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Abstract

The asymptotic behavior of iterates of bounded linear operators (not necessarily
positive), acting on Banach spaces, is studied. Through the Dobrushin ergodicity coef-
ficient, we generalize some ergodic theorems obtained earlier for classical Markov
semigroups acting on L' (or positive operators on abstract state spaces).
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1 Introduction

Classical results on asymptotic behavior of iterates of Markov operators (or one-
parameter semigroups) have been recently generalized in different directions. In most
cases, domains like Banach lattices are replaced by abstract ordered Banach spaces.
To this end, the concept of a Markov operator is properly adjusted, and necessary
geometric features are imposed. In this paper, we further contribute to these extensions.
More specifically, our main goal is to modify Dobrushin methods for new abstract
domains. We furthermore simplify existing proofs. Most results from [27,28] are
formulated in terms of the so-called abstract state spaces (X, X4, IC, f), special classes
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of ordered Banach spaces, where the norms are additive on positive cones, X, and the
considered operators are usually Markovian. We shall also introduce corresponding
(imitating Markov properties) class of operators; however, the additivity of the norm
will not be a prerequisite.

The Dobrushin (Dobrushin—Doeblin actually) ergodicity coefficient was introduced
in 1955 (cf. [12,33]) From a general perspective, it appeared to be an efficient tool
for studying the asymptotic behavior of Markov chains and their limits. Moreover,
it allows for obtaining the rate of convergence. When a stochastic system is defined
in the language of operator theory, then the evolution of a Markov process {&};co
can be seen as iterates 7" of the related transition operator 7. In an elementary
course on Markov chains, where the phase spaces are finite, 7 may be identified
with a transition (raw stochastic) matrix 7 = [p; kluxn, ZZ=1 pjk = 1 for all
1 < j =<mnand pjr > 0. T acts on the (Banach) space 6,11 =R'as T(x) =
X1, s xp) o [pjil = (Z’}Zl Xjpji)k=1..n- Generalizing [p; r]uxn to a system of
transition probabilities { P (x, A) : x € G, A € G}, where (G, G) is a fixed measurable
space (called a phase space), we identify Markov processes { X },>0 on G with linear
operators T : M(G, G) - M(G, G) definedas T (v)(A) = fG P(x, A)dv(x), where
M(G, G) stands for the Banach lattice of finite o —additive signed measures on (G, G).
If for all (sometimes, it is required pn almost all) x € G, the probability measures
P(x,) < p are absolutely continuous with respect to u, then T : Ll(u) — L1 ().
The limit (if it exists) of 7" (v) is a stationary distribution, depending on an initial
distribution v = L£(Xp). A common feature of these examples is the fact that 7 is a
positive linear contraction acting on a (real) Banach lattice. Using functional analysis
language, Markov processes emerge as linear and positive operators 7' (called Markov
or stochastic), which are defined on some function Banach space X (= L” or C(S)).
Of course, these Banach spaces X and operators 7 : X — X must be carefully chosen
for appropriate modeling of a specific random phenomenon.

Apart from the Dobrushin method, there are other techniques used in studying
the convergence of iterates of positive operators. The method of lower and upper
bounds, introduced by Lasota (cf. [22]), is very popular, but it can also be interpreted
in Dobrushin terminology. In the classical situation, when X = E,ﬁ, the Dobrushin
ergodicity coefficient of a linear Markov operator T : £} — Z,ﬁ is defined as

17 (1) — T W)
(k) 8(T) =sup{————————— 1 u # v € Dy},
e —vih
where D,, = {(x1, ..., X) : Z’}zl xj =1, and x1, ..., x, > 0} denotes the simplex of
probability vectors and || - ||; stands for the £ ,1, norm.

The methods and techniques of functional analysis are especially suited for studying
noncommutative Markov processes (whose theory is still being developed ([9,13,
34]). For example, the mathematics behind quantum theories require mathematical
objects, which are not Banach lattices in general. Here, the states are not probability
densities, but are (positive, norm 1, normal) functionals on Von Neumann algebras.
These are not Riesz spaces, and therefore, the evolution operators 7 are not defined on
Banach lattices any more. Nevertheless, all C*-algebras have natural order structures,
compatible with linear operations. Positive (very often completely positive) operators
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T describing quantum evolutions act on ordered Banach spaces (cf. [1,2,5,6,10,11,29,
30,35]). The topic of positive linear operators on ordered Banach spaces, which are
not necessarily Banach lattices, has attracted significant attention (e.g., [8,14—17,24—
28,32])

In the first section of the paper, we present basic general results, where the principal
domains are abstract (real) Banach spaces (X, ||-]|). The Banach algebra of all bounded
linear operators 7' : X — Xisdenoted by £L(X). The operator norm || 7' || is traditionally
denoted by || - || as well.

2 Abstract Dobrushin Coefficient

Following [27, Definition 3.1], we introduce the following.

Definition 2.1 Let 7 € L(X) be a linear operator and P € L(X) be a (nontrivial)
linear projection. Then, the following quantity:

17 x|l

p(T) = ,
xeNp,x#0 [lx |l

where Np = {y € X : Py = 0}, is called the Dobrushin coefficient of T with
respectto P (if Np = {0}, 1.e., when P = I, we may artificially prescribe 6 p(T) = 1).

Clearly, 0 < §p(T) < |IT||. We start with a commonly known result on the
Dobrushin coefficient. For its proof, the reader is directed to [27, Theorem 3.7].

Theorem2.2 Let T, S € L(X) and P, Q : X — X be linear projections. Then

(1) ifaprojection P dominates a projection Q (i.e., QP = PQ = Q), then§p(T) <
So(T),

(2) 18p(T) —6p(S)| <0p(T = 8) <IIT =S|,

(3) 8p(T +S) =ép(T) +5p(S),

@) 8p(TS) =T I8p(S),

S) TSI <38p(T)ISI, if PS =0,

(6) 8p(T'S) =38p(T)3p(S) =8p(T)IISII, if S(Np) S Np.

The following result is also a standard fact and holds for abstract linear operators
on Banach spaces.

Proposition2.3 Let T € L(X) and P : X — X be a linear projection. If p(T) = 0,
then T =TP.

Proof If x € Np,then 0 = Tx = Tx — TPx,so T = TP on Np. Generally, if
ye X, theny— Py € Np,soT(y—Py)=TP(y—Py)=0.WegetTy=TPy.O

The next result will play an essential role in the sequel. In [27], most of the results,
on asymptotic behavior of iterates 7", were obtained under additional assumption
that PT = TP, i.e., that T commutes with P. In this paper, we relax this condition,
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which is replaced by essentially weaker T(Np) € Np. Recently, a similar remark
was pointed out in [28, Lemma 2.7], where the assumption PT = PT P is in use.
Indeed, commutativity implies that for allx € Np, we have PTx = TPx =T0 = 0.
We also notice that if T(Np) € Npand TP = P,then TP = PT = P. In fact,
PT =PTUI—-P+P)=PT(I—-—P)+P=Pas(I —P)X=Np.

Proposition2.4 Let T € L(X) and P : X — X be a linear projection. If §p(T) < 1
and T(Np) C Np, then |T"(I — P)|| — 0.

Proof The inequality 8p(7T) < 1 simply means that the operator Ty, = T [n,, the
restriction of 7 to its invariant subspace Np, is a strict contraction. It follows that
||T/’\}P I < (p(T))" — 0. In particular, |T7"(I — P)|| - Oas (I — P)(X) = Np. O

Let us present an example which shows that T P = PT = P is essentially stronger
than T(Np) C Np, even in classical situations.

Example 2.5 Let X = L'(u), where u is a o —finite positive measure on a measurable
space (G, G). By D, we denote the convex set of densities, i.e., g € D if and only
if g > 0, ae. and fG gdu = 1. For a fixed g, € D, define a linear projection
Pf = (fG fdu)g«, ie, P = 1@® g, Let T be a general Markovian operator on
L'(w),ie, Tf = 0forall f > 0and T*1 = 1, where T* stands for the adjoint
operator T* : L% () — L (). Itis easily seen that PTf = Pf forall f € L'(w),
but TPf = Pf if and only if Tg, = g4. Thus, P and T do not commute in general.
However, f € Np if and only if [, fdu = 0. For such f, we have [, Tfdu = 0 as
well, so T(Np) C Np.

In the next theorem, we generalize [27, Theorem 3.14]. Originally, it was obtained
under commutativity assumption and for Markovian operators on abstract state
spaces. We remove these restrictions. We recall that 7 € L£(X) is quasi-compact
if ||[7" — K|| < 1 for some natural n and a compact operator K € L(X).

Theorem 2.6 Let T € L(X) and P : X — X be a linear projection. If §p(T) < 1,
T(Np) C Np, and T P is a quasi-compact contraction, then T is also quasi-compact.

Proof Without loss of generality, we will assume that P # 1. It follows from Proposi-

tion2.4 that ||7" (I — P)|| — Oand by Theorem2.2,5p(T") < ép(T)" — 0.Lete >

m+1
0 be fixed. We choose m € N, such that 8111(8? (;) <1 Jf” - By quasi-compactness

of T P, there exists natural i > m, suchthat |[(T P)' —K;|| = y < 1, where K; € L(X)
is compact. We notice that || (T P)" — K,;|| < y" for some compact K,,; € L(X). Let
ne € Nbe such that ||[(T P)"'~F — K, ;|| < y"~" y for
alll =0,1,...,m, where K,,,;—; € L(X) are compact.

By the mathematical induction, for every natural n, we have the representation

< e
4(m+DII—=P|-max{L,|IT™

T" =T"(I— P)+T"P =(TP)" + Y T/(I - P)(TP)"/.
j=1
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We notice that

n

1Y Tta—-pyaxpyi< Y T d - PYT P

I=m+1 I=m—+1

< Y ITta—-pl

I=m—+1

<(+1PI) Y 8p(Th

I=m+1
Sp(I)"™* e
=A+IPD) —F7 < 1
1—-6p(T) 4
Now, estimate
m
17" = Kuii = 3T = PY K-t
=1
nel "

= (TP)"" — Ky + Y _T'(I = PYTP)"'™ = > T = P)K,,i |
=1 =1

m m
= |(TPY" = K+ Y T = PYT Py =Y "T'(I = P)Ky,i
=1 =1
nel
+ > T'a - P)TPy

I=m+1

m

< I(TPY"" = Knill + Y _IT U = PYIIT P~ = K i
=1

nel
+ I Y T = PYT Py
I=m+1
g max{1, |T||""}- I — Plle g
<—-—+m +-<e¢

4 4(m 4+ DI — P|| - max{L, |[T|"} 4

The operators K,,,; + Z;": 1 TI(I — P)K,, ;- are compact, so T is quasi-compact. O

We end the section showing some relations between the projections P and I — P
(cf. [27, Proposition 3.1]).

Corollary 2.7 Let T € L(X) satisfy ||T"|| > € > 0 for all n € N (for instance, T is
Markovian) and P be a linear projection. If T(Np) € Np and T(Nj—_p) € Nj_p,
then at most one of the statements below holds:

(1) 8p(T™) < 1 for somen € N,

(2) 8;—p(T™) < 1 for some n € N.
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Proof If both conditions hold, then by Proposition 2.4, we get

|71 — P)| — 0;

|T"P| — o.
It follows that:
|| < |7 = P)| + 7" P - 0.

contradicting that the norms ||7" | are separated from O. m|

3 Uniform Ergodicity

This section is devoted to convergence of iterates 7", obtained with the use of
Dobrushin’s ergodicity coefficients.

Definition 3.1 Let P be a linear projection on the Banach space X. We say that T €
L(X) is uniformly P-ergodic, if |T" — P|| — O.

Theorem3.2 Let T € L(X) and P # I be a projection. Then, T is uniformly P-
ergodic if and only if that T(Np) € Np, TP = P (equivalently, TP = PT = P),
and 8p(T*) < 1 for some k € N.

Proof Let T be a uniformly P-ergodic operator. Applying Proposition 2.4, we get:

IT"x]| IT"x — Px|
= su —_—

§p(T") = =
xeNp,x#0 [l |l xeNp,x#0 [l |l

<[ - p| 0.

s0 8p(T*) < 1 for some k € N.
Moreover, from

HTn+1 _ TPH _ ||T(T" — P)|| — 0 and ”T'H'1 — PTH = ||(T” — P)T” — 0,

we get commutativity P = TP and P = PT. In particular, 7(Np) € Np.
In the opposite direction, we apply our Proposition 2.2 and get
7" — P)|| = 0,50 |[T" — P|| = ||T" = T"P| — 0. O

Remark 3.3 The case when T is uniformly 7-ergodic is trivial. Simply P = I, and
then, 8;(T*) < 1 does not occur.

Combining the above theorem with the Proposition 2.3, we get
Corollary 3.4 If T is uniformly P-ergodic and p(T) =0, then T = P.

The uniform P-ergodicity is quite a strong property. We shall also consider its
weaker alternative discussing the asymptotic behavior of ||7"x — T"y||. Expressing
it in Dobrushin’s language, we propose to study the limit of §p (T") (for contractions,
such a limit does exist).
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Definition 3.5 Let P be a linear projection on X. We say that a linear contraction
T € L(X) is weakly P-ergodic, if §p(T") — 0.

Now, we will discuss, from the perspective of Dobrushin’s ergodicity notion, the
geometry of selected semigroups. We start from general sets, and finally, we will arrive
to abstract "Markovian” semigroups. Given a linear projection P € L£(X), which is
assumed to be a contraction, we define

LY(P): ={T € L(X) : T is uniformly P — ergodic and||T|| < r},
LY (P):={T € L(X) : T is weakly P — ergodic and | T'|| < r},
LE(P)y:={(T eL(X):PT=TP=P, |T|<r}
LO(P):={T e LX):PT=TP, |T| <r}.

The following inclusions are obvious: £¥(X) C LY(X), L¥(X) C ,Cf (X) and
LY(X)NLE®X) = £4%).

Moreover, the second inclusion is in some sense optimal, as we explain below.
Theorem 3.6 With the notation as above, the following inclusions hold:
(1) L{(P) is a norm-open and dense subset ofﬁf(P).
(2) LY(P) N LYP™M(P) is a norm-open and dense subset of L{°" (P).
Proof We notice that L{°" (P), E‘f (P) are norm-closed subsets of the closed unit ball
L1(X).Let T € L (P)and 0 < & < 1 be fixed. We set

& e
7= (1——)T Zp.
2 + 2
Clearly, T® e LEX), |[T® —T| <& |[T®| < 1asboth T and P are
contractions (||T|| = || P|| = 1 actually, as long as P is non-zero). If x € Np, then

|T@x| _ (1 B f) 1T x|
llxl 2/ lxll

Taking supremum over all such x, we get 8p(T®)) = (1 — %) 8p(T). Therefore,
8p(T®) < 1, so applying the Theorem 3.2, we obtain that 7 is uniformly P-
ergodic. L] (P) is a norm-dense subset of EIE (P).

Concerning openness, for n € N, consider sets

Uy={TeLli(X):PT=TP=P; §p(T") < 1}.

Clearly, E’f (P) = UneN U,, so itis enough to prove that U,, are norm-open in EIE (P).
If T € U, is fixed, then for every H € EF(P) with |T — H|| < %, we have
(apply Theorem 2.2)

1—48p(T")
5 .

<IT = HIl+ |7 = Y < - H) <
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Therefore, §p(H") < 1, H € U, and the proof is completed.
To prove (2), we may copy the proof of (1) replacing L (P) for L (P) N L{?™" (P)
and LE(P) for L™ (P). o

4 Abstract Markovian Semigroups

Let £ € X* be a continuous (real) functional on a Banach space (X, || - ||) and K¢ C X

be a norm-closed, bounded and convex subset of X (denote Mg = sup |[|x||). Assume
XEKE

that £(x) = 1forallx € K¢. Clearly, K¢ is separated from 0 (i.e., inlg lx|| = me >
xelg
0).

Definition 4.1 A linear bounded operator T € L(X) is called & — Markovian if
T*¢ =& and T (K¢) C K. The set of all £—Markovian operators on X is denoted by
Sk.

It follows directly from the definition that S¢ C L£(X) is a semigroup, which is
closed for the weak operator topology. The composition operation is continuous for
the strong operator topology. Of course, each & —Markovian operator 7" has its norm
IT|| > 1, as T*& = & # 0. Clearly, the identity operator Id € Sg.

It is easy to verify that if X = L'(u), then the classical Markovian operators T
(sometimes called stochastic and then the adjoint operators 7* are called Markovian)
coincide with the just introduced semigroup Sy, where 1 € L% (1) denotes the function
equal 1 p a.e. From this perspective general £ —Markovian operators mimic some
features of classical Markovian operators on L' (u). It is worth mentioning that in the
literature, several different extensions of Markov operators are presented (cf. [1,5,6,
8,10,17,24,27,32,35]).

Repeating Example 2.5, we set Py, = & @ y4 = (-, £)yx, where y, € K¢. Clearly,
Py, € S: is a §—Markovian projection. Moreover, Py, T = Py, forevery T € S;.
Py _(u) = 0if and only if & (u) = 0. Hence, N P, = keré =ker Py, . Now, for arbitrary
T € S¢and all u € Np,_, we have §(Tu) = T*(&)(u) = &(u) = 0. We obtain
T(Np,) S Np,,. '

If Ry K¢ — Ry Kg = X, then the cone C¢ = {tx : t > 0 and x € K¢} is called
generating in X. We notice that under this assumption, £(v) = 0 if and only if v =
t(x —y),forsomer € Rand x, y € K¢. Therefore, the abstract Dobrushin ergodicity
coefficient, introduced in (), coincides with the classical one. Namely, forall T € S,
we have
ITvll

Tx —
M 1x,y € Kgt =sup{——:veNp }=6p (T).

5(T) = sup{ x,
x =yl ol

The rest of this section is devoted to topological (generic) characteristics of Sg. It is
well known that classical Markov operators, which are norm-mixing, form a dense
and open subset of S1 (see [3-5,19,20,23]). It has been recently extended to ordered
Banach spaces satisfying some extra properties (see [10,14,17,24,27]). The category
of abstract “norm mixing” elements in Banach algebras was studied in [31], but the
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obtained there results bring residuality (here, we deliver open denseness). We introduce
the following.

Definition 4.2 We say that a £ —Markovian operator T € Sg is norm-mixing if there
exists xy € Kg, such that the operator T is Py, -ergodic, where Py, € St is one-
dimensional projection, i.e., lim,— o0 [|[7" — Py, || = 0 (clearly Tx, = x.). We
denote the set of all norm mixing £ —Markovian operators by ngi". If we fix xs € K,
then the subset {T' € S¢ : |T" — Py, || — 0} is denoted by Sg‘;’i . Accordingly, we
define Sg x, = {T € S¢ : T (xy) = X4}.

We notice that studying mixing property, we may assume that ||7|| = 1. In fact, by
the Banach—Steinhaus theorem, sup,.q [|[7"x|| = ||x|le defines an equivalent norm
on X, such that T becomes a contraction with respect to it. Therefore, in the sequel (in
the next section), we shall consider only contraction Markovian operators. However,
in this section, we present a bit more general approach and show how notions mixing
and the geometry of the space (X, || - ||) interplay.

We recall that a cone Cg is k —generating, if it is generating and each x € X has
a decomposition x = u — w, where u, w € Cg¢ satisfy [Ju|| + [|w| < «|lx]|. Clearly,
k > 1 (cf.[7,36]). We remember that «k = 1 if X = Ll(u) or it is a predual of a Von
Neumann algebra (cf. [5,15,17,24,27]).

In the rest of this section, we focus on Markovian families and study them using
Dobrushin methods. We start with a few auxiliary lemmas. In the first one, we do not
require that C¢ is generating.

Lemmad43 IfT € Sg.nix, then there exists a unique x,. € K¢, such that

lim sup ||7"x — x| =0.
n—>00 \ ek

Proof If T is Py, ergodic, then TP, = P, . It follows that Tx, = x,. For each
x € K¢, we have & (x — x4) = &(x4) —&(x) = 0. Thus, x —x, € Np,_ forall x € K.
By the Theorem 3.1, there exists a natural &, such that § P, (Tk) < 1. We now estimate

sup |[T"x —xsll = sup |[T"x — T"xy|| = sup [[T"(x — x|l
xEICg xE/Cg erCg

< sup Bp, (TN max |T7x — x|
xEKg 0<j<k

< diam(K¢)(8p, (TN — 0.
O

Before we proceed to the main result of this section, we first explain the geometry
of our cones Cg. We start with the following.

Lemma4.4 If Cg is generating in (X, || - ||), then there exists a positive constant
ag < 0o, such that for every u € X satisfying §(u) =0 (i.e., u € ker§)

inf{&§(uy) 1 u =uy —up, where uy,up € Ce} < agllull .
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Proof As Cg is generating, we have

o0
U{sv—sw:v,weng,Ofsfj}:kerS.
j=1

By the Baire category theorem, there exists jo € N, such that

ker§ N KC(xp,r) C{sv—sw:v,we e, 0<s < j()}H‘H .

We may assume that xop = sovp — sowo for some sop > 0 and vo, wo € K¢. Hence,
each u € ker§, |lu| < 1 belongs to

Il
ue {(£U+S_Ow0)—(£w+s—0vo)21),w € Ke, 0 <5 < jo}
r r r r

Then, u = u; — up, where uy,uz € C¢ and |lu; — (fv + S7°wo)|| may be as small
as we wish. We get

s 80 o + so
) =) < -+ < L2
roor r
Jjo + 50 . .
We set oz = +¢g, where ¢ > 0 may be taken arbitrary (as small as we wish).
r

O
The next lemma is commonly known (see [7, Proposition 1.1.2]) but its proof is
included here for the sake of completeness of the paper. Moreover, we can somehow
see how the coefficient « depends on [&]| or M.
Lemma 4.5 Generating cones Cz are k—generating for some k > 1.
Proof Let x = tv—sw forsome ¢, s > 0 and v, w € K¢, where |x|| = 1. Without

loss of generality, we may assume that ¢ > s. Then, x = (t — s)v + sv — sw and
It —s)vll = (¢ —s)lv|| < (t —s)Mg. Moreover

1§ = 1) = 15(0F —s)v) + 5§ —w)| = (1 —s).
Thus, [|(z = s)v| < I§]|Ms. Now
[sv —swll < [xll + It = s)vll = T + [[§]| M.
By the previous Lemma 4.4, sv —sw =50 — 5 w, where v, w € K¢ and
0<% <oas(1+[&[IMs) .
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It follows that:

x:tv—sw:(t—s)v+§'17—'§ﬁ

t—s
= -5+ =V + —~7) — 5w
( S Ej(t—s—i—s t—s—+s )=

= (t —s +5)0 -5,

where v = =<v +

PR — =7 € K¢. We obtain

t— s+s
t—5+5+5 < IE] + 206 (1 + [IE[| M) < oo.
Now

inf{llur |l + lluzll :x =u1 —u2, |lxll =1, uy, uz € Ce}
St =s+DV|+ 5wl = —s+VI+5|w]
SMe(t —s+545) < Me(JIE|| + 206 (1 + |E|Me)) =K

(obviously ¥ > 1 as Mg|E|l > sup |£(v)] = 1). We have proved that Cg is
vele
K« —generating for each « > ¥. O

In the following results, we shall use already proved geometric properties of our
cones C¢. Namely, if generating they are automatically « —generating, and we have a
piece of control on the parameter « > 1. We obtain the following.

Lemma4.6 Let & € X*, S¢ be a §—Markovian semigroup and Cg be a generating
(so k —generating cone for some k > 1). Then, there exists a constant M > 0, such
that sup{||T|| : T € S¢} = M < oo. In particular, || x||* =sup{||Tx||: T € S¢}isa
norm on X, equivalent to || - ||.

Proof As before we set mg = inf{|lw|| : w € K¢} > 0 and Mz = sup{|w]| : w €
Ke} < 00. Let us fix normalized x € X. We have a decomposition x = tu — sv for
K K

some u,v € K¢ and t,5 € Ry, where ¢ < T = Ks and s < o = L . For an

arbitrary T € Sg, we have

ITx|| < IT )| + I Tl =t Tull +sITvl| < (¢ +s)sup{|Tw] : w € K¢}
< (t + s)diam(K¢) < 0.

It follows that sup{||T'|| : T € S¢} < i—’; - diam(K¢) < oo. In particular, sup{||T| :

T € 8¢} =M < ooandsup, ||T"]| < M for any £ —Markovian operator T.
Define |x]|®* = sup{||Tx]| : T € S¢}. Clearly, ||x|| < [lx]|°, so these norms are
equivalent and Sg becomes a contraction semigroup with respect to | - ||°. O

The operator P,, is a two-sided zero in the semigroup S m”i ie., forall T € Sg“”‘
we have TP, = P, T = Py, . In particular, 7" — Py, = (T — Py,)" for all n.
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Therefore, if for some natural k, we have ||T% — Py .|l <1, then

lim |T" — Py, |l = lim [(T% — P.)%)) - max | T/ — P =0
n—oo n—o00 0<j<k

(alternatively we may apply the Theorem 3.1 instead as dp, (T*) < 1). Thus
. o
SE = U €S 1 IT = Pl < 1)

k=1

is a norm-open subset of Sg .. If T is power bounded (for instance when C¢ is
generating), then

lim [[((1 —&)T +¢ePy,)" — Pl =0,
n—00

as (1 —e)T +eP)' =1 —-e)"T"+ (1 — (1 —&)*") Py, (We remember that Py,
is a semigroup zero). We have already proved a result which appeared in a classical
version in [3, Theorem 3].

Corollary 4.7 Let C¢ be a generating cone in (X, |- |)). Then, for each fixed x, € K,
the set S is norm-open and dense in St .

The next lemma characterizes mixing of abstract £ —Markovian operators.

Lemma4.8 Let T € S¢ be a Markovian operator, where the cone Cg is generating
(so k —generating for some k > 1). Then, T is norm-mixing if and only if

lim sup |[T"x — x4|| =0,
=00 ek

for some (unique) x.. € K¢ (clearly Tx, = xy).

Proof Applying the Lemma 4.3, we need only a proof in one direction. Suppose that

lim sup [|[T"x —x4]| =0.
n—>00 v ek

Clearly, Txy = x4« € K¢. Thus, lim sup |[|[T"x — Py, x|| =0.Ifu € Np_, |lul] <1,
n_)OOXEICg
then u = v — w for some v, w € C¢ with ||v|| + |lw|| < «. Asu € Np_, we get

§(v) = §(w). Now

IT"ull = IT"v = T"wll = IT"v = §@)xll + 1T"w — & (w)x|

= swxuwf’;) —xll + ||T"€E”—w) —xl).
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Clearly, 75 € Ke asé(ggy5) = 1 Gsimilarly g5 € K). Estimating & (v) < 2150 pre
we finally obtain

lim sup IT"u|l <2aeMe lim sup |[T"x — x|l =0.
"7 ueNp,, llul=1 n=00 e
To the rest, we may apply the Theorem 3.2. O

The theorem presented below is the main result of this section. It generalizes the
results obtained in [5, Theorem 2.4] for Markov operators acting on Schatten classes
(where k = 1). Clearly, it also extends relevant results on the asymptotic behavior of
iterates of Markov operators acting on L' (1) spaces (cf. [3], [19] and [23, Theorem
6]), and it corresponds to [27, Theorems 7.1 and 7.3].

Theorem4.9 Let (X, | - |I), § € X* K¢, and Cg be as before. If the cone Cg¢ is
generating (k—generating for some « > 1) in (X,| - ||), then for T € S, the
Jfollowing are equivalent:

() T e S

(i) lim,— 00 SUPy, ek \T"u — T"v|| = 0;

(iii) there exists a natural k, such that

m
sup ||Tku—Tkv||=y<—§.
u,vels Kk

Proof (i) = (ii) has already been proved. (ii) = (iii) is obvious. It remains to prove
(iii) = (i). Given z, € K¢ and u € Np_, with [[u]| = 1, we find a decomposition
u="79—w,where |V|| + |W|| <klull =k, V=1tv, W =tw,t>0and v, w € K.

« .
Clearly, t < e We estimate

IT*u)l = 17"V — T*F|| = 1| T"v T"w||<—y—g<——:1.
mg mg K

It follows that for an arbitrary pair v, w € K¢, we have || Tkv—T*kw| < ollv—w]|. The
transformation 7% is a strict contraction on K¢. By the Banach fixed point theorem,
there exists x, € K¢, such that T*x, = x,.. Notice that 8 Py, (Tk) < 1and T* Py, =
Py, Tk = Py,. Now, we may apply our Theorem 3.2 or repeating argumentation as in
Corollary 4.7, we get lim,_, || T"* — Py, || = 0. Finally

limsup sup [|T"x — Py x|| = limsup sup sup 1 TFH x — &) x|
n—oo |lx||=<I n—>o0 |lx[|<10<j<k

=limsup sup sup [|T¥(T7/x) — &(T/x)x,]

n—00 ||x|<10<j<k
<limsup sup [[T*'(y) —&()x.]| =0,
n—oo |yll<M

as |T7| < M for all j (see Lemma 4.6). We have proved that T € Sé“i". O
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The following corollary easily follows from the last theorem. Its classical counter-
part may be found in [3,5] and [20, Theorem 3].

Corollary 4.10 If C¢ is generating (k —generating for some k > 1), then S;‘ix is a
norm-open and dense subset of Sg.

Proof From Theorem 4.9(iii), we easily obtain that S™ is norm-open in Se. Con-
cerning denseness let us fix z, € K¢ and ¢ > 0. Given an arbitrary T € Sg, define
T = (1 —e)T + eP,, € S¢. Let us endow the Banach space with the norm || - ||°,
defined before. With the metric o(v, w) = |lv — w||®, the set K¢ is a complete
metric space and the “discrete time” semigroup {7} : n > 0} acts on K¢ as affine
contractions. Hence, for any pair v, w € K¢, we have

1Te(v) = T.w)[* = (1 = &)llv—w]|®.

By the Banach fixed point theorem, there exists aunique x, € K¢, suchthat Tyx, = x4
and

sup || T} (u) — x||* < const; (1 — &)".

ueke
Clearly
sup [|7,"(u) — x4|| < consty(1 —&)",
ueke
asthenorms ||-|| and ||-||* are equivalent. From Lemma 4.8, the operator T, € Sénix.

Applying Lemma 4.6 once again, we have |7 — T, || < 2Me. The set Sg‘i" is operator
norm-dense in Sg o

We end this section giving some comments on the role of order structures on
abstract Banach spaces. It is well known (see [17, Proposition A.1] and [27, Exam-
ples 2.3 and 2.4]) that every Banach space (X, || - ||) may be isometrically embedded
into an ordered Banach space X™. Simply consider X~ = X @ R with the norm
|(x, )™ = max{||x]l, |r|}. The positive cone is defined as X} = {(x,r) : |lx]| < r}.
It may be proved that the norm || - || is additive on X7y and that the space X" is
1—generating (i.e., X" is a strong abstract state space). Moreover, each contraction
T € L(X) can be extended to T e L(X™) which is a positive contraction. Namely,
define T(x, r) = (Tx,r). The dynamics of a linear contraction 7 on X is reflected
in dynamics of T. The problem emerges, when one asks about the mixing property.
The convergence of Markovian 7", to a 1-dimensional projection on X™, automati-
cally forces on the limit operator P((x, r)) = (0, r). In particular, ||7"|| — O on the
original space X. Otherwise, we would have P((x,r)) = (lim,_~ T"x, r). Hence,
(x4, 0), (0, 1) € X~ would be two non-zero T —invariant vectors, contradicting norm-
mixing. We conclude that studying mixing of a linear contraction 7' on an abstract
Banach space is as hard as studying uniform P —ergodicity of its extension 7' (on
X™) for 2—dimensional projections P. Positivity of T and the order on X~ will not
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help. We conclude that, when investigating the iterates 7" of a linear contraction T
on an abstract Banach space X, we may not assume, without loss of generality, that
X is an abstract state space; especially when considering P— norm-ergodicity for a
1—dimensional P.

5 Continuous Semigroups and Dobrushin Coefficients

It has been explained in the previous section that studying mixing of Markovian semi-
groups, we may actually assume that they are contractions. Therefore, in this section,
we shall generally assume that Sg are contraction semigroups.

We will not consider Dobrushin’s coefficients for one-parameter semigroups in
much depth. We merely present two results indicating possibilities in this direction. A
recent paper [14] is another example supporting possible developments of this topic.
We begin with recalling (cf. [9,13,18]).

Proposition 5.1 Let A € L(X). Then

A"
A._ 2 on _ tA
T, ._E n!t =e" e L(X)
n=0

form a one-parameter norm-continuous (i.e., R 3 t — T; € L(X) is operator norm-
continuous) semigroup of operators, with A as its generator.

The theory of one-parameter linear semigroups is well developed. The reader is
directed to [9,13,18] for further explanations if necessary.

Here, we show that the convergence of {7;} may be characterized by the Dobrushin
coefficient of a single element 77. Such a property is known for classical Markovian
semigroups on L! (see[21, Theorem 3.7] and [22, Theorem 7.4.1 and Corollary 8.7.3]).
We have the following.

Theorem 5.2 Let {T;} be a uniformly (norm) continuous contraction linear semigroup
on X, such that ;P = P for allt > 0, where P is a linear projection (contraction)
acting in a Banach space X. Then

(1) if Ty is uniformly P-ergodic, then {T;} converges uniformly to P;
(i) if T\ is weakly P-ergodic, then §p(T;) — O.

Proof Without loss of generality, we shall assume that P # I. (i) follows from our
Theorem 3.2. Indeed, notice first that 71 P = PT; = P, and hence, Theorem 3.2 is
applicable. Thus, §p (le) < 1 for some natural k. We notice that

T\ P = lim 7.7} = lim Ti,; = lim T/T\ = PT: .

1
n /—>oo n /—)00 n /—)00 n n
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Applying Theorem 3.6 we infer that, for every fixed natural n, the operator T is
uniformly P-ergodic, as & p(Tfk) =4 p(le) < 1. Then
1Ty = PIl < | T = Tinysn | + [ Tinyym — P|
= Tyl 1T rimssn = 1] + [ Tunsjn = P
< N Timtmym = 1| + | Tienyyn = P -

Clearly, } Ty —1 || may be as small as we wish (take n large enough). For a fixed
(large) n, the norm || Tz /m — P| — O when ¢ — oo. Thus, (i) is proved.
To prove (ii), it is sufficient to notice

8p(Ty) = 8p(Tr—11)Tis)) < | Tr—psy 182 (T — 0.

O

Corollary 5.3 Let {T;},>0 be a uniformly (norm) continuous contraction linear semi-
group on X, such that T; Py, = Py, for allt > 0, where as, before Py, = & @ x, for
some xy € Kg. Then, {T;};>0 is norm-mixing if and only if Ty is Py, —ergodic.

We finish the paper with describing operators A € £(X) which generate uniform
P —ergodic semigroups. We do not focus on Markovian semigroups; however, we are
still restricted to contractions. We introduce the set

C={AecL(X): {TtA}tzo is a contraction semigroup}.

Clearly, C is a closed subset of £(X). The last theorem of the paper corresponds
to [14, Theorem 3.8], where the considered semigroups belong to the C¢ class and
their generators are generically unbounded [18, p. 15]. In particular, the topological
structure of considered here sets C is not comparable with the one considered in [14].
We do realize that the presented below result is not surprising, but it is included
for completeness of the topological structure of ergodic families of norm-continuous
contraction semigroups, obtained with the use of the Dobrushin methods.

Theorem 5.4 Let X be a Banach space and P be a linear projection (contraction) on
X. Then, the set

Ep={AeC(C: {T,A},Zo is uniformly P-ergodic }
is norm-open in
Cp={AcC:T{(Np) C Np, T{*P = P}.
Moreover, Ep is norm-dense in

p={AeC:AP=PA=0}CCp.
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Proof As before, we shall assume § p(TlA) =y < l. Clearly, A — exp(A) is norm-
continuous. Let A € Ep be fixed. Therefore, for every ¢ > 0, there exists o > 0, such
that, if |A — B|| < 0, B € Cp, then |lexp(A) — exp(B)|| < ¢. From Theorem 2.2(2),
we have

|6p (exp(A)) — Sp(exp(B))| =< [lexp(A) — exp(B)]|.

Taking ¢ = (1 — y)/2, we get 6p(exp(B)) < 1. Applying our Theorem 3.2, we infer
that Ep is norm-open in Cp.
To prove denseness, let us fix A € C}, and define

AP =A 4 e(P - 1).

Applying standard arguments (see [22, p. 236], [4, p. 50] and [23, Lemma 3]), we find
the operator A%” to be a generator of a contraction semigroup {T%}. Notice that
A% ¢ C’». We have a representation

00
Ttg’P=eXp(—€t) TtA_'_ZEnTtn,P .
n=1

where T,O’P =TA and

t
Tln-l-l,P :‘/‘T[éSPTSn’P ds.
0

By mathematical induction, we estimate H T,"H’PH < t"/n!, so ||Tf’P|| < 1 (cf. [4]).
Now, by Theorem 22, we get

o0
sp(T0F) < exp(—e) (8p(T) + ) e"

n=1

P
]

X n
&
< exp(—¢) ap(T{‘)+§ — <1

n=1

It follows that {T% "} is uniformly P-ergodic, i.e., A>F € Ep. O
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