Arch. Math. 114 (2020), 445-455

© 2020 The Author(s).
0003-889X,/20,/040445-11

published online January 18, 2020
https://doi.org/10.1007 /s00013-019-01405-7

I Archiv der Mathematik

®

Check for
updates

Generic invariant measures for iterated systems of interval
homeomorphisms

WoJiciECcH CZERNOUS AND TOMASZ SZAREK

To the memory of Professor Jozef Myjak.

Abstract. It is well known that iterated function systems generated by
orientation preserving homeomorphisms of the unit interval with positive
Lyapunov exponents at its ends admit a unique invariant measure on
(0,1) provided their action is minimal. With the additional requirement
of continuous differentiability of maps on a fixed neighbourhood of {0, 1},
we present a metric in the space of such systems which renders it complete.
Using then a classical argument (and an alternative uniqueness proof),
we show that almost singular invariant measures are admitted by systems
lying densely in the space. This allows us to construct a residual set of
systems with unique singular stationary distribution. Dichotomy between
singular and absolutely continuous unique measures is assured by taking
a subspace of systems with absolutely continuous maps; the closure of
this subspace is where the residual set is found.
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1. Introduction. Ergodic properties of random dynamical systems have been
extensively studied for many years (see [3] and the references therein). The
most important concepts related to these properties are attractors and invari-
ant measures (see [4,6,10,11]). Among random systems, iterated function sys-
tems and related skew products are studied (see [1,2,5]). This note is concerned
with iterated function systems generated by orientation preserving homeomor-
phisms on the interval [0,1]. It was proved (see [7]) that under quite general
conditions the system has a unique invariant measure on the open interval
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(0,1). (Clearly, such systems also have trivial invariant measures supported
on the endpoints.) It is well known that this measure is either absolutely con-
tinuous or singular with respect to the Lebesgue measure. The methods that
would allow us to distinguish each of these cases are still unknown. The main
purpose of our paper is to support the conjecture that typically such invariant
measures should be singular (see [1]). In fact, we prove that the set of iterated
function systems that have a unique invariant measure on the interval (0, 1)
which is singular is generic in the natural class of systems.

2. Notation. By M; and M y;, we denote the set of all probability measures
and all finite measures on the o-algebra of Borel sets B([0, 1]), respectively. By
C([0,1]) we denote the family of all continuous functions equipped with the
supremum norm || - ||.
An operator P : My, — My, is called a Markov operator if it satisfies

the following two conditions:

(1) positive linearity: P(A1p1 + Aopo) = A1 Puy + Ao Pus for Ay, Ay > 0; g,

p2 € Mgin;

(2) preservation of measure: Pu([0,1]) = p([0,1]) for g € Mip.
A Markov operator P is called a Feller operator if there is a linear operator
P*:C([0,1]) — C([0,1]) (dual to P) such that

[ Pr@utdn) = [ s@Putds) for £ € Cl0.1)0 € M
[0,1] [0,1]

Note that, if such an operator exists, then P*(1) = 1. Moreover, P*(f) > 0 if
f >0 and

PO < IE=ALDI < A1,

so P* is a continuous operator. A measure pu, is called invariant if P, = pu..
Let T'={g1,...,gx} be a finite collection of nondecreasing absolutely con-
tinuous functions, mapping [0,1] onto [0,1], and let p = (p1,...,pr) be a
probability vector. Clearly, it defines a probability distribution p on I'" by
putting p(g;) = pi. Put X, = {1,...,k}", and let X, = |J;—, ¥, be the
collection of all finite words with entries from {1,...,k}. For a sequence
w e X, w = (i1,...,in), we denote by |w| its length (equal to n). Fi-
nally, let Q@ = {1,...,k}N. For w = (i1,i2,...) € Q and n € N, we set
W|n = (i1,42,...,4n). Let P be the product measure on €2 generated by the ini-
tial distribution on {1,...,k}. To any w = (i1, ..., 4n) € X, there corresponds
a composition gu, = i, i, 1,....is = Gi, ©Gi,_, © -0 gi,. The pair (', p), called
an iterated function system, generates a Markov operator P : My, — Mypin
of the form
k
Pp= Zpi ik,
i=1
where g;uu(A) = u(g; *(A)) for A € B([0,1]); which describes the evolution of
distribution due to the action of randomly chosen maps from the collection I'.
It is a Feller operator, that is, its dual operator P*, given by the formula
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k
P*f(x) = Zpif(gi(x)) for f e C([0,1]), z €[0,1],
i=1

has the property P*(C10,1]) c C([0,1]).

Definition 1. We denote by CZ{, B > 0, the space of continuous functions
g :10,1] — [0, 1] satisfying the following properties:

(1) g is nondecreasing, g(0) = 0, and g(1) =1,
(2) g is continuously differentiable on [0, 5] and [1 — 3, 1].

We introduce the space Fy of pairs (I, p) such that I' = {g1,...,gr} C C’;
is a finite collection of homeomorphisms, and p = (p1,...,p) is a probabilistic
vector. We endow this space with the metric

a((C,p), (8, 0) = 3 (Ipi = ail + llgi = hall + g = b7
i=1

+  sup g hil),
(0,8]U[1-3,1]

where A = {hy,...,ht} and ¢ = (q1,...,qx). It is easy to check that (Fo,d)
is a complete metric space.

Definition 2. Let I' = {g1,...,9x} C Cg be a finite collection of homeomor-
phisms, and let p = (p1,...,pr) be a probability vector such that p; > 0 for
alli =1,..., k. The pair (T, p) is called an admissible iterated function system
if
(1) for any z € (0,1), there exist 4, j € {1,..., k} such that g;(z) < = < g;();
(2) the Lyapunov exponents at both common fixed points 0, 1 are positive,
ie.,

k k
> piloggi(0) >0 and > p;logg(1) > 0.
=1

i=1

We consider the space F C Fy of admissible iterated function systems (I, p)
with all maps g € ' absolutely continuous. The closure F of F in (Fy,d) is
clearly complete. Recall that a subset of a complete metric space is called
residual if its complement is a set of the first Baire category.

Let M;(0,1) denote the space of p € M supported in the open interval
(0,1), i.e., satisfying p((0,1)) = 1. Clearly, each (T',p) € F has two invariant
measures: v; = 0y and vy, = 0. As we will show, it also admits a unique
invariant measure in M (0,1).

Since P is singular for singular p € My, a unique invariant measure
is either singular or absolutely continuous (see [9]). The aim of this paper is
to show that the set of all (I',p) € F, which have singular unique invariant
measure p € M;(0,1), is residual in F.
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3. Invariant measure. The paper [7] deals with a special case of an IF'S, namely
for k = 2, with gi1(x) < z, g2(z) > =, on (0,1), being twice continuously
differentiable. The proof of [7, Lemma 3.2] gives the following result.

Lemma 1. Let (T',p) be an admissible iterated function system. Then there
exists an ergodic invariant measure p € Mj(0,1).

The main ingredient of the proof of Lemma 1 is the following subset of
M;(0,1): for small 0 < a < 1 and positive M, one defines
Nuro = {p € M1(0,1) : u([0,2]) < Mz® and p([1 — z,1]) < Mz}, (1)

For each admissible IF'S, thanks to the positivity of the Lyapunov exponents,
the corresponding Markov operator P keeps an N}y o invariant for some M and
«. Then, among the invariant measures for P, given by the Krylov-Bogolyubov
procedure, one can find an ergodic one, due to the convexity of N .

For later use, we give below an easy extension of the invariance part of [7,
Lemma 3.2] and its proof.

Lemma 2. Let (T',p) be an admissible iterated function system and let P be the
Markov operator corresponding to (T',p). There exist M > 0 and o > 0 such
that Nyro # 0 and

P(NM’Q) C NM’Q.

Proof. Note that, by Definitions 1 and 2, we can find g > 0 and Ay, ..., A\x >0
such that
k

A= Zpilog)\i >0
i=1
and
g7 () <a/X\; forall x € 0,20

Let F(a) =Y, pie”*'°8Ai. Writing the Taylor expansion at 0, we obtain
a) = Zpi(l —alog\; +0(a?) =1 — aZpi log \; + O(a?)

=1-aA+0(*) <1

for a small enough; choose such « > 0. Choose also M > 0 large enough so
that

Maxg > 1.
Assume that o € [0, 2¢] and let g € Naso. Then

Pu([0, z)) sz ng <Zpl ([0,2/X:]) <MZP¢ FIAE
= Mz“ Zpiefo‘logAi:Mx - F(a) < Mz“.

On the other hand, if z > ¢, then Pu([0,z]) <1 < Mz§ < Mz®. In the same
way, we prove that Pu([1—x,1]) < Mz® (with possibly larger M and smaller
«). This completes the proof. O
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Using ideas from [8, Lemma 3], one can prove the following:

Lemma 3. Let (I',p) be an admissible iterated function system. Assume that
there exist g1,92 € T such that the ratio Ing;(0)/Ings(0) is rrational and
g1(0) > 1> g5(0); let gy be Hélder continuous in a neighborhood of zero. Then
the IFS (T, p) is minimal, that is, {gi, i, _1.....iy (T)}n is dense in [0,1] for each
z in (0,1) and P-almost all w.

Uniqueness may be shown under the conditions of the preceding lemma,
for instance using an argument given in [7, Lemma 3.4]; we give another proof,
which does not rely on the injectivity of each g € T'.

Lemma 4. Under the conditions of the preceding lemma, there is a unique sta-
tionary measure in M;(0,1).

Proof. Let M > 0 be such that P(Nar,a) C Nas,o and let v € Ny o. Put

v+ P4 -+ Py
n

Hn =

and note that, by (1), un € Npr. Let u be an accumulation point of the
sequence (u,) in the weak-+ topology in C([0,1])*. Then it is easy to check
that also u € Ny . Moreover, since P is a Feller operator, every accumulation
point of the sequence i, is an invariant measure for the process P.

We now prove the uniqueness. Let u € M;(0,1) be an arbitrary invariant
measure. Fix f € C([0,1]). We define a sequence of random variables (£/*),en
by the formula

e (w /f!h1 ..... o (@)p(dz)  for w = (i1,42,...).

Since y is an invariant measure for P, we easily check that (£/#),cn is a
bounded martingale with respect to the natural filtration. Note that this mar-
tingale depends on the measure p. From the martingale convergence theorem,
it follows that (£/#),cy is convergent P-a.s. and since the space C([0,1]) is
separable, there exists a subset Qg of Q with P(€) = 1 such that (&/*),cy is
convergent for any f € C([0,1]) and w € Qq. Therefore, for any w € g, there
exists a measure w(p) € M such that

lim &/H(w / f(@w(p)(dz) for every f € C([0,1]).

(0,1]

We are now ready to show that for any ¢ > 0, there exists 2. C Q with
P(Q.) = 1 satisfying the following property: for every w € €., there exists an
interval T of length |I| < e such that w(u)(I) > 1 — . Hence we obtain that
w(p) = Oy for all w from some set Q with P(Q) = 1. Here v(w) is a point
from [0, 1].

Fix e > 0 and let a,b € (0,1) be such that u([a,b]) > 1 —e. Let £ € N be
such that 1/¢ < €/2. Since for any = € (0,1), there exists ¢ € {1,...,k} such


http://mostwiedzy.pl

Downloaded from mostwiedzy.pl

AN\ MOST

450 W. CzZERNOUS AND T. SZAREK Arch. Math.

that g;(z) < x, we may find a sequence (j,)nen, jn € X, such that g;, (b) — 0
as n — o0o. Therefore, there exist iy, ..., i, such that

gi,, ([a,0)) Ngi, ([a,b]) =0  for m,n € {1,...,£},m # n.

Put n* = max,,<¢|i,| and set J,, = g, ([a,0]) for m € {1,...,¢}. Each
Jm is a closed interval. (If we skip the requirement of injectivity of g;’s, J,
would possibly be a singleton; which does not spoil the proof; see Remark
5 afterwards). Now observe that for any sequence u = (uq,...,un) € X,
there exists m € {1,...,¢} such that diam(gu(Jm)) < 1/¢ < €/2. This
shows that for any cylinder in €2, defined by fixing the first initial n entries
(u1,...,up), the conditional probability, that (ui,...,un, ..., uyqx) are such
that diam(gu, ,....u,,....unsr ([@,0])) > /2 for all k = 1,...,n*, is less than 1 — ¢
for some ¢ > 0 independent of n. Hence there exists Q. C  with P(2.) =1
such that for all (uj,ug,...) € Q., we have diam(gy,,... u, ([a,b])) < €/2 for
infinitely many n. Since [0, 1] is compact, we may additionally assume that for
infinitely many n’s, the set gy,,... 4, ([a,b]) is contained in a set I (depending
on w = (ug,usg,...)) with diam(7) < e. Observe that this I does not depend on
w; if only pq, po are two stationary distributions, and if a, b are chosen in such
a way that p1([a,b]) > 1 — ¢ and p2([a,b]) > 1 — €, then we obtain that both
w(p1)(I) > 1 —¢e and w(pa)(I) > 1 — ¢, P-a.s. Hence w(p1) = w(pz) = dy(w)
for P-almost every w € ). Consequently, for any f € C([0,1]) and for i = 1,2,
we have

[ f@wstan) = i [ s@)Pratan) = [ tim g @B,

[0,1] [0 1] Q

Since the last integral equals [, f(v(w))P(dw) in both cases, and since f €
C([0,1]) was arbitrary, we obtain 1 = p2 and the proof is complete. O

Remark 5. The proofs of Lemmata 2, 3, and 4 do not use the fact that g;,
restricted to (8,1 — ), is injective. Precisely, these results hold even if we
replace the word “homeomorphisms” by “functions” in Definition 2.

4. Auxiliary results and main theorem. Recall that the weak-*x topology in
C([0,1])* is induced by the Fortet-Mourier norm

[vllev = sup {(f,v) : f € BL1},

where BL; is the space of all functions f : [0,1] — R such that |f(z)] < 1 and

|f(z) = f(y)| < |z —y| for z,y € [0,1].
Denote by dy the distance between arbitrary (not necessarily admissible)
iterated function systems given by

k
do(({Slv [ Sk}vp)v ({Tl’ s 7Tk}7q)) - Z |pi - Qi‘ + HSZ - Tl”

i=1

Lemma 6. Let (S,p) and (T,q) be given iterated function systems and let Pgs
and Pr be the corresponding Markov operators. Then for every pi, g2 € Myip,
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we have
1(Ps = Pr)(pa — p2)llem < (pa ([0, 1]) + p2([0, 1)) do((S,p), (T' q)).  (2)
A proof of this lemma may be found in [12].

Lemma 7. Suppose that the iterated function systems (S,p), and (Si,p),
(S2,p), ..., are such that, for some M >0 and o € (0,1),

M1, 2, .- S NM,a and nlin;odO((S"’p)’ (Sap)) = 07

where py, is a stationary distribution for (S, p). Then (tn)n admits a subse-
quence weakly convergent to a stationary distribution p for (S,p); moreover,
ne NM,a~

Proof. By the Prohorov theorem, there is a subsequence p,, converging in
(M1, ] - |lpm) to some p € M;. We denote it by p, again, for convenience, so
llen, — pllpm — 0. Applying Lemma 6, we get

[Ppn — pinllen = [[(P = Po)pinllem < ([0, 1]) do((Sn, p), (S,p)) — 0,

where P, P, are the Markov operators corresponding to (S,p), (Sn,p), re-
spectively. The weak continuity of P implies Py, — Pp in || - ||pm, so that
|Pp — pllpm = 0. Now, p is an invariant measure for P, but we still have to
check 1 € Ny o. Indeed, let 2 € (0,1) be arbitrary. Then

pn([z,1—2]) > 1 —2Ma* for all neN.

By the Alexandrov theorem, p([z,1—2]) > limsup,, pn([z,1—2]) > 1—2Ma*,
which means that p € Ny q- O

Let M3 be the set of those ;1 € M, for which there is a Borel set A with
the Lebesgue measure m(A) < € and such that u(A4) > 1 —¢/2.

Remark 8. Note that, if 4 € M is singular, then for every ¢ > 0, there is
d > 0 such that for v € My, || —v|pm < 0, we have v € M5. For a proof, see
[13, Lemma 2.4.1 ].

For every n € N, let F,, C F be the set of all (T',p) € F with invariant
measure ;1 € My (0,1) N M}/,
Lemma 9. For every n € N, the set F,, is dense in the space F endowed with
the metric d.

Proof. Fix (I',p) € F, n € N, and € > 0. We may assume that (I', p) satisfies
the requirements of Lemma 3. It is easy to construct absolutely continuous
modifications of g; (on (8,1 — 3)) in such a way that we obtain a sequence
(T P)men C F satisfying d((Tn, p), (T',p)) < € and

7r}£noo dO((FTmp)v (SO?p)) =0

where Sy = {90, 92, - - -, gr} and go(x) = x¢ for = € [u,v] C (5,1 — ), provided
v—u < 2e. As we have noted in Remark 5, due to the inclusion [u,v] C (6,1 —
(), the system (Sp, p) has a unique stationary distribution pg € M;(0,1), and
1o has full support in [0, 1]. Since po is invariant, we obtain ug({zo}) > 0,
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SO o is not absolutely continuous. As remarked earlier, the uniqueness of g
implies that it is either absolutely continuous or singular.

Now, pyg is singular and we would like to apply Remark 8, to find (I';,,p) €
Fp for some m € N. In the light of Lemma 7, it suffices to show that all
(T, p) have stationary distributions belonging to the same set Nz, for
some M,« > 0. But this follows easily from the proof of Lemma 2 by tak-
ing account of the fact that the corresponding elements of I',,, are identical on

0,8)U(1—-p,1). O

Theorem 10. The set of all (T',p) € F which have a unique singular stationary
distribution in M1(0,1) is residual in F.

Proof. For (T',p) € F,, we find §p > 0 such that

|z — mélkgi(xﬂ >y and |I*11;1?§ngi(f£)| >dp on (1/n,1—1/n).

1<i
Moreover, to (T, p) we adjoin a compact set Z ) C [0,1] such that

1 1
,U(p’p)(Z(p’p)) >1-— % and m(Z(pvp)) < ﬁ’

where jup ) € M1(0,1) is the invariant measure for (I', p). Further, due to the
regularity of the Lebesgue measure, we can find a positive number r ) such
that

1

m(O(Z(F,p)ar(F,p))) < E?

where O(Z(r p),7r,p)) is the open neighborhood of Z ,y in [0,1] with the
radius r(p ). Denote by A ;) the set [0, 1]1\O(Zr p,7(rp)) and consider the
classical Tietze function fir ) : [0,1] — R for the sets Zp ) and A(p ;) given
by the formula

_ HI’A(FJ))H
Iz, Ayl + 12, Zr )l

forp (@)

where ||z, A|| stands for the distance of the point = from the set A. We have
Joop) = 0forz € App) and firp)(z) = 1for x € Zp . Obviously, | firp| < 1
and f(r ) is Lipschitz, with the Lipschitz constant [p ,) > 1.

By Lemma 7, and by the proof of Lemma 2, the map taking (T, p) € F into
its invariant measure g ;) € M;(0,1) is continuous with respect to (F, d) and
(M1(0,1),] - |[pm). Hence, there is 1 > 0 such that for (A, ¢) € F satistying
d((Aa Q)’ (Fap)) < 51) we have

_
2n - l(p,p) ’

(3)

vy — H(agllem <

where ji(a q) € M1(0,1) is the invariant measure for (A, q).
Additionally, since (I',p) is admissible, it follows from Definition 2 that
there is 49 > 0 with the property

k k
> " pilog(gi(0) = 62) > 0 and > p;log(gj(1) — d2) > 0.
1=1

i=1
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Now, for (I',p) € F,, with the aid of 6 ) = min{do/2, 1,02}, we define

F= n U B?((Fap),é(r‘,p))a
n=1(L,p)EFn

where Bz((T', p), () is an open ball in (F, d) with center at (I, p) and radius
d(r,p)- Clearly, F as an intersection of open dense subsets of F is residual.

We will show that if (T,q) € F , then (T, ¢q) has the unique singular sta-
tionary distribution supported on (0,1). Let (T,q) € ]/-:7 be fixed. From the
definition of F, it follows that there exists a sequence ((T', p)n)nen such that
(I,p)n € Fpn and (T, q) € B#((T, p)n,d(r,p),) for n € N. As we have noted,
T = {hy,...,hi} is a collection of homeomorphisms due to the convergence
in the metric d. By the same token, the functions h; are even of class C*
on [0,0] and on [1 — B,1]. Tt is easy to check that (7, q) satisfies condition
(1) from Definition 2 due to the proper choice of dr ) < do. Moreover, by
the inequality d(r ) < d2, the Lyapunov exponents for (T, q) are kept posi-
tive. This means that (T, ¢) is an admissible iterated function system. Hence
it admits a unique invariant measure j (7 4 € M1(0,1). Again by Lemma 7,
there is a subsequence (I',p),, with invariant measures converging to p(r g
in || - ||lpm. For brevity, let us denote the elements of this subsequence again
by (I', p)n, the corresponding invariant measures by ji,,, and let Z,, = Z( ).,
O(Zn,'l’n) = O(Z(Fﬁv)n?r(Fm)n) for n € N.

The obvious inequality Lip(l;1f,) < 1, where f,, = o), and by, = lip ).,
implies that

1

(0,1] 0.1]
However, since f,(z) =1 for z € Z, and f,(z) =0 for x &€ O(Z,, ry),
1
pn(Zn) — ﬂ(T,q)(O(Zmrn)) < m
Thus
1 1 1 1
Znyn nZn_i - =1-—.
) (OZi 1)) > palZ) = 5> 1= 5o = oo =1~

This and the inequality m(O(Z,,r,)) < +,n € N, prove that yi(r 4 is singular.
The proof is completed. U
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