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A B S T R A C T   

Fracture surfaces after biaxial fatigue tests were compared using fractal dimension for three types of metallic 
materials in smooth and notched specimens made of S355J2 and 10HNAP steels and 2017-T4 aluminium alloy, 
considering both proportional and nonproportional cyclic loading. High-resolution optical 3D measurement 
studies were performed on the entire fracture surface. A direct correlation between fractal dimension and fatigue 
loading was established. This systematic relationship can serve as a basis for obtaining information about fatigue 
loading from the fracture surfaces of failed materials and structures. Moreover, measurements of the fracture 
surface with an optical profilometer, quantitative analysis, and fractography contribute to a better compre
hension of the fatigue failure processes. Differences in individual zones of fatigue fractures were identified while 
demonstrating the correctness of the total fracture surface method.   

1. Introduction 

Fractographic investigation is one of the main engineering tools in 
the damage analysis of metal elements because it makes possible the 
correlation of fracture mechanisms and microscopic events with me
chanical properties and material behaviour [1,2]. In the case of fatigue 
fracture, the relationship between failure mechanisms and service 
loadings is of great scientific interest [3–8]. However, most fracto
graphic studies are limited to a visual description of fracture surfaces; 
therefore, this assessment is only established in a qualitative manner, 
even if observations are made at different length scales, which can vary 
from macro to nano scales. 

Different observation methods can be used. The continuous 
improvement of methods and devices for measuring surface character
istics facilitates the increasingly accurate quantitative analysis of surface 
morphology [9–14]. Scanning electron microscopy (SEM) technique, 
which is one of the most popular techniques for the observation of 
material structures [15–19], can obtain resolutions higher than 1 nm. 
Another alternative technique for fractography analysis is plasma- 
focused ion beam scanning electron microscopy (PFIB-SEM). Fig. 1 
presents, as an example, a micrograph of a 10HNAP specimen obtained 
by the first author using PFIB-SEM technique. It can be used to create 
cross sections of the surface [20–22] with large volumes while 

maintaining a high-resolution SEM image. Nevertheless, optical-based 
methods are the most popular approaches [14,23–25]. As reported by 
Townsend et al. [26], it provides a balance between the accuracy of the 
results, simplicity of operation, and processing time. 

Fractographic techniques based on the total fracture area have been 
used in various scientific fields for quantitative failure analysis, for the 
characterisation of either ductile or brittle materials [27,2829,3031]. 
Quinn published a comprehensive guide focused on failure analysis of 
ceramics and glasses [31]. The book includes a multitude of practical 
examples and a detailed and extensive literature review. Very few 
studies on fractography analysis have been conducted on ductile mate
rials subjected to bending–torsion loading [14,32–35]. Slámečka et al. 
[51] investigated the changes in profile roughness parameters for high- 
strength low-alloy steels and reported an important effect of torsion 
loading on surface topology. Later, the same authors [32] studied fish- 
eye crack formation using quantitative fractography analysis in 
nitrided high-strength steel. More recently, Macek et al. [28] addressed 
the effect of the normal stress to shear stress ratio on fracture surfaces in 
both conventional and additively manufactured high-strength steels. In 
both cases, fracture surface topography parameters and von Mises stress 
were successfully correlated via linear functions. 

The fractal dimension is a powerful engineering tool that makes 
possible the correlation between geometrical irregularities and material 
properties. Since 1984, when Mandelbrot [36,37] introduced fractal 
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analysis, much research has been conducted [32–36] on this subject. In 
particular, in the context of fracture, some studies focused on the rela
tionship between microstructure features and fracture toughness or 
fracture energy. More recently, Hilders and Zambrano [43] identified a 
linear correlation between the impact toughness and the fractal 
dimensional increment for a super duplex stainless steel at room tem
perature. Tang and Wang [44] concluded that the roughness of the 
impact fracture surface can be addressed using a fractal approach. 
Venkatesh et al. [45] also found a linear relationship between the fractal 
dimension and fracture surface roughness. Fu et al. [46] applied the 
fractal dimension to study hydrogen embrittlement phenomena in 
transformation-induced plasticity steels and found linear correlations 
between the fractal parameters and hydrogen embrittlement suscepti
bility. With regard to monotonic properties, a direct relationship be
tween the ultimate tensile strength and the fractal dimension of primary 
Mg2Si particles in Al–Mg–Si matrix alloy composites was also reported 
by Akrami et al. [47]. 

With regard to fatigue fracture, little work has been done on the 
interconnection between fractal dimension and loading history 
[33,38–42,45]. To the best of the authors’ knowledge, comparative 
studies on steel and aluminium alloys subjected to multiaxial loading are 
not available in literature. Therefore, this study aims to examine the 
correlation between the fractal dimension and fatigue loading for 
different steel and aluminium alloys. Notched and smooth samples with 
circular and rectangular cross sections were considered. Fatigue tests 
were conducted for proportional and nonproportional cyclic loading. 

From a broader perspective, considering all the trends of quantitative 
research, the availability of optical methods, and the variety of mate
rials, shapes, and loads, an attempt was made to find a universal and 
simple method to identify the reasons for the destruction. 

2. Materials and methods 

2.1. Materials 

The materials utilised in this study were 10HNAP and S355J2 steels 
and 2017-T4 aluminium alloy. Their chemical compositions and main 
mechanical properties can be seen in the paper by the authors [48]. The 
materials mentioned above were derived from different standards. Here, 
for the sake of simplicity, they are identified as 10HNAP, S355J2, and 
2017-T4, respectively. The purpose of this combination of materials was 
to test the procedure for a wide variety of cases. 

Regarding the microstructure features, optical micrographs taken 
with relatively high magnifications are exhibited in Fig. 2 for the three 
tested materials. The 10HNAP steel is a low-alloy structural steel con
sisting of a fine-grained ferritic-perlitic structure. The predominance of 
ferrite is visible by the white grains in the structure (see Fig. 2(a)) and 
the average grain diameter was equal to 22.5 μm. The microstrcture of 
the 2017-T4 aluminium alloy, as shown in Fig. 2(b), is composed by 
elongated grains of α solid solution of various sizes and widths up to 
about 40 μm. Between the elongated grains, there are clusters of very 
fine, equiaxed grains of the α phase in a band pattern. The S355J2 steel is 
a high-strength low-alloy steel formed by a ferrite-pearlite matrix with 
low pearlite content and had an average grain size of 15.9 μm (see Fig. 2 
(c)). Average grain sizes were determined using the Jeffries method 
based on the ASTM E 112–12 standard. 

2.2. Specimen geometries 

Fig. 3 shows the specimen geometries, with dimensions in milli
metres, tested in this research. The analysis included two notched ge
ometries and one smooth geometry — more specifically, a V-notched 
round bar made of 10HNAP steel, as shown in Fig. 3(a), a smooth round 
bar made of S355J2 steel, as shown in Fig. 3(b), and a rectangular cross- 
section bar with a V-notch made of 2017-T4 aluminium alloy, as shown 
in Fig. 3(c). The notched angles were 60◦. These geometries enable the 
methodology to be tested under different stress concentration 
conditions. 

2.3. Fatigue tests 

Fatigue tests were conducted in an MZGS-100 fatigue machine, as 
shown in Fig. 4, for three types of loading [49,50]: (1) pure bending, (2) 
combined torsion with bending, and (3) pure torsion. Both proportional 
loading and nonproportional loading were considered, as well as 
constant-amplitude and random loading histories. These loading sce
narios were defined to test the procedure for different loading cases. To 
compare the different cases, the loading parameter, r, defined by the 
following equation, was introduced. 

r =
τmax

σmax + τmax
(1) 

where τmax and σmax are the maximum shear stress and maximum 
normal stress, respectively. From the analysis of Eq. (1), one can 
conclude that r = 0 is associated with pure bending, r = 1 is associated 
with to pure torsion, and 0 < r < 1 corresponds to combined bend
ing–torsion. The values of the r parameter and stress ratios (R) consid
ered in the fatigue campaign are summarised in Table 1. 

For the 10HNAP steel specimens, shown in Fig. 3(a), stationary and 
ergodic random loadings were applied considering a normal probability 
distribution with wideband frequency spectra in the range 0 to 60 Hz. In 
the case of bending–torsion, the r parameter was 0.5, i.e. the ratio of 

Nomenclature 

A10 % elongation 
Df fractal dimension 
E GPa Young’s modulus 
r loading parameter 
R stress ratio 
RA % reduction of area 
σa MPa nominal normal stress amplitude 
σmax MPa maximum normal stress 
σu MPa ultimate tensile strength 
σy MPa yield strength 
τa MPa nominal shear stress amplitude 
τmax MPa maximum shear stress 
ν Poisson’s ratio  

Fig. 1. Cross-sectional image taken by the first author using a microscope 
equipped with a dual-beam PFIB-SEM source for a 10HNAP specimen fracture 
with a magnification of 6500x. 
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normal stress amplitude to shear stress amplitude (σa/τa) was 1. More 
details about these tests can be found in a report by Achtelik [52]. 

Regarding the S355J2 steel specimens, shown in Fig. 3(b), fatigue 
tests were carried out under constant-amplitude loading. In the case of 
combined bending–torsion, tests were performed under nonpropor
tional loading considering the values of the r parameter in the interval 
0.16–0.6. A detailed description of these fatigue tests and the applied 
loading histories can be found in a report by Marciniak [50]. 

With respect to the 2017-T4 aluminium alloy specimens, as shown in 
Fig. 3(c), tests were also performed under constant-amplitude. For the 
bending–torsion cases, the values of the r parameter were in the range of 
0.18–0.44, and the stress ratios were − 1, 0.5, and 0. Detailed infor
mation about these tests can be found in a report by Faszynka [53]. 

2.4. Fracture surface investigation 

The fracture surfaces were examined using an optical three- 
dimensional noncontact focus-variation microscope. The InfiniteFocus 
G4 (see Fig. 5) made by Alicona combines both the small depth of focus 
of an optical microscope and vertical scanning to receive topographical 
and colour information [11,48]. In this study, the total fatigue fracture 
surfaces obtained for all tests were examined at a magnification of 10 
times. Due to the reduced field view of the used microscope, the entire 
fracture area was mapped by combining nine rows and seven columns of 
data. Apart from the examination of the entire area, detailed analysis of 
specific regions of the specimens (e.g. initiation sites, propagation re
gions, and rupture areas) was performed at a magnification of 100 times. 

The vertical and lateral nominal resolutions of every individual 
measurement was 79.3 nm and 3.91 µm, respectively. Generated real 3D 
surface images were processed using MountainsMap software produced 
by Digital Surf. The analysis of fracture surfaces was conducted in 
relative cartesian coordinates from the lowest point measured in the z- 
axis direction by default. Nonmeasured points, which are characteristic 
of the selected approach, were filled by a smooth shape determined from 
the neighbours. The total fracture area was chosen for the imaging. The 
three-dimensional parameters used in this study were computed for the 

Fig. 2. Optical micrograph showing the microstructure: (a) 10HNAP steel (200x), (b) 2017A aluminium alloy (500x), and (c) S355J2 steel (200x).  

Fig. 3. Specimen geometries used in this study: (a) 10HNAP steel, (b) S355J2 
steel, and (c) 2017-T4 aluminium alloy (units: mm). 
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entire studied surfaces. In this study, 99 specimens were investigated — 
30 for the 10HNAP steel, 50 for the S355J2 steel, and 19 for the 2017-T4 
aluminium alloy — representing 30, 51, and 19%, respectively, of the 
investigated samples. 

2.5. Proposed methodology 

The main goal of the proposed methodology is the development of a 
fractal dimension based on the analysis of the entire area of the fracture 
surfaces caused by bending–torsion fatigue. This unifying approach, 
which is sensitive to different engineering materials and loading cases, 
makes possible the definition of quantitative relationships between the 
fatigue damage and statistical characteristics of pit and valley distri
butions. Furthermore, this systematic study makes it possible to estimate 
the causes of fatigue failure by accounting for its characteristics by 
means of fracture surface topography analysis. 

Initially, the strategy consisted of obtaining uniform dimensions for 
the specimens. Thus, the current fracture surface was reduced by 

eliminating the final break region and the regions associated with the 
geometric discontinuities. In the case of circular cross sections (see Fig. 3 
(a) and Fig. (b)), surface areas were reduced to circles with diameters of 
7.2 and 7.8 mm, respectively. In the other case, as shown in Fig. 3(c), the 
surface areas were reduced to a rectangle of 7.2 × 7.5 mm. As an 
example, Fig. 6(a)–(c) show the initial and final surface areas utilised in 
this study for bending, bending–torsion, and torsion loadings, respec
tively. Overall, the pseudocolour views show significant differences 
associated with both the loading type and the geometric features. 

In the second stage, the fractal dimension was calculated for all 
specimens from the final fracture surface areas. The fractal dimension 
makes it possible to use fractional geometric dimensions. A surface with 
a smaller fractal dimension is less complex and closer to a plane than a 
surface with a higher value, which is closer to a volume. In general, the 
fractal dimension varies between two and three for real surfaces. Here, 
the enclosing boxes method (EBM) introduced by Talu et al. [54] was 
used to determine the fractal dimension. The EBM divides the profile 
into smaller sections with a width ε and calculates the field Aε of all 
fields covering the entire profile [55,56]. This is an iterative procedure 
in which the width of the field is changed to create a graph, ln (Aε)/ln 
(ε). The fractal dimension, as shown in Fig. 7, was determined by 
computing the slope of the regression line for the entire fracture area. 
Surfaces were analyzed in relative coordinates (X, Y, and Z axes) with 
the Z axis, which coincided with the specimen axis, in heights from the 
lowest point by default. No additional filters were used. The EBM also 
does not filter noise, it is just an evaluation of the developed area at 

Fig. 4. MZGS-100 fatigue test stand used in this study.  

Table 1 
Loading parameters considered in the fatigue tests.  

Material r =
τmax

σmax + τmax  
R =

σmin

σmax  

Reference 

10HNAP 0; 0.5; 1 − 1 [52] 
S355J2 0; 0.16–0.6; 1 − 1 [50] 
2017-T4 0; 0.18–0.44; 1 − 1; − 0.5; 0 [53]  

Fig. 5. Overview of the InfiniteFocus G4 measurement setup used in the study.  
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various scales, each point in the graph corresponds to one scale. 

3. Results and discussion 

3.1. Individual fracture zones 

Fig. 8 shows three examples of the typical fracture surfaces obtained 
for the three materials under bending loading. The upper grey views are 

the original photographs taken by the measurement system after all the 
images of the fatigue fracture surface have been assembled, whereas the 
lower parts are the 3D views of the areas near the initiation sites. 
Maximum stresses occur at the specimen surface, making these points 
potential locations for fatigue crack initiation [57]. 

Under a fatigue bending load, the crack initiation sites of the 
10HNAP steel specimens occur at the top and bottom of the circumfer
ential notch. This leads to symmetrical propagation regions, whereas the 

Fig. 6. Example of initial and final fracture surface areas utilised in this study: (a) bending, (b) bending–torsion, and (c) torsion loading — for each loading case, 
materials follow the order 10HNAP steel at the top, 2017-T4 aluminium alloy in the middle, and S355J2 steel at the bottom. 
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rupture area is located at the centre of the fracture surface. Regarding 
the 2017-T4 aluminium alloy specimens, as in Fig. 8(b), because of the 
geometric features associated with this specimen, the three zones are 
quite different from the previous case, i.e. only a single crack initiates at 
the notch, and then it propagates to the centre of the specimen, where 
one can see several crack fronts marked on the fracture surface. The 
rupture region can be distinguished at the top of the figure. In the case of 
Fig. 8(c), and similar to the 10HNAP steel specimens, the initiation sites 
of the S355J2 specification occur at the surface on the two opposite 
sides. This also leads to nearly symmetrical propagation zones, and the 
rupture zone occurs in the central part of the fracture surface. 

Fig. 9 presents the fracture surfaces of selected areas of the S355J2 
steel specimens under bending and bending–torsion. The figures on the 
left present the propagation areas, while the figures on the right show 
the rupture areas. The differences in the granularity and asperity of the 
fracture planes can be observed on the surfaces. For specimens subjected 
to pure bending, the propagation and rupture zones are characterised by 

a fine-grained structure. Nevertheless, for specimens under combined 
bending–torsion loading, the two above-mentioned zones exhibit 
important differences either in terms of in grain texture, or in terms of 
their directionality, which is associated with the existence of elongated 
grains. In contrast, this directional effect is attenuated in the rupture 
zone. 

The results suggest that there are significant differences in the fatigue 
crack front developments, which affects the fracture surface features. 
From a fatigue point of view, these differences can be explained not only 
by the notch effect and the loading scenario but also by the yielding 
condition. Regardless of the specimen geometry, yielding at the initial 
fatigue stage is limited to a rather small area near the surface. In 
contrast, as the crack propagates, fatigue crack growth rates increase 
rapidly, leading to large yielding areas. In the case of notched configu
rations, at the early stage of crack growth, notch effects are likely to 
govern the initiation process, and the early stage of crack growth, by 
changing locally the yielding condition. Nevertheless, as the crack ex
tends, this effect gradually disappears, and the yielding condition tends 
to be generalised throughout the entire crack front, which can explain 
the similarity of the fracture surface parameters. Thus, it was decided to 
analyse data from all fracture surfaces, and the fractal dimension Df was 
chosen to describe the topography. 

3.2. Fractal dimension 

Fig. 10 plot the fractal dimension values against the r parameter for 
10HNAP steel, 2017-T4 aluminium alloy, and S355J2 steel specimens 
sequentially from the left, respectively. A table containing the full set of 
data presented in the graphs is shown in Appendix A (see Table A1). It is 
clear from the figure that fractal dimension values change in a relatively 
wide range, even for the case of pure bending and for the case of pure 
torsion. These changes of fractal dimension can be associated with 
crystal anisotropy. Such a mechanism occurs in single-crystal materials; 
therefore, it is reasonable to suppose a similar behaviour in poly
crystalline materials. 

A wider analysis of Fig. 10 reveals that fractal dimension values tend 
to be higher for pure bending than for pure torsion and that the values 
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Fig. 7. Fractal analysis for the extracted area using the entire fracture method.  

Fig. 8. Examples of fracture surfaces resulting from bending loads with marked areas of fatigue crack initiation for the three types of specimens: a) 10HNAP steel, (b) 
2017-T4 aluminium alloy, and (c) S355J2 steel. 
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for combined bending–torsion are the lowest. It is also clear that the 
correlation between the fractal dimension and the r parameter is 
ambiguous. For the 2017-T4 aluminium alloy, the trend is reversed, and 
the fractal dimension values increase. With respect to the 10HNAP steel, 
the fractal dimensions increase with decreasing r values. Under bend
ing–torsion, when the r parameter is 0.5, the fractal dimension values 
change in the range of 2.07–2.16. 

To identify the dependencies between the fractal dimension and the r 
parameter, the results for each investigated material were fitted using 
quadratic curves in the following form. 

Df = A+B∙r+C∙r2 (2) 

where A, B, and C are unknowns. The fitted functions are plotted in 
Fig. 11(a)–(c) for the 10HNAP steel, 2017-T4 aluminium alloy, and 
S355J2 steels, respectively. Overall, one can see that the fractal 
dimension changes randomly with the parameter r in the three cases. In 

the three cases, but particularly for the S355J2 steel, it is difficult to 
observe a strong correlation between the r parameter and the fractal 
dimension. 

The estimated coefficients of the quadratic curves and several sta
tistical variables associated with the constants are presented in Table 2 
for the 10HNAP steel, 2017-T4 aluminium alloy, and S355J2 steel. 
Table 3 compiles a number of other statistical parameters computed to 
evaluate the quality of results: the Akaike information criterion (AIC), 
which is an estimator of the out-of-sample prediction error; the Bayesian 
information criterion (BIC), which generally penalises free parameters 
more strongly than the AIC, the sum of squares of the residual error 
(SSE), which measures the overall difference between data and the 
values predicted by the estimation model, the mean squared error 
(MSE), which is a risk function corresponding to the expected value of 
the squared error loss; the root mean square error (RMSE), which is the 
square root of the average of squared errors; and the coefficient of 

Fig. 9. Selected S355J2 steel specimen showing the propagation and rupture areas for (a) bending (σmax = 475 MPa) and (b) combined bending–torsion (σmax = 420 
MPa, and τmax = 90 MPa) loading. 

Fig. 10. Fractal dimension versus r parameter for the studied materials and the applied loading scenarios: (a) 10HNAP steel, (b) 2017-T4 aluminium alloy, and (c) 
S355J2 steel. 
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determination (R-square), which is commonly used to represent the 
proportion of the variance for a dependent variable that is explained by 
an independent variable or variables in a regression model. 

Based on the statistical values presented in Tables 2 and 3, one can 
conclude that the estimated quadratic curves for the 10HNAP steel and 
the 2017-T4 aluminium alloy provide good fitting results, i.e. a valid 
relationship between the fractal dimension and the applied load; 
therefore, they can be used to correlate the fractal dimension with the r 
parameter. However, for the S355J2 steel, the statistical values suggest 
that the curve regression in this case yields unsatisfactory results. A 

(a) 

(c) 

(b) 

Fig. 11. Fitted curve for (a) 10HNAP steel, (b) 2017-T4 aluminium alloy, and (c) S355J2 steel.  

Table 2 
Estimated coefficients and their statistical values for the studied materials.  

Material Parameter Estimate Std Error Wald Chi- 
Square 

Prob > Chi- 
Square 

10HNAP A 2.285 ×
100 

8.165 ×
10− 3 

7.828 ×
104 

<1 × 10− 4 *  

B − 5.752 ×
10− 1 

4.447 ×
10− 2 

1.673 ×
102 

<1 × 10− 4 *  

C 4.166 ×
10− 1 

4.317 ×
10− 2 

9.314 ×
101 

<1 × 10− 4 * 

2017-T4 A 2.194 ×
100 

1.609 ×
10− 2 

1.860 ×
104 

<1 × 10− 4 *  

B − 4.232 ×
10− 1 

9.932 ×
10− 2 

1.815 ×
101 

<1 × 10− 4 *  

C 4.043 ×
10− 1 

9.572 ×
10− 2 

1.784 ×
101 

<1 × 10− 4 * 

S355J2 A 2.185 ×
100 

1.296 ×
10− 2 

2.841 ×
104 

<1 × 10− 4 *  

B − 2.386 ×
10− 1 

7.063 ×
10− 2 

1.142 ×
101 

7 × 10− 4 *  

C 1.920 ×
10− 1 

7.590 ×
10− 2 

6.401 ×
100 

1 × 10− 2 *  

Table 3 
Statistical values of the quadratic curve for the studied materials.  

Material AIC BIC SSE MSE RMSE R- 
Square 

10HNAP − 1.250 
× 102 

− 1.210 
× 102 

1.980 
× 10− 2 

7.334 
× 10− 4 

2.708 
× 10− 2 

9.119 ×
10− 1 

2017-T4 − 5.700 
× 101 

5.608 ×
101 

3.128 
× 10− 2 

1.955 
× 10− 3 

4.421 
× 10− 2 

5.344 ×
10− 1 

S355J2 − 1.663 
× 102 

− 1.595 
× 102 

8.815 
× 10− 2 

1.875 
× 10− 3 

4.331 
× 10− 2 

2.206 ×
10− 1  
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comparison between the predicted and measured fractal dimensions is 
plotted in Fig. 12 for the three tested materials under combined bend
ing–torsion and torsion loadings. For comparability, fractal dimension 
residuals are also plotted. In the case of Fig. 12(a), the values of the 
fractal dimension are in the range of 2.07 to 2.35, and the residuals vary 
by ± 0.06, which corresponds to a maximum difference of approxi
mately 21%. As shown in Fig. 12(b), the maximum differences are 
slightly higher, approximately 36%, which results from a residual of 
approximately ± 0.75 and a fractal dimension within the interval of 2.06 
to 2.27. In the case of the S355J2 steel, the maximum differences are 
similar to those of the 2017-T4 aluminium alloy, approximately 37%, i. 
e. a fractal dimension that varies in the interval 2.04 to 2.31, and re
siduals in the range of ± 0.1. 

For all analysed samples, the vertexes of the fitted parabolas (see 
Fig. 11) corresponded to values of the r parameter approximately 0.7, 
0.5, and 0.6 for the 10HNAP steel, 2017-T4 aluminium alloy, and 

S355J2 steel, respectively. The axis of symmetry of these functions 
means that when an attempt is made to estimate the method of load 
causing damage from the fractal dimension, there is a risk of incorrect 
interpretation. Because there is a plane curve that is mirror-symmetrical 
and is approximately U-shaped, especially in the case of the 2017-T4 
aluminium alloy, Df values are similar either for pure bending or for 
pure torsion. The largest asymmetry between the two above-mentioned 
loading modes occurred for the circumferential notched 10HNAP spec
imens. To visualise this, average values (see the × markers), median 
values and 25th and 75th percentiles (see the blue rectangles), and the 
most extreme data points (see the whiskers) of Df are displayed in Fig. 13 
at appropriate load levels for the three studied materials. 

Table 4 summarises the values of the averaged fractal dimension for 
different loading cases examined in this study. Regarding the maximum 
(Dfmax) and minimum (Dfmin) values of the fractal dimension, regardless 
of the tested material, a fixed relationship was found with the 

(a) 

(b) 

(c) 

(d) 

(e) 

(e) 

Fig. 12. Experimental fractal dimensions versus calculated fractal dimensions for the studied materials under bending–torsion and torsion (a,b,c), and the corre
sponding fractal dimension residuals (d,e,f). 
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investigated loading scenarios, i.e. Dfmax occurred for bending, while 
Dfmin occurred for combined bending–torsion. Thus, the fractal dimen
sion of the extreme values can also be used in the failure analysis, which 
is an interesting outcome. As an example, Fig. 14 shows the fracture 
surfaces and corresponding graphs of the extreme values of the fractal 
dimension for the 10HNAP steel. The scale of analysis takes similar 
values (>1 mm) for the samples with the minimum value of fractal 
dimension (Dfmin = 2.07, for bending–torsion loading) and the 
maximum value of fractal dimension (Dfmax = 2.35, for bending 
loading). Moreover, the number of enclosing boxes is different, i.e. 

Fig. 13. Specimen fracture surfaces averaged values for fractal dimension Df: (a) 10HNAP steel, (b) 2017-T4 aluminium alloy, and (c) S355J2 steel.  

Table 4 
Averaged fractal dimension for bending, torsion, and bending–torsion loadings.  

Loading type 10HNAP 2017-T4 S355J2 

Bending  2.28  2.20  2.18 
Torsion  2.13  2.17  2.14 
Bending–Torsion  2.10  2.10  2.13  

10-2 10-1 100

Scale of analysis 

100

101

102
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105
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(a) (b) 

Fig. 14. Fractal dimension based on the extreme values determined by the EBM for the 10HNAP steel: (a) minimum Df value (2.07) and (b) maximum Df 
value (2.35). 
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higher than 106 for the minimum value of Df and lower than 106 for the 
maximum value of Df. The coefficients of correlation (R-square) of linear 
fits (red line) were 0.9987 and 0.9991, indicating that the data were 
excellently fitted by linear functions. In summary, this means that the 
fractal dimension, supported by other parameters of quantitative frac
tography, can be an effective tool for complete failure analysis. 

4. Conclusions 

The relationship between the fracture surface topography and fa
tigue loading scenario was investigated systematically using fractal 
dimension concepts and the total fracture surface area method. In this 
study, three different engineering materials (an aluminium alloy, a 
construction steel, and a structural steel), three different geometries 
(circumferential V-notches, lateral V-notches, and smooth specimens), 
and three types of loading (pure bending, pure torsion, and combined 
bending–torsion) were investigated. One of the main outcomes is the 
development of a fractal-based approach to estimate the effect of the 
loading rate under biaxial fatigue loading after failure. The following 
conclusions can be drawn.  

- Fatigue crack initiation and fatigue crack growth were greatly 
different for the different cases, which was explained by the com
bination of both the loading type and geometrical features of the 
tested geometries.  

- The fractal dimension changed over a relatively wide range for the 
different loading cases: pure bending, pure torsion, and combined 
bending–torsion. These differences were explained by the crystal 
anisotropy.  

- A comparison between the predicted and measured fractal values 
shows that it is possible to establish valid relationships between the 
fractal dimension and applied fatigue loading.  

- The average value of the fractal dimension, regardless of the tested 
material, was higher for bending than for torsion and combined 
bending–torsion, which indicates a higher sensitivity of the Df 
parameter to the first loading type.  

- The fractal dimension residuals were ± 0.06, ±0.75, and ± 0.1 for 
the 10HNAP steel, 2017-T4 aluminium alloy, and S355J2 steel, 
corresponding to differences of 21, 36, and 37%, respectively.  

- The maximum and minimum fractal values, regardless of the tested 
material, exhibited a fixed behaviour: the maximum values were 
found for bending, while the minimum values were found for 
bending–torsion.  

- An analysis of the fractal dimension based on the extreme values (i.e. 
maximum and minimum values) led to high R-square correlations, 
ranging from 0.9987 to 0.9991, demonstrating that the data can be 
fitted using linear functions. 

The main goal of this paper was to correlate the fatigue damage with 
fractal dimension concepts, and it opens interesting avenues for further 
investigation. To create a wider picture and a stronger understanding of 
the interdependencies between the fractal dimension and fatigue dam
age, future research is planned in order to focus on other engineering 
materials and loading scenarios, including additively manufactured 
metals, to identify valid links not only between the loading history and 
the fractal dimension but also with other fractographic parameters in 
order to develop an effective tool for complete failure analysis. 
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Appendix A 

(see table A1) 

Table A1 
Fractal dimension versus r parameter for the studied materials.  

S355J2 steel 2017-T4 aluminium alloy 10HNAP steel 

r 
parameter 

Fractal 
dimension 

r 
parameter 

Fractal 
dimension 

r 
parameter 

Fractal 
dimension  

0.000  2.16  0.000  2.18  0.000  2.28  
0.000  2.21  0.000  2.20  0.000  2.27  
0.000  2.31  0.000  2.23  0.000  2.23  
0.000  2.17  0.000  2.21  0.000  2.27  
0.000  2.12  0.000  2.17  0.000  2.28  
0.000  2.17  0.000  2.20  0.000  2.28  
0.000  2.14  0.000  2.24  0.000  2.33  
0.000  2.17  0.176  2.06  0.000  2.26  
0.000  2.17  0.176  2.07  0.000  2.28  
0.145  2.17  0.176  2.12  0.000  2.35  
0.159  2.10  0.393  2.07  0.000  2.30  
0.159  2.20  0.393  2.11  0.500  2.09  
0.159  2.17  0.419  2.14  0.500  2.12  
0.159  2.18  0.419  2.10  0.500  2.09  
0.176  2.17  0.435  2.11  0.500  2.11  
0.176  2.16  1.000  2.27  0.500  2.09  
0.176  2.15  1.000  2.15  0.500  2.09  
0.215  2.13  1.000  2.12  0.500  2.16  
0.215  2.13  1.000  2.15  0.500  2.09  
0.215  2.21    0.500  2.07  
0.231  2.12    1.000  2.13  
0.231  2.14    1.000  2.11  
0.236  2.19    1.000  2.12  
0.236  2.07    1.000  2.15  
0.236  2.13    1.000  2.15  
0.264  2.08    1.000  2.09  
0.264  2.15    1.000  2.11  
0.264  2.16    1.000  2.12  
0.264  2.14    1.000  2.15  
0.283  2.16    1.000  2.13  
0.283  2.04      
0.283  2.18      
0.288  2.12      
0.288  2.08      
0.288  2.14      
0.307  2.20      
0.333  2.13      
0.333  2.21      
0.340  2.07      
0.340  2.08      
0.389  2.13      
0.417  2.12      
0.417  2.15      
0.457  2.06      
0.545  2.08      
0.545  2.08      
0.545  2.12      
0.602  2.16      
1.000  2.15      
1.000  2.13      
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