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1. Introduction

In recent years, the study of mathematical models that arise in the context of concrete applications has
attracted a lot of attention and yielded new methods and tools for investigating different classes of nonlinear
ODEs and PDEs. Of particular interest are models that arise in continuum (nonlinear) mechanics of elastic
bodies and are subject to different external influences and loads. Let us mention here the well-known von
Karman model for the study of buckling of plates and shells. These equations have attracted a lot of interest
in the literature (see [1-6]).

There is a broad variety of problems arising in elastic mechanics that can be handled by bifurcation theory.
In the present paper we will discuss one of them. Namely, we will study the problem of deformation of the
lateral surface of a rotating gas column. We assume that the undeformed column is a cylinder of height H
and radius R, where 2R is much greater than H and the lateral surface of the column is made of a flexible
reinforced material. This means that the shape of the lateral surface of the column is determined by its
transverse section. The column rotates with constant speed around its axis of symmetry. The interior of the
column is filled by a gas under pressure which is trapped inside the column. Namely, the column is placed
between two parallel planes that obstruct the outflow of gas (see Fig. 1).

* Corresponding author.
E-mail addresses: joanna.janczewska@pg.edu.pl (J. Janczewska), anita.zgorzelska@pg.edu.pl (A. Zgorzelska).

https://doi.org/10.1016/j.nonrwa.2021.103386
1468-1218/© 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.nonrwa.2021.103386
http://www.elsevier.com/locate/nonrwa
http://www.elsevier.com/locate/nonrwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nonrwa.2021.103386&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:joanna.janczewska@pg.edu.pl
mailto:anita.zgorzelska@pg.edu.pl
https://doi.org/10.1016/j.nonrwa.2021.103386
http://creativecommons.org/licenses/by/4.0/

A\ MOST

J. Janczewska and A. Zgorzelska Nonlinear Analysis: Real World Applications 62 (2021) 103386

>

VA

<

Fig. 1. A model of a rotating gas column.

Equilibrium forms of the gas column are described in polar coordinates by 27-periodic even C™*+2-smooth
positive functions r(0), 6 € [0,2n], m € NU {0}, satisfying the equation:

r(6) (0)r2(0) = r2(0)r(0) B
w0 e o)+ mepr O e=0

where w is the rotation speed of the gas column, m is the mass of the gas column, and p is the pressure of gas
inside the column. () describes the transverse section of the cylinder. The derivation of this equation goes
back to a lecture by our colleague prof. Andrei Borisovich, who passed away in 2008, given at our university
in 2005. We rewrite the mathematical model as an operator equation and, by using a bifurcation argument,
we prove that there exist smooth solutions of the problem which are not radially symmetric. In the last
two decades many authors have studied different free boundary problems via bifurcation methods (see for
instance [2,7-10]). A lot of important examples, both from a mathematical and an applicable point of view,
have appeared in [11]. They come for example from biology, medicine, mechanics or chemistry.

The paper is organized as follows. In Section 2 we derive the equation of equilibrium forms of the gas
column following A. Borisovich, and we state the main theorem. Section 3 contains the proof of this result.

We hope that our manuscript will be useful not only for mathematicians working in differential equations
but also appeal to physicists and engineers interested in nonlinear mechanics. The developed techniques go
beyond this particular model and are applicable to a broad variety of nonlinear models in mechanics that
have similar properties.

2. Mathematical model

Let C*(27), m € N U {0}, be the Banach space of 2r-periodic even C™-smooth functions r(#) with the

standard norm
m

= ®)(p 1
Il = 3 e b0 (1)

where 7(*)(#) denotes the kth derivative of 7(0) for k =1,2,...,m and () () = r(6).
The total energy of the gas column, denoted by E, is defined to be

E,=FE — Ey + B3,
where

e F; stands for the potential energy,
e [, is the kinetic energy,
e FE3 denotes the energy of gas.
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The energy FEj is given by

2
Ei(r)=« Vr2(6) + r'2(0)d6, (2)

0

where o > 0 is an elasticity coefficient of the flexible material, r € C™*2(27) describes the boundary of the
cross section of the gas column and therefore 7(0) > 0 for each 6 € [0, 2x]. There is no loss of generality in

assuming that a = 1. The energy F5 is defined by

™ w2m
FEs(r) = /O 5 r2(0)de, (3)

where w > 0 is the rotation speed of the gas column and m > 0 is the mass of the gas column. Finally, the

energy FEj3 is defined as
2
Earip) = [ pr(o). (4)
0

where p > 0 is the pressure of gas. Hence the formula for the total energy has the form

Ey(r,p) = /0 ' ( r2(6) +17(0) - “r7(0) + pr(@)) do. (5)

Dividing (5) by 27, we obtain a functional F given by

27 Qm
E(r,p) = % /O ( r2(0) +17(0) - 5% (0) + pT(9)> do. (6)

In what follows we refer to E as the energy functional. It is easy to check that

P O N (R DL
B = o | ( RO ) (20) + () )WW

1 2w

- — (w?mr(0) — p) h(0)do

2 0
for each p € Ry, r,h € C2(27) and r(0) > 0 for @ € [0, 27]. Consequently, critical points of the functional
E (i.e. equilibrium forms of the gas column) are 2m-periodic even C™*+2-smooth positive solutions of the
second order differential equation

r2(0) — r"%(0)r(0 0
@A Lm0+ =o ™)

<
—~
s
~—
=

N
—~
s

N | ~—

Substituting r(6) = const into (7), we get an algebraic equation with a solution given by

_1+p
mw?’

R, (8)

which means that the cross section of the gas column is a circle of radius R,. To sum up, for all m,w € Ry
there exists a family of radially symmetric solutions of Eq. (7) given by

I'={(Ryp): p € Ry}, (9)

where R, is defined by (8).
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3. Bifurcation problem

We now want to find all values of parameter p for which the radially symmetric solution R, loses its
stability. For this purpose we will study bifurcation from the set of radial solutions with respect to p.

Definition 3.1. We call (R,,p) € I" a bifurcation point of Eq. (7) with respect to the set I" if there exists
a branch of non-radially symmetric solutions (r(t),p(t)) of (7), depending on |¢| < e, with r(0) = R, and
p(0) = p.

Our theorem reads as follows.

Theorem 3.1. Let py = % —1, k>4, k € 2N. Then there exists a set of non-radially symmetric solutions
(r(t),p(t)) of Eq. (7), depending on |t| < e, with

ko
r(06) = Ry + ¢ Vacos () + ol
and 7(0) = Ry, , p(0) = px. Hence (R, ,px) € I' is a bifurcation point of (7).

Set
X =C""202r) and Y =0CM27) (meNuU{0}).

Fix po € Ry. Consider the point (R,,,po) € I'. Let X5(0) and (R4 )s(po) denote the balls in X and R,
respectively, of radius § around 0 and pg. For ¢ € X5(0) and p € (R )s(pg) we define

r(0) = Rp + 0(0), (10)

where 6 € [0,27] and R, is given by (8). Substituting (10) into (6), we get the energy functional
E: X5(0) x (R4)s(po) — R given by

. 1 2 mw?
E(o,p) = ﬁ/o ( (Ry +0)* + 0?2 — 5 (Ry + 0)* +p(R, + 9)> do. (11)

It is a simple matter to check that

. 1 27 R +
E;(w)hZ*/ Hy f) — hdo
27 Jo (Rp+0)?+o0
1 27 Q”(Rp + 9)2 _ 912(Rp +Q)
- %/ T hdg (12)
0 ((Rp +0)* +0?)?
1

2m
~ 5 /0 (mw?(R, + o) — p) hdf.

Let F: X5(0) x (Ry)s(po) — Y be given by

- (R, + 0) 0" (R, + 0)* — 0*(Ry + 0)

F(o,p) = - — mw?(R, + o) + p.
( ) (Rp+g)2+912 ((Rp+g)2+gl2)% ( P )

Let us denote by (-,-) the standard inner product in L?(27), i.e.

1

T or

(g, h) /0 Wg(@)h(@)d&, g,h € L*(27).

4
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Proposition 3.2. The map F is a variational gradient of the functional E with respect to the inner product
in L?(27), i.e.
E(0,p)h = <F(9,p), h>

forall p € X5(0), h€ X andp € R

We are interested in finding critical points of the energy functional £: X5(0) x (R, )s(po) — R subject
to constraints:
1 2

2 0 &( )C:S( )'“ : ( 3)
and

— 0(6)dé = 0. (14)
2 Jo

For this purpose, we apply the method of Lagrange multipliers. Let us remark that the condition (13)
together with the evenest of p(f) excludes a displacement of the axis of symmetry of the cylinder. The
condition (14) gives a loss of radial symmetry, i.e. it excludes o(#) = const. Finally, these conditions exclude
0(0) = cos(6).

Define

A2

N )\ 27\' 271'
e(0. M ha.p) = Bl p) + 2L / 0(0) cos(0)d0 + 22 / 0(0)df
27T 0 27T 0

where ¢ € X;5(0), p € (R4)s(po) and Ay, A2 € R are Lagrange multipliers.
Set x = (0, A1, A2). We have

x(x,p)(hy hi, ha) = €, (x, p)h + €5, (x,p)h1 + ), (x,p)ha (15)
for all h € X5(0) and hq, he € R. An easy computation shows that

1 (Ryto)
21 Jo (R, + 0)? + 0
1 2T 1 2 _ 2
0

hdé

5/9(97 )\la )‘27p)h

2n ((Ry+ 0)* + 0%)*
1 27

~5r ), (me*(Bot o) —p) hdf

27 27

LM os@)do+ 22 [ has,

2m 0 2 0
, hl 27
e\, (0, A1, A2, p)hy = o J, 0(0) cos(6)do

and

h 27
), (0, A1, A2, p)hy = f/ 0(0)do.
™ Jo

Let F: X5(0) x R? x (Ry)s(po) — Y x R? be given by

Fa) = (Flehran) o [ o) cosoan, - [ ooran). a7)

where

F(Q7A17)\2ap) = F(Qap) + )\1 COS(G) + )\2
and x = (0, A1, A2).
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Lemma 3.3. For each p € (Ry)s(po), F(,p): Xs5(0) x R? — Y x R? is a variational gradient of
e(-,p): Xs5(0) x R?2 — R with respect to the scalar product in the Hilbert space L?(27) x R?, i.e. for all
= (0,\1,A\2) € X5(0) x R%, h € X and hq,hs € R,

E;(z,p)(h,hl,hg) = <./."(12,p), (hvhlah2)>'

Let us now consider the equation
F(z,p) = 0. (18)
Eq. (18) possesses a trivial family of solutions

I'={(0,p) € X xR*xRy:pe (Ry)s(po)}

Let us recall that (0,po) € I" is a bifurcation point of (18) if there exists a branch of nontrivial solutions
(z(t),p(t)) of (18), parametrized by |t| < €, such that 2(0) = 0, p(0) = po.

Let us remark that we have reduced the problem of bifurcation from the set of radial solutions of (7) at
(Rp,,po) to the problem of bifurcation from trivial solutions of (18) at (0, pg). The task is now to prove the
theorem below.

Theorem 3.4. Let pr = % —1 for k > 4, k € 2N. Then there is a smooth curve of nontrivial solutions
(z(t),p(t)) of (18), parametrized by |t| < €, with

z(t)(0) = (e(t)(6), A1 (1), A2(1))

and z(0) = (0,0,0), p(0) = pg, where
k6
o(t)(8) =t - V2 cos < | +ollth
and (0) = 0. Hence (0,px) € I is a bifurcation point of Eq. (18).
3.1. Proof of Theorem 3.4

Our proof is based on the Crandall-Rabinowitz theorem on simple bifurcation points (see [12]). More
precisely, we will apply a gradient (variational) version of the Crandall-Rabinowitz theorem due to A.Yu.
Borisovich (see [1,3,13]). For the convenience of the reader we state this theorem. It will cause no confusion
if we use the same letters in the abstract result as in our issue.

Theorem 3.5. Assume that H is a Hilbert space with a scalar product (-,-)g. Let X andY be Banach spaces
continuously embedded in H. Suppose that a C"-operator F': X5(0) x Rs(r9) — Y and a C"'-functional
E: X5(0) x Rs(19) = R, where r > 2, satisfy the following conditions:

1. F(0,7) =0 for 7 € Rs(10),

2. dimker F(0,79) = 1, F.(0,70)e =0, (e,e)g =1,

3. codim im F(0,79) = 1,

4. El(x,7)h = (F(x,7),h)g for (x,7) € Xs(0) x Rs(19) and h € X,
5. E _(0,79)(e,e,1) # 0.

Then (0,79) is a bifurcation point of the equation

F(z,7)=0.
6
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In fact, the solution set of this equation in a certain neighborhood of (0,7y) consists of the curve I't =
{(0,7): 7 € Rs(m0)} and a C"2-curve Iy, intersecting only at (0,70). Moreover, if r > 3, the curve I'
can be parametrized by a variable t, |t| < e, as

Iy =A{(z(t),7(1)): t € R(0)},

where (0) =0, 7(0) = 79 and 2’'(0) = e.

The operator F is easily seen to be C*°-smooth. What is more, we check at once that

~ 1 27 1 27
P00 s1) = (L)t ). o [ 0)cost0)a0, - [ nioyan)
271— 0 27T 0
where
FL(0,p)(h, h1, ha) = (0, p)h + hy cos(6) + ho
and

A 1 9
F (0,p)h = fR—ph” —w*mh

for p € (Ry)s(po) and h € X, hy, he € R.
2
Our goal now is to prove that F satisfies the assumptions of Theorem 3.5 for pg = pp = % -1,k >4,
k € 2N.

Lemma 3.6. For each p € (Ry)s(po), F.(0,p): X x R? =Y x R? is a Fredholm map of index zero.

Proof. Fix p € (R4)s(po). The map
Fi(0,p): X x R? - Y x R?
may be written as the sum
Fo(0,p)(h, hy, ha) = A(h, hi, he) + B(h, hy, ha),

where A: X xR?2 5 Y xR? and B: X x R?2 - Y x R? are defined as follows:
1
A(h, hq, hg) = (—h”,070>
Ry

and 1 27 1 27
B(h,hy, hs) = (—w2mh + hy cos(6) + ho, 7/ h(0) cos(6)do, 7/ h(@)d@) .
2 0 2T 0

To finish the proof it suffices to show that A is a Fredholm map of index 0, and B is completely continuous.
It is easily seen that A is a linear continuous map with

ker A = {(C,h1,hs) € X x R*: C,hy,hy € R},
and so dimker A = 3. Moreover, we can see that
Y xR? = (Y1 @ Y3) x R?,

where

2w
Yy ~ imA = {(y,0,0) €Y x R2: / y(9)d6’0},
0

and Y; x R? = ker A. Therefore codim imA = dimker A = 3, which implies A is a Fredholm map of index 0.
7
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Now let us consider the map B. It is easy to check that B is linear and continuous. We prove that
B is completely continuous. Let {(hy, hn1,hn2)}oe; € X x R? be a bounded sequence. We show that
{B(hy, hn1,hn2)}or ) CY x R? is relatively compact.

Let B = (Bl7B2’Bg) and {Bl(hn,hnl,hng)}zozl cY.

It is sufficient to show that {B1(hy,, hn1, hng)}ff:l is a sequence of uniformly bounded and equicontinuous
functions. By assumption there is M > 0 such that for all n € N,

[hnllx < M, [hn1| < M, |hn2| < M.

Therefore
1By (hs Bty hn2) ly < w?m[ iy + [hna || cos(-)[ly + [Bnz| < (w?m + 2)M.

Let 61,02 € [0,27] and n € N. We have

| — mehn(Ol) + hn1 COS(01) + hpo — (—w2mhn(02) + hn1 008(02) + hng)‘
< wWm|hn, (01) — hn(02)] + |hn1 || cos(01) — cos(6s)]
S w2m|h;(£ﬁ2) || 01 — 02| + M|91 — 92| S (w2m + 1)M|91 — 02|

As By: X x R? = R and Bs: X x R2 — R transform bounded sets in X x R? into bounded sets in R,
{B(hn, hn1,hn2)} is relatively compact, which completes the proof. [

In order to find critical values of bifurcation parameter we have to solve the equation
f;(o,p)(h,hl,hg) =0. (19)
This equation is equivalent to the following system of three equations:

fih”(e) — w?mh(0) + hy cos(0) + ha = 0,

Ry
1 2m
— h(0) cos(#)dd = 0, (20)
2 02
L[ h@yae =o,
21 0

where h € X, hi,he € R are unknowns. The evenest of h(f) and the second and third equations of the
system (20) exclude h(f) = const, h(6) = cos(6). Therefore

h(0) = Z an, cos (nf). (21)
n=2

Substituting (21) to the first equation of the system (20) and using linear independence of functions cos(nf),
n € NU {0}, we conclude that h; =0, hg =0 and

fih”(e) —w?mh(0) = 0.
RP

Solving the latter we obtain

h(0) =Ccos(6y/p+1), CeR, v/p+1eN. (22)

Substituting (22) to the second and third equation of (20) we get

k2

8
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and hence

h(f) = C cos (/{:29) .
Set ex(0) = (V2cos (%) ,0,0) € X x R2 Then (ex, ex) = 1. By the above,

2
, k0
ker 7, (0,pr) = 4 | C cos 5 ,0,0): CeRp ={Ce;: C € R},
and so
dimker F, (0, p;) = 1. (23)

From Lemma 3.6 we conclude that
codim im F, (0, px) = 1. (24)

To finish the proof of Theorem 3.4 it is sufficient to show the lemma below.
Lemma 3.7. The functional e: X5(0) x R? x (Ry)s(px) — R, k > 4, k € 2N, satisfies the condition
Erep (0, Pr)erer # 0.
Proof. By Lemma 3.3 we get
&2 (@,p)(h, ha, ha) = (F(z,p), (h, h1, ha)) ,
hence

E;{m(‘x’p)(h’vhlth)(g7gla92) = <]:;(Jf,p)(h,h1,h2), (9791792)>7

and so
Elw//zp($7p)(ha hla h2)(g7gl792> = <]:g/;/p(xap>(hahlah2)a (gagl7g2>>a

where © = (0, A1, \2) € X5(0) x R?, (h,h1,h2),(g9,91,92) € X x R? and p € (Ry)s(pi). Differentiating
F.(0,p)(h, h1, hs) with respect to p we get

mw2
00 te) = (" 00)

Finally, substituting (h, h1, ha) = (9,91, 92) = ex and p = py to the above, we have

ey (0,0, pr)ener = (Fiuy (0, pr)er, €x)
1" 8mw? (ko
= [ T s () ap
or J, g2 O ( 2 )
Amw?

= - k2 7&07

which completes the proof of Lemma 3.7. O
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