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Abstract

In this study, a non-probabilistic approach based Navier’s Method (NM) and Galerkin Weighted
Residual Method (GWRM) in term of double parametric form has been proposed to investigate
the buckling behavior of Euler-Bernoulli nonlocal beam under the framework of the Eringen's
nonlocal elasticity theory, considering the structural parameters as imprecise or uncertain. The
uncertainties in Young’s modulus and diameter of the beam are modeled in terms of Triangular
Fuzzy Numbers (TFN). The critical buckling loads are calculated for Hinged-Hinged (HH),
Clamped-Hinged (CH), and Clamped-Clamped (CC) boundary conditions and these results are
compared with the deterministic model in special cases, demonstrating robust agreement. Further,
a random sampling technique based method namely, Monte Carlo Simulation Technique (MCST)
has been implemented to compute the critical buckling loads of uncertain systems. Also, the
critical buckling loads obtained from the uncertain model in terms of Lower Bound (LB) and
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Upper Bound (UB) by the non-probabilistic methods, viz. Navier’s Method (NM) and Galerkin
Weighted Residual Method (GWRM), are again verified with the Monte Carlo Simulation
Techniqgue (MCST) with their time periods, demonstrating the efficacy, accuracy, and
effectiveness of the proposed uncertain model. A comparative study is also carried out among the
non-probabilistic methods and Monte Carlo Simulation Technique (MCST) to demonstrate the
effectiveness of methods with respect to time. Additionally, a parametric study has been performed
to display the propagation of uncertainties into the nonlocal system in the form of critical buckling
loads.
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Critical Buckling Load; Structural Uncertainties; Triangular Fuzzy Number.

1. Introduction

Probabilistic and non-probabilistic methods are the ones that have been being used in mathematics
as well as in mechanical and civil engineering in order to predict the mechanical behavior of
materials with deterministic and uncertain properties. The probabilistic method [1-2] was initially
utilized in combinatorics in order to approve a special type of mathematical object. This shows
that if one accidentally selects objects from a given class, the probability of the result being of the
prescribed type is significantly greater than zero. However, the mathematical process uses
probability, the final result is determined certainly and there are no probable errors. Some of the
applications of probabilistic techniques can be seen in mathematics, in particular, real analysis,
number theory, and linear algebra, etc. It can also be used in information theory and randomized
rounding in computer science areas [3]. On the other hand, non-probabilistic methods such as the
Navier’s method [4-6] and Galerkin weighted residual method [7-8], have been used extensively
in mathematics and mechanics, particularly solid mechanics. These methods depend on
deterministic values instead of random or uncertain values. In fact, these methods carry out

problems based on perception and observation.

Uncertainties in structural properties can occur due to various factors such as environmental
conditions, measurement errors, defects in atomic structures, etc. As a matter of fact, these
anomalies in structural properties designate that the materials might not have the ability to indicate

its normal mechanical behavior. Additionally, the effects of uncertainties in case of nonlocal
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structures will become much more profound because of small scale effects [9-11]. Due to the
widespread applicability of nanostructures in various sensitive and sophisticated devices, the
modeling of nanostructures considering material uncertainties are now becoming very essential as
the impacts of uncertainties influence the static and dynamic characteristics very adversely. In this
context, various works have been carried out in recent years related to structural uncertainties.
Radebe and Adali [12] estimated material uncertainty for an orthotropic nanoscale plate subjected
to stability conditions. Lv and Liu studied uncertainties about a functionally graded nanobeam
under bending [13] and thermo-modal [14] analyses. Furthermore, Liu and Lv [15] investigated
material uncertainties for a nanobeam under wave dispersion analysis while a
piezoelectric/magnetic nanobeam was exposed to electro-magneto-mechanical stress fields. In
other considerations, Liu and Lv modeled a carbon nanotube when material uncertainties were also
taken into account in eigenvalues [16] and frequency [17] considerations. Jena et al. [18]
investigated the propagation of uncertainty in frequency parameters of an Euler-Bernoulli nonlocal
beam. Gironacci et al. [19] modeled crack propagation for a nonlocal domain whilst uncertain
material properties were also considered. Zhu et al. [20] studied natural frequencies of a nanoscale
plate that their study also included material uncertainties within which the material was affected

by thermal and electrical environments.

In the pioneering work [21], Karami and Shahsavari investigated forced resonant vibration of
doubly-curved nanoshells made up of functionally graded polymer composite considering four
different geometries such as spherical, elliptical, hyperbolic and cylindrical. Karami et al. [22]
studied free vibration characteristics of non-uniform Timoshenko nanobeam composed of
functionally graded materials in the thermal environment. Here, the size-dependent effect of the
nanobeam was captured by the nonlocal strain gradient model. Karami et al. [23] used higher-
order shear deformation shell theory in conjunction with nonlocal strain gradient theory to analyze
dispersion characteristics of elastic eaves in doubly curved nanoshells composed of functionally
graded anisotropic materials. Bi-Helmholtz nonlocal strain gradient theory has been used to
investigate elastic buck wave characteristics of functionally graded anisotropic doubly curved
nanoshells [24] and resonance behavior of Kirchhoff nanoplates [25]. Karami et al. [26] again
analyzed static behavior functionally graded nanoplates composed of hexagonal beryllium crystals
using five variables refined plate theory in association with nonlocal strain gradient theory. Lyu et

al. [27] implemented a hull iteration method to investigate the impact of nano-system uncertainties
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on the critical flow velocity of fluid carrying carbon nanotubes positioned in an elastic matrix and
exposed to the thermal and magnetic condition. The nonlocal effect of the system was captured by
Eringen’s nonlocal elasticity theory. Liu et al. studied the nonlinear vibration of functionally
graded sandwich nanobeams [28] and nonlinear dynamic response of an FG multilayer beam [29]
with initial geometric imperfection while the size-dependent effect was analyzed by nonlocal strain
gradient theory.

Malikan and Eremeyev [30] exploited the Rayleigh-Ritz method to investigate the post-buckling
behavior of truncated conical carbon nanotubes placed in a nonlinear elastic foundation
considering surface effect under the framework Euler-Bernoulli beam theory and nonlocal strain
gradient theory. Malikan et al. [31] analyzed the torsional stability of the nono-composite shell
based on first-order shear deformation shell theory and nonlocal strain gradient theory subjected
to the three-dimensional magnetic field. Jena et al. [32] investigate the dynamical behavior of
nanobeam embedded in a Winkler-Pasternak elastic substrate subjected to an axial magnetic field
based on a refined beam theory in conjunction with Eringen’s nonlocal model and the Navier’s
approach has been used to compute the closed-form solution. Jena et al. [33] again analyzed the
buckling behavior of zigzag, chiral, and armchair types of single-walled carbon nanotubes
embedded in the Winkler elastic foundation subjected to low and high-temperature environments
considering the effect of surface energy and surface residual stresses. Vibration and buckling
characteristics of electromagnetic nanobeam using Higher-Order Haar Wavelet Method and
shifted Chebyshev polynomial based Rayleigh-Ritz method are studied by Jena and Chakraverty
[34] and Jena et al. [35], respectively. Jena et al. [36] conducted a comparative study to find out
buckling response analysis of strain gradient nonlocal beam by using Haar wavelet, higher-order
Haar wavelet, and differential quadrature methods. In the work [37], Jena et al. used a novel
fractional nonlocal elasticity theory to predict the buckling behavior of Euler-Bernoulli nanobeam
using differential quadrature method. Jena et al. also analyzed the vibration characteristics of
Euler-Bernoulli nanobeam placed on the variable elastic foundation [38-39] using the differential
quadrature method. Some other works related to nanostructure with respect to differential
quadrature method, varying elastic foundation, etc. can be found in [40-48].

Based on the extent and nature of the uncertainties indicated in any domain, there are some
techniques to analyze the uncertainty. First, the factors of a system have behaved randomly under

determined distributions of probability. So, in this case, the outcomes of the system should be
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expressed randomly based on the probability theory. Moreover, if a part of information about the
uncertainty has existed, the upper bound should be made on the system’s utmost outcome by means
of the anti-optimization technique. In addition, if the parameters of the system are defined
imprecisely, the theory of Fuzzy should be exploited. Zadeh [49] was the first to propose the basic
theoretical concepts of fuzzy. Based on this concept, several works have been carried out in solid
mechanics [50-53]. For more basic concepts of fuzzy and its application to various engineering

problems, one may refer [54-56].

As it turned out, the studies on nanostructural material uncertainties are limited, therefore, the
present study is devoted to investigating the propagation of material uncertainties into the buckling
characteristics of the nonlocal beam using non-probabilistic methods such as double parametric
form-based Navier’s method and Galerkin weighted residual method as well as random sampling
technique based Monte Carlo simulation technique. To model and simulate the motion of nodes of
the beam, the Euler-Bernoulli beam theory is employed considering the diameter of the beam and
the elasticity modulus of the material as uncertain by means of Triangular Fuzzy Numbers (TFN).
The numerical results are presented for different boundary conditions, namely Clamped-Clamped
(CC), Hinged-Hinged (HH), and Clamped-Hinged (CH). Thereafter, the numerical outcomes are
compared among the Monte Carlo simulation technique and non-probabilistic methods.
Furthermore, a fully parametric study is conducted considering the effects of uncertainties on

critical buckling loads.
2. Preliminaries [18, 49, 53-56]
Fuzzy Set: A fuzzy set S is aset of ordered pairs where the first element (s) of order pair belongs

to the universal set (U) and the second element is assigned to a value, namely membership values

w(s) which is denoted as

S ={(s, uls)): s €U, u(s)e[o, 1} (1)
Fuzzy Number: A fuzzy number S is defined as a convex normalized fuzzy set S of Rsuch that
11 (s):R—[0, 1],¥s eR| )

where . is the membership function of the fuzzy set which is piecewise continuous.
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Triangular Fuzzy Number(TFEN): A triangular fuzzy number S = (s;,S,,S3) is defined as a convex

normalized fuzzy set S of the real line R, the schematic diagram is illustrated in Fig. 1, such that

the membership function y; of S given as

0, S<s,
S-S,
, S, <S<s,
SZ S1
Uz () = (3)
S;—S
, S, <S<s,
S3—3S;
0, S>S,

s (5)

¥

Fig. 1: Graphical representation of Triangular Fuzzy Number S = (s;,S,,S3)

Single Parametric Form: A triangular fuzzy number S = (s,,S,,S;) can be transformed to an

interval of ordered pair through « cut as
S(a)= [g“, §"‘J: [(s, —s,)ax +5,, — (5, —S,)a +5,], where  €[0,1] (4)

Double Parametric Form: It is already mentioned above that the triangular fuzzy number

S~=(sl,sz,ss)can be transformed into an interval §(a)=[§“, §“J by using & cut approach.

Further, the interval S(c)= [§"‘, §“J can be written as

S(a, ﬂ):(§“—§”’)ﬂ+§“,where a,pelo1]. (5)
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3. Mathematical formulation

In this section, the governing equation for the stability analysis of the nanobeam has been
developed by considering the material uncertainties associated with Young’s modulus and the
diameter of the nanobeam in terms of Triangular Fuzzy Number. The double parametric form is

also implemented to derive the governing equation with structural uncertainties.
3.1 Governing Equation of Motion with Structural Uncertainties

The equation of motion for the buckling of Euler-Bernoulli beam in term of bending moment and
transverse displacement may be expressed as [57]

d’M  .d3w
2 =P 2
dx dx

(6)

In which, M is the bending moment and P is the applied compressive force due to mechanical
load. The nonlocal constitutive relation, by implementing Eringen’s nonlocal elasticity theory [58]

may be expressed as [57]

d*Mm d’w
M™ —(e,a)’ = = —El 7
(&:2) dx? dx? "
Where E, I, and (e,a)’ represent Young’s modulus, second moment of area and small scale
parameter of the beam, respectively.
Using Eq. (6) into Eqg. (7) and simplifying, we obtain
d*w o & d?w
M" =-El +(ea)’| P 8
dX2 ( 0 ) [ dX2 ( )

In this study, both Young’s modulus and the diameter of the beam are considered as uncertain or
random in terms of Triangular Fuzzy Number (TFN). Therefore, the uncertain Young’s modulus

and diameter can be expressed as

E:(ellez’ea) and a:(dlldz’da) (9)

In which d, and e, represent deterministic values of Young’s modulus and diameter of the beam,

respectively. The graphical representation of the uncertain Young’s modulus and diameter are

demonstrated in Fig. 2 and Fig. 3, respectively.
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uz(e)

pg (d)

Fig. 3: Graphical representation of d= (d,,d,,d,)

Plugging Eqg. (9) into Eq. (8), we have

4 42 d2
MY =% d—W+(e0a)2(Pd Wj (10)

64 dx? dx?

Using Eqg. (10) in Eq. (6), the governing equation of motion for stability analysis of nonlocal beam

considering the uncertainties in Young’s modulus and diameter can be expressed as

=0 (11)
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Incorporating the concept of the double parametric form given in Eq.(4) and Eq.(5), the triangular

fuzzy numbers E =(e,,e,,e,) and d =(d,,d,,d,) can be expressed in double parametric form as
E(al’ﬁl) = (el — & )alﬂl + (83 —& )ﬂl + (82 -8 )al +e, a,p e [O 1] (12)
a(aziﬂz):(dl_ds)azﬂz +(d3_d1)ﬁ2+(d2 _dl)az +d;, oy, B, 6[0 1] (13)
Plugging Eq.(12) and Eq.(13) in Eq.(11), the governing Eq.(11) can be modified into

- ~ 4 d4w ~d*w  ~d’w
_E(alvﬁl)é(d(azvﬁz)) d7+(eoa)2P ax -P X2

-0 (14)

4. Solution Procedure

In this study, three methods such as Navier’s method, Galerkin weighted residual method and
Monte Carlo simulation technique have been utilized to find out the critical buckling loads of
Euler-Bernoulli nanobeam having structural uncertainties. Navier’s method has been used for
Hinged-Hinged (HH) boundary condition whereas Galerkin weighted residual method has been
employed for Clamped-Hinged (CH) and Clamped-Clamped (CC) boundary conditions, based on
the double parametric approach of triangular fuzzy number. Monte Carlo simulation technique is
also used for all the boundary conditions after converting the triangular fuzzy number into interval

form.

4.1 Navier’s Method

Navier’s approach has been employed to compute the critical buckling loads of nanobeam with
structural uncertainties analytically, for Hinged- Hinged (HH) boundary condition. The transverse
displacement (w) may be expressed as [4, 5, 6]

w(x)= iwn sin(nTﬂ XJ (15)

n=1

In which W_ is the unknown to be determined. Plugging Eq. (15) into Eq. (14), the buckling load

(an) may be obtained as

P = > y (16)
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Now, by using the double parametric form for Young’s modulus and diameter, the above equation
will be modified into
l:((el —&; )alﬂl + (ea —& )131 + (ez —€ )al + el)x }(ﬂ)(nﬁy
If, _ ((dl_ds)azﬂz +(d3_d1):82 +(d2 _dl)az +d1)4 64 L (17)

| () e ()

Putting n=1,2,3etc., we will obtain critical buckling load, second buckling load, third buckling

load, etc.
4.2 Galerkin Weighted Residual Method

In this section, a double parametric form-based Galerkin weighted residual method has been used
to compute critical buckling loads for Clamped-Hinged (CH) and Clamped-Clamped (CC)
boundary conditions. For the exact solution, the right-hand side of Eq. (14) is zero whereas the
right-hand side of the Eq. (14) is not exactly zero in case of the approximate solution. So, the

residue of the Eq. (14) can be defined as

~ 7T (= « d'w sadw A d’w
R= _E(a1':81)a(d (0‘2’:32 )) W + (eoa) P dX4 -P dX2 (18)
The transverse displacement function w is approximated by a weighting function @  as
w=>Y w,® (x) (19)

Here, w, is the unknown coefficient and the function®, (x) has different values for different

boundary conditions which are given as below[7, 20];

Clamped-Hinged (CH):

sin[(n + oL.25);z Xj ~ inh((n + oL.25);z Xj

&, {cos{@ XJ - cosh((nJrof'zs)ﬁ xﬂ

sin(n +0.25)z +sinh(n +0.25)x
cos(n +0.25)7 + cosh(n + 0.25)r

@ (x)=

(20)

where &, ={
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Clamped-Clamped (CC):

sm( (n+05)r j— 'nh[@x)—

c {c (n+ O Sir ) cosh((n + Es)yr XH

sin(n +0.5)z —sinh(n + 0.5)z
cos(n + 0.5)z — cosh(n +0.5)z

(21)

where &, :{

Multiplying weighting function @ (x) with Eq. (18) and integrating the weighted residual over

the length and letting the integral to zero, we have

d*w
L L E(“laﬁl)é(d (0(2 ,32))4 dx’
[Rro, (Jdx=0=] I I @, (x)dx =0 (22)
~diw  ~d?w
0 °l +(e,a)’P o P e

Now by performing integration by parts, Eq. (22) will be modified into the weak form governing

differential equation as

L _E(allﬂl)G ( (azlﬂz)) dX( )d ;Ij(z( )

2 2
0 +(e0a)zﬁd CDnz(X)d (DnZ(X)_i_ISdCDn(X)d(I)n(X)
dx dx dx dx

dx =0 (23)

Simplifying the above Eq.(23), buckling loads ( ) of the nonlocal beam can be obtained as

~ ~ 4 d? d?
E(alfﬂl)é;r(d (0(2 ' )) ;Ij:z()() ;I;nz(X)

2 2
do, (x )dq)”(x)+(e0a)2 d CDnz(x)d q)”z(x)
dx dx dx dx

>

(24)

n

O — o'—.l—

Using the double parametric form as given in Egs. (12-13), the Eq. (24) will be changed into
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T((el—es)alﬂﬁ(es—el)/i'1+(ez—el)a1+el)x }[njdzd)n(x)dzd)n(x)

P = ((dl _d3)0’2/82 + (ds - dl)ﬂz + (dz - dl)az + d1)4 64) dx’ dx (25)
" “dd, (x) do, (x) , d?® (x)d?®, (x)
L
dx dx dx dx

0
4.3 Monte Carlo simulation technique

The uncertain parameters in terms of Triangular Fuzzy Numbers (TFN) are converted into interval

form by using a single parametric form presented in Eq. (4) Viz. « cut technique as

~

E:(el’e21e3):[g(al) E(al)]:[(eZ_el)al+el —(63—82)0!1+e3], o, € [0 1]’ (26)
a:(dlidz’ds):[g(az) a(“z)]:[(dz_dl)az"'dl _(ds_dz)az"'ds]’ @, € [O 1] (27)

10,000 random points have been generated from these intervals and these random points of
uncertain parameters are used in the deterministic analysis of critical buckling load. By repeating
the deterministic analysis for all the random points, lower bound and upper bound and mean of
critical buckling loads are computed. The mean of the critical buckling loads, obtained by the

Monte Carlo simulation technique represents the results of the deterministic model.
5. Numerical results and discussion

In this study, critical buckling loads (P, )of nonlocal beam have been computed for HH, CH and
CC boundary conditions by developing MATLAB codes for the proposed uncertain model. The
study has progressed by considering three cases (i) Young’s modulus (E) is uncertain or fuzzy (ii)
diameter (d) is uncertain or fuzzy (iii) Young’s modulus (E) and diameter (d)are uncertain or
fuzzy. For computational purposes, the structural parameters are considered as,

E:(O.G, 1,1.4)TPa, where E =1TPais the deterministic value, a:(0.8, 1,1.2)nm and

4

d =1nm is the deterministic value, L =10nm,and | =

5.1 Validation of the proposed model

The proposed uncertain model is validated by comparing the critical buckling loads with [44] by
considering the deterministic values for Young’s modulus and diameter. It may be noted that by

considering «, = «, =1, the uncertain models turn into a deterministic model. Critical buckling
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loads are compared for HH boundary condition by using Navier’s Methods (NM), and Monte Carlo
Simulation Technique (MCST) which are depicted in Table 1 and Fig. 4, as tabular and graphical
results, respectively. From these results, we may observe a robust agreement between the present
results obtained by both the non-probabilistic method and Monte Carlo simulation technique with

the existing results of [44].

) in nN
=N
o)

cr

42 .

3.8 4

Critical buckling load (P
'S
*

3.4 : : ' : ' ' : : ' *

0 0.2 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2
(eoa) in nm

Fig. 4: Comparisons of P, for HH boundary condition

Table 1: Comparisons of P, (in nN) for HH boundary condition

(e,a)in nm 0 0.5 1 15 2

P, - NM (Present) 4.8447 4.7281 4.4095 3.9644 3.4735

P, -MCST (Present) 4.8447 4.7281 4.4095 3.9644 3.4735

P, [44] 4.8447 4.7281 4.4095 3.9644 3.4735

5.2 Propagation of uncertainties in critical buckling loads

Through this subsection, propagation of structural uncertainties into dynamical characteristics, in
particular, critical buckling loads, have been studied comprehensively. In order to proceed

smoothly, three cases have been considered, which are the systems having (i) Young’s modulus
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(E) as uncertain parameters (ii) diameter (d) as uncertain parameters, and finally (iii) both
Young’s modulus (E) and diameter (d)as uncertain parameters. It may be noted that double
parametric form-based Navier’s Method (NM) has been used for HH boundary condition whereas
Galerkin Weighted Residual Method has been employed for CH and CC boundary conditions.

Also, the random sampling technique based Monte Carlo Simulation Technique is used to compute

and verify the results.

The tabular and graphical results for case (i) have been presented in Table 2 and Figs. (5-7),
respectively considering the structural parameters as E = (0.6, 1, 1.4)TPa d =1nm,e,a =1nm,and
L =10nm. The critical buckling loads of the uncertain system are being computed through lower
bound and upper bound. The tabular results reveal that the results obtained by the non-probabilistic
methods and Monte Carlo Simulation Technique are quite agreeing with each other with very little
errors. Also, it may be noted that the time taken by Navier’s method is quite lesser than the Monte
Carlo Simulation Technique. Figs. (5-7) represent the uncertain critical buckling loads in the form
Triangular Fuzzy Numbers for HH, CH, and CC boundary conditions, respectively. From these

results, it is concluded that the spread of fuzziness or uncertainties in HH boundary is lower
whereas, in CC boundary condition, it is comparatively higher.

Table 2: LB and UB of Critical buckling loads (P, ) in nN, considering Young’s modulus as an
uncertain parameter with d =1nm,e,a =1nm,and L =10nm.

(a) Hinged-Hinged (HH) boundary condition

a, | LB of Critical Buckling Load (P, ) UB of Critical Buckling Load (Iscr)
NM* MCST# % Error NM* MCST# % Error
0 2.6457 2.6457 0 6.1733 6.1732 0.0016
0.1 2.8221 2.8224 0.0106 5.9970 5.9970 0
0.2 2.9985 2.9988 0.0100 5.8206 5.8206 0
0.3 3.1749 3.1749 0 5.6442 5.6434 0.0142
04 3.3512 3.3514 0.0060 5.4678 5.4674 0.0073
0.5 3.5276 3.5282 0.0170 5.2914 5.2912 0.0038
0.6 3.7040 3.7041 0.0027 5.1151 5.1144 0.0137
14
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0.7 3.8804 3.8807 0.0077 4.9387 4.9385 0.0040
0.8 4.0568 4.0568 0 4.7623 4.7622 0.0021
0.9 4.2331 4.2332 0.0024 4.5859 4.5859 0
1.0 4.4095 4.4095 0 4.4095 4.4095 0

*Time taken for LB and UB by MCST: 67.201382 seconds
“Time taken for LB and UB by NM: 3.957473 + 3.895574 = 7.853047seconds

(b) Clamped-Hinged (CH) boundary condition

A\ MOST

a, | LB of Critical Buckling Load (P, ) UB of Critical Buckling Load (P, )
GWRM" MCST# % Error GWRM" MCST* % Error
0 5.0399 5.0403 0.0079 11.7597 11.7583 0.0119
0.1 5.3759 5.3762 0.0056 11.4237 11.4227 0.0088
0.2 5.7119 5.7122 0.0053 11.0877 11.0876 0.0009
0.3 6.0479 6.0481 0.0033 10.7517 10.7516 0.0009
04 6.3838 6.3843 0.0078 10.4157 10.4156 0.0010
0.5 6.7198 6.7199 0.0015 10.0798 10.0796 0.0020
0.6 7.0558 7.0559 0.0014 9.7438 9.7434 0.0041
0.7 7.3918 7.3919 0.0014 9.4078 9.4069 0.0096
0.8 7.7278 7.7279 0.0013 9.0718 9.0715 0.0033
0.9 8.0638 8.0639 0.0012 8.7358 8.7358 0
1.0 8.3998 8.3998 0 8.3998 8.3998 0

15

#Time taken for LB and UB by MCST: 1021.220816 seconds
“Time taken for LB and UB by GWRM: 6.889991 + 6.766945=13.656936 seconds
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(c) Clamped-Clamped (CC) boundary condition

a, | LB of Critical Buckling Load (P, ) UB of Critical Buckling Load (P, )

GWRM" MCST# % Error GWRM" MCST# % Error

0 8.3825 8.3835 0.0119 19.5592 19.5584 0.0041
0.1 8.9414 8.9422 0.0089 19.0004 19.0003 0.0005
0.2 9.5002 9.5009 0.0074 18.4416 18.4405 0.0060

0.3 | 10.0590 10.0616 0.0258 17.8827 17.8813 0.0078

0.4 | 10.6179 10.6180 0.0009 17.3239 17.3236 0.0017

0.5 | 11.1767 11.1774 0.0063 16.7650 16.7649 0.0006

0.6 | 11.7355 11.7360 0.0043 16.2062 16.2061 0.0006

0.7 | 12.2944 12.2950 0.0049 15.6474 15.6470 0.0026

0.8 | 12.8532 12.8535 0.0023 15.0885 15.0884 0.0007

0.9 | 13.4120 13.4122 0.0015 14.5297 14.5296 0.0007

1.0 | 13.9709 13.9709 0 13.9709 13.9709 0

*Time taken for LB and UB by MCST: 789.324982 seconds
“Time taken for LB and UB by GWRM: 6.618879 + 6.595867 =13.214746 seconds
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Fig. 5: TEN of P, for HH boundary condition when E is an uncertain parameter
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Fig. 7: TEN of P, for CC boundary condition when E is an uncertain parameter

Table 3 and Figs. (8-10) demonstrate the tabular and graphical results for the second case where

the diameter of the nonlocal beam has been considered as uncertain considering the structural
parameters as d =(0.8,1,1.2)nm , E =1TPa,e,a =1nm,and L =10nm. In the second case, the

tabular results obtained by the non-probabilistic methods are also matching with the results
obtained by Monte Carlo Simulation Technique. Also, the time taken by Navier’s method is very
less than that of the Monte Carlo Simulation Technique. Figs. (8-10) represent the critical buckling
loads in the form Triangular Fuzzy Numbers for HH, CH, and CC boundary conditions,
respectively. The propagation of uncertainties to the critical buckling loads with respect to the
uncertain diameter is higher in case of Clamped- Clamped edge and lower in case of Hinged-

Hinged edge.

Table 3: LB and UB of Critical buckling loads (P, ) in nN, considering diameter as an uncertain
parameter with E =1TPa,e,a =1nm,and L =10nm.

(a) Hinged-Hinged (HH) boundary condition

a, | LB of Critical Buckling Load (P, ) | UB of Critical Buckling Load (P, )
NM* MCST# % Error NM* MCST* % Error
0 1.8061 1.8067 0.0332 9.1436 9.1400 0.0394
0.1 1.9936 1.9952 0.0803 8.5491 8.5490 0.0012
0.2 2.1954 2.1955 0.0046 7.9841 7.9808 0.0413
0.3 2.4120 2.4124 0.0166 7.4475 7.4459 0.0215
0.4 2.6444 2.6444 0 6.9385 6.9383 0.0029
0.5 2.8931 2.8931 0 6.4560 6.4560 0
0.6 3.1590 3.1596 0.0190 5.9991 5.9981 0.0167
0.7 3.4427 3.4428 0.0029 5.5669 5.5667 0.0036
0.8 3.7452 3.7455 0.0080 5.1585 5.1584 0.0019
0.9 4.0672 4.0674 0.0049 4.7730 4.7730 0
1.0 4.4095 4.4095 0 4.4095 4.4095 0
18
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*Time taken for LB and UB by MCST: 51.188114 seconds

“Time taken for LB and UB by NM: 3.876123 + 3.921826 =7.797949 seconds

(b) Clamped-Hinged (CH) boundary condition

a, | LB of Critical Buckling Load (P, ) UB of Critical Buckling Load (P, )
GWRM" MCST# % Error | GWRM”" | MCST* % Error
0 3.4406 3.4417 0.0320 17.4178 17.4110 0.0390
0.1 3.7977 3.8007 0.0790 16.2853 16.2852 0.0006
0.2 4.1820 4.1822 0.0048 15.2090 15.2027 0.0414
0.3 4.5948 4.5955 0.0152 14.1869 14.1837 0.0226
04 5.0373 5.0374 0.0020 13.2172 13.2169 0.0023
0.5 5.5111 5.5112 0.0018 12.2981 12.2981 0
0.6 6.0176 6.0187 0.0183 11.4278 11.4259 0.0166
0.7 6.5581 6.5583 0.0030 10.6045 10.6042 0.0028
0.8 7.1343 7.1348 0.0070 9.8266 9.8264 0.0020
0.9 1.7477 7.7481 0.0052 9.0922 9.0921 0.0011
1.0 8.3998 8.3998 0 8.3998 8.3998 0

*Time taken for LB and UB by MCST: 1028.984054 seconds
“Time taken for LB and UB by GWRM: 6.757198 + 6.849629 =13.606827 seconds

(c) Clamped-Clamped (CC) boundary condition

A\ MOST

a, | LB of Critical Buckling Load (P, ) UB of Critical Buckling Load (l3cr)
GWRM" | MCST* % Error GWRM" | MCST# % Error
0 5.7225 5.7227 0.0035 28.9700 28.9600 0.0345
0.1 6.3165 6.3166 0.0016 27.0864 27.0829 0.0129
0.2 6.9557 6.9558 0.0014 25.2962 25.2953 0.0036
0.3 7.6422 7.6425 0.0039 23.5962 23.5960 0.0008
0.4 8.3783 8.3794 0.0131 21.9834 21.9813 0.0096
19
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0.5 | 9.1663 9.1664 0.0011 20.4548 20.4506 0.0205
0.6 | 10.0086 10.0092 0.0060 19.0072 19.0067 0.0026
0.7 | 10.9077 10.9095 0.0165 17.6379 17.6379 0
0.8 | 11.8661 11.8662 0.0008 16.3439 16.3439 0
0.9 | 12.8863 12.8865 0.0016 15.1225 15.1218 0.0046
1.0 | 13.9709 13.9709 0 13.9709 13.9709 0

*Time taken for LB and UB by MCST: 792.197172 seconds

“Time taken for LB and UB by GWRM: 6.630419 + 6.642321 =13.27274 seconds
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Fig. 8: TFN of P, for HH boundary condition when d is an uncertain parameter
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Likewise, Table 4 and Figs. (11-13) are the tabular and graphical results of critical buckling loads

where both Young’s modulus and the diameter of the beam have been assumed as uncertain
parameters with E = (0.6, 1,1.4)TPa, d =(0.8,1,1.2)nm ,e,a=1nm,and L =10nm. In this case,

the tabular results are obtained by the non-probabilistic methods as the time taken to compute the
critical buckling loads by Monte Carlo Simulation Technique is very high. Figs. (11-13) are the
uncertain critical buckling loads in the form Triangular Fuzzy Numbers for HH, CH, and CC

boundary conditions, respectively.

The critical buckling loads for the uncertain systems in terms of Triangular Fuzzy Numbers are
also compared for each boundary condition considering all the three cases in the form of graphical
results which are given in Figs. (14-16). Fig. 14 represents the comparison for HH boundary
condition whereas Fig. 15 and Fig. 16 demonstrate for CH and CC boundary conditions
respectively. From these figures, it can be observed that the spread of fuzziness or uncertainties in
critical buckling load is comparatively less when Young’s modulus is uncertain than that of
uncertain diameter and uncertain Young’s modulus and diameter. This is because uncertainties in
Young’s modulus and diameter are propagating to critical buckling load with a comparatively
larger extent than that of uncertain Young’s modulus and uncertain diameter. This trend is true for

all the three boundary conditions

Table 4: LB and UB of Critical buckling loads (P, ) in nN, considering both Young’s modulus
and diameter as uncertain parameters with e;a =1nm,and L =10nm.

a, =a, | LB of Critical Buckling Load (P, ) UB of Critical Buckling Load (P, )
HH CH CC HH CH CcC
0 1.0837 2.0643 3.4335 12.8010 24.3849 40.5580
0.1 1.2759 2.4305 4.0426 11.6268 22.1480 36.8375
0.2 1.4929 2.8438 4.7299 10.5390 20.0759 33.3910
0.3 1.7367 3.3082 5.5024 9.5328 18.1593 30.2032
0.4 2.0097 3.8284 6.3675 8.6037 16.3894 27.2595
0.5 2.3145 4.4089 7.3330 7.7472 14.7578 24.5457
0.6 2.6535 5.0547 8.4073 6.9590 13.2563 22.0484
0.7 3.0296 5.7712 9.5988 6.2350 11.8771 19.7545
22
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0.8 3.4456 6.5636 10.9168 5.5712 10.6127 17.6515

0.9 3.9045 7.4378 12.3708 4.9639 9.4559 15.7274

1.0 4.4095 8.3998 13.9709 4.4095 8.3998 13.9709
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Fig. 11: TEN of P, for HH boundary condition when E and d are uncertain parameters
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6. Concluding remarks

In this study, Euler- Bernoulli nanobeam is modeled with material uncertainties by considering
Young’s modulus and diameter of the beam as uncertain parameters. The material uncertainties
are considered here as fuzzy numbers, in particular, Triangular fuzzy numbers. In this scenario,
the double parametric form has been used to handle the fuzzy uncertainty and the two parameters
control the behavior of the uncertainty. Two non-probabilistic methods such as double parametric
form-based Navier’s Method (NM) and Galerkin Weighted Residual Method (GWRM) have been
proposed and employed to calculate the critical buckling loads of nonlocal beam. It is also worth
mentioning that this form may also give direct results for crisp and interval cases. Although the
numerical methods have to be developed by taking care of the double parametric form of the fuzzy
numbers, the results may be obtained in general form having the essence of the uncertainties. Three
boundary conditions such as Hinged-Hinged (HH), Clamped-Hinged (CH), and Clamped-
Clamped (CC) have been considered in this study. Further, a random sampling technique based
method namely, Monte Carlo Simulation Technique (MCST) has been implemented to compute

the critical buckling loads of uncertain systems. The results obtained by non-probabilistic methods
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are compared with both the deterministic model in special cases and uncertain models,
demonstrating robust agreement. The time taken by the non-probabilistic methods for the
computation of critical buckling loads is very less as compared to the Monte Carlo Simulation
Technique (MCST), showing the effectiveness of the methods with respect to time. Additionally,
a parametric study has been performed to display the propagation of uncertainties into the nonlocal
system in the form of critical buckling loads. It may be also noted that the spread of uncertainties
when Young’s modulus is uncertain is comparatively less whereas the spread is high when both
Young’s modulus and diameter are uncertain that means, higher the uncertainties in structural

parameters leads to the higher spread of critical buckling loads.
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