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Abstract

An isogeometric finite element formulation for geometrically and materially nonlinear Timoshenko beams
is presented, which incorporates in-plane deformation of the cross-section described by two extensible
director vectors. Since those directors belong to the space R2, a configuration can be additively up-
dated. The developed formulation allows direct application of nonlinear three-dimensional constitutive
equations without zero stress conditions. Especially, the significance of considering correct surface loads
rather than applying an equivalent load directly on the central axis is investigated. Incompatible linear
in-plane strain components for the cross-section have been added to alleviate Poisson locking by using
an enhanced assumed strain (EAS) method. In various numerical examples exhibiting large deforma-
tions, the accuracy and efficiency of the presented beam formulation is assessed in comparison to brick
elements. We particularly use hyperelastic materials of the St. Venant-Kirchhoff and compressible Neo-

Hookean types.

Keywords: Timoshenko beam, geometric and material nonlinearity, extensible directors, surface loads,

EAS method, isogeometric analysis

1. Introduction

A rod (or rod-like body) can be regarded as a spatial curve, to which two deformable vectors, called
directors are assigned. This curve is also called directed or Cosserat curve. The balance laws can be
stated directly in terms of the curve velocity and director velocity vectors, and their work conjugate force
and director force vectors, which eventually yields the equations of motion in the one-dimensional (curve)

domain (Green and Laws| [1966). Since we actually deal with a three-dimensional continuum, one can
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consistently derive the equations of motion of the rod from those of the full three-dimensional continuum.
This dimensional reduction, or degeneration procedure is based on a suitable kinematic assumption, and

this dimensionally reduced theoretical model is referred to as bearn model. An exact expansion of the

position vector of any point of the beam at time ¢ is given as (Antman and Warner} 1966)

o= 33 (€)Y UE) dTD( ), (1)

p=0 q=0
where &7 (7 = 1,2) denote the two coordinates in transverse (principal) directions of the cross-section
plane, £3 denotes the coordinate along the central axis, and

1 8p113t
(r—q)q! (8(51)”‘16(52)‘1) ' @)

Using the full conservation laws of a three-dimensional continuum as a starting point, applying the

dP—a:9) (537 t) =

kinematics in Eq. offers an exact reparameterization of the three-dimensional theory into the one-

dimensional one (Antman and Warner, 1966; |Green et all 1968). However, this theory has infinite

number of equations and unknowns, which makes it intractable for a finite element formulation and
computation. The first order theory assumes the position vector to be a linear function of the coordinates

€7, i.e. (Volterra), 1956; Antman and Warner} [1966])

@i = (@0 + 3 d, (65,1, (3)

v=1

where (&3, 1) = d%(£3, 1) denotes the position of the beam central axis, and two directors are denoted
by di(€3,t) = dt? (€3,1) and do(£3,t) = d(o’l)(§3,t). This approximation simplifies the strain field; it
physically implies that planar cross-sections still remain planar after deformation, but allows for constant
in-plane stretching and shear deformations of the cross-section. This implies that the linear in-plane
strain field in the cross-section due to the Poisson effect in bending mode cannot be accommodated in
the first order theoryEl7 which consequently increases the bending stiffness. This problem is often referred

to as Poisson locking, and the resulting error does not reduce with mesh refinement along the central

axis since the displacement field in the cross-section is still linear (Bischoff and Ramml [1997). One

may extend the formulation in Eq. to quadratic displacement field in the cross-section by adding the
second order terms about the coordinates £ in order to allow for a linear in-plane strain field. There

are several theoretical works on this second order theory including the work by (1978) and

on even higher N-th order theory by [Antman and Warner| (1966)). Since shell formulations have only

one thickness direction, higher-order formulations are simpler than for beams. Several works including

[Parisch| (1995), Brank et al.| (2002), and Hokkanen and Pedroso| (2019) employed second order theory

in shell formulations. In beam formulations, several previous works considering the extensible director
kinematics, which allows in-plane cross-section deformations, can be found. A theoretical study to derive

balance equations and objective strain measures based on the polar decomposition of the in-plane cross-

sectional deformation can be found in [Kumar and Mukherjee| (2011). Further extension to initially curved

20ne can find an analytical example and discussion on this in section 6 of (1967).
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beams was proposed in , where unconstrained quaternion parameters were utilized to
represent both in-plane stretching and rotation of cross-sections. In those works, constitutive models
are typically simplified to the form of quadratic strain energy density function. also
employed a first order theory in frictional beam-to-beam contact problems, where the constitutive law
was simplified to avoid Poisson locking. employed second order theory combined with an
additional warping degree-of-freedom. However, it turns out that the linear in-plane strain field for the
cross-section is not complete, so that the missing bilinear terms may lead to severe Poisson locking.
In order to have a linear strain field in the cross-section with the increase of the number of unknowns

minimized, one may extend the kinematics of Eq. (3)) to
= (%) + &' (1+ar1€! + az?) di(€%) + € (1 + bi€! + ba?) do(€°), (4)

where four additional unknown coefficient functions a, = a,(¢?) and b, = b,(£3) (y = 1,2) are in-
troduced. Here and hereafter, the dependence of variables on time ¢ is usually omitted for brevity of
expressions. This enrichment enables additional modes of the cross-sectional deformation (see Fig. for

an illustration), which are also induced in bending deformation due to the Poisson effect. Eq. recovers

ds dy ds ds

d1 dl

a; #0 by #0 az #0 b1 #0

(a) Linear strain due to quadratic terms (b) Linear strain due to bilinear terms
Figure 1: Illustration of in-plane deformations of the cross-section with linear strain field. The dashed and
solid lines represent the undeformed and deformed cross-sections, respectively. (a) The through-the-thickness
stretching strain is linear along the &' and &2 directions in case of a; # 0 and ba # 0, respectively. (b) The
through-the-thickness stretching strain is linear along the &2 and ¢! directions in case of as # 0 and b; # 0,

respectively. Note that the deformed cross-sections have trapezoidal shapes.

the kinematic assumptiorﬂ in if as = by = 0, which means the absence of bilinear terms,
so that the trapezoidal cross-section deformation, shown in Fig.[ID] cannot be accomodated. Therefore,
Poisson locking cannot be effectively alleviated. In this paper, we employ the enhanced assumed strain
(EAS) method to circumvent Poisson locking in the first order theory. In order to verify the significance
of those bilinear terms in Eq. , in a numerical example of section we compare two different EAS
formulations based on five and nine enhanced strain parameters, respectively. The formulation of five
enhanced strain parameters is obtained by ignoring the incompatible modes of trapezoidal cross-section

deformation, i.e., it considers only the incompatible modes of Fig.[Ta] The other one with nine enhanced

3In this paper, we focus on in-plane deformation of cross-section, although additional warping degrees-of-freedom was
considered in the work of (2009). This restricts the range of application to compact convex cross-sections, where the

warping effect is not pronounced.
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strain parameters considers the whole set of incompatible linear cross-section modes, i.e., it considers
both of the incompatible modes of Fig.[Ta] and

The enhanced assumed strain (EAS) method developed in|Simo and Rifai| (1990)) is based on the three-
field Hu-Washizu variational principle. As the independent stress field is eliminated from the variational
formulation by an orthogonality condition, it becomes a two-field variational formulation in terms of
displacement and enhanced strain fields. Further, the enhanced strain parameters can be condensed
out on the element level; thus the basic features of a displacement-based formulation are preserved.
This method was generalized in the context of nonlinear problems in [Simo and Armero| (1992)) in which
a multiplicative decomposition of the deformation gradient into compatible and incompatible parts is
used. One can refer to several works including Biichter et al.| (1994), Betsch et al| (1996), Bischoff and
Ramm| (1997)), and Brank et al.|(2002) for EAS-based shell formulations. In this paper, we apply the
EAS method to the beam formulation. Beyond previous beam formulations based on the kinematics of

extensible directors, our work has the following highlights:

e Consistency in balance equations and boundary conditions: The director field as well as the central
axis displacement field satisfy the momentum balance equations and boundary conditions consis-
tently derived from those of the three-dimensional continuum body. In the formulation of |Codal
(2009) and |Durville| (2012), there are no detailed expressions of balance equations, beam strains,
and stress resultants. To the best of our knowledge, in those works, the finite element formula-
tion can be obtained by substituting the beam kinematic expression of the current material point
position into the deformation gradient of three-dimensional elasticity. This solid-like formulation
yields an equivalent finite element formulation through a much more simplified derivation process.
However, in addition to the possibility of applying mixed variational formulations in future works,
the derivation of balance equations, beam strains, and stress resultants turns out to be significant

in the interpretation of coupling between different strain components (for examples, see sections

21 nd F23)

e We employ the EAS-method, where the additional strain parameters are statically condensed out,
so that the same number of nodal degrees-of-freedom is used as in the pure displacement-based
formulation. Each of the enhanced in-plane transverse normal strain components is linear in both
of € and €2, which is in contrast to the strains obtained from the kinematic assumption in |Coda
(2009). In the numerical example of section it is verified that this further enrichment alleviates

Poisson locking more effectively.

e Significance of correct surface loads: The consistently derived traction boundary condition shows
that considering the correct surface load leads to an external director stress couple term that turns

out to play a significant role in the accuracy of analysis.

e Incorporation of general hyperelastic constitutive laws: As we consider the complete six stress
components without any zero stress condition, our beam formulation naturally includes a straight-

forward interface for general three-dimensional constitutive laws.
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e Verification by comparison with brick element solution: We verify the accuracy and efficiency of

our beam formulation by comparison with the results from brick elements.

It turns out that if linear shape functions are used to interpolate the director field, an artificial thickness
stretch arises in bending deformations due to parasitic strain terms, and it eventually increases the
bending stiffness. This effect is called curvature thickness locking. Since the parasitic terms vanish at the

nodal points, the assumed natural strain (ANS) method interpolates the transverse normal (through-the-

thickness) stretch at nodes instead of evaluating it at Gauss integration points (Betsch and Steinl, [1995}

Bischoff and Ramm, [1997)). For membrane and transverse shear locking, there are several other existing

methods, for examples, selective reduced integration method in |Adam et al|(2014)), Greville quadrature

method in Zou et al.| (2021), and mixed variational formulation in [Wackerfu8 and Gruttmann| (2009,

. However, since curvature-thickness, membrane, and transverse shear locking issues become less
significant by mesh refinement or higher-order basis functions, especially in low to moderate slenderness
ratio of our interests, no special treatment is implemented in this paper (see the investigation on those
locking issues in section . Further investigation on the application of existing method remains
future work.

If we restrict the two directors in Eq. to be orthonormal, which physically means that the cross-
section is rigid, large rotations of the cross-section can be described by an orthogonal transformation. In
planar static problems, derived the force and moment balance equations, from which the
strain-displacement relation is obtained via the principle of virtual work and work conjugate relations.
Since this approach poses no assumption on the magnitude of deformations, it is often called geometrically

exact beam theory. This work was extended to three-dimensional dynamic problems by (1985)),

which was followed by the finite element formulation of static problems in [Simo and Vu-Quoc| (1986)).

An additional degree-of-freedom related to torsion-warping deformation was added in |Simo and Vu-Quoc]|

(1991), and this work was extended by |Gruttmann et al| (1998) to consider eccentricity with arbitrary

cross-section shapes. There have been a number of works on the parameterization of finite rotations,
and the multiplicative or additive configuration update process. One may refer to the overviews on this

(1999). In |Crisfield and Jeleni¢| (1999)), it was

given by Meier et al.| (2014) and |Crisfield and Jelenié

pointed out that the usual spatial discretization of the strain measures in [Simo and Vu-Quoc| (1986)

leads to non-invariance of the interpolated strain measures in rigid body rotation, even though the strain
measures in continuum form are objective. This non-objectivity stems from the non-commutativity,
i.e., non-vectorial nature of the finite rotation. To retain the objectivity of strain measures in the

underlying continuum formulation, the isoparametric interpolation of director vectors is used instead

of interpolating the rotational parameters (see for example Betsch and Steinmann, 2002; Romero and|

[Armero|, 2002} [Eugster et all [2014), and the subsequent weak form of finite element formulation is

reformulated. As those beam formulations still assume rigid cross-sections, the orthonormality condition

of the director vectors should be satisfied. Several methods to impose the constraint can be found

in the literature, examples are the Lagrange multiplier method (Betsch and Steinmann, [2002; |[Eugster|
2014), and the introduction of nodal rotational degrees-of-freedom (Betsch and Steinmann| 2002;

[Romero and Armerol [2002). In order to preserve the objectivity and path-independence in the rotation
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interpolation, several methods have been developed; for examples, orthogonal interpolation of relative

1999;|Ghosh and Royl [2009)), geodesic interpolation (Sander},[2010),

interpolation of quaternion parameters (Zupan et al., 2013). Romero| (2004) compared several rotation

rotation vectors (Crisfield and Jelenid,

interpolation schemes in perspective of computational accuracy and efficiency. A more comprehensive

review on geometrically exact finite element beam formulations can be found in [Meier et al (2019). In

the isoparametric approximation of directors, employed in our beam formulation, the director vectors
belong to R3, that is, no orthonormality condition is imposed. This means that the cross-section can
undergo in-plane deformations like transverse normal stretch and in-plane shear deformations. Further,
it enables us to avoid the rotation group, which is a nonlinear manifold, in the configuration space of

the beam, and consequently complicates the configuration and strain update process (Durville, [2012)).

|Codal (2009) and |Coda and Paccola (2011), who employed an isoparametric interpolation of directors

without orthonormality condition, presented several numerical examples showing the objectivity and
path-independence of the finite element formulation.

Classical beam theories introduce the zero transverse stress condition based on the assumption that
the transverse stresses are much smaller than the axial and transverse shear stresses. Thus, six stress
components in the three-dimensional theory reduce to three components including the transverse shear
components in the Timoshenko beam theory. However, this often complicates the application of three-
dimensional nonlinear material laws, and requires a computationally expensive iteration process. Global

and local iteration algorithms to enforce the zero stress condition at Gauss integration points were de-

veloped in [De Borst| (1991) and [Klinkel and Govindjee| (2002), respectively. One can also refer to several

recent works on Kirchhoff-Love shell formulations with general three-dimensional constitutive laws, where

the transverse normal strain component can be condensed out by applying the plane stress condition in

an analytical or iterative manner, for example, for hyperelasticity by Kiendl et al.| (2015)) and Duong et al.|

(2017), and elasto-plasticity by [Ambati et al|(2018). There are several other finite element formulations

to dimensionally reduce slender three-dimensional bodies and incorporate general three-dimensional con-
stitutive laws. The so-called solid beam formulation uses a single brick elementEl in thickness direction.

To avoid severe stiffening effects typically observed in low-order elements, a brick element was developed

based on the EAS method in geometrically nonlinear problems (Klinkel and Wagner, 1997). A brick

element combined with EAS, ANS, and reduced integration methods in order to alleviate locking was

presented in [Frischkorn and Reese| (2013). The absolute nodal coordinate (ANC) formulation uses slope

vectors as nodal variables to describe the orientation of the cross-section. The fully parameterized ANC

element enables straightforward implementation of general nonlinear constitutive laws. A comprehensive

review on the ANC element can be found in |Gerstmayr et al. (2013), and one can also refer to a com-

parison with the geometrically exact beam formulation in Romero| (2008). [Wackerfufl and Gruttmann|

(2009, [2011)) presented a mixed variational formulation, which allows a straightforward interface to ar-

bitrary three-dimensional constitutive laws, where each node has the common three translational and

three rotational degrees-of-freedom, as the additional degrees-of-freedom are eliminated on element level

4This is sometimes called a solid element.
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via static condensation.

Isogeometric analysis (IGA) was introduced in Hughes et al.| (2005) to bridge the gap between

computer-aided design (CAD) and computer-aided engineering (CAE) like finite element analysis (FEA)
by employing non-uniform rational B-splines (NURBS) basis functions to approximate the solution field
as well as the geometry. IGA enables exact geometrical representation of initial configuration in CAD to
be directly utilized in the analysis without any approximation even in coarse level of spatial discretiza-
tion. Further, the high-order continuity in NURBS basis function is advantageous in describing the
beam and shell kinematics under the Kirchhoff-Love constraint, which requires at least C''-continuity in
the displacement field. IGA was utilized for example in [Kiendl et al| (2015]), Duong et al| (2017)), and
|Ambati et al|(2018)) for Kirchhoff-Love shells, and in Bauer et al.| (2020) for Euler-Bernoulli beams. For

geometrically exact Timoshenko beams, an isogeometric collocation method was presented by
(2016)), and it was extended to a mixed formulation in (2017)). An isogeometric finite element for-

mulation and configuration design sensitivity analysis were presented in |[Choi and Cho| (2019). Recently,

(2020)) used the Green-Lagrange strain measure with the St. Venant-Kirchhoff material model

under the zero stress condition. There have been several works to develop optimal quadrature rules for
higher order NURBS basis functions to alleviate shear and membrane locking, for examples, a selective
reduced integration in Adam et al.| (2014), and Greville quadrature in (2021)). Since our beam

formulation allows for additional cross-sectional deformations from which another type of locking due to

the coupling between bending and cross-section deformations appears, it requires further investigation
to apply those quadrature rules to our beam formulation, which remains future work.

There are many applications where one may find deformable cross-sections of rods or rod-like bodies
with low or moderate slenderness ratios. Although one can find many beam structures with open and
thin-walled cross-sections in industrial applications, which requires to consider torsion-warping deforma-
tions, we focus on convex cross-sections in this paper, and the incorporation of out-of-plane deformations
in the cross-section remains future work. Our beam formulation is useful for the analysis of beams with
low to moderate slenderness ratios, where the deformation of cross-section shape is significant, for exam-
ples, due to local contact or the Poisson effect. For example, our beam formulation can be applied to the
analysis of lattice or textile structures where individual ligaments or fibers have moderate slenderness
ratio, and coarse-grained modeling of carbon nanotubes and DNA. Those applications are often charac-
terized by circular or elliptical cross-section shapes. For highly slender beams, it has been shown that the

assumption of undeformable cross-sections and shear-free deformations, i.e., Kirchhoff-Love theory, can

be effectively and efficiently utilized (Meier et al., 2019), since it enables to further reduce the number

of degrees-of-freedom and avoid numerical instability due to the coupling of shear and cross-sectional

deformations with bending deformation. This formulation was successfully applied to contact problems,

for example, contact interactions in complex system of fibers (Meier et al. 2017). As the slenderness

ratio decreases, the analysis of local contact with cross-sectional deformations becomes significant. One

example is the coupling between normal extension of the cross-section and bending deformation that

can be found in the works of Naghdi and Rubin| (1989) and Nordenholz and O’Reilly| (1997). Especially,

Naghdi and Rubin| (1989) illustrated that the difference in the transverse normal forces on the upper
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and lower lateral surfaces leads to flexural deformation via the Poisson effect. They also showed that
the consideration of transverse normal strains plays a significant role to accurately predict a continuous
surface force distribution. Another example that can lead to significant deformation of the beam cross
section is local contact and adhesion of soft beams. For example, in |[Sauer| (2009)), the adhesion mecha-
nism of geckos was described by beam-to-rigid surface contact, where no deformation through the beam
thickness was assumed, even though local contact can be expected to have a significant influence on
beam deformation. |Olga et al.| (2018)) applied the Hertz theory to incorporate the effect of cross-section
deformation in beam-to-beam contact, where the penalty parameter in the contact constraint was ob-
tained as a function of the amount of penetration. Another interesting application can be found in the
development of continuum models for atomistic structures like carbon nanotubes. [Kumar et al.| (2011))
developed a beam model for single-walled carbon nanotubes that allows for deformation of the nanotube’s
lateral surface in a one-dimensional framework, which can be an efficient substitute to two-dimensional
shell models.

The remainder of this paper is organized as follows. In section [2] we present the beam kinematics
based on extensible directors. In section 3| we derive the momentum balance equations from the balance
laws of a three-dimensional continuum, and define stress resultants and director stress couples. In section
[41] we derive the beam strain measures that are work conjugate to the stress resultants and director stress
couples. Further, the expression of external stress resultants and director stress couples are obtained
from the surface loads. In section we detail the process of reducing three-dimensional hyperelastic
constitutive laws to one-dimensional ones. In section 5] we present the enhanced assumed strain method
to alleviate Poisson locking. In section [ we verify the developed beam formulation in various numerical
examples by comparing the results with those of IGA brick elements. For completeness, appendices to

the beam formulation and further numerical examples are given in Appendices [A] and [B] respectively.

2. Beam kinematics

The configuration of a beam is described by a family of cross-sections whose Centroidsﬂ are connected
by a spatial curve referred to as the central axis. An initial (undeformed) configuration of the central
axis Cy is given by a spatial curve parameterized by a parametric coordinate ¢ € R!, ie., Cy : € —
po(€) € R3. The initial configuration of the central axis is reparameterized by the arc-length parameter
s € [0,L] C RY, that is, Cp : s — @y(s) € R3. L represents the length of the initial central axis.
This reparameterization is advantageous to simplify the subsequent expressions due to H‘Po,sH = 1. The
cross-section Ay C R? is spanned by two orthonormal base vectors D, (s) € R (y = 1,2), which are
called initial directors, aligned along the principal directions of the second moment of inertia of the
cross-section. Further, D3(s) is defined as a unit normal vector to the initial cross-section. In this paper,
it is assumed that the cross-section is orthogonal to the central axis in the initial configuration, so that

we simply obtain Dj3(s) = ¢ 4(s), which is tangent to the initial central axis. Here and hereafter, (e)

5In this paper, the centroid refers to the mass centroid. If we assume a constant mass density, it coincides with the

geometrical centroid.
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denotes the partial differentiation with respect to the arc-length parameter s. The current (deformed)
configuration of the central axis is defined by the spatial curve C; : s — ¢(s,t) € R3, where t € R
denotes time. In the current configuration, the cross-section A; C R? is defined by a plane normal to the
unit vector dz(s,t) € R3, and the plane is spanned by two base vectors d(s,t) € R? (y = 1,2), which
are referred to as current directors. In contrast to the initial configuration, those current directors are

not necessarily orthogonal to each other or of unit length. Their length only needs to satisfy
Ay(s,t) = |ldy(s,t)|| > 0 for s € [0, L]. (5)

Furthermore, in the current configuration, the cross-section remains plane but not necessarily normal to
the tangent vector ¢ (s, ), due to transverse shear deformation. d3(s,t), which is normal to the current
cross-section, can be obtained from the current directors as

d1 ng

ds = ———
° 7 Jldi x do]

where ||dy x da|| # 0. (6)

Note that the condition ||d; x da|| # 0 precludes the physically unreasonable situation of infinite in-plane

shear deformation of the cross-section. We also postulate the condition
Ps- (d1 X dg) > 0, (7)

which precludes the unphysical situation of infinite transverse shear deformation. We define {ej, ez, e3}
as a standard Cartesian basis in R3. Fig. schematically illustrates the above kinematic description of

the initial and current beam configurations. We define a reference domain B := (0,L) x A, where A

Figure 2: A schematic illustration of the beam kinematics in the initial and current configurations.

61
El 51 :}1/1/2

By b Byl
52/7 . - s=1L
£ =hy/2 A

Figure 3: An example of the reference domain B in the case of rectangular cross-section with dimension hy X hs.

denotes the open domain of coordinates ' and 2. For example, for a rectangular cross-section with
dimension hy x hg we have (£1,€2) € A == (—=h1/2,h1/2) x (=ha/2,ha/2), see Fig.for an illustration.

The location of each point in the reference domain is expressed in terms of the coordinates £', €2, and &3
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in the standard Cartesian basis in R? denoted by E., E5, and E5. We then define two mappings from
the reference domain to the initial configuration By and to the current configuration B; respectively by
xo : B — By and x; : B — B;. The deformation from the initial to the current configuration is then
expressed by the mapping

®, =xz,0oxy ' By = B (8)

The initial (undeformed) configuration is expressed by

zo = 0(¢',6%,€%) = py(s) + €7D, (s), (9)

where €3 = 5. We note that the coordinates &1, &2, €3 are chosen to have dimension of length, and so
the director vectors di and ds are dimensionless. Here and hereafter, unless stated otherwise, repeated
Latin indices like ¢ and j imply summation over 1 to 3, and repeated Greek indices like o, 8, and
imply summation over 1 to 2. Also, it is noted that the parameter s is often replaced by &2 for notational

convenience. We define a covariant basis G; = 9x¢/0¢" (i = 1,2,3), which then follows as

G1(£1352a£3) :Dl(s),
G2(§1352353) = D2($)7 (10)
G3(§1a§2353) = D3(S) + éJYD’Y,s(S)'

The Fréchet derivative of the initial configuration is then written as
Dwo = Gl ® Ei, (11)

where E* = E;. From the orthogonality condition G; - G/ = &5

7, where the Kronecker-delta symbol is
defined as

, 0 if i %4,
51 = 7 (i, =1,2,3), (12)
1 if i =7,

we obtain a contravariant (reciprocal) basis as
G'=Dxy TE' (i=1,2,3). (13)

For convenience, here we recall the expression of current position vector of any point of the beam at time
t from Eq.
Tt :mt(£1’€2’€3,t) :cp(sat)+§’yd"/(sat)' (14)

A covariant basis, defined as g, :== dx; /0", is expressed by

9:1(£5,6%,6%,t) = dui(s, 1),
92(§1a§23537t) = d2(37t)7 (15)
95(67.6%.6% 1) = @ (5,1) + £7dy o (s.1).

The Fréchet derivative of the mapping x; (£, €2, €3, 1) is written as

Dx; =g, ® E". (16)
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From the orthogonality condition g, - g7 = 6{ we obtain the contravariant basis as
g'=Dx, TE' (i=1,2,3). (17)
The deformation gradient tensor of the mapping is obtained by
F :=D®, = Dx;Dxy ' =g, 0 G". (18)
The Jacobian of the mapping ®; is then given by

Jy = det F = 24, (19)
Jo

where det[e] denotes the determinant. Here, jy and j; respectively define the Jacobians of the mappings

xo(€1,62,63) and x4(€1,€2,€3,¢), and can be expressed in terms of the covariant base vectors, as (see

Appendix for a derivation)
jO = det Dxg = (Gl X Gg) : G3, (20)

and
jt =det Dxzy = (g, X g5) - 95- (21)
The infinitesimal volume in the reference configuration can be expressed by

dB = detdg?de®. (22)

Then the corresponding infinitesimal volume due to the mappings of Eqgs. @D and are, respectively,
obtained by

dBO = jo dB, (23&)
dB; = j; dB = J, dBy. (23b)

Remark 2.1. Area change of the lateral boundary surface. Let v = v, E' denote the outward unit
normal vector on the boundary surface S := 0B, and dS represent an infinitesimal area. The surface

area vector in the current configuration can be expressed byﬂ
dS; = v;dS; = j; Dx; v dS, (24)

where v; denotes the outward unit normal vector on the surface S;, and dS; denotes the infinitesimal

area. In the same way, the surface area vector in the initial configuration can be expressed by
dSg = v dSy = jo Dy TvdS, (25)

where vg denotes the outward unit normal vector on the surface Sy, and dSy denotes the infinitesimal

area. Combining Egs. and , we have

dS; = J, F~ vy dS,. (26)

6This formula of area change is often called Nanson’s formula.
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If the lateral boundary surface Sy is parameterized by two convective coordinates ¢ and (2, i.e., Sy :
(¢, ¢?) eR? — XL(C:l, ¢?) € R3, the infinitesimal area of lateral boundary surface S’ can be expressed

by
dSy = [| A1 x Aq||d¢td¢?, (27)

where A, = X" /OC (aw = 1,2) denotes the surface covariant base vectors. For example, if the lateral
boundary surface is parameterized by a NURBS surface, and the convective coordinate ¢! represents the

coordinate along the central axis, Eq. 1} can be rewritten, using ds = jd¢! with j == ||5'cp0/6§1 ||, as
1
dSY = dTyds with dTg == = ||A; x Ap|d¢2 (28)
J

It is clear advantage of using IGA that the beam central axis curve and the lateral boundary surface
can be parameterized by the same coordinate in the axial direction, which enables to calculate the exact
surface geometrical information like covariant base vectors A; and Ay in Eq. . The significance
of geometrical exactness in the calculation of the surface integral might be more significant in laterally
loaded beam with varying cross-section. However, in this paper, we deal only with uniform cross-sections
along the central axis, and the investigation on the different kinds of parameterization of lateral boundary

surface and the significance of geometrical exactness remain future works.

3. Equations of motion

3.1. Three-dimensional elasticity

We recall the equilibrium equations and boundary conditions of a three-dimensional deformable
body, which occupies an open domain B; bounded by the boundary surface S; := 0B; in the current
configuration. The boundary is composed of a prescribed displacement boundary SP and a prescribed

traction boundary S, which are mutually disjoint, i.eﬂ
S; =SPUSY, and SP NSY = . (29)

The equations of motion are obtained from the local forms of the balance laws whose derivation can be
found in many references on the continuum mechanics, for example, [Bonet and Wood| (2008]). First, the
local conservation of mass is expressed by pg = p:J¢ in B, where py and p; define the mass densities at
the initial and current configurations, respectively. Second, the local balance of linear momentum in a

three-dimensional body is expressed as
dive + b= Pt Tttt in Bt7 (30)

where o denotes the Cauchy stress tensor, and div(e) represents the divergence operator with respect
to the current configuration, and b represents the body force per unit current volume, and (e) 4 repre-

sents the second order partial differentiation with respect to time. Third, the local balance of angular

7Strictly speaking, those boundary conditions are defined for each independent component in the global Cartesian frame.
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momentum in the absence of body moment is expressed by the symmetry of the Cauchy stress tensor,

i.e., o = o' in B;. The non-homogeneous Dirichlet (displacement) boundary condition is given as
u; = g, or equivalently x; = o on SR (31)

where u; = x; — xy denotes the displacement vector, and %y and &, are the prescribed values. Taking

the first variation of Eq. yields the homogeneous Dirichlet boundary condition
du; = 0, or equivalently dx; = 0 on SP. (32)
Further, the natural (traction) boundary condition is given as
ovy =ty on SN, (33)

where v; defines the unit outward normal vector on S, and #, defines the prescribed surface traction
vector in the current configuration. The surface traction can be also defined with respect to the initial
configuration, as

Py =T, on Sy, (34)

where P := J,oF~ T denotes the first Piola-Kirchhoff stress tensor, and vy and T define the unit

outward normal vector and the prescribed surface traction vector, respectively, on SYY.

3.2. Resultant linear and director momentum

The resultant linear momentum over the cross-section A;, with units of linear momentum per unit

of initial arc-length, is defined as

by = / pt Tyt Jr dA = / po Tt ¢ jo dA, (35)
A A

where dA := d¢1d¢? denotes the infinitesimal area of the cross-section in the reference domain. (e),
denotes the partial differentiation with respect to time. As (s, t) represents the current position of the

centroid, the parametric position (£1,£2) € A satisfies
/Aprojodv‘lzo (v=1,2). (36)
By substituting Eq. into Eq. and using Eq. , we have
Py = PAPy, (37)
where pa represents the initial line density (mass per unit of initial arc-length), defined as
= /Apo jodA. (38)

Similarly, we define the resultant angular momentum over the cross-section A;, with units of angular

momentum per unit of initial arc-length, as

H, ::/ {(xi— @) X ey ji}dA =d, x H, (39)
A

13


http://mostwiedzy.pl

A\ MOST

where H Z defines the resultant director momentum, given by
H, = / EpizigjrdA (v =1,2). (40)
A
Substituting Eq. into Eq. , we obtain
N 5
H, =1°ds; (v=1,2), (41)
where the components of the second moment of inertia tensor are expressed by
130 = / pr& 5 dA = / po &7 €0 jo dA. (42)
A A

Note that these components of the second moment of inertia tensor do not depend on time.

3.3. Stress resultants and stress couples

We formulate the balance equations in terms of stress resultants and director stress couples. We

define the stress resultant as the force acting on the cross-section Ay, i.e.
n ::/ 0g’ji dA. (43)
A
Similarly, we define the stress couple as the moment acting on the cross-section A, i.e.
m::/A(mt—cp) x 0g°ji dA = d, x m°, (44)
where m® defines the director stress couple, given by
me = /Aﬁo‘ag?’jt d4 (a=1,2). (45)
We further define the through-the-thickness stress resultant as
* = /Aagajt d4 (a=1,2). (46)

3.4. Momentum balance equations

Starting from Eq. the resultant forms of the local linear and director momentum balance equa-

tions are respectively derived as (see Appendix for a detailed derivation)
Ns+N=pAPy, (47)
and
m), =1 +m’ =I11dsy (v=1,2). (48)

Here, n = 7i(s,t) denotes the external stress resultant, with units of external force per unit of initial

arc-length, given by

n = TO dly + / by Jo d.A, (49)
dAy A
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where by denotes the body force per unit initial volume such that j;b; = jobg. m’ =m’ (s) denotes
the external director stress couple, which is an external moment per unit of initial arc-length due to the
surface and body force fields, given by

m’ = T, dl +/ &by jodA (y=1,2). (50)
Ao A

We also obtain the resultant form of the balance of angular momentum from the symmetry of the Cauchy

stress tensor, as (see Appendix for a detailed derivation)
poxn+d, s xm’ +d, x1"=0. (51)

T
We finally state the static beam problem: Find y = [cpT7d1T,d2T} € [R?’]g that satisfies (Naghdi,
1981)

ns+n =0 (linear momentum balance), (52a)
ml — 17 + m’ =0 (director momentum balance), (52b)
psxn+dysxm'+d, x1"=0 (angular momentum balance). (52¢)

We define the Dirichlet boundary condition, as
¢ =@, di =do1, d2 =dp> onTp, (53)

where the central axis position and director vectors are prescribed at the boundary I'p 3 s. The Neumann

boundary condition is defined as

gonly (y=1,2). (54)

’I’L:ﬁo, m

It is noted that I'p NI’y = @, and I'p UT'y = {0, L}.

3.5. Effective stress resultant
The balance of angular momentum given by Eq. (52c]) can be automatically satisfied by representing
the balance laws in terms of an effective stress resultant tensor (Simo et al., [1990). We define this effective

stress resultant tensor as

n=ne,—d,,@m’ +1"®d,. (55)
We also recall the identities @ x b = 2 skew[b ® a] and skew[a ® b] = —skew[b ® a] for vectors a,b € R3

where (/o\) represents the skew-symmetric matrix associated with the vector (o) € R3, that is, (/o\)a =
(o) x @, Va € R®, and skew|[(s)] := 1 {(e) — (¢)T}. Then Eq. (52c) can be rewritten as the symmetry
condition of the effective stress resultant tensor, i.e., 7 = n’.

Decomposing the stress resultant forces and moment relative to the basis of {d1,d2, ¢} yields

n=np,+qda, (56a)
m® =m%p, +m dg, (56b)
1* =1, +1°ds. (56¢)

We also decompose d,, s in the same basis as

dos = katp, + kldg. (57)
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Remark 3.1. Physical interpretation of current curvatures. Without loss of generality, we examine
the case @« = 1 in Eq. . The change of director vector along the central axis has three different
components, i.e.

dis =kip, + kidy + kids. (58)

The components ki, k7 represent the bending and torsional curvatures in the current configuration.
However, they are not exactly geometrical curvatures, since the basis {dl, ds, ‘P,s} is not orthonormal. k}
is associated with a varying cross-section stretch (A1) along the central axis in the current configuration.
If the transverse and in-plane cross-section shear deformations are zero (i.e., ¢ ;- dy = dy - dy = 0), we
have k] = A1 s/A\1. In other words, if the cross-section stretch is non-varying along the central axis in

the current configuration, we have ki = 0.

Using the component forms in Egs. and , the effective stress resultant tensor of Eq. can
be rewritten as

=g, ® @+ e ©p, + 10, ©do+ 1" do ®ds, (59)

where the following component expressions are defined relative to the basis {d;, da, 4,073}

n:=n—m"k, (effective axial stress resultant), (60a)
q* = q" —m"ky (effective transverse shear stress resultant), (60b)
M =10 “Vk., (effective longitudinal shear stress resultant), (60c)
7= P fj (effective transverse normal and cross-section shear stress resultants). (60d)
The symmetry condition 72 = i2” yields the following symmetry conditions on the components
=1[% and [P =[P, (61)
4. Variational formulation
4.1. Weak form of the governing equation
We define a variational space by
T
= {5y = {5@T, 5d1T, 5(12’1} S [Hl(O, L)]d (SLP =dd; = ddy =0 on FD} s (62)

where H'(0, L) defines the Sobolev space of order one which is the collection of all continuous functions
whose first order derivatives are square integrable in the open domain (0, L)  s. Here the components of
0y in the global Cartesian frame are considered as independent solution functions, so that the dimension
becomes d = 9. In the following, we restrict our attention to the static case. By multiplying the linear

and director momentum balance equations by d¢ and dd, (v = 1,2), respectively, we have

/ {(ns+n)-dp+ (M, —1"+m )'5dﬁ,}ds:0, (63)
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where (o) denotes the first variation. Integration by parts of Eq. leads to the following variational

equatior]]

Gint (y7 6y) = Gext (y; 5?!)’ V5’y c Va (64)

where

L
Gint (y,0y) = / (n s +m’ody 17 (5d7) ds, (65)
0
and
— L p—
Gext(y,0y) == [Ag - 5<p]FN + [ﬁlg - 6d7]FN + / (ﬁ -0 + m’ - (5d7) ds. (66)
0

The external virtual work of Eq. depends on the current configuration if a non-conservative load
is applied (see for example the distributed follower load in section and the external virtual work,
expressed by Eq. (A.6.1)), and it can be rewritten in compact form by

L
Gexi(y,0y) = [0y  Ro] . + / oy' Rds, (67)
0
where we define

o A
Ry = ﬁlé ,and R:=4{ m' 3. (68)

= 2 -~

m m

Using Egs. and , the internal virtual work of Eq. can be rewritten by the effective stress

resultants and director stress couples, as
L
Gint(y,0y) = / (” 08 + M“8pa + G000 + Mm*P6vas + lﬂﬁ&caﬂ) ds, (69)
0

where the variations of the strain measures (virtual strains) are derived as

de = 0@ - P, (70a)
0pa = 0p - das + ¢, ddas, (70b)
800 =0p s - do + - 6dy, (70c)
0Yap = 0do - dg s + do - 6dg s, (70d)
Sxes = % (d - dy + do - 5d) . (70¢)

Using the fact that these strains vanish in the initial beam configuration, we obtain the following strain

expressions,
€= %(Hgosﬂz —1) (axial stretching strain), (71a)
Pa =@ das—Pg s Da s (bending strain), (71b)
da =@ do —pgs Do (transverse shear strain), (71c)
Yap =0q -dg s — Do - Dg, (couple shear strain), (71d)
Xap = %(da -dg — D, - Dg) (cross-section stretching and shear strains). (71e)

8See Appendix for the linearization of Eq. 1) and the configuration update process.
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Remark 4.1. Physical interpretation of director stress couple components. Substituting Eq. into
Eq. yields

m=m'd; x ¢, +m’dy x o, + (m*" —m'?)dy x da. (72)
Here, m® (a = 1,2) represents the bending moment around the axis orthogonal to the current tangent
vector to the central axis (i.e., ¢ ) and director d,, and m'? and m?! represent torsional moments in
the opposite directions around the normal vector of the cross-section. The other components m'! and
m?? are associated with the non-uniform transverse normal stretching in the directions of directors d;

and ds, respectively. Without loss of generality, we examine the component ' and its work conjugate

strain «q7 only. From Eq. (71d)), we have
Y11 = d; 'd1,s = )\1)\1,57 (73)

where D; - Dy ; = 0 is used, since we assume D; is a unit vector. A material fiber aligned in the axial
direction rotates, i.e., y11 # 0 if the transverse normal stretch of the cross-section (A1) is not constant
along the central axis, and m!'’ represents the work conjugate moment. If the cross-section deforms

uniformly along the central axis, then v;; = m!'! = 0.

4.2. Hyperelastic constitutive equation
We can obtain constitutive equations by a reduction of a three-dimensional hyperelastic constitutive
model. In what follows, we consider two hyperelastic materials: the St. Venant-Kirchhoff material, and

the compressible Neo-Hookean material.

4.2.1. Work conjugate stresses and elasticity tensor

The Green-Lagrange strain tensor is defined as
1
E:= (FTF - 1) , (74)

where 1 represents the identity tensor in R?. The identity tensor can be expressed in the basis {G L a2, Gg}
as

1=G,;;G'® G’ where G;; =G, - G;. (75)
Using Eq. the identity tensor can be rewritten as
1=G*®G*+¢°D, - Ds, (G*2G* +G* 2 G*)
+ (1+2°Dys D3 +£°¢° Dy s - D ) G* @ G°. (76)

Then substituting Egs. and into Eq. (74)), the Green-Lagrange strain tensor can be rewritten in
terms of the strains in Eq. as

E=FEsG*®G’ + B, (G°2 G + G ® G®) + E33G® © G°, (77)

where the components are
Ea,@ = XaB>
1
B3, = FEu3 = 3 (0a +&"Vay) 5 (78)

Ey3 =e+&"py + ks,

18


http://mostwiedzy.pl

A\ MOST

and we define a high-order bending strain component as

(da,s -dp,s — Dqs-Dgs). (79)

DO =

I‘iag =
Taking the first variation of Eq. , we obtain
1
0Kap = 3 (5da,5 dgs+das - (5d5’5) . (80)

For brevity we define the following arrays by exploiting the symmetry of the strains (i.e., k12 = ko1 and

X12 = X21)
Y11
K11 5 X11
P1 1 Y12
P = , K== K22 9 6 = , Y = » X = X22 ) (8]‘)
P2 2 Y21
2K12 2x12
Y22
and
5
P
K
€= (82)
o
~
X

Remark 4.2. Incompleteness of the Green-Lagrange strain components in the beam kinematic descrip-
tion of Fq. with as = by = 0. Here it is shown that the kinematic expression of Eq. leads to the
Green-Lagrange strain tensor having a complete linear polynomial expression in terms of the coordinates
¢! and €2, but it does not if a; = by = 0. Based on the kinematic expression of Eq. [4)), the covariant

base vectors are obtained as

g, = di + 20,6 dy + €2 (brdy + asdy), (83)
g, = dy + &' (aady + bidy) + 2b26%d,.

The in-plane components of the Green-Lagrange strain tensor are obtained by substituting Eq. into

Eq. (74), as
Eop = E;ﬁ + Eaﬁv (84)

where the additional parts, after neglecting the quadratic terms of ¢' and €2} are

En = 26'ardy - dy + €% (aady - dy + bidy - do) + 26'€% (a1a0dy - dy + arbidy - d) (85a)
Eoy = & (agdy - dy + bydy - do) + 2b26%dy - dy + 261€% (agbad, - dy + bibads - dy) (85b)
2E12 = fl (a2d1 . d1 + bldl . d2 —+ 2a1d1 . d2) —+ £2 (2b2d1 . d2 —+ a2d1 . d2 —+ b1d2 . d2)

+ 6152 (a22d1 . dl + 4a1b2d1 . d2 + 2&2b1d1 . d2 + b12d2 . d2) . (85(3)

9The quadratic terms are neglected since the enhanced strain field should satisfy the orthogonality to the constant stress

fields (Betsch et al.| [1996).
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However, if the bilinear terms in &' and &2 are missing in Eq. , i.e., as = by = 0, those in-plane

Green-Lagrange strain components, after neglecting the quadratic terms, become

Ef) =2a:&'dy - dy, (86a)
By = 2by¢%ds - da, (86b)
267, = 2 (€ ar + €%y + 26'€%a1b) dy - ds. (86c)

It is noticeable that Eqs. and (86b]) do not have linear terms of the coordinates £2 and &', respec-
tively. This means that the kinematic expression of Eq. without bilinear terms (i.e., as = by = 0) is

not able to represent trapezoidal deformations of the cross-section, illustrated in Fig.[Tb}

We assume that the strain energy density (defined as the strain energy per unit undeformed volume)

is expressed in terms of the Green-Lagrange strain tensor, as
U =U(E). (87)

The second Piola-Kirchhoff stress tensor, which is work conjugate to the Green-Lagrange strain tensor,

is obtained by
ov
8Eij '

The components S'!, S?2, and S'? are typically assumed to be zero in many beam formulations and this

S =S5"G; ®G; with SV = (88)
zero stress condition has made the application of general nonlinear constitutive laws not straightforward.
Exploiting the symmetries, the second order tensors E and S can be expressed in array form (Voigt
notation), as § = [511, 522,633 512,513,523]T, and E = [EH,EQQ,E33,2E12,2E13,2E23]T. The total

strain energy of the beam can be expressed as

L
U:/ /\IljodAds. (89)
0 A

The first variation of the strain energy density function can be obtained, by using the chain rule of

differentiation, as (see Appendix for the details)

o0 = STOE = ST Dje with D = %—f. (90)

Taking the first variation of the total strain energy of Eq. and using Eq. we obtain the internal

virtual work
L
Gint(y,0y) = 6U = / seTRds, (91)
0
where R defines the array of stress resultants and director stress couples,

~11 ~22 ~12 a1 22 ~277T
R:/Dwﬁmzhwﬁﬂuhm,ﬁﬁwwwﬁ?ﬁmJ,z. (92)
A

Here, Baﬂ defines the component of the high-order director stress couple. For general hyperelastic mate-
rials, the constitutive relation between S and E is nonlinear. Thus, we need to linearize the constitutive

relation, by taking the directional derivative of S,

DS Az, =C:DE- Az, (93)
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where D(e) - (x) represents the directional derivative of (e) in direction (x), and Ax; denotes the incre-
ment of the material point position at the current configuration. The fourth-order tensor C, called the

Lagrangian or material elasticity tensor, is expressed by

oS iy g R
= = ikt i 1 W' h ijké = = 4
C 5E C""'G; 9 G; @ G ® Gy with C O, OFr, (94)

Note that the elasticity tensor has both major and minor symmetries. For computational purposes we

can therefore represent the fourth order tensor C in matrix form as

Cllll 01122 01133 01112 01113 61123
C2222 C2233 C2212 C2213 C2223

C3333 63312 63313 63323

01212 C1213 C1223

sym. 01313 61323

C2323

In a similar manner to the derivation of Eq. , the directional derivative of S can be derived as
DS-Ay=CD (De- Ay). (96)
Then, the directional derivative of R is obtained by using Eq. (96]), as
DR Ay =C(De-Ay), (97)

T
where Ay = [AcpT, Ady ", AdgT} , and C represents the symmetric constitutive matrix, defined by

C i /A (D"¢Djo) dA (98)

Remark 4.3. Numerical integration over the circular cross-section. In this paper, we restrict our
discussion to rectangular and circular cross-sections. In the case of circular cross-section of radius R, we

can simply parametrize the domain by polar coordinates, as
€' =rcosf and €2 = rsinf with 0 <r < R, and 0 < 0 < 27. (99)
Then, the infinitesimal area simply becomes
dA=rdrdf, r=1/(£1)* + (€2)° (100)

4.2.2. St. Venant-Kirchhoff material

In the St. Venant-Kirchhoff material model, the strain energy density is expressed by
1 2
U= iA(trE) +uE: E, (101)

where A and p are the Lamé constants, which are related to Young’s modulus E and Poisson’s ratio v

by
)\:Lamduzz E

L+ 0)(1—20) T +0) (102)
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The second Piola-Kirchhoff stress tensor is then obtained by

_ N\ (rE)1+ 2uE. (103)

S=3E "

Note the linearity in the constitutive relation of Eq. (103)), which restricts the applicability of this material

law to moderate strains. The contravariant component of S follows as
S =8:G" @G =CUE,, (104)
where
CHIR = A\GTGM 4 (GG 4+ GIGIFY . (105)

4.2.8. Compressible Neo-Hookean material
The stored energy function of the three-dimensional compressible Neo-Hookean material is defined

as

v =

RS

trC — 3 —Man+51nJ2, 106
2

where C' == FTF is the right Cauchy-Green deformation tensor. The second Piola-Kirchhoff stress
tensor follows as (Bonet and Wood, 2008)

ov

S=3E

=pu(1-C )+ AInJ)C". (107)
The contravariant components of S can then be derived as

§9=5:G' 0@ =u{cv - (¢} +amay(c) (108)

The corresponding Lagrangian elasticity tensor follows as (Bonet and Wood, [2008)

C=XC'@C ' +2(u—\InJ)T, (109)
where
clect=(Cc ) (C GG GG, (110)

and the fourth order tensor Z can be expressed in terms of the covariant basis, as (see Appendix

for the derivation)

oc™t 1 NI P 1 _1\il 1Nk
I=-——={(c)' e+ ()} e 606, (111)

Then the contravariant components of C are obtained as

et =xe ) (© ) +w-amn{E ) (e + e e} )
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4.8. Isogeometric discretization

4.8.1. NURBS curve
The geometry of the beam’s central axis can be represented by a NURBS curve. Here we summa-

rize the construction of a NURBS curve. More detailed explanation on the properties of NURBS and

geometric algorithms like knot insertion and degree elevation can be found in [Piegl and Tiller| (2012).

Further discussions on the important properties of NURBS in the analysis can be found in [Hughes et al.
(2005). For a given knot vector Z= {gl,gz, ...7£ncp+p+1}7 where &; € R is the ith knot, p is the degree

of basis function, and n, is the number of basis functions (or control points), B-spline basis functions

are recursively defined (Piegl and Tiller} [2012). For p = 0, they are defined by

1 if
BY(e) = if & <& <&, (113)

0 otherwise,

and for p =1,2,3, ..., they are defined by

§—&1 Er4pt1 — &
BY(¢) = =——BI7(§) + =~ =———B771(¢), (114)
Ervp — &1 Erpt1 — 141
where £ € = C R denotes the parametric coordinate, and = = [51, §ncp+p+1] represents the parametric

space. From the B-spline basis functions the NURBS basis functions are defined by

B?(f) wry

Z B?(&) wy
J=1

Ni(§) = , (115)

where w; denotes the given weight of the Ith control point. If weights are equal, NURBS becomes
B-spline. The geometry of the initial beam central axis can be represented by a NURBS curve, as

Nep

(&) =>_ Ni(&) Xy, (116)

where X are the control point positions. The arc-length parameter along the initial central axis can be

expressed by the mapping s(§) : & — [0, L], defined by

n=¢
s@>4|mmwm (117)

Then the Jacobian of the mapping is derived as

~ d
j= £ = | X(€)Il. (118)

In the discretization of the variational form, we often use the notation Ny ; for brevity, which is defined

by
Nrs=Nre— ==Npg, (119)
J

where Np ¢ denotes the differentiation of the basis function N;(§) with respect to &.
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4.8.2. Discretization of the variational form

In the discretization of the variational form using NURBS basis functions, an element in one-
dimension is defined as the nonzero knot span, which means the span between two distinct knot values.
Let =, denote the eth nonzero knot span (element), then the entire parametric domain is the sum of
the whole knot spans, ie., & = 53 U Sy U---U Z,,,, where ne denotes the total number of nonzero
knot spans. Using the NURBS basis of Eq. , the variations of the central axis position and the two

director vectors at £ € =, are discretized as

dy1 0
Y (0) = [ M(©loxo  Nan(@loxs | 1 p=Ney®, with dyr =2 ody, ¢, (120)
0Yn. ddag

where dp; € R3 and éd,; € R? denote the displacement and director coefficient vectors, and 1,,xm
denotes the identity matrix of dimension m x m. n. denotes the number of basis functions having local

support in the knot span =..

Remark 4.4. Tt is noted that the spatial discretization is applied to the increment (variation) of the
director vectors, not to the total director vectors. This is because the initial directors are assumed
to be orthonormal, and the spatial discretization by NURBS basis functions does not preserve the
orthonormality. The initial orthonormal director vectors at an arbitrary position on the central axis
may be calculated in many different ways. For example, for a given C* continuous curve, the smallest
rotation method gives a smooth parameterization of initial orthonormal directors. More details on this

method can be found in Meier et al.| (2014) and |Choi and Cho| (2019).

Using Eq. (120 and the standard element assembly operator A, we obtain

Gint (y", 0y") = 0y T Fiye, with Fiy = by F{ . and 0y = A oy*, (121)
e=1 e=1
where the element internal force vector is obtained, from Eq. (A.4.6)), by
ant ::/ BSOV{‘aIRj dgv (122)

and the matrix Bf ,,, is defined in Eq. (A.5.2). The external virtual work of Eq. is also discretized

as

Goxt (Y™, 0y") = Sy T Fexi, with Fey = egl Foo + ARy, (123)

where the second term on the right-hand side represents the assembly of load vector at the boundary

I'n, and the element external load vector is obtained by

Fe,, = / NTRjd¢. (124)

e

Similarly, the linearized internal virtual work of Eq. (A.4.12) is discretized as
h. s, h h T : ol e
AGint(y";0y", Ay") = 0y Kine Ay with Kipy = A Kf,. (125)
e=1

The element tangent stiffness matrix is obtained by

Kient = / (BSO’It‘al(CBSMal + YeTkGY(i) .}dfv (126)

e
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where Y, is defined in Eq. (A.5.4). It is noted that the global tangent stiffness matrix Ki,s is symmetric,
since C and kg are symmetric. Substituting Eqs. (121)), , and Eq. (125)) into Eq. (A.4.1)) leads to

§yT rHKE-D Ay = gy T nHIRG-D), (127)

where K = K1 — Koy, and the global load stiffness matrix Koy appears, e.g., due to non-conservative
follower loads, and it is generally unsymmetric (see for example Eq. (A.6.5)). The global residual vector

is

R = Fext — Fint- (128)
After applying the kinematic boundary conditions to Eq. (127)), we obtain
KD Ay, = "TRED, (129)

where (o), denotes the reduced vector or matrix after applying the kinematic boundary conditions.

Remark 4.5. The symmetry of the global tangent stiffness matrix K depends solely on whether the
external loading is conservative. If a non-conservative load is applied, the load stiffness leads to unsym-

metric tangent stiffness matrix.

5. Alleviation of Poisson locking by the EAS method

In order to alleviate Poisson locking, the in-plane strain field in the cross-section should be at least

linear. We employ the EAS method, and we modify the Green-Lagrange strain tensor as

E= E°
~~

compatible

L

enhanced

(130)

where the compatible strain part is the same as in Eq. 7 and the additional strain part E, which is

incompatible, is intended to enhance the in-plane strain components of the cross-section, expressed by
E=FE.,;G*®G". (131)

The enhanced strain components are assumed as the linear and the bi-linear terms of the coordinates &*

and €2 in the cross-section, i.e.,

aq
F1 €2 %2 0 0 0 0 0 0 o
Es ¢=10 0 0 & ¢ ¢¢ 0 0 0 = Ta, (132)
2E 12 00 0 0 0 0 & ¢ ¢e s

Q9

where nine independent enhanced strain parameters a; € Lo(0,L) (i = 1 ~ 9) are introduced. Ly(0, L)
defines the collection of all the functions, which are square integrable in the domain (0,L) > s. Even
though the additional Green-Lagrange strain parts may include quadratic or higher order terms, we
enrich the linear strain field only, since the enhanced strain is required to be orthogonal to constant

stress fields in order to satisfy the stability condition (Betsch et al., [1996]).
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Remark 5.1. In this paper, it is shown that it may lead to erroneous results if the expression of Eq.
is applied. For example, following Eq. , one could define the enhanced strain part, as

o
E%, &0 0 0 0 o

Eyp ¢=]10 ¢ 0 0 0 a5 o (133)
2F%, 0 0 ¢ & ¢ o
a3

where five enhanced strain parameters of € L2(0,L) (i = 1 ~ 5) are introduced. In numerical examples
of section it is shown that the EAS method based on Eq. (133) still suffers from significant Poisson
locking.

Applying the modified Green-Lagrange strain tensor to the three-field Hu-Washizu variational princi-
ple, the total strain energy is written in terms of the modified Green-Lagrange strain tensor as (Bischoff

and Ramml, {1997])
y,E S / / V(E° + E) - S;E}jodAds. (134)
The following condition that the stress field is Ls-orthogonal to the enhanced strain field enables to

eliminate the stress field from the formulation, which leads to a two-field variational formulation.
L ~ o~
/ / (S : Ej0> dAds = 0. (135)
0 A

The independent stress field S , which satisfy the orthogonality condition of Eq. 1} does not explicitly
appear in the subsequent formulation, and is generally different from the stress field S, which is calculated

by the constitutive lawm The first variation of the total strain energy is obtained by

50U = / /( 5E°]o>dAds+/ /(M §E]0) dAds. (136)

We rewrite Eq. (136), using Egs. (91), (A.4.4), and (132), as
L

L
Gun(1.6m) = 60 = [ (69" Bl qR) ds+ | saTsds, (137)
0 0

where 01 == [5yT, 5aT]T, and

ovr  ovr  9v
OF11 0F2  0FE2

5= / (™8 o) dA with § := [s"1, 572,512 = { (138)
A

5.1. Linearization

The directional derivative of the internal virtual work of Eq. 1' in the direction of An = [AyT, AaT} T
is given by

AGin(n;6m, An) == DGy - An

L T BtotalTCBtotal + YTkGY BtotalTCayT
= / n Ands, (139)
0

sym. Ca

10See page 2,557 of Biichter et al.| (1994).
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where we use the following matrices

Ol (1122 1133 (71112 (1113 (71123
cw ;:/ (FT@ﬂyDjo) dA with C¥ = | 2211 (2222 (2233 (2212 (2213 (2223 | = (140)
A

01211 01222 01233 01212 01213 01223

and
cni o112z o112
o = / (FTC”F jo) dA with C** = o222 g2 | (141)
A sym 1212

5.2. Solution update procedure

The iterative process to find solution "*1n = ["+1yT, "“aT]T at the (n + 1)th load step is stated
as: For a given solution "t1n(*=1) at the (i — 1)th iteration of the (n + 1)th load step, find the solution
increment, An, where Ay € V and Aa € [Ly(0, L)]%, such that

AGin: ("D 61, An) = Gexi (6y) — Ging ("m0~ 6m), Yoy € V, and Yéa € [Lo(0,L)]*,  (142)

where the dimension of the solution space of enhanced strain parameters can be d = 9 or d = 5 (see
Remark [5.1)). Since the enhanced strain parameters are chosen to belong to the space L2 (0, L), no inter-
element continuity is required. Thus, it is possible to condense out those additional degrees-of-freedom

at element level (Bischoff and Ramm), [1997). The solution is updated by

n+1y(i) _ n+1y(i71) + Ay, n+1y(0) _ ny’

. | (143)
n+la(z) _ n+1a(z—1) + Aa, 7l+1a(0) =",

5.3. Discretization of the enhanced strain parameters and static condensation

We reparameterize each of the ne elements of the central axis by a parametric coordinate 5 e [-1,1].

We define a linear mapping between the parametric domain of the eth element =, = [ ;,52} > ¢ and

[_L 1] Bl é; as 5

Then, within each element the vector of virtual enhanced strain parameters da = dax(€) is linearly

interpolated as

h ~ ~ ~ ~ (5a1 ~ o~ .
3 (@) = [ M@ 100 Nol@ oo [{ 1 = Nel@dar (145)
(&%)

with nodal vectors of enhanced strain parameters day; (i = 1,2). In this paper, we use linear basis
functions, given by
Ni(@)=(1-9)/2 -
~ ~ - ) E € [717 1] . (146)
Ny (€)= (1+¢)/2
Similarly, the vector of incremental enhanced strain parameters is interpolated within each element, as

Aa’(€) = N, (§) Aa®. (147)
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Substituting Eq. (145)) into the internal virtual work of Eq. (137)), and using the standard element assem-

bly process, we have

T
na | Oy© F¢,
Gint(n",o0") = A vy, (148)
e=1 | ja® s¢

where we use

s¢ ::/: {jNeT/A(rTSjO) dA} de. (149)

The linearized variational equation (Eq. (142) is discretized as follows. For the given solution at the
(i — 1)th iteration of the (n + 1)th load step, we find the solution increment such that

T n41 (i—1)
N Sy*© Ko, Ko' Ay*®
e=1 da’ sym. K¢, Aaf
T n+l (i—1)
Te oy ng - Fien
_ Al Yy t t ’ (150)
e=1 dae® —s°
where we use
Koy = ﬂ (R.TeoBl j) ag, (151)
and
K, = /_ (NeTche 3) de. (152)

Since we allow for a discontinuity of the enhanced strain field between adjacent elements, Eq. (150) can

be rewritten as

;gell {5y6T (KfmAye + KgyTAae)} = ;3911 {5yeT (Fe,, — ant)} : (153a)

s (Kg, Ay + Kg, Aa®) = —6acTs® e =1,2, ..., nq. (153b)
From Eq. (153b)), we obtain
n+1 (i—1) . i
Aa, = — {Kza—l} (n—i—l [Se](z—l) + n+1 [sz}( 1)Aye) Le=1,2, ..., nel. (154>

Substituting Eq. (154)) into Eq. (153a)) leads to

6yTn+1I~((iil)Ay = 6yTn+1f{(Fl), (155)
where the global tangent stiffness matrix is defined as
K = e’}:&‘l (Kfnt - KZyTKZa’1K§y> , (156)
and the global residual vector is
R:= :‘§1 (Foe — Fip + KETKS1sC) (157)
After applying the kinematic boundary conditions to Eq. , we obtain
R Ay, = TRV, (158)
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6. Numerical examples

We verify the presented beam formulation by comparison with reference solutions from the isogeomet-
ric analysis of three-dimensional hyperelasticity using brick elements. The brick elements use different de-
grees of basis functions in each parametric coordinate direction. We denote this by ‘deg. = (pL, pw, pu)’,
where pr,, pw, and pyg denote the degrees of basis functions along the length (L), width (W), and

height (H), respectively. Further, we indicate the number of elements in each of those directions by
w

L
Nel = N, ol

o XM

x nil. We employed two different hyperelastic material models: St. Venant-Kirchhoff and
compressible Neo-Hookean types, which are abbreviated by ‘SVK’ and ‘NH’, respectively. We also use

the following abbreviations to indicate our three beam formulations.
e Fxt.-dir.-std.: The standard extensible director beam formulation.
e Ext.-dir.-EAS: The EAS method with nine enhanced strain parameters, i.e., Eq. .
e Ext.-dir.-EAS-5p.: The EAS method with five enhanced strain parameters, i.e., Eq. .

In the beam formulation, the integration over the cross-section is evaluated numerically. We use standard
Gauss integration for the central axis and cross-section, where (p+ 1) integration points are used for the
central axis, and the number of integration points for the cross-section is mentioned in each numerical
example. Here p denotes the order of basis functions approximating the central axis displacement and

director fields.

6.1. Uniazial tension of a straight beam

In order to verify the capability of the presented beam formulation in representing finite axial and
transverse normal strain, we consider uniaxial tension of a straight beam having nonzero Poisson’s ratio.
The beam has length L = 1m and a circular cross-section with two cases for its radius, R = 0.05m and
R = 0.1m, while Young’s modulus and Poisson’s ratio are £ = 1GPa and v = 0.3, respectively. Two
different kinematic boundary conditions at the two ends of beam (i.e., s € {0, L}) are considered. First,
the cross-section is allowed to deform at the both ends (BC#1), and second, this is not allowed (BC#2).
A traction of Ty = [TO,O,O]T where Ty = 10°kN/m? is applied on the undeformed cross-section at

s = L. In the beam model, these two boundary conditions are implemented as follows.

o BC#1: Central axis displacement is constrained at one end, but the end directors are free, i.e.,

Ap =0 at s=0, and d; and dy are free at s € {0, L}.

o BC#2: All degrees-of-freedom are constrained at one end, and the directors are fixed at the other

end, that is,

Acp:AdledQ:Oats:O, andAdledQ:Oats:L.

In the numerical integration over the circular cross-section of the beam, we employ polar coordinates r

and 0 (see Remark [4.3), and four Gauss integration points are used for each of the variables » and 6 in
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each quarter of the domain 0 < 6 < 27. Fig.[] shows the undeformed configuration, and Fig.[5| shows the
deformed configurations for the different boundary conditions and material models, where the decrease
of cross-sectional area is noticeable. We compare the lateral displacement at surface point A, indicated in
Fig. with the reference solutions obtained from IGA using brick elements (convergence results for the
lateral displacement at point A and the volume change can be found in Tables and . Tables
andcompare the lateral (Y-directional) displacements. The results from the developed beam model are
in excellent agreement with the reference solution. In Fig.[6] we can also verify that the volume change of
the beam agrees with the reference solutions in all cases of the selected materials and cross-section radii.
As expected those two material models show similar behavior within the small strain range; however,
the behavior become different for large strains. Note that the SVK material shows unphysical volume

decrease beyond certain strains, which shows the unsuitability of this material model for large strains.

Figure 4: Uniaxial tension of a straight beam: Undeformed configuration. The directions of £ and &2 represent

the chosen principal directions of the circular cross-section.

Al Ay [-

9.5E- 01

8.8E.01 = 0.05m =0.Im R = 0.05m

8.2E-01

7.5E-01

6.8E-01
6.2E-01
5.5E-01

(a) End directors free (SVK). (b) End directors free (NH).

(c) End directors fixed (SVK). (d) End directors fixed (NH).

R =0.1m /

Figure 5: Uniaxial tension of a straight beam: Undeformed and deformed configurations. The color represents
the ratio of the current cross-sectional area (A) to the initial one (Ap). 40 cubic B-spline elements have been

used for the analysis.

6.2. Cantilever beam under end moment

An initially straight beam of length L = 10m with rectangular cross-section of width w = 1m and

height h is clamped at one end and subject to bending moment M on the other end (see Fig.@. The
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Table 1: Uniaxial tension of a straight beam: Verification of the lateral displacement at surface point A

(St. Venant-Kirchhoff material). All results are obtained by IGA.

End directors free

End directors fixed Ratio
Brick, deg.=(2,2,2), Beam, p = 3, Brick, deg.=(3,3,3), Beam, p = 3,
(b)/(a)  (d)/(c)
nel = 320 x 20 x 20, nel = 40 nel = 320 X 15 x 15 nel = 40
[m (%] (%]
[m] (a) [m] (b) [m] (c) [m] (d)
0.05 -1.1089E-02 -1.1089E-02 -1.1089E-02 -1.1089E-02 100.00 100.00
0.1 -2.2178E-02 -2.2178E-02 -2.2181E-02 -2.2177E-02 100.00 99.98

Table 2: Uniaxial tension of a straight beam: Verification of the lateral displacement at surface point A (com-

pressible Neo-Hookean material). All results are obtained by IGA.

End directors free

End directors fixed Ratio
Brick, deg.=(2,2,2), Beam, p = 3, Brick, deg.=(2,2,2), Beam, p =3,
R (b)/(a)  (d)/(c)
el = 320 X 20 X 20,  7er = 40, el = 320 X 20 X 20, ne; = 40,
[m] (2] (%]
[m] (a) [m] (b) [m] (c) [m] (d)
0.05 -1.4593E-02 -1.4593E-02 -1.4593E-02 -1.4593E-02 100.00 100.00
0.1 -2.9186E-02 -2.9186E-02 -2.9186E-02 -2.9186E-02 100.00 100.00
O BCHI, SVK (brick) i O BCHI, SVK (brick) o
L4r BC#1, SVK (beam) L4 BC#1, SVK (beam) R
BC#1, NH (brick) e & BCH1, NH (brick) s
rrrrrrrr BC#1, NH (beam) o ~---- BC#1, NH (beam) B
BC#2, SVK (brick) . 13k BC#2, SVK (brick) g
BC#2, SVK (beam) ~ ———BC#2, SVK (beam) o
BC#2, NH (brick) O BC#2, NH (brick) P
BC#2, NH (beam) Ll BCH2, NH (beam) |
. e

6
Applied axial force [kN/m?|

(a) R = 0.05m

8

x10

10

Volume ratio V/V; [—]

Applied axial force [kN/m?|

(b) R=0.1m

x 107

Figure 6: Uniaxial tension of a straight beam: Comparison of volume change in uniaxial tension with brick

elements and beam elements for the two different material models and cross-section radii with two cases of

kinematic boundary conditions.
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material properties are Young’s modulus £ = 1.2 x 107Pa, and Poisson’s ratio v = 0. Under the
assumption of pure bending, an applied moment M deforms the beam central axis into a circle with
radius R = EI/M, where the X- and Z-displacements at the tip of the central axis (point A in Fig.[7)

can be derived, respectively, as

L
up = Rsin B L, (159a)

wa =R (1 — cos é) . (159b)

Since the presented extensible director beam formulation contains no rotational degrees of freedom, we

z,¢'

L =10m
Figure 7: Cantilever beam under end moment: Undeformed configuration and boundary conditions.

cannot directly apply the bending moment. There are several ways to implement the moment load: A

coupling element was introduced in [Frischkorn and Reese (2013), and the virtual work contribution of
the boundary moment was directly discretized in the rotation-free thin shell formulation of
(2017). We adopt another way presented in Betsch and Stein| (1995)) to use a distributed follower load

acting on the end face. At the loaded end face, the following linear distribution of the first Piola-Kirchhoff
stress is prescribed,
3

M h
P = pu @ v with p = ——¢' and]:%atseFN (s=1), (160)

where the outward unit normal vector on the initial end face is vy = ey since the beam central axis is

aligned with the X-axis, and the outward unit normal vector on the current end face is

d1><d2

= 1 h =
v; = d3 with ds ldi x o]’

and d2 = —é€s. (161)
From Eq. (160)), we can simply obtain the prescribed traction vector T, as

TOZPVO :pd3 at s € I'n. (162)

Substituting the traction vector of Eq. (162)) into Eqgs. (A.2.12) and (A.2.13]), we obtain

ng = To dAO = 0, (163&)
Ao

g = ’ ¢'TodAg = —Mds, and . = 0. (163b)
0

That is, the Neumann boundary condition at s € I'y is given by

n =0, (164a)

m' = —Mds, and m* = 0. (164b)
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i n =10
6 n=>5
n =15
r—14-
E
N
2—
. n=>0
%n =20
(I ITRNTTRNT I TS NN TN NSNS NS NN ]
2 0 2 4 6 8 10

(a) Initial cross-section height A = 0.1m

- n =10
61 n=>5
| n=15
4
2;
I n=20
°T'n =20
Wi RN R RS RN T IR N T R |
2 0 2 4 6 8 10

X[m]

(b) Initial cross-section height A = 0.01m

Figure 8: Cantilever beam under end moment: Deformed configurations for two different cross-section heights. n

denotes the load step number, where the applied end moment is M = 0.1nwEI/L. Figure (b) shows the central

axis only, because the cross-section is too thin to clearly visualize. The beam solutions are calculated by IGA

with p =4 and ne = 160.

700 ¢
—uy (analytic)
o) O uy (beam)
600 - (£ —w) (analytic)
) O wy (beam)

500 -

400 -

300 -

200 -

Applied moment M [N - m]

100 -

g

0
-15 -10 -5 0 5
Displacement [m]

(a) Initial cross-section height h = 0.1m

Applied moment M [N - m]

0.7
—uy (analytic)
o O uy (beam)
0.6 z —wp (analytic) | |
E O wy (beam)
0.5 1
0.4 1
0.3 N 1
(o}
0.2 ¢ 1
0.1F ; 1
e
0 . . .
-15 -10 -5 0 5 10

Displacement [m]

(b) Initial cross-section height A = 0.01m

Figure 9: Cantilever beam under end moment: Comparison of the X- and Z-displacements at the tip of the

central axis with the analytical solutions for the different initial cross-section heights. The beam solutions are

calculated by IGA with p =4 and ne = 160.
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A detailed expression of the external virtual work and the load stiffness operator can be found in Appendix
A4l

Figs.[8a] and [BD] show the deformed configurations of the cantilever for initial heights = 0.1m and
h = 0.0lm, respectively. The external load is incrementally applied in 20 uniform steps. The final
deformed configurations are very close to circles, but are not ezact circles. As Fig.[9] shows, the X-
and Z-displacements at the end are in very good agreement with the analytic solution of Eq. .
However, it turns out that a slight difference persists even in the converged solutions. This difference in
the converged solution is attributed to the fact that axial strain in the central axis and the transverse
normal strain in the cross-section are induced by the bending deformation, which is not considered in

the analytical solution under the pure bending assumption.

6.2.1. Coupling between bending and azial strains

The axial strain () is not zero, but decreases with h. To verify this, we show that the effective stress
resultant 71, which is work conjugate to the axial strain e (see Eq. )7 is not zero. From Eq. , we
obtain m! = —M/ (go,s - d3) by using Eq. and the relations d3-d, = 0 and ¢ -d3 > 0 (postulation
of Eq. ) From Eq. , it follows that n = n - d3/ (9075 . dg), obtained by using Eq. vanishes
at s € I'y. Therefore, using Eq. , we obtain the effective axial stress resultant

f = —mki, (165)

where the current bending curvature is k1 ~ 1/R. Thus, 2 does not vanish at s € I'y. This is a high order
effect of beam theory that disappears quickly for decreasing h: n decreases with the initial cross-section
height h due to m! ~ M ~ h3, i.e., i ~ h3. Therefore, since the cross-sectional area is proportional to

h, the work conjugate axial strain is € ~ h2. Then, the membrane strain energy is
L
II. ::/ fieds ~ h°. (166)
0

Further, for the given end moment M ~ h3, the bending strain p; is nearly constant with respect to h,
then the bending strain energy is

L
I, ::/ m'pids ~ h3. (167)
0

Fig.[10]shows the convergence of axial stress resultant n and the effective stress resultant 7 with the mesh
refinement in the beam. We calculate n using Eq. , from which we can extract n. It is observed that
the condition of vanishing n is weakly satisfied. We compare the axial strain field on the loaded end face

in the presented beam formulation with the following three different reference solutions.

o Ref.#1: IGA with neg = 2,560 x 1 x 20 brick elements and deg. = (2,1,2). One element along the

beam width is sufficient since v = 0.

e Ref.#2: IGA with neg = 2,560 x 1 x 1 brick elements and deg. = (2,1,1). In the calculation of the
relative difference of the displacement in the L? norm in Fig. we use IGA with ng = 2,560x1x1
brick elements and deg. = (4, 1,1) in order to obtain the convergence of the difference to machine
precision. It is noted that three Gauss integration points are used in the direction of cross-section

height for brick and beam element solutions.
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e Ref.#3: The analytic solution under the pure bending assumption.

In the reference solution using brick elements, we apply the end moment in the same way as in the beam
formulation, that is, we apply the distributed follower load on the end face. In the following, we derive
the analytical solution of the axial strain under the pure bending assumption (Ref. #3). In pure bending,
every material fiber deforms into a circle and is being stretched in the axial direction, where the amount
of stretch linearly varies through the cross-section height. If the central axis deforms into a full circle

with radius R = L/27, we have the following expression for the axial stretch

¢ 27 (R-¢! 2
U§3 = E = w =1- fﬂ.gla 61 € [_h/2ah/2]a (168)

where ¢ denotes the current length of each material fiber. Then, the axial component of the Green-

Lagrange strain is obtained by
« 1 2 4 ? _ fl 2 51 ? 1

In this analytical expression, it should be noted that the axial strain is zero at the central axis £! = 0.
Since the cross-section height h is much smaller than the beam length L, the quadratic order term in
Eq. almost vanishes, so that the axial strain has nearly linear distribution along the coordinate
¢! (see Fig.[B.2). Fig. shows the differences between E3; and the axial strains of reference solutions
Ref.#1, Ref.#2, and the presented beam formulation. It is noticeable that the axial strain is nonzero in
the results using brick elements as well. The beam solution agrees very well with that of Ref.#2, since
the Ref.#2 also assumes a linear displacement field along the cross-section height. Especially, in case of
h = 0.01m, it is observed that as we increase the number of elements along the central axis, the reference
solution (ne = 10,240 x 1 x 1) approaches the beam solution. The solution of Ref.#1 shows that the
cross-section does not remain plane but undergoes warping. Therefore there are large differences in the
axial strain between Ref.#1 and the beam solution; however, it is remarkable that the average of the
solution in Ref.#1 still agrees very well with the beam solution. Fig.[I2a] shows that the axial strain of
the beam is nearly constant along the central axis, and decreases with the initial cross-section height h.
Also, the shear strain is negligible, which is consistent with —m! ~ M, shown in Fig.[12bl The slight
shear strain near the clamped boundary is associated with the drastic change of current cross-section
height there. At the clamped boundary, the cross-section does not deform. Thus, the gradient d; s
does not vanish, i.e., k} # 0 (see Remark [3.1)), which generates the effective shear stress ¢ of Eq. .
Similarly, the gradient d; s at the clamped boundary generates the nonvanishing strain «;1, and its work
conjugate m!! (see Fig‘. However, m!'! is almost zero elsewhere in the domain, and this means that

the current cross-section height is almost uniform (see Remark for the relavant explanation).

6.2.2. Coupling between bending and through-the-thickness stretch
The through-the-thickness stretch x!'! is also coupled with the bending deformation, and decreases

quickly with the initial cross-section height h. In the absence of an external director stress couple,

m? = 0, substituting Eq. (56b)) into Eq. (52b)), and using the fact that torsional deformation is absent,
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Figure 10: Cantilever beam under end moment: Convergence of axial stress resultant n and effective axial stress
resultant 7 for the two different cross-section heights h. IGA with p = 4 is used. As expected, n vanishes, while 7
approaches a constant. The applied bending moment is M = 2rEI/L. The converged values of —7 at ne = 320
are 395.7N and 0.3948N for the cases of h = 0.1m and 0.01m, respectively, which is consistent with the theoretical

1072
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Figure 11: Cantilever beam under end moment: Difference of the axial strain component along the cross-section

height at the loaded end (s = L), and the applied moment M = 27 EI/L. ‘avg.’ represents the average. Note
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that, in the solid red line of (a), F33 = 1.5580 x 107% at ¢! = 0, i.e., the central axis is slightly stretched.
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Figure 12: Cantilever beam under end moment: Distribution of the axial strain (£), transverse shear strain (d1)
and director stress couple components (i'' and m') of the beam along the central axis. The results are from

IGA with p = 4, and ne = 320.

i.e., m?' =0, we obtain

U=mle,+m'e, +mlid +m'ld, ~m'e,,, (170)

since ' is nearly constant, and 7m'! is negligible in the domain s € (0,L). Let § be the arc-length
coordinate along the current central axis. Then, ¢ ;; represents the curvature vector such that r = H(p o H
denotes the curvature of the deformed central axis, which is given by x ~ 1/R in the example. Using

the relation ds = /1 4 2eds and the chain rule of differentiation, we find

€ 1
=—2 .+ (1+2)ps~ ——=(1+2e)dy, 171
Pos = P ( )Pss N 7 )dy (171)

since € is nearly constant, and the shear deformation is negligible such that the unit normal vector of
the central axis is approximated by ¢ :;/k = di/A1. Substituting Eq. (171) into Eq. (170) and using the
decomposition of Eq. (56¢)), we obtain

~11 1

~ ——(1+2e)mt. 172
[ /\1R(+e)m (172)

-1

This means that the transverse normal stress [  does not vanish, but decreases with the initial cross-
A1

section height h through the relation m' ~ k3, ie., I~ h3 Therefore, since the cross-sectional

area is proportional to h, the work conjugate strain is yi1 ~ h?, and the in-plane strain energy of the

cross-section is

Eon 5
I, = I x11ds ~ h°. (173)
0

Fig.[13] compares the change of cross-sectional area along the axis for the beam and the reference
solutions. It is noticeable that the cross-sectional area also decreases when using brick elements. The
cross-sectional area in the beam solution agrees very well with that of Ref. #2, since both assume constant

transverse normal (through-the-thickness) strain of the cross-section (see also Fig.[14)). Also, Fig.[13|shows
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that the amount of change in cross-sectional area decreases with h. The deformation of the cross-section
in Ref. #1 is more complicated than for the other cases, since it allows for warping, i.e., the cross-section
does not remain plane after deformation. Especially, at the loaded end face, the cross-sectional area
slightly increases, since the central axis is stretched. It is shown in Fig. (red curves) that the cross-
section is stretched along the transverse direction at the center (£* = 0, s = L), so that the average
of the transverse normal strain is positive, i.e., the cross-section is stretched in average. On the other
hand, apart from the boundary, the through-the-thickness compressive force coupled with the bending
deformation is dominant, so that the cross-sectional area decreases. In Fig.[I3] it is remarkable that the
average cross-sectional area of Ref. #1 in the domain s € (0, L) coincides with that of the beam and
Ref. #2. Further, in Fig.[T4] the average of the transverse normal strain at the middle of the central axis

(s = L/2) agrees very well with that of the beam and Ref. #2.
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(a) Initial cross-section height A = 0.1m (b) Initial cross-section height h = 0.01m
Figure 13: Cantilever beam under end moment: Distribution of the current cross-sectional area along the central
axis. ‘average’ denotes the average in the whole domain of the central axis where the two boundary points are

excluded. The applied bending moment is M = 27 EI/L.
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Figure 14: Cantilever beam under end moment: Distribution of the transverse normal (through-the-thickness)
component of the Green-Lagrange strain along the cross-section height at the loaded end face. ‘avg.” denotes the
average, and nl denotes the number of brick elements in the direction of cross-section height. For brick element,
deg. = (2,1,1) for nll = 1, and deg. = (2,1,2) in the other cases. For beam element, p = 4, and ne = 160. The

applied bending moment is M = 2rEI/L.
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Figure 15: Cantilever beam under end moment: Convergence of the relative difference of the X-displacement
in the central axis. The applied bending moment is M = 2xEI/L. The dashed lines represent the theoretical

T 1 T .
convergence rate of h” + , where h denotes the element size.

6.2.3. Verification of displacements
Fig.[T5] compares the relative difference of the X-displacement of the beam from the three different
reference solutions, where the relative L? norm of the difference in the X-displacement u in the domain

of the central axis (0, L) is calculated by

fOL (u— uref)2 ds

foL Uref2ds )

||eu||L2 =

where u,et denotes the reference solution of the displacement component. The convergence test results of
the reference solutions are given in Tables[B.3|and [B-4] In Fig.[T5 Ref. #2 shows the smallest differences
from the beam solution. The difference is even smaller than the analytical solution and vanishes to
machine precision, since Ref. #2 is kinematically the same as the beam formulation with Poisson’s ratio
v = 0. Ref. #1 shows the largest differences, but they are only around 1% and 0.1% in the cases of
h =0.Im and h = 0.01m, respectively. We also compare the convergence rate in several different orders
of basis function (p = 3,4, 5) with the asymptotic and optimal convergence rate of BPH, where h denotes
the element size. The beam solution shows comparable or even better rate of convergence than the

optimal one, especially in the coarser level of mesh discretization.

6.2.4. Instability in thin beam limit

Tables[3] and [f] compare the total number of load steps and iterations in the cases of h = 0.1m and
h = 0.01m, respectively. Ref. #1 requires larger number of iterations than Ref.#2 and the beam solution.
This is mainly attributed to more complicated deformations of the cross-section. It is also shown that

more iterations are required for the thinner cross-section case. It has been investigated in the shell

formulation with extensible director (Simo et all [1990) that the instability in the thin limit (h — 0)

is associated with the coupling of bending and through-the-thickness stretching. A couple of methods

to alleviate this instability has been presented, for example based on a multiplicative decomposition of
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the extensible director into an inextensible direction vector and a scalar stretch (Simo et al.l [1990)), and
based on the mass scaling in dynamic problems (Hokkanen and Pedroso), [2019)). In this paper, we restrict
our application of the developed beam formulation to low to moderate slenderness ratios, and further

investigation on the alleviation of the instability remains future work.

Table 3: Cantilever beam under end moment: History of the Newton-Raphson iteration for M = 0.1nEInL at

step n = 20, and the total number of load steps and iterations (initial cross-section height A = 0.1m).

Iteration Brick Beam

number IGA, deg.=(2,1,2), IGA, deg.=(2,1,1), IGA, p =4,

at step nel = 2,560 X 1 X 20 Nel = 2,560 X 1 x 1 nel = 160

n =20 Euclidean Energy Euclidean Energy Euclidean Energy

norm of residual norm norm of residual norm norm of residual norm
1 1.6E+02 1.1E4-01 3.1E4-02 9.8E4-00 3.1E401 9.8E+4-00
2 6.4E+04 1.5E+4-04 6.2E+04 1.1E+04 6.7E+04 1.1E+404
3 4.0E4-03 6.6E4-01 3.1E4-03 2.7E401 3.9E4-03 2.7E401
4 1.3E4-03 8.0E+00 1.2E+01 1.4E-02 1.8E+01 1.4E-02
5 1.1E+4-03 5.8E4-00 3.5E+401 3.6E-03 4.5E401 3.6E-03
6 5.5E402 1.3E4-00 8.7E-01 2.0E-04 8.9E-01 2.0E-04
7 1.4E+401 5.6E-02 1.3E4-00 5.8E-06 1.2E4-00 5.8E-06
8 1.6E4-02 1.1E-01 1.7E-03 8.7E-10 1.6E-03 8.7E-10
9 8.5E-01 5.9E-03 5.8E-06 1.2E-16 5.2E-06 1.2E-16
10 3.2E+401 4.3E-03 1.4E-06 4.3E-20 4.5E-08 1.3E-22
11 9.3E-03 3.2E-06
12 1.8E-02 1.4E-09
13 5.8E-07 4.9E-19
#load steps 20 20 20
#iterations 445 200 200

Table 4: Cantilever beam under end moment: History of the Newton-Raphson iteration for M = 0.1nEInL at

step n = 20, and the total number of load steps and iterations (initial cross-section height A = 0.01m).

Iteration Brick Beam

number IGA, deg.=(2,1,2), IGA, deg.=(2,1,1), IGA, p =4,

at step Nel = 2,560 x 1 x 20 Nel = 2,560 x 1 x 1 nel = 160

n =20 Euclidean Energy Euclidean Energy Euclidean Energy

norm of residual norm norm of residual norm norm of residual norm
1 1.6E+00 1.0E-02 3.1E4-00 9.9E-03 3.1E-02 9.9E-03
2 4.7E404 8.5E+402 5.4E4-04 1.1E+03 6.7E+403 1.1E4-03
3 2.4E403 2.4E4-00 2.6E+403 2.7E400 4.0E4-02 2.8E4-00
4 1.6E+4-02 1.2E-02 8.7E+00 3.8E-05 1.8E+4-00 3.8E-05
10 7.0E4-01 2.1E-03 1.8E+00 1.4E-06 1.6E-01 1.2E-06
11 3.7TE+401 6.8E-04 7.3E-05 5.5E-10 3.6E-06 4.8E-10
12 8.8E+401 3.3E-03 3.2E-03 4.4E-12 2.6E-04 3.4E-12
13 1.0E+4-01 7.0E-05 1.7E-07 1.6E-20 6.5E-09 5.9E-21
29 1.6E+01 1.1E-04
30 2.1E-04 2.2E-09
31 1.1E-02 5.5E-11
32 3.9E-06 6.2E-18
#load steps 20 20 20
Fiterations 787 260 260
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6.2.5. Alleviation of membrane, transverse shear, and curvature-thickness locking
We investigate the effect of mesh refinement and higher-order of basis function on the alleviation of
membrane, transverse shear, and curvature-thickness locking. We compare, in Fig.[I6] the relative differ-
ence of X-displacement from the analytical solution (Ref.#3) in the L? norm with increasing slenderness
ratio. The difference of the displacement between our beam formulation and Ref.#3 is attributed to
the aforementioned coupling between bending strain and axial/through-the-thickness stretching strains.
However, it is shown that both axial (¢) and through-the-thickness stretching (x!!) strains diminish with
the rate of h2. Therefore, it is expected that the resulting displacement difference from Ref.#3 should
also decrease with the rate of h%. In Fig. it is seen that mesh refinement improves the convergence
rate, and it is noticeable that the solution of using p = 5 with ne = 80 shows the estimated convergence
rate of order 2. Further, Fig. shows the ratio of membrane (II.), through-the-thickness stretching
(Il ), and transverse shear (IIs) strain energy to bending strain energy (IL,). In Figs.[17a] and it is
seen that mesh refinement or higher-order basis functions lead to the expected convergence rate for the
strain energy ratio of order 2, i.e., II. /I, ~ h? and II, /I, ~ h?. This means that the membrane-bending
and curvature-thickness locking are alleviated. Further, we investigate the transverse shear strain energy,
defined by .
s = / G o,ds. (175)
0

In Fig. by using higher-order basis functions and mesh refinement (p = 4,5 with ne = 80), the
spurious transverse shear strain energy (transverse shear-bending locking) is alleviated. It should be
noted that this result does not mean those locking issues are completely resolved. For example, as
discussed in |Adam et al.| (2014)), if higher-order basis function is used, the membrane and transverse
shear locking are less significant but still existing, due to the field-inconsistency paradigm, which is more
pronounced in higher slenderness ratio. However, in this paper, we focus on low to moderate slenderness
ratios, and further investigation on the reduced integration method and mixed-variational formulation

remains future work.
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Figure 16: Cantilever beam under end moment: Change of the relative difference of the X —displacement in the
L? norm (w.r.t. Ref.#3) with increasing slenderness ratio. The dashed line represents the theoretically estimated

convergence rate of order 2, which agrees very well with the solution of using p = 5 and ne = 80.
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6.3. Cantilever beam under end force

The third example illustrates Poisson locking in the standard extensible director beam formulation,
and its alleviation by the EAS method. We further show that the EAS formulation based on Eq.
(i.e., “ext.-dir.-EAS-5p.”) still suffers from significant Poisson locking due to its incomplete enrichment
of the cross-section strains. A beam of length L = 10m and cross-section dimension h = w = 1m

is clamped at one end, and subjected to a Z-directional force of magnitude F = 10°N/m?

acting on
the other end (see Fig.. The compressible Neo-Hookean material is selected, and Young’s modulus
is chosen as E = 107Pa, and two different Poisson’s ratios are considered: v = 0 and v = 0.3. We
determine reference solutions by using IGA brick elements of deg. = (2,1,2) with ng = 200 x 1 x 15
and deg. = (3,3,3) with ng = 200 x 20 x 20 for those cases ¥ = 0 and v = 0.3, respectively (the
convergence test result can be found in Table . For beams, we use 4 x 4 Gauss integration points
for the integration over the cross-section. Fig.[I9]shows the convergence of beam solutions based on the
presented extensible director kinematics for those two different cases of Poisson’s ratios. If zero Poisson’s
ratio is considered (v = 0), the results of the standard method are very close to the reference solution, and
the EAS method gives the same results as the standard method. However, in the case of nonzero Poisson’s
ratio, since the standard method only allows for constant transverse normal strains, the coupled bending
stiffness increases. This leads to a much smaller deflection than the reference solution. This Poisson
locking is alleviated by the EAS method as it enhances the in-plane strain field of the cross-section. The
EAS solution gives larger displacements that are much closer to the reference solutions (see also Table
). It is also noticeable that the EAS solution ‘ext.-dir.-EAS-5p.” gives smaller deflections than the
results of ‘ext.-dir.-EAS’, since its enriched linear strain field is incomplete, so that Poisson locking is not
effectively alleviated. In case of nonzero Poisson’s ratio, we have a lateral (Y-directional) displacement.
Fig. compares the lateral displacement along the edge BA, indicated in Fig. In the EAS solution,
the magnitude of lateral displacement increases and becomes closer to the average displacement of the
reference one, compared with the solution by the standard method. Although the lateral displacement at
the point A (¢! = 0.5m) in the standard method is closer to the reference solution than that of the EAS
solution (see also Table , it is shown that the accuracy of lateral displacement improves substantially
by the EAS method in an average sense (see also the difference in L? norm in Fig.[20b). Further, it
is seen that the 5-parameter EAS formulation (ext.-dir.-EAS-5p.) shows smaller magnitude of lateral
displacement in Fig. and larger L? norm of difference in Fig. due to the incomplete enrichment
of in-plane strain field, compared with the 9-parameter formulation (ext.-dir.-EAS). Fig.[21] shows that
the standard beam formulation shows much smaller deflection than the other formulations in the final
deformed configuration due to Poisson locking. Table[f] shows that the beam solutions use less number

of load steps and iterations than the brick element solution.
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Figure 17: Cantilever beam under end moment: Comparison of the ratio of the membrane, in-plane cross-section,

and transverse shear strain energy t

ne = 80 recovers the analytically estimated convergence rate of order 2 in (a) and (b). It is noted that, in (a)

and (b), the case p = 3, ne = 80 sho
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(c) Transverse shear strain energy

o the bending strain energy. It is noticeable that the solution of p = 3 and

ws the same result as the case of p = 5,nq = 10.
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Force in Z-direction

Figure 18: Cantilever beam under end force: Undeformed configuration and boundary conditions.
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Figure 19: Cantilever beam under end force: Convergence of the normalized displacements at point A for two

different cases of Poisson’s ratio. The displacement is normalized by the reference solution using brick elements,

where deg. = (2,1,2) and ne = 200 X 1 x 15 for v = 0, and deg. = (3,3, 3) and ne = 200 x 20 x 20 for v = 0.3.

The beam solutions are obtained by IGA with p = 3.
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Figure 20: Cantilever beam under end force: Comparison of the lateral displacement along the edge BA in the

case of v = 0.3. The beam solutions are obtained by IGA with p = 3. Also, we use ne; = 40 for the beam

solutions in Figure (a).

Table 5: Cantilever beam under end force: Convergence test of normalized displacements at the point A for

v =0.3. ua, va, and wa denote the X-, Y-, and Z-displacements at the point A, respectively. (o)ref denotes the

reference solution. All results are obtained by IGA with p = 3.

Beam (ext.-dir.-std.)

Beam (ext.-dir.-EAS)

Tel uA/uﬁff vA/Uﬁff wA/wiCf uA/ufff vA/vfff wA/w'fACf
5 9.0455E-01 1.0141E400 9.6811E-01 9.9831E-01 1.0261E4+00  9.9886E-01
10  9.0588E-01 1.0214E+400 9.6919E-01 1.0002E+00 1.0300E+00 1.0003E+00
20  9.0598E-01 1.0211E+00 9.6930E-01 1.0003E+00 1.0298E4-00 1.0004E4-00
40  9.0599E-01 1.0211E400 9.6930E-01 1.0003E+00 1.0298E+00 1.0004E+00
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LUl

(c) Beam (ext.-dir.-EAS)

(a) Brick element

Figure 21: Cantilever beam under end force:

brick elements with deg.=

(b) Beam (ext.-dir.-std.)

Comparison of deformed configurations.

X-disp. [m]
0.0E+00
-7.5E-01
-1.5E+00
-2.3E+00
-3.0E+00
-3.8E+00
-4.5E+00
-5.3E+00
-6.0E+00

Deformations by (a)
(3,3,3), net = 200 x 10 x 10, (b) beam elements (ext.-dir.-std.) with p = 3 and

ne = 40, and (¢) beam elements (ext.-dir.-EAS) with the same discretization with (b). The color represents the

X-displacement.

Table 6: Cantilever beam under end force: Comparison of Newton-Raphson iteration history for v = 0.3. A

uniform load increment is used.

Tror 4 Brick, deg.=(3,3,3), Beam (ext.-dir.-std.), Beam (ext.-dir.-EAS),
(last load ne1=200 x 10 x 10 p =3, na=40 p = 3, ne1=40
step) Euclidean Energy Euclidean Energy Euclidean Energy
norm of residual norm norm of residual norm norm of residual norm
1 4.4E+02 2.9E+402 1.0E+04 1.5E+03 1.0E4-04 1.2E+403
2 6.4E+02 3.7E+00 2.2E+04 1.2E+02 1.7E+04 7.7E401
3 8.6E-01 2.3E-04 1.0E402 1.7E-01 8.2E+01 7.7E-02
4 6.9E-04 4.3E-12 3.4E+00 2.4E-06 1.4E4-00 4.8E-07
5 2.8E-08 1.1E-21 2.5E-06 9.5E-17 7.6E-07 5.4E-18
6 7.7TE-08 1.8E-22 7.2E-08 1.3E-22
#load steps 20 10 10
Ftiterations 124 73 78
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6.4. Laterally loaded beam

The fourth example investigates the significance of considering the correct surface load rather than
applying an equivalent load directly to the central axis, which is typically assumed in the analysis
of thin beams. The significance was also discussed in the shell formulation based on an extensible
director in [Simo et al. (1990). We consider a clamped-clamped straight beam, and a distributed force
of magnitude Ty = 108N/m? in the negative Z-direction is applied over 0.1m along the middle of the
beam, as illustrated in Fig.22] The beam has initial length L = 1lm and a square cross-section of
dimension h = w = 0.1m, and the compressible Neo-Hookean material with Young’s modulus E = 1GPa
and Poisson’s ratio v = 0.3. We model the geometry using three NURBS patches such that the basis
functions have C°-continuity at the boundaries of the loaded area (s = 0.45m and 0.55m) in order to
satisfy the discontinuity of the distributed load. For the beam, 4 x 4 Gauss integration points are used
for the integration over the cross-section. Fig.[23| compares the relative difference of the Z-displacement
at the central axis between the beam formulation and the reference solution obtained by IGA using
brick elements with deg.=(3,3,3) and ne = 320 x 15 x 15 (Table[B.6] shows the convergence result of the
brick element solution). As expected, it is seen in Fig.[23] that the EAS formulation gives much smaller
differences than the standard formulation due to the alleviation of Poisson locking. Fig.[23]also illustrates
the difference between two ways of applying the surface load: One follows the common practice in the
analysis of thin beams that applies an equivalent load directly to the central axis, and is termed as
equivalent central azis load. The second, termed the correct surface load, calculates the external stress
resultant ng and external director stress couple n:zé by substituting Ty = —Tpes into Egs. and
, respectively. On the other hand, in the equivalent central azis load, the force per unit arc-length
is calculated by ng = —Towes, and the effect of the director stress couple is neglected, i.e., 71:1[1) =0,
since the load is assumed to be directly applied to the central axis. In Fig.23] the beam solutions
using the correct surface load show much smaller difference in both of standard and EAS formulations,
compared with the results using the equivalent central axis load. Further, Fig.[24] compares the deformed
configurations and the change of cross-sectional area in three different formulations; the brick element
solution with correct surface load, the beam element solution with EAS method and correct surface load,
and the beam element solution with EAS method and equivalent central axis load. It is noticeable that
the beam solution using the equivalent load shows much smaller change of cross-sectional area at the
loaded part, since it neglects the effect of external director stress couple. Table[7] shows that the brick

element formulation requires larger number of load steps to achieve the convergence.
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Figure 22: Laterally loaded beam: Undeformed configuration and boundary conditions.
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Figure 23: Laterally loaded beam: Comparison of relative difference in the Z-displacement on the central axis.

The results are obtained by IGA with p = 3.

s

(b) Beam element (surface load)

(a) Brick element (surface load) (c) Beam element (central axis load)

Figure 24: Laterally loaded beam: Comparison of deformed configurations. The results are obtained by IGA
using (a) brick elements with deg.=(3,3,3) and na = 320 x 15 x 15, (b) beam elements (ext.-dir.-EAS) with
p = 3 and ne = 40 with correct surface load, and (c) the same spatial discretization with (b) but with equivalent

load directly applied to the central axis. The color represents the ratio of current cross-sectional area (A) to the

initial one (Ao).
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Table 7: Laterally loaded beam: Comparison of the total number of load steps and iterations in the Newton-
Raphson method. A uniform load increment is used. Brick elements are deg.=(3,3,3) and ne = 320 x 15 x 15,

and all the beam elements are p = 3 and ne; = 320.

Correct surface load Equivalent central axis load

Brick ext.-dir.-std  ext.-dir.-EAS ext.-dir.-std  ext.-dir.-EAS

#load steps 5 1 2 2 2
#titerations 29 15 16 15 16

6.5. 45°-arch cantilever beam under end force

We verify the alleviation of Poisson locking by the EAS method, and the significance of correct
surface load in a curved beam example as well. The initial beam central axis lies on the XY -plane and
describes an 1/8 of a full circle with radius 100m, and the cross-section has a square shape of dimension
h = w = 5m. A Z-directional force of magnitude Ty = 7.5 x 10*N/m is applied on the upper edge
of the end face, and the other end is clamped (see Fig.. We select the compressible Neo-Hookean
material with Young’s modulus E = 10"Pa and Poisson’s ratio v = 0.3. For beams, we use 3 x 3 Gauss
integration points for the integration over the cross-section. The surface load Ty = [O, 0, TO]T leads to
]T

the external director stress couple n:zé = [0, 0, —Towh/2] ", since the loaded edge is located at ! = —h /2.

Consequently, the following external stress couple is applied at the loaded end (see Fig.[27D]).
My = d, X g = dy X g # 0. (176)

Fig.[26a] shows the beam displacement at point A normalized by the reference solution based on brick
elements with deg.=(3,3,3) and ne = 240 x 15 x 15 (see Tables and [§| for the convergence results of
the brick and beam element solutions, respectively). As expected, the results of the standard formulation
(black curves), which is combined with the correct surface load condition, exhibit significantly smaller
displacements due to Poisson locking, and this is improved by employing the EAS method. Since the
equivalent central azis load neglects the external director stress couple (i.e., T?L(l) = 0), it significantly
overestimates the displacement at the point A, while the beam solution based on the correct surface
load is in a very good agreement with the reference solution (see also the comparison of Z-displacement
contours in Fig.. Further, Fig.[26b| compares the relative difference of the cross-sectional area from
the brick element result. It is seen that the EAS formulation more accurately captures the change of
cross-sectional area, compared with the standard formulation, and the equivalent central azis load leads
to a larger difference of the change of cross-sectional area from the brick element result, compared with
the result of correct surface load. Table [0] compares the total number of load steps and iterations in the

iterative solution process.
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Table 8: 45°-arch cantilever beam: Convergence of the normalized displacements at the point A. ua, va, and wa
denote the X-, Y-, and Z-displacements at the point A, respectively. (o)ref denotes the reference solution. All

results are obtained by IGA with p = 3.

Beam (ext.-dir.-stand.) Beam (ext.-dir.-EAS)
Tlel
D ua/uy A /R wa /wi’! up Juy! oa /Ui wa /wi'

5  9.6802E-01 9.3753E-01 9.7859E-01 9.9660E-01  9.9514E-01 9.9583E-01
10 9.6783E-01 9.4193E-01 9.8154E-01 9.9633E-01  1.0018E4-00  1.0002E+-00
20 9.6785E-01  9.4222E-01  9.8178E-01 9.9635E-01  1.0021E+00 1.0005E+00
40  9.6785E-01  9.4224E-01 9.8181E-01 9.9635E-01  1.0022E4-00  1.0005E+-00

w = Hm

-;Hf\
g 1 i\\\\\\
h=b5m] -

\ —

Figure 25: 45°-arch cantilever beam: Undeformed configuration and boundary conditions. The axes of £! and £2

represent two principal directions of the cross-section.
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(a) Normalized displacements (b) Cross-sectional area (A)
Figure 26: 45°-arch cantilever beam: (a) Convergence of normalized displacements at the point A, and (b) the
relative difference of the cross-sectional area A from the brick element result in L? norm. ‘AL’ and ‘SL’ denote
the equivalent central axis load and the correct surface load, respectively. ua, va, and wa denote the X-, Y-,

and Z-displacements at the point A, respectively. (o)rGf denotes the reference solution. Also, ‘EAS’ represents

the 9-parameter EAS formulation, i.e., ‘ext.-dir.-EAS’. All results are obtained by IGA with p = 3.
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uz [m] dy X "7:1(1)(‘ T,
dq

(a) Brick (correct surface load) (b) Beam (correct surface load) (c) Beam (central axis load)
Figure 27: 45°-arch cantilever beam: Comparison of deformed configurations. The color represents the displace-
ment in Z-direction. The brick element solution is obtained by IGA with deg. = (3,3,3) and ne = 240 x 15 x 15,

and the beam element solutions are obtained by 9 parameter EAS formulation and IGA with p = 3 and ne = 40.

Table 9: 45°-arch cantilever beam: Comparison of the total number of load steps and iterations. In each

formulation, the load is uniformly incremented.

Brick element Beam (ext.-dir.-std.) Beam (ext.-dir.-EAS)
deg. = (3,3,3),ne =200 x 15 x 15 p=3,ne =40 p =3, ne = 40
#load steps 10 10 10
#iterations 80 74 80

7. Conclusions

In this paper, we present an isogeometric finite element formulation of geometrically exact Timoshenko

beams with extensible directors. The presented beam formulation has the following advantages.

e The extensible director vectors allow for the accurate and efficient description of in-plane cross-

480 sectional deformations.
e They belong to the space R?, so that the configuration can be additively updated.

e In order to alleviate Poisson locking, the complete in-plane strain field has been added in the form

of incompatible modes by the EAS method.

e The formulation does not require the zero stress assumption in the constitutive law, and offers a

285 straightforward interface to employ general three-dimensional constitutive law like hyperelasticity.

e In the analysis of beams, the external load is often assumed to be directly applied to the central

axis. It is shown that this equivalent central axis load leads to significant error.

e We verify the accuracy and efficiency of the developed beam formulation by comparison with the

results of brick elements.

w0 The following areas could be interesting future research directions.
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e Incorporation of out-of-plane deformation of cross-sections: In this paper, cross-section warping
has not been considered, which restricts the range of application to compact convex cross-sections,
where the out-of-plane cross-sectional deformation is less pronounced. In order to consider open and
thin-walled cross-sections, one can incorporate cross-section warping by employing an additional

degree-of-freedom as in|Simo and Vu-Quoc| (1991)), (Gruttmann et al.| (1998), and |Codal (2009). One

can also refer to the works of Wackerful and Gruttmann| (2009} [2011)), where additional strain and

stress parameters are eliminated at the element level, so that the finite element formulation finally

has three translation and three rotational degrees-of-freedom per node.

e Incorporation of eract geometry of initial boundary surface of beams with non-uniform cross-
section: Eq. can be applied to non-uniform cross-sections along the central axis. IGA has an
advantage over conventional finite element formulation in perspective of straightforwardly utilizing

ezact geometrical information of the initial boundary NURBS surface.

e Numerical instability in high slenderness ratio: There are several factors that limit the slenderness
ratio within which the presented beam formulation can be properly utilized. First, the coupling
between bending and through-the-thickness stretching can lead to an ill-conditioned stiffness matrix

in the thin beam limit (see section|6.2.4]). These issues can be alleviated by existing techniques such

as a multiplicative decomposition of directors in [Simo et al.| (1990) and mass scaling techniques in

Hokkanen and Pedrosol (2019). Second, a mixed variational formulation or an optimal quadrature

rule of reduced integration needs to be developed to alleviate membrane, shear, and curvature-
thickness locking. Since the developed beam formulation has additional degrees-of-freedom for the
in-plane cross-sectional deformation and the numerical integration over the cross-section, it may

not be straightforward to directly employ existing reduced integration methods like the recent

development in (2021).

e Enforcement of rotation continuity at intersections with slope discontinuity: As the developed
beam formulation does not rely on rotational degrees-of-freedom, describing rigid joint connections
between multiple beams becomes a challenge. A selective introduction of rotational degrees-of-

freedom associated with the variation (increment) of director vectors can be utilized.

e Beam contact problems: One can investigate the advantages of incorporating the transverse normal

strain in beam contact problems. For example, the coupling between transverse normal stretching

and bending deformations was illustrated in [Naghdi and Rubin| (1989).

e Incompressible and nearly incompressible hyperelastic materials: One can extend the presented

formulation to incorporate incompressibility constraint.

e Strain objectivity and energy-momentum conservation: It has been shown in several works includ-

ing [Romero and Armerol (2002)), [Betsch and Steinmann| (2002)), and [Eugster et al. (2014) that the

direct interpolation of director fields satisfies the objectivity of strain measures. Furthermore, this

can facilitate the straightforward application of time integration schemes with energy-momentum
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conservatiorﬂ An in-depth discussion on the objectivity and energy-momentum conservation
property in the developed beam formulation is planned for subsequent work. Although a relevant

numerical study on the objectivity, path-independence, and energy-momentum conservation was

performed in |Codal (2009) and |Coda and Paccolal (2011) based on beam kinematics with extensible

directors, further investigation including an analytical verification seems still necessary.

A. Appendix to the beam formulation

A.1. Jacobians of the mappings xq and x;

We recall the following Piola identity for a linear transformation A € R™*™ and vectors a, b € R"
Aax Ab = (det A)A"T (ax b). (A.1.1)

Then, using Eq. (A.1.1)), the triple product of the covariant base vectors in the current configuration can

be expressed by
(g1 X g3) - g3 = det Day (Dxy E3) - (D:chEg) = det Dxy =: j;. (A.1.2)
In the same way, it can be easily shown that
(G1 X Gs) - G5 = det Dxg =: jp. (A.1.3)

A.2. Derivation of momentum balance equations for the beam

A.2.1. Linear and director momentum balance

The divergence of the Cauchy stress tensor can be expressed in terms of the basis { g, g%, g3}, as

Lo i
(jeog') ;. (A.2.1)

dive = -
Jt

where (o) ; denotes the partial differentiation with respect to &;. For a detailed derivation one can refer

to chapter 10 of Zienkiewicz et al.|(2014). Then, the local form of the balance of linear momentum given

in Eq. can be rewritten as

(jtagi),i + Jeb = je pr @i e (A.2.2)
From Eq. (A.2.2), using the principle of virtual work, the variational identity follows
/ ox; - (jta'gi) p dB = / Jt Pt oxy - Tttt dB — / It ox: - bdB. (A23)
B ' B B

Then, using the divergence theorem and Eq. , we have

/ (5a:t ~jt0'gi)idB = / (6:ct ~jtaDa:fTu) ds = / (6 - Prg) dSo. (A.2.4)
B ’ S So

HRefer to the comments in |Eugster et al.l q2014[) and references therein.
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After applying the boundary conditions of Egs. and 7 we have

/ (0z1 - jrog’) AB = / (6z¢ - To) dS.
B ’ SN

Then, the left-hand side of Eq. (A.2.3)) can be rewritten as
/ oxy - (jtagi)idB = / (Jmt ~T0) dS(l)\I f/ (5mt,s ~jt0'g3) dB f/ (01,0 - jrog®) dB.
B ' SN B B
From the beam kinematics in Eq. , we obtain the following relations

dx, = 0p +£76d,,
6wt,s = 6(P,s + g’y(;d’y,\h
5210 = 0d,.

Rearranging terms after substituting Eq. (A.2.7) into Eq. (A.2.6) and using Eq. , we have

L
/ oxy - (jtagi)’idB = —/ (5‘/’,3 ‘n+9dy s - M +od, -lo‘) ds
B 0

L
+ / <5¢. / Todly + od, - / §7T0d1“0> ds
0 6./4() 6-/40

+ |:($§0 . TO dA() + (sd»y . / é"‘/TO dA0:|
Ao

Ao sel'n

(A.2.5)

(A.2.6)

(A.2.7)

(A.2.8)

Furthermore, substituting Eq. (A.2.7)) into the first and second terms of the right-hand side of Eq. (A.2.3)),

respectively, we have

L
/ peje0xs - @y p AB = / (5<P CPAP e T (de ) Igédd,tt) ds,
B 0

L L
B 0 A 0 A

Finally, substituting Egs. (A.2.8])-(A.2.10)) into Eq. (A.2.3) and rearranging terms yields

and

L

L
/ (6, -n+0d, o - +6d, - 1%) ds + / (6 - papy +0d, - I°ds 1) ds
0 0

L
- / (6 7+ 0d, - ) ds + [0 - g + 0k, -] .,
0
where the prescribed stress resultant and stress couple are defined as

’FLO = |: TO dA0:| 5
Ao

sel'n

and

ﬁlg = {/ f'YTO d.Ao} 5
Ao sel'n

and the distributed external resultant stress and stress couple are defined as

n .= TodFO +/ boj()d.A,
dA¢ A

and

m’ = / ETodly + / 'bgjod A.
dAg A
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Applying integration by parts and the homogeneous displacement boundary condition to the first term

on the left-hand side of Eq. (A.2.11]) yields
L
[ (G (8- a0 D))
= 7y

+ [0 (n— 7o) +dd, - (M —my)] . =0. (A.2.16)

Then, applying the standard localization theorem, we finally obtain the local momentum balance equa-

tions under the boundary conditions: We find (¢, d;,ds) € R? x R3 x R? such that

Ns+0=paPyy, (A.2.17a)

m, —U+m’ =1'dsy (y=1,2), (A.2.17h)
with the Neumann boundary conditions
n =7y and m” =m, at s € I'y, (A.2.18)
and the Dirichlet boundary conditions
@ =@y, d =dj at s € T'p. (A.2.19)

A.2.2. Angular momentum balance

The symmetry of the Cauchy stress tensor implies (Simo and Fox| [1989))
g, xog' =0. (A.2.20)
Integration of Eq. (A.2.20)) over A after multiplying the Jacobian j; and using Egs. and yields
/ g xog'jidAd=¢p, x / og’j dA+d, 5 x / Eogij dA+d, x / 0g”j; dA. (A.2.21)
A A A A
Thus, the local angular momentum balance equation is expressed as

psxn+d,sxm’+d, xl"=0. (A.2.22)

A.3. Constitutive equation

A.3.1. The first variation of the strain energy density function

The first variation of E can be expressed as

OE = Die, (A.3.1)
where
0 0 O 0 0 0O 00 O O O O 1 00O
0 0 O 0 0 0O 00 O O O O o010
1 &8 €2 glel €2¢2 12 00 0 0 0 0 0 0 O
1_);:875: & & & &8 ¢ (A3.2)
Oe 0 0 O 0 0 0O 00 O O O O O0 O 01
0 0 O 0 0 0 1 0 ¢ ¢ 0 0 00 O
0 0 O 0 0 0 01 0 0 & € 000
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A.3.2. Compressible Neo-Hookean material

Here we obtain the contravariant components of the fourth order tensor Z. In the standard Cartesian

basis {ej, ez, e3}, we have (Bonet and Wood, 2008)

oc™t 1 . . . .
- :7{(0 )Ac(c )BD+(C )AD(C )BC}EA®€B®60®6D. (A.3.3)

T =
oC 2

The contravariant components are thus obtained by

"M -T.G o6 GG

- % {(C)4c(C)p +(C71),p(C N )pe) (e~ GY)(en - GY)(ec - G)(ep - GY)
= % {(G : C‘le) (Gj : C‘1G€> n (Gz‘ . C—lge) (Gj _ C—le)}
=y {Een e e ey a3

A.4. Linearization of the weak form
A.4.1. Configuration update

We employ the Newton-Raphson method to solve the nonlinear equation of Eq. . An external load
is incrementally applied, and the solution at the (n + 1)th load step is found based on the equilibrium
at the previous nth load step. The following steps are repeated until a given convergence criterion is
satisfied. The iterative scheme to find solution "*ly := [”“goT, "+1d1T,”+1d2T}T is stated as: For a
given solution "T1y(~1) at the (i — 1)th iteration of the (n + 1)th load step, find the solution increment
Ay = [A¢T, Ad;", AdzT]T €V such that

AG ("1 6y, Ay ) = Goxt (1Y, 8y) = Giu (Y, 0y) VoY €V, (A4.1)

and we update the configuration by

n+1<p(i) _ n+1tp(i71) + A(P, n+1(’a(0) _ n(‘o7

+17 (6) _ n+lg (i—1) +14 (0) (A42)

"d,N =""d, +Ad,, "Td,"V ="d,.
AG = AGint —AGext represents the tangent stiffness, and the first part AGiye is given by the linearization
of the internal virtual work in the following. The second part AGeyy is the load stiffness which appears,

e.g., due to a non-conservative load (see for example Eq. (A.6.2)).

A.4.2. Operator expressions

We define the following strain operators in order to have compact forms for the virtual strains of

Eqgs. and .

e = LP,ST(’)7S 01><6 1><95y = B€6y7 (A43a)
d ST ° Tie oT
op = b T( Js s (T ). - Sy = B,dy, (A.4.3b)
L d2,8 (') S 0 (ID,S ('),s 2%9
0T di"(e), 0T
k=1 0T oT dss (o), Sy = B,.dy, (A.4.3c)
L 0" d21ST(.),s dlysT(.),S 3x9
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le(.) s LPST OT
06 = o o - oy =: Bsdy, (A.4.3d)
[ da(e)s 00 e ],
0" di"(e), +dis" 0T
0T do" d,"(e) ,
oy = ' oy = B, oy, (A.4.3¢)
o’ dzT(°),s dis"
L OT OT d2T(0)7S+d2,sT 4%9
o a7 of
ox =1 0T of d,°* 5y = B, vy, (A.4.3f)
T T T
| 0 dy” dy 4o
where [o] - indicates that the matrix [e] has dimension m x n. Combining Eqgs. and (A.4.3)) leads
to
(Sg = IBtotal 53/7 (A44)
where we use ~ _
B.
B,
B
Biotal == . (A45)
Bs
B,
| By ] 15%9
Then Eq. can be rewritten as
L
Gint(y, 0y) = / Sy BL, . Rds. (A.4.6)
0

A.4.8. Material part
Taking the directional derivative of the internal virtual work of Eq. (A.4.6) with the virtual strain
part held constant and using Eq. yields

L L
DyGing - Ay = / sy BL DR Ayds = / Sy BL . CBota Ay ds. (A.4.7)
0

tota
0

A.4.4. Geometric part
Taking the directional derivative of the internal virtual work of Eq.(A.4.6) with R held constant

yields ; .
DGGing - Ay == / RTDée - Ayds = / oyt Y TkeY Ayds, (A.4.8)
0 0
where we define
ke k, ks
kc = k. k, (A.4.9)
sy kx 15%x15

with the submatrices

ki&- = ’ﬁ,]_3><37 (A410a)
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and the operator

k, = { m'lsxs M 1axs ]’

kf(; =

h
k. =

l

() (13x3
03x3
O3x3

03x3

03x3

m1113><3 m?l

- 12
m“13x3

{ G'13x3 G laxs } ;

11 ~12
13x3

sym.

~11 ~21

1343

sym. [

O3x3
('l513x3
O3x3
1343

03x3

J415x9

(A.4.10D)

(A.4.10c)

(A.4.10d)

(A.4.10e)

(A.4.10f)

(AA4.11)

Here 0,,,x,, denotes the null matrix of dimension m x n. Combining Egs. (A.4.7) and (A.4.8) we finally

obtain the following linearization of the internal virtual WOI‘kIE

L
AGint(y; 0y, Ay) == DGyt - Ay = / oy" (B’tl;tal(CBtotal + YTk:GY) Ayds.
0

A.5. Discretization of the variational form

A.5.1. Discretization of the internal virtual work

The discretization of virtual strains at £ € =, is expressed in compact form as follows.

5eh =

sph =

okl =

56" =

(S’Yh —

[%STNI,S O1x6 1X95YI

di "Ny, 0 . Nps ot Sy1
dy "Ny, oT 0 N oo
0" dy,"N;, 0T

0" 0" dys"Nps oy 1

0" dy "Ny, dis Nr, 40

d," Ny, 0 N ot 5y1
d'Nps 0" TNy |

0" d\"Nis+dis Ny 0T
o’ da,s" N di"Np
o' dy" Ny dis" Ny
0T ot dy" Ny s +do s Ny

4x

9

oy1

:Bgéyj,

:B/I)(Sy[,

:Bﬁéy;,

= Bgéyh

= ]B%fréyf,

128trictly speaking, this is the increment in the linearization of the internal virtual work.
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0" d,"N; o7
ox"=10T 0T & N, |y — BLoy, (A.5.1f)

o a&,"'N; d,"N;
3x9

where the repeated index I implies summation over values from 1 to n.. n. denotes the number of basis

functions having local supports in the knot span =,.. Having Eq. (A.5.1) we obtain

B
B 5
y1
By
be" = Db = B0y (A5.2)
B
0Yn,
B
L By 15X 9,
where we define i i
B: = _ B! B2 ... Bre |
e._ 1 R2 ne
IBP = _Bp Bp Bp Joson.”
BY = [ B. B2 ... B ] ,
- 3 9ne (A.5.3)
]Be = 1 2 e e
o= | Bs B Bs loxon,’
e ._ 1 2 ne
BY = _ B! B2 ... B Laon.”
e[ m 2 ne |
B = | B By o BY I3xon,

Also, in the discretization of the geometric part of the tangent stiffness, we use the following operator,

obtained from Eq. (A.4.11)).

Ye=|Y, Y, . ]15X9ne, (A.5.4)
where ~ _
Nr slaxs 033 03x3
03x3 Nrsl3xs 03x3
Y= 033 033 Nrsl3xs . (A.5.5)

033 Nrlzyxs 033

03x3 033 Nilzxs 5o

sso A.0. Implementation of a moment load by a distributed follower load

The external virtual work due to the Neumann boundary condition of Eq. (164)) is expressed by
_ _ T
Gexi(y,0y) = [6yTR0]S€FN with Ry = {OT,—MdgT,OT} . (A.6.1)
The directional derivative of the external virtual work can be derived as

AGexi (Y3 0y, Ay) i= DGoyi - Ay = [6y" SucAy] (A.6.2)

sel'y *
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Shc is the load stiffness operator given by

o 0343 O3x3 03x3
She = m 0343 (1—ds®d3) d, (ds®d3z—1) di |, (A.6.3)
03x3 03x3 03x3

where d; and ds represent the skew-symmetric matrices associated with the dual vectors d; and d.
Note that the load stiffness operator S is non-symmetric. The global force vector due to the external
virtual work and the global load stiffness matrix can be simply obtained by a finite element assembly,

respectively, as

Fex = A [Ro] (A.6.4)

sel'n’

and

Kext =A [Snc] (A65)

sel'y -

B. Appendix to numerical examples

B.1. Uniazxial tension of a straight beam

The exact geometry of circular section of cylindrical structure can be modeled by a single quadratic
NURBS patch (see Fig.[B.1a]). Figs. and[B.1dshow knot spans in two different levels of h-refinement.
Tables and show the convergence of the reference solution using brick elements and the beam

—e— Control net

Z [m]

L L
-004 -0.02 0 0.02 004
Y [m]

(a) (b)

Figure B.1: Uniaxial tension of a straight beam: Modeling of circular plane (cross-section) having radius R =

0.05m and h-refinement, used in brick element results. (a) Modeling of circular domain by a single quadratic

NURBS patch. (b) 10x10, (c¢) 20x20 elements.

solution. For the conciseness of paper, we present only one case of cross-section radius R = 0.1m, and

BC+#2. The other cases show similar characteristics of convergence.

B.2. Cantilever beam under end moment

Fig.[B.2] plots the analytical solution of axial strain in Eq. (169). Tables and show the

convergence results of brick and beam elements.
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Table B.1: Uniaxial tension of a straight beam: Convergence result of the lateral displacement at A and the

volume (R = 0.1m, BC#2, St. Venant-Kirchhoff material).

Brick, IGA, deg.=(3,3,3) Beam, IGA, p=3
el va [m] V [m®] el v [m] V [m’]
80 x 10 x 10 -2.2181E-02 3.0215E-02 10 -2.2179E-02  3.0420E-02
160 x 10 x 10  -2.2181E-02  3.0214E-02 20  -2.2177E-02  3.0418E-02
320 x 10 x 10 -2.2181E-02 3.0214E-02 40 -2.2177E-02  3.0418E-02
320 x 15 x 15 -2.2181E-02  3.0214E-02 80 -2.2177E-02 3.0418E-02

Table B.2: Uniaxial tension of a straight beam: Convergence test of the lateral displacement at A and the volume

(R = 0.1m, BC#2, compressible Neo-Hookean material)

Brick, IGA, deg.=(2,2,2) Beam, IGA, p =3
Nel va [m] V [m?] Nel vA [m] V [m?]
80 x 10 x 10 -2.9186E-02 4.5010E-02 10 -2.9137E-02 4.5185E-02

160 x 10 x 10  -2.9186E-02  4.5006E-02 20 -2.9186E-02 4.5110E-02

320 x 10 x 10 -2.9186E-02  4.5005E-02 40 -2.9186E-02 4.5109E-02

320 x 20 x 20 -2.9186E-02  4.5005E-02 80 -2.9186E-02 4.5109E-02
0.05 5 plo?
0.04 nt
0.03 - 3t
0.02 - 2t
0.01 - Lf

E) E)
_‘L 0 =0
20.01 - 1t
0.02 - 2t
-0.03 31
0.04 4t
-0.05 : : ; ‘ ‘ : : -5 ; ‘ ‘ ‘ : : ‘
20.04 003 -002 -0.00 0 00l 002 003 004 -4 3 2 -1 0 1 2 3 4
Axial strain Ej;[—] Axial strain Eg; ] %107
(a) Initial cross-section height h = 0.1m (b) Initial cross-section height A = 0.01m

Figure B.2: Cantilever beam under end moment: Analytic solution of axial strain through the cross-section height
at the loaded end (s = L) under pure bending assumption. Note that, in the analytical solution, the axial strain

is zero on the central axis (¢! = 0).

Table B.3: Cantilever beam under end moment: Convergence result of X-displacement at the tip of the central

axis (utip) for the case of h = 0.1m. All results are obtained by IGA.

Brick, deg.=(2,1,1) Brick, deg.=(2,1,2) Beam, p =4

Nel Usip [m] Nel Usip [m] el Usip [m]
160 x 1 x1  -9.9850E400 320 x 1 x10 -1.0010E+01 5 -1.0807E4-01
320 x 1 x1  -9.9849E400 640 x 1 x 10  -1.0011E+01 10  -9.9899E+4-00
640 x 1 x 1  -9.9848E+-00 1280 x 1 x 10 -1.0011E+01 20 -9.9849E-+00
1280 x 1 x 1 -9.9848E4-00 2560 x 1 x 10 -1.0011E401 40  -9.9848E-+00
2560 x 1 x 1 -9.9848E+-00 2560 x 1 x 20 -1.0011E+401 80  -9.9848E-+00

160  -9.9848E4-00
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Table B.4: Cantilever beam under end moment: Convergence result of X-displacement at the tip of the central

axis (utip) for the case of h = 0.01m. All results are obtained by IGA.

Brick, deg.=(2,1,1) Brick, deg.=(2,1,2) Beam, p =4

Nel Usip [m] nel Usip [m] el Usip [m]
160 x 1 x1 -1.0020E+01 320 x 1 x 10 -1.0001E+01 5 -1.2414E4-01
320x1x1 -1.0001E+401 640 x 1 x 10  -1.0000E+01 10 -1.0362E+4-01
640 x 1 x 1  -9.9999E+-00 1280 x 1 x 10 -1.0000E+01 20  -1.0001E+01
1280 x 1 x 1 -9.9999E400 2560 x 1 x 10 -1.0000E4-01 40 -9.9999E4-00
2560 x 1 x 1 -9.9998E+-00 2560 x 1 x 20 -1.0000E+4-01 80  -9.9998E+-00
160 -9.9998E4-00

Table B.5: Cantilever beam under end force: Convergence test of displacement at the point A.

v=0, v =0.3,
Brick, IGA, deg.=(2,1,2) Brick, IGA, deg.=(3,3,3)

Nel X-disp. [m]  Z-disp. [m] Nel X-disp. [m] Y-disp. [m] Z-disp. [m]

80 x1x10 -6.4736E400 7.9951E4-00 80 x 10 x 10  -6.4626E+00 -1.4513E-03  8.0033E+00
160 x 1 x 10 -6.4737E400 7.9951E4-00 160 x 10 x 10 -6.4629E+00 -1.4533E-03  8.0035E-+00
200 x 1 x 10 -6.4737E+00 7.9951E+00 200 x 10 x 10 -6.4629E4-00 -1.4533E-03  8.0035E4-00
200 x 1 x 15 -6.4737TE+00 7.9951E4-00 200 x 15 x 15 -6.4630E4-00 -1.4528E-03  8.0037E4-00
200 x 20 x 20 -6.4631E400 -1.4522E-03 8.0037E4-00

A\ MOST

B.3. Cantilever beam under end force

Table shows the convergence test of IGA using brick element to obtain the reference solution.

B./J. Laterally loaded beam

Table[B.6] shows the convergence test of IGA using brick elements to obtain the reference solution.
sss  We check the convergence of Z-displacement at the mid-point of the central axis, i.e., at the point of

s=1L/2and ¢! = £2 = 0.

B.5. }5°-arch cantilever beam under end force

Table[B.7] shows the convergence test of IGA using brick elements to obtain the reference solution.

Table B.6: Laterally loaded beam: Convergence test of Z-displacement at the mid-point of the central axis in

IGA using brick elements with deg.=(3,3,3).

Nel Z-displacement [m]
80 x5 x5 -2.1729E-01
120 x 5 x5 -2.1729E-01
160 x 5 x 5 -2.1729E-01
160 x 15 x 15 -2.1731E-01
320 x 15 x 15 -2.1731E-01
62
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Table B.7: 45°-arch cantilever beam: Convergence test of displacements at the point A in IGA using brick

elements with deg.=(3,3,3).

Nel X-displacement [m] Y-displacement [m] Z-displacement [m]
200 x 10 x 10 1.4506E+01 -2.4987E4-01 5.2112E4-01
240 x 10 x 10 1.4507E+01 -2.4987E+01 5.2113E+4-01
240 x 15 x 15 1.4505E+01 -2.4987E4-01 5.2116E4-01
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