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ABSTRACT The paper presents the construction of a multi-dipole model that allows reproducing magnetic
signatures of ferromagnetic objects. The virtual object used in the paper is an ellipsoid, which is the source
of synthetic data. To make the situation more realistic, noise is added to the synthetic data. Two significant
improvements compared to previous work are presented. Three-axial magnetometers are introduced instead
of uniaxial magnetometers. However, a more important change is the modification of the model structure
that allows placing dipoles on the entire plane, e.g. object’s deck. The multi-dipole model consists of an
a priori assumed number of permanent and induced single-dipole models. Each single dipole is described by
three magnetic moments and, depending on the applied approach, one or two dipole position parameters. The
non-linear least-squares optimization method is used to determine model parameters. To assess the quality
of magnetic signature reproduction, qualitative and quantitative forms are used. The final quality assessment
is based on differences between the reference fields and the fields determined from the multi-dipole model.
The applied modifications bring significant improvement, however, only their combined application allows
to restore magnetic signatures with good quality for directions other than for which the data were available.

INDEX TERMS Marine vehicles, magnetic fields, computational electromagnetics, electromagnetic
modelling, curve fitting, model checking, synthetic benchmarking, magnetic signatures.

I. INTRODUCTION
All naval objects, such as e.g. ships, which are built or
consist of any ferromagnetic elements disrupt natural Earth’s
magnetic field in their own surrounding. This disorder in
the underwater environment is defined as the ship’s own
magnetic field, identified by its complex magnetic signa-
ture [1], [2]. To minimize this magnetic signature, navy ships
have a degaussing system, which consists of coils with cur-
rents controlled by a specialized controller depending on the
ship’s course. In this paper, it is assumed that ships do not
have any degaussing system. The magnetic signature tech-
nology has practical significance for analysing the behaviour
of naval ferromagnetic objects in the magnetic field of Earth,
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e.g. in applications focused on object detection and/or clas-
sification, and for the safety of naval transport by reducing
ship’s risk of being detected by naval mines [3].

The magnetic signature contains two main magnetization
components: permanent and induced [1]. The permanent type
ofmagnetization depends on ship size, its ‘‘magnetic history’’
(production and storage of ship’s sheet metal, and ship’s
building technology), ferromagnetic properties of sheets,
or even mechanical strikes and temperature stresses during
exploitation [4]. The inducedmagnetization is directly related
to the current geographical position and orientation (course)
of the ship in the Earth’s magnetic field - current heading of
the ship [4].

Practically, there are two possibilities to acquire the mag-
netic signature of any type of naval ferromagnetic objects.
The most reliable data comes from physical measurements of
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a real object. These measurements are typically carried out at
the stationary measuring range [3], [5], or by moving sensors
mounted on autonomous underwater vehicles [6]. When the
real measuring range is not available, numerical simulation
should be used as a source of synthetic data for further analy-
ses. Typically, themagnetic signatures are calculated by using
a sophisticated FEM method [1], [2], [7]–[11]. Numerical
modelling of the magnetic field of the analysed objects, even
with software packages, has some limitations related mainly
to the small ratio of the thickness of metal sheets used for
their construction to their size [8]. That makes it is necessary
to use a dense grid with a tremendous number of finite
elements. Additionally, the presence of object’s permanent
magnetism complicates the numerical modelling process and
significantly increases the time of numerical calculations.
If the course of the object changes, the numerical model must
be recalculated.

The 3D ellipsoidal shell geometry used as the case study
in this paper is widely accepted as close and appropriate
representation of a naval vessel hull [12]–[14]. The simula-
tion results obtained with this model are used in the paper
as raw synthetic data from virtual measurements done by
multi-axis magnetometers working in the virtual measuring
range. The synthetic data was supplemented with noise to
bring the simulation scenario closer to the situation in the real
measuring range.

In the previously conducted research with the multi-dipole
model [15], only the vertical magnetic flux density com-
ponent BZ on N and E directions was considered. In that
case, the positions of individual dipoles, of permanent
and induced nature, were assumed along three main lines:
port (P), keel (K), and starboard (S), located at the deck
height symmetrically to the ship hull. The magnetic moments
and positions of all dipoles were calculated via solv-
ing the appropriately defined optimization task with the
Levenberg-Marquardt optimization algorithm [15]. The esti-
mation of magnetic dipoles parameters by optimization is
also widely used by other authors, e.g. [16]–[19].

In this paper, it is assumed that ship’s magnetic data
are available on four cardinal courses N, W, S and E. The
data related to courses N and E are used for determin-
ing multi-dipole model parameters, while the data from the
other two courses, S and W, are used to verify the resulting
multi-dipole model. Particular point dipoles, of both perma-
nent and induced nature, can be located not only along three
main lines P, K and S, but also inside a rectangle on the
horizontal plane xy being the approximation enclosing the
cross-section of the assumed ellipsoidal shape of the object.
A gradient based optimization method with constraints is
foreseen for determining magnetic moments and positions
of the dipoles in limited ranges. The resulting multi-dipole
model needs to be fully verified on a fixed depth in the
underwater area and for different courses.

The paper is organized as follows. Section II presents the
multi-dipole model, while in Section III, the data gathering
procedure based on the object model is described. Section IV

gives the description of numerical calculations and their
results, including the optimization task formulation and test-
ing scenarios. Finally, Section V concludes the paper. The
geometric and magnetic features of the ellipsoidal reference
object as the source of synthetic data are given in Appendix.

II. DESCRIPTION OF MULTI-DIPOLE MODEL
In the magnetic dipole theory [20], [21], if the magnetic
sensor is located far enough from the ferromagnetic object,
at a distance three times larger than the largest dimension
of the object, that object may be considered a source of the
magnetic field described by the individual magnetic dipole
model. However, for typical measuring ranges of naval sur-
face objects, this distance is much smaller than the largest
dimension of the object - typically its length.

Hence, it is proposed to use the multi-dipole model, which
consist of k dipoles, to describe the magnetic signature of the
object as the sum composing the total vector. It is assumed
that an appropriate number of m permanent dipoles (DP)
and n induced dipoles (DI), where k = m+n, represent the
complex magnetic signature of the analysed object with sat-
isfactory accuracy.

Two dipole location systems are analysed in the article. The
first system, presented in Fig. 1, assumes placing the dipoles
only along P, K and S lines, while the other system, shown in
Fig. 2 allows an arbitrary position of the dipole within the
2-D area of rectangular approximation of the surface deck
(Section VI).

FIGURE 1. Possible dipole locations along keel, port, and starboard sides
of the vessel (permanent dipoles - red dots, induced dipoles – blue dots;
dotted lines are constraints of dipole locations).

FIGURE 2. Possible dipole locations on the vessel deck surface
(permanent dipoles - red dots, induced dipoles – blue dots; rectangular
approximation of the deck area as constraint of dipole locations – dotted
line).

The multi-dipole model allows flexibility in reconstructing
the entire magnetic field disturbance map around the ferro-
magnetic source object located at the origin of the Cartesian
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coordinate system. The vector of magnetic flux density gen-
erated at an arbitrary point (x, y, z) by the i-th dipole located
at point (xi, yi, zi), can be described as follows [20], [21]:

Bi (Mi,Ri) =
µ0

4π
·

(
RT
i MiRi ·

3

R5i
−

Mi

R2i

)
, (1)

Bi =

Bx,iBy,i
Bz,i

 ,Mi=

mx,imy,i
mz,i

 ,Ri=

 (x − xi)(y− yi)
zi

 ,
(2)

Ri = |Ri| =

√
(x − xi)2 + (y− yi)2 + z2i , (3)

where

i = 1, . . . ,m,m+ 1, . . . ,m+ n, (4)

and µ0 = 4π × 10−7 H/m is the space permeability, Bi is the
vector ofmagnetic flux density of i-thmagnetic dipole in each
orthogonal direction (x, y, z),Mi is the vector of i-th magnetic
dipole moments in each orthogonal direction (x, y, z), and
Ri= |Ri| denotes the distance vector of the analyzed point
(x, y, z) from the i-th dipole with coordinates (xi, yi, zi).
When the considered object changes course, the posi-

tion and magnetic moment of each dipole defined in the
model (1)-(4) should be transformed – this is the prediction
capability of the proposed model. The concept of transforma-
tion of dipole’s position is shown in Fig. 3, and appropriate
transformation equations are defined as follows:

x ′i = xi · cos(ϕ)− yi · sin(ϕ), (5)

y′i = xi · sin(ϕ)+ yi · cos(ϕ), (6)

where ϕ is the course of the object, and x ′i and y
′
i denote the

transformed coordinates of the i-th dipole (rotation does not
change the z coordinate). Fig. 3 shows how the dipole position

FIGURE 3. Concept of dipole position transformation.

(xi, yi) for direction N (course ϕ= 0◦) is transformed to the
new location (x ′i , y

′
i) in direction ϕ = 45◦.

As a result of object’s course change (5)-(6), the compo-
nents of each permanent magnetic dipole moment are also
changed. The formula describing this transformation in the
Cartesian coordinate system for i= 1,. . . ,m can be expressed
as follows:

M′i =

m′x,im′y,i
m′z,i

 =
mxP,i · cos(ϕ)− myP,i · sin(ϕ)mxP,i · sin(ϕ)+ myP,i · cos(ϕ)

mzP,i

 , (7)

where indices mxP,i, myP,i and mzP,i denote the components
of permanent magnetic dipole moments in orthogonal x,y,z
directions.

Notice that theoretically, the values of permanent magnetic
moments of the identified dipoles do not change at the new
geographical position of the object and depend only on its
course ϕ. In practice, real changes of those values for indi-
vidual objects are unknown and require new measurements
for their identification.

The values of inducedmagnetic moments of the considered
induced dipoles are directly related to the geographical posi-
tion and course of the object. Taking into account the object
approximation having the geometrical form of 3D longitu-
dinal ellipsoidal shell (Fig. 4), the transformation formulas
for components of each i-th induced magnetic dipole moment
(i = m+ 1, . . . ,m+ n) are given as follows [12]:

m′x,i = BxE,i · (f1 + f31 · sin2(θ ) · cos2(ϕ))+ . . .

. . .+ BzE,i · (f31 · cos(θ ) · sin(θ) · cos(ϕ)), (8)

m′y,i = BxE,i · (f31 · sin2(θ ) · sin(ϕ) · cos(ϕ))+ . . .

. . .+ BzE,i · (f31 · cos(θ ) · sin(θ) · sin(ϕ)), (9)

m′z,i = BxE,i · (f31 · cos(θ ) · sin(θ ) · cos(ϕ))+ . . .

. . .+ BzE,i · (f1 + f31 · cos2(θ )), (10)

where BxE,i, ByE,i, and BzE,i are the components of the vector
of ambient Earth magnetic flux density BE at the location
of i-th induced dipole, and the values of factors f1 and f31
depend on shape and size of the ellipsoidal object (Appendix).

FIGURE 4. Virtual ferromagnetic object – longitudinal ellipsoidal shell.
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TABLE 1. Ellipsoid geometric and magnetic parameters.

While, all parameters, geometric and magnetic, of the 3D
longitudinal ellipsoidal shell geometry are given in Table 1.

Taking into account that for naval surface objects, the
angle θ is equal to 90◦ and the horizontal position of the object
is the water surface, Equations (8)-(10) can be written in the
following compact form:

M′i =

m′x,im′y,i
m′z,i

 =
 BxE,i · (f1 + f31 · cos2(ϕ))
BxE,i · f31 · sin(ϕ) · cos(ϕ)

BzE,i · f1

 . (11)

and after further transformations, they can be presented as

M′i =

m′x,im′y,i
m′z,i

 =
mI1,i + mI2,i · cos2(ϕ)mI2,i · sin(ϕ) · cos(ϕ)

mI3,i

 , (12)

where mI1,i, mI2,i, and mI3,i are the aggregated components
of the induced magnetic dipole moments, such that:

mI1,i = BxE,i · f1,mI2,i = BxE,i · f31,mI3,i = BzE,i. (13)

Notice that considering possible k=m+n locations of dipoles
on the object deck surface, the independent variables in
the presented multi-dipole model, Eq. (1-7) and (13), are
magnetic moments mx,i, my,i, mz,i of the dipoles and their
locations xi and yi on the horizontal plane xy (i = 1,. . . ,k)
– i×5 independent variables in total. The magnetic moments
of the dipoles can have permanent mxP,i, myP,I , mzP,i (7) or
induced nature mI1,i, mI2,i, mI3,i (12).

The locations and values of the permanent and induced
magnetic moments of the dipoles are determined once based

on the magnetic flux density data (Section III), by solv-
ing the inverse optimization problem (Section IV) with the
multi-dipole model described in that section.

III. ORIGIN OF MAGNETIC SIGNATURES
Technically, there are two possibilities to acquire the mag-
netic signature of any naval ferromagnetic object of arbitrary
type: by measurements on a real object, or by numerical
modelling and simulations of the magnetic field surrounding
the analysed object. The real measurements may be done with
magnetometers mounted in line, cross, or array configuration
at some depth under water surface, in the stationary measur-
ing range - Fig. 5. The magnetometers can be of scalar (total)
type, or multi-axis vector magnetometers. In the former case,
the module of the magnetic flux density is measured, while in
the latter, all three components of magnetic flux density are
available. Typically, multi-axis sensors are used, e.g. magne-
tometer Mag-03 [22]. Specific configuration of magnetome-
ter locations allows to measure part of magnetic signature of
the object in two or four basic magnetic directions. To get
the magnetic data, it is necessary for the object to pass the
measuring range in the specific place and with specific course
(direction).

FIGURE 5. Example of the measuring range with cross configuration of
magnetic sensors.

The structure of the data delivered by each multi-axis
sensor can be described as follows:

BM = BE + eE + BA + eM = BE + BA + eEM , (14)

where BM is the vector of magnetic flux density components
[BxM , ByM , BzM ]T measured in each orthogonal direction,
BE is the vector of natural Earth magnetic flux density com-
ponents [BxE , ByE , BzE ]T, eE is the vector of noise compo-
nents [exE , eyE , ezE ]T in the ambient Earth magnetic flux
density, BA is the vector of magnetic flux density anomaly
components [BxA, ByA, BzA]T – being the distortion in natural
Earth magnetism caused by the presence of the ferromagnetic
object, eM is the vector of measuring noise components [exM ,
eyM , ezM ]T, and eEM is the vector of aggregated eE and eM
noise components. Notice that the noise eE can be much
higher than the measuring noise eM , but it can be significantly
minimized when sensor measurements are compensated by
an additional reference magnetometer located far enough
from the measuring range [8]. The number of sensors, along
with their arrangement and covered area, are an essential
aspect of each measuring field structure.
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For the simulation studies described in the paper, the access
to the data from a virtual, simulated measuring range with
three three-axis magnetometers in each direction (working
in the cross configuration) was assumed. Such magnetic data
with additional noise, according to Scheme (14), was used as
synthetic data for further analysis with a multi-dipole model.

The 3D longitudinal ellipsoidal shell was selected as the
case study naval object and modelled (Section II, Appendix).
Hence, it is possible to get a complex magnetic signature of
that object in the form of a completemap of themagnetic field
at each point around it, and in the form of partial magnetic
signature related to the sensor location. In that latter case,
the simulation of object passing the measuring range in spe-
cific direction can be performed and the virtual measurement
data can be acquired. On the other hand, the necessary syn-
thetic magnetic data can be generated taking into account that
the object is static and located at the centre of the measuring
range system. This solution was selected in the paper.

The calculations of the magnetic field are based on the
analytical model of the 3D longitudinal ellipsoidal shell,
which detailed description of may be found in e.g. [13].
Additionally, it is assumed that the size of the measurement
area is from -100m to 100m, and the measurement resolution
is 1 m. The data are acquired on three lines related to object
geometry, which are: port (P), keel (K) and starboard (S)
lines, (Fig. 6).

FIGURE 6. Sides and keel of the object determining the location of P,
K and S lines.

In general, it is assumed that the object may pass the
measurement range in four cardinal directions, course N
(North, ϕ = 0◦), course W (West, ϕ = 90◦), course S (South,
ϕ = 180◦), and course E (East, ϕ = 270◦), see Fig. 7.
Notice that in the presented paper, the authors do not con-

sider the optimal measuring range configuration, the number
of measuring paths and the distance between them. In the
comparison to the previously conducted research [15] in the
presented paper analyses whether replacement of scalar to
three-axis magnetometers and the multi-dipole model struc-
ture modification will enable the reconstruction of magnetic
signatures with greater accuracy than before.

In the simulation studies, the data from courses N and E
were used as the source data to identify, via optimization, the

FIGURE 7. Location of sides and keel of the ship for different courses:
a) NS (North); b) WE (West); c) SN (South); d) EW (East).

multi-dipole model, while the data from the remaining two
courses, S andW, were used to verify the quality of the result-
ing multi-dipole model. These two aspects: identification and
verification of multi-dipole model parameters, are described
in detail in Section IV.

The sample data used in the identification of multi-dipole
model parameters is presented in Fig. 8. At the depth
of -20 m, the component By of magnetic flux density in
direction 0 is intersected at P, K and S coordinates according
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FIGURE 8. Field of By component expressed in nT, with cutting planes
along P, K and S coordinates.

FIGURE 9. PKS paths cut from By component of magnetic flux density.

to Fig. 6. As a result of this operation, the paths shown
in Fig. 9 are created. From the modelling point of view, using
paths instead of fields is a significant limitation of input infor-
mation to the model. However, it was done intentionally to
comply with the modelling approach based on the possessed
measurement data.

IV. NUMERICAL CALCULATIONS
The calculations consisted of two stages. The first stage was
the optimization procedure to determine parameters of the
multi-dipole model based on P, K and S path data, while
the second stage involved reproduction of the magnetic signa-
ture based on the multi-dipole model. The magnetic signature
was obtained in the form of fields of magnetic components
Bx , By, Bz expressed in nT.

A. PREVIOUS RESULTS
The first undertaken computational task was to reproduce the
results from the experiment described in [9]. This was not
entirely possible due to the fact that a real object was used in
that case. Nevertheless, the approach to the model building
process was fully mapped. The results (Fig. 10 - 11) obtained
when reproducing the previously conducted experiment with
present synthetic data was then used as a reference for com-
parison with the currently proposed solutions.

Comparing qualitatively the charts of the left and middle
columns in Figs. 10 - 11, it can be stated that the degree
of mapping is high. Also, the results on the paths for the

FIGURE 10. Ref-model differences on fields in nT: direction 0.

FIGURE 11. Ref-model differences on fields in nT: direction 270.

TABLE 2. Numerical simulation scenarios.

Bz component presented in Figs. 12 - 18 show a good fit.
However, quantitative differences between the reference and
model fields, shown in the right column in Figs. 10 - 11
indicates significant modelling errors. Hence the conviction
that there was a need to streamline the process of building the
model in order to improve its quality of magnetic signature
reproduction.

B. NUMERICAL SIMULATION SCENARIOS
To clearly analyse and present the impact of each moderniza-
tion on the final result, a number of simulation scenarios have
been developed, as summarized in Table 2. Scenario S0 con-
sists in mapping the experiments from the previous article
with current data. Scenarios S1 and S2 contain modernization
proposals consisting in, respectively, enriching the measure-
ment information, and increasing the structure’s flexibility.
Scenario S3 is a combination of the above upgrades, while
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Scenario S4 takes additionally into account the noise that may
arise during real measurements.

C. OPTIMIZATION PROBLEM FORMULATION
The task of the optimization procedure is to minimize the
distance between the reference and model data on P, K and
S tracks. Hence, the appropriate optimization problem for
a priori chosen number ofm permanent dipoles and n induced
dipoles is defined as follows:

min
�∈{�1,..., �n+m}

JG =
∑
l

∑
k

∑
d

100∑
j=−100

×

(
Brefl,d (j, k)− B

model
l,d (j, k, �)

)2
(15)

subjectto : ∀
i∈(1,m+n)

�min
i ≤ �i ≤ �

max
i (16)

where

∀
i∈(1,m+n)

�i ∈
{
mx,i,my,i,mz,i, xi, yi

}
, (17)

l ∈ {x, y, z} , (18)

k ∈ {P,K , S} , (19)

d ∈
{
0◦, 270◦

}
, (20)

and �min
i , �max

i are the vectors of minimal and maximal
constraint values for the decision variables related to the i-th
considered dipole.

The objective function JG (15) defines the difference in
matching the reference and model data in all considered
directions, for paths P, K and S (19), over the length of 200 m,
with the resolution of one meter for magnetic field compo-
nents Bx , By, Bz (17). Depending on the simulation scenario,
the objective function takes a different form. Inside the crite-
rion function, there is the sum of squares of model and source
data differences for individual magnetic field components.
In Scenarios 0 and 2, this will be only the Bz component,
while in the remaining scenarios it will be Bx , By, Bz. The
number of decision variables depends on whether the location
of dipoles is only imposed on P, K and S lines, or it is possible
to place dipoles at arbitrary points on the plane. In the former
case, 4 parameters (mx , my, mz, x) are necessary to describe
one dipole, while in the latter case 5 parameters (mx , my, mz,
x, y) - (17).
To solve the above optimization task (15-20), a nonlinear

least-squares (nonlinear data-fitting) algorithm implemented
in the lsqnonlin function from the Matlab Optimization
toolbox was selected [23]. This function has the ability to
take into account constraints (16), which allows to control the
position of dipoles and impose range restrictions on magnetic
moments. Mentioned constraints were used in a uniform
manner to all m + n dipoles, m permanent and n induced
dipoles – Table 3.

The structure of the model is determined, among others,
by the number of dipoles. For Scenarios 0 and 2, where
dipoles are located on P, K and S lines, the number of dipoles

TABLE 3. Constraints for each i-th dipole in multi-dipole model.

was determined according to the principle of 4 permanent and
4 induced dipoles for each line, i.e. the model was described
by 24 dipoles in total. In the scenarios with free dipole posi-
tion in y direction on the plane, the model structure included
10 permanent and 10 induced dipoles.

The main idea was that the number of dipoles was similar
to the previously conducted research with the multi-dipole
model [15]. This article does not consider the minimal, opti-
mal number of dipoles sufficient to describe and reconstruct
the magnetic signature. Still, it is certainly an interesting
aspect of the application of the multi-dipole model.

Generally, determining the values of the proposed multi-
dipole model parameters using optimization can be carried
out in at least two ways. The first one, generally called
regularization, consists in introducing certain constraints and
relationships between the dipoles into the optimization prob-
lem (15-20). This approach to the location of dipoles can be
found in the previous paper [15], where the data were located
along the PKS lines. However, it is not easy to determine
the relationship between the values of the magnetic moments.
In this article, a different solution was adopted, i.e. the freeing
of the dipole positions and the lack of dependence of the
magnetic moments. Therefore, the optimization with conser-
vative box constraints (Table 3) for all dipoles locations and
its magnetic moments was proposed to solve the problem
defined in the paper. Limiting the field of occurrence of
dipoles to the deck area seems natural, and the limitation of
the magnetic moments has been treated liberally, i.e. in the
range of +/- 10e6 Am2, based on the observation of many
typical naval ferromagnetic objects modelled with the use of
the multi-dipoles model.

D. SIMULATION RESULTS
The result of the optimization procedure is obtained as the
list of model parameter values. Depending on the scenario,
it will be 24·4 = 96 or 20·5 = 100 parameters. These values
are not explicitly presented in the article because it is diffi-
cult to deduce from them. However, these values were used
in the multi-dipole model to reproduce the magnetic field
components. These results are comprehensively presented
in Figs. 12 - 51 and, for the convenience of the reader, collated
in Table 4.

The results of individual simulation scenarios can be com-
pared qualitatively in the form of graph observations, and
quantitatively in the form of RMSE (root mean square error)
andMAE (mean absolute error) fit indicators on paths, as well
as by comparing the maximum modelling errors. The root
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TABLE 4. Numerical simulation results.

mean square error is given as

RMSE =

√√√√ 1
N

N∑
i=1

(refi − modeli)2, (21)

and the mean absolute error is given as

MAE =
1
N

N∑
i=1

|refi − modeli|, (22)

where modeli is the vector of N signature values at i-th
position coordinate counted by the model, and refi is the
vector of N reference signature values at the same position.

In Scenarios S0-S4, the calculations were conducted on
directions N and E, while the results presented on directions
W and S can be treated as an assessment of the possibility
to reproduce magnetic signatures in directions for which no
calculations were carried out.

V. CONCLUSION
Comparing the simulation scenario 1 against 0, a signif-
icant improvement can be noticed in matching on both

paths and fields for directions 0 and 270, i.e. those
for which the calculations were carried out. Therefore,
the enrichment of measurement information consisting in
the use of a three-axis magnetometer brought the expected
improvement.

Comparing the simulation scenario 2 against 0, it can
be seen that the release of dipole position has a huge
positive impact on the quality of the fit on paths and
fields. This improvement can be seen not only on direc-
tions 0 and 270, but also on 90 and 180. When decid-
ing initially to make the structure more flexible, the
authors expected some improvement, but its scale is
impressive.

Comparing the simulation scenario 3 against 0, i.e. using
both presented improvements: making the structure more
flexible and enriching the measurement information, we get
excellent matching results on paths and fields in directions
0 and 270, and definitely the best of all scenarios in other
directions.

Adding the noise to the source data, which was sup-
posed to represent the measurement error, did not cause
significant deterioration of the results when the noise had
values from the range of real measuring devices. On the
other hand, the measurement noise simulated at a level sig-
nificantly greater than the real measurement error of mag-
netometers has visibly caused a significant degradation of
results.

Summing up, the proposed modernization of the approach
to the construction of the multi-dipole model in the form
of using three-axis magnetometers and making the model
structure more flexible have brought great improvement
in magnetic signature reproduction. Further work will be
undertaken to obtain magnetic signature reproduction in
any direction and depth, and to reduce model’s sensitivity
to noise.

APPENDIX
The factors f1 and f31 introduced in Eq. (8-13) in Section II
are defined as follows [12]:

f1 =
µr − 1

1+ A1 ·
µr−1
2

, f3 =
µr − 1

1+ A3 ·
µr−1
2

, (23)

f31 = f3 − f1, (24)

where

A1 =
e · (e+ E)
e2 − 1

, A3 =
−2 · (1+ e · E)

e2 − 1
(25)

E =
ln
(
e−
√
e2 + 1

)
√
e2 − 1

, (26)

and e is the ratio of length L to diameter D of the ellip-
soid, and A1, A2, E are demagnetizing coefficients for shape
effects.
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A. SCENARIO 0: N, E–DIRECTION, BZ DATA ONLY,
Y-COORD ALONG PKS
See Figure 12 to 19 here.

FIGURE 12. Ref-model differences on paths in nT: S0, direction 0.

FIGURE 13. Ref-model differences on fields in nT: S0, direction 0.

FIGURE 14. Ref-model differences on paths in nT: S0, direction 90.

FIGURE 15. Ref-model differences on fields in nT: S0, direction 90.

FIGURE 16. Ref-model differences on paths in nT: S0, direction 180.

FIGURE 17. Ref-model differences on fields in nT: S0, direction 180.

FIGURE 18. Ref-model differences on paths in nT: S0, direction 270.

FIGURE 19. Ref-model differences on fields in nT: S0, direction 270.
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B. SCENARIO 1: N, E–DIRECTIONS, BX , BY , BZ DATA,
Y-COORD ALONG PKS
See Figure 20 to 27 here.

FIGURE 20. Ref-model differences on paths in nT: S1, direction 0.

FIGURE 21. Ref-model differences on fields in nT: S1, direction 0.

FIGURE 22. Ref-model differences on paths in nT: S1, direction 90.

FIGURE 23. Ref-model differences on fields in nT: S1, direction 90.

FIGURE 24. Ref-model differences on paths in nT: S1, direction 180.

FIGURE 25. Ref-model differences on fields in nT: S1, direction 180.

FIGURE 26. Ref-model differences on paths in nT: S1, direction 270.

FIGURE 27. Ref-model differences on fields in nT: S1, direction 270.
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C. SCENARIO 2: N, E–DIRECTIONS, BZ DATA ONLY,
Y-COORD FREE
See Figure 28 to 35 here.

FIGURE 28. Ref-model differences on paths in nT: S2, direction 0.

FIGURE 29. Ref-model differences on fields in nT: S2, direction 0.

FIGURE 30. Ref-model differences on paths in nT: S2, direction 90.

FIGURE 31. Ref-model differences on fields in nT: S2, direction 90.

FIGURE 32. Ref-model differences on paths in nT: S2, direction 180.

FIGURE 33. Ref-model differences on fields in nT: S2, direction 180.

FIGURE 34. Ref-model differences on paths in nT: S2, direction 270.

FIGURE 35. Ref-model differences on fields in nT: S2, direction 270.
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D. SCENARIO 3: N, E–DIRECTIONS, BX , BY , BZ DATA,
Y-COORD FREE
See Figure 36 to 43 here.

FIGURE 36. Ref-model differences on paths in nT: S3, direction 0.

FIGURE 37. Ref-model differences on fields in nT: S3, direction 0.

FIGURE 38. Ref-model differences on paths in nT: S3, direction 90.

FIGURE 39. Ref-model differences on fields in nT: S3, direction 90.

FIGURE 40. Ref-model differences on paths in nT: S3, direction 180.

FIGURE 41. Ref-model differences on fields in nT: S3, direction 180.

FIGURE 42. Ref-model differences on paths in nT: S3, direction 270.

FIGURE 43. Ref-model differences on fields in nT: S3, direction 270.
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E. SCENARIO 4: N, E–DIRECTIONS, BX , BY , BZ DATA,
Y FREE, NOISE 1NT
See Figure 44 to 51 here.

FIGURE 44. Ref-model differences on paths in nT: S4, direction 0.

FIGURE 45. Ref-model differences on fields in nT: S4, direction 0.

FIGURE 46. Ref-model differences on paths in nT: S4, direction 90.

FIGURE 47. Ref-model differences on fields in nT: S4, direction 90.

FIGURE 48. Ref-model differences on paths in nT: S4, direction 180.

FIGURE 49. Ref-model differences on fields in nT: S4, direction 180.

FIGURE 50. Ref-model differences on paths in nT: S4, direction 270.

FIGURE 51. Ref-model differences on fields in nT: S4, direction 270.
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