. waves whose amplitude decays exponentially with distance form the surface, play an important role

as they carry an information about the material properties and microstructure of the media. So they are widely used in such

filed as nondestructive evaluation. On the other hand, surface waves are also used in numerous acousto-electronic devices

such as filters and transformers. Miniaturization of the acousto-electronic devices with current nanotechnologies leads to

necessity to take into account surface stresses and energy. Here within the lattice dynamics we discuss the shear wave

propagation across a surface interface keeping the material in the bulk homogeneous. As the considered here square lattice

with surface discrete interface is a discrete counterpart of the linear Gurtin–Murdoch model, we can say that obtained

results relates also to this continuum limit. Nevertheless the rigorous consideration of the continuum limit requires further

analysis. 

Considering Figs. 7 and 8 we can see now that the surface interface can significantly change the total picture of wave

transmittance, reflectance and leakage into the bulk depending on frequency ω . This make possible to control the wave

propagation for a given frequency changing the material properties. From the physical point of view such interface can

treated as grain or subgrain boundary or as an interface between surface areas subjected different treatment. So a step-

wise inhomogeneity only may dramatically change the wave propagation. Further consideration of a system of interfaces

may change surface properties with respect to wave propagation, as in the case of so-called metasurfaces, see reviews by

Holloway et al. (2012) and Chen, Taylor, and Yu (2016) . For example, a system of parallel interfaces is quite similar to

hyperbolic metasurfaces as in ( High et al., 2015; Ji et al., 2014; Li et al., 2018 ) but this interference should be also rigorously

considered in the forthcoming papers. 

7. Concluding remarks 

Following Eremeyev and Sharma (2019) here we present the exact solution for anti-plane surface wave propagation

within the lattice dynamics. Considering surface linear interface as a boundary between material particles of two types

which both are different from the ones in the bulk we analyze the wave transmission and reflection along the interface, as

well as energy leakage D S into the bulk. In other words, we consider the anti-plane waves in a half-space which boundary

consists of two parts with different surface properties. We have provided a closed form expression for the flux D for a
S 
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lattice strip. Analogous expression can be also found for the lattice half space however that is not attempted here as large

enough width of the strip is deemed to be a very good approximation for the half space (remember we are dealing with

incident surface wave which is exponentially decaying into the depth of half space). The presented here technique shows

high efficiency for modelling of surface-related phenomena. The presented analysis also applies to the bulk wave incidence

for half space as well as any other lattice wave mode besides surface wave for lattice strip. 
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Appendix A. Surface wave in a strip clamped on one side 

Consider a propagating wave along positive x direction on a strip with fixed boundary at y = −N and free boundary at

y = 0 (see any of the left or right portions of the half space shown in Fig. 3 ). Following Sharma (2017b) , let the wave form

be described by 

ˆ a y e 
i ξx e −i ω t . (A.1)

We have (2) and (3) (replace A by S ). By (31) , 

ˆ a y = 

ˆ a 0 
λ−y −N − λy + N 

λ−N − λN 
= 

ˆ a 0 
U y + N −1 

U N −1 

, ϑ = 

1 
2 
Q , (A.2)

where (recall (16) ) Q = λ + λ−1 = 4 − z − z −1 − ω 

2 . 

Further (recall (11) ), 

−m S ω 

2 ˆ a 0 = αS (2 cos ξ − 2) ̂  a 0 + 

(
λ1 −N − λ−1+ N 

λ−N − λN 
− 1 

)
ˆ a 0 , (A.3)

which requires for non-trivial solutions 

−m S ω 

2 = αS (2 cos ξ − 2) + 

(
λ1 −N − λ−1+ N 

λ−N − λN 
− 1 

)
. (A.4)

In term of the Chebyshev polynomials ( Mason & Handscomb, 2003 ) and using the recent analysis provided by ( Sharma,

2017b ), inspection of (25) reveals that above equation is precisely K S = 0 , i.e., 

U N −2 + F S U N −1 = 0 , (A.5)

as F S (z) = m S ω 

2 − 1 + αS (z + z −1 − 2) , with z = e −i ξ. 

The group velocity V g of the wave modes, in particular the surface wave, is easily found too. Let z = e −i ξ Taking (A.5) as

the implicit definition of ω (ξ) , a derivative w.r.t. ξ (note ∂ 
∂ξ

ϑ = ϑ 

′ = − 1 
2 (−iz + iz −1 ) − ωω 

′ ) leads to 

(− 1 
2 
(−iz + iz −1 ) − ωω 

′ ) 1 

ϑ 

2 − 1 

(( N − 1 ) T N −1 + N F S T N ) + (2 m S ωω 

′ + αS (−iz + iz −1 )) U N −1 = 0 . (A.6)

Using (A.17) and (A.18) , finally, the group velocity is given by 

V g (z) = V g (e −i ξ) ≡ V g (ξ) = ω 

′ = 

i 

2 ω 

(z − z −1 ) 
Y S − 2 αS 

Y S − 2 m S 

, (A.7)

where 

Y S = 

1 

ϑ 

2 − 1 

(N − 1 + (2 N − 1) ϑF S + N F 2 S ) . (A.8)

The component ˆ a 0 can be written in a form so that the wave form is normalized. The analysis based on (A.2) yields∑ −N +1 
y =0 ˆ a 2 y = ˆ a 2 0 M , where 

M (z) = U −2 
N −1 

−N +1 ∑ 

y =0 

U 2 y + N −1 . (A.9)

https://doi.org/10.13039/501100001843
https://doi.org/10.13039/501100003443
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In above, 

−N +1 ∑ 

y =0 

U 2 y + N −1 = sin 

−2 
η

(
1 

4 

+ 

1 
2 
N − 1 

4 

sin (1 + 2 N ) η

sin η

)
. (A.10) 

Though, it is not necessary for our purpose most of the time, for calculation of energy flux it is needed to normalize. In a

general case, i.e., including the surface wave, the energy density can be found. The kinetic energy at a given x is given by 

1 
2 
ω 

2 

( 

m S ̂  a 2 0 + 

−N +1 ∑ 

y = −1 

ˆ a 2 y 

) 

= 

1 
2 
ω 

2 

( 

(m S − 1) ̂  a 2 0 + 

−N +1 ∑ 

y =0 

ˆ a 2 y 

) 

= 

1 
2 
ω 

2 ˆ a 2 0 ((m S − 1) + M (z S )) . (A.11) 

The energy flux (in the direction of the group velocity) via a surface wave with wave form u S 
x , 0 

= A 0 ̂  a 0 exp ( i ξS x ) at y = 0 is

given by 

E S = 

1 

2 

ω 

2 | V g (z S ) || A 0 | 2 
( 

m S ̂  a 2 0 + 

−N +1 ∑ 

y = −1 

ˆ a 2 y 

) 

= 

1 

2 

ω 

2 | V g (z S ) || A 0 | 2 , (A.12) 

where the normalization is achieved with 

ˆ a 0 (z) = 

1 √ 

N (z S ) 
, (A.13) 

where 

N (z S ) = m S − 1 + M (z S ) , M (z) = 

1 
4 

+ 

1 
2 
N − 1 

4 
U 2 N 

(1 − ϑ 

2 ) U 2 
N −1 

. (A.14)

For m S = 1 , above relations reduce to that for a uniform lattice strip ( Brillouin, 1946; Sharma, 2016 ). 

The surface wave band lies within the limits ω min and ω max found as follows. With z = 1 , 2 ϑ = 2 − ω 

2 , F S = m S ω 

2 − 1

where ω is given by 

U N −2 (ϑ) + (m S ω 

2 − 1) U N −1 (ϑ) = 0 (A.15) 

With z = −1 , 2 ϑ = 6 − ω 

2 , F S = m S ω 

2 − 1 − 4 αS where ω is given by 

U N −2 (ϑ) + (m S ω 

2 − 1 − 4 αS ) U N −1 (ϑ) = 0 . (A.16)

Also (A.5) can be written as −U N + (Q + F S ) U N −1 = 0 , and by adding −2 T N + (Q + 2 F S ) U N −1 = 0 , i.e., 

2 T N = (Q + 2 F S ) U N −1 . (A.17) 

Also (A.5) can be written as (1 + F S Q ) U N −2 − F S U N −3 = 0 , and by adding (2 + F S Q ) U N −2 + 2 F S T N −1 = 0 , i.e., 

2 T N −1 = −(Q + 2 F −1 
S ) U N −2 = (F S Q + 2) U N −1 . (A.18)

Appendix B. Auxiliary derivation 

We recall that u x , 0 = 

1 
2 π i 

∫ 
C 

u F z x −1 dz. Motivated by the technique to obtain the expression for the site facing the rigid

constraint, as demonstrated in Sharma (2015b,d) , 

u 0 , 0 = 

1 

2 π i 

∫ 
C 

u F z −1 dz. (B.1) 

Deforming the contour C to C ∞ 

(with radius R ∞ 

tending to infinity), with C −(0) given by (48) , 

u 0 , 0 = 

1 

2 π i 

∫ 
C ∞ 

u F z −1 dz − A ̂

 a A ;0 (z in ) + 

∑ 

z| B −(z)=0 

A ̂

 a A ;0 (z in ) 

L + (z in ) 

A −(z) 

B 

′ −(z) 

1 

z − z in 

+ (αA − αB ) u 
t 
0 , 0 

∑ 

˜ z | B + ( ̃ z )=0 

P( ̃  z ) 
∑ 

z| B −(z)=0 

1 

z −˜ z 
( 

G N ;−(z) 

B 

′ −(z) 
+ G −( ̃  z ) 

−A −(z) 

B 

′ −(z) 
) , (B.2) 

where the first term is zero, so that 

u t 0 , 0 = 

A ̂

 a A ;0 (z in ) 

L + (z in ) 

∑ 

z| B −(z)=0 

A −(z) 

B 

′ −(z) 

1 

z − z in 

1 − (αA − αB ) 
∑ ∑ P( ̃  z ) ˜ 

G N ;−(z) − G −( ̃  z ) A −(z) 
′ 

. (B.3) 
˜ z | B + ( ̃ z )=0 z| B −(z)=0 z − z B −(z) 
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Supplementary material 

Supplementary material associated with this article can be found, in the online version, at doi: 10.1016/j.ijengsci.2019.

103173 . 
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