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Abstract: This paper investigates the fracture surface topography of two steel and aluminum alloys 
subject to bending-torsion fatigue loadings, as well as their susceptibility to fatigue performance 
and failure mechanisms. Using fracture surface topography data analysis, elements with different 
geometries were elaborated. A correlation between the fractal dimension, other selected parameters 
of surface topography such as areal Sx, and fatigue loading conditions was found. Distinctions in 
particular regions of cracks were also recognized through proving the correctness and universality 
of the total fracture surface method. The influence of fatigue loading parameters on the surface to-
pography of fatigue fractures was demonstrated. For the analyzed cases, results show that the frac-
tal dimension and standard surface topography parameters represent a correlation between them 
and loading conditions. As a single parameter, the appropriate loading ratio cannot be outright 
calculated with fractal dimension, but can be estimated with some approximation, taking into ac-
count additional assumptions. 
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1. Introduction 
Many service failures occur from components being subjected to mixed-mode mul-

tiaxial fatigue loadings. A representative illustration of external loading in engineering 
application is a transverse plane from a tubing shaft surface under bending-torsion load-
ing [1]. In the appearance of such complex loading as bending with torsion, these fields 
are liable to fatigue failure and, therefore, the analysis of fracture surfaces based on frac-
tographic measurements may be a significant engineering tool to improve design, pre-
venting future failures. 

The fractographic study is the primary post-failure step in the fatigue failure analysis 
of metallic components [2–5]. The relationship between the materials microstructure and 
service loadings in material cracking processes has been analyzed in the literature [6–8]. 
In particular, fractographic techniques of total fracture areas for quantitative failure anal-
yses have been used relatively rarely in various scientific fields [9,10], such as for dental 
implant materials [11,12]. Also, a small number of references can be found on the subject 
of the fractography of elements subjected to bending-torsion fatigue [13–16]. 

At the end of the 20th century, the scientific and engineering world came to the con-
clusion that presenting surface irregularities in only two dimensions was insufficient [17,18]. 
All interactions of surfaces are spatial, which also applies to the fractal dimension [19,20], 
and so research into the analysis of inequalities in three dimensions was initiated. We can 
find many papers reporting ways of presenting surfaces in a 3D system to describe the 
surfaces of additive manufactured metals [21], machining results [22] and fretting wear [23]. 
In all of these studies, digital filtering is very important and has a great influence on the 
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calculation of results for the surface parameters [24–26]. The most common filtration tech-
nique to neutralize waviness and form involves Gaussian filters, characterised in the ISO 
standard [27]. 

In addition to the typical areal surface topography parameters, the fractal dimension 
[28–30] for surface description is also used in many scientific fields, including fractog-
raphy and crack propagation [31–35]. The box-counting procedure in particular is one of 
the frequently operated methods to calculate fractal dimensions. Therefore, taking into 
account the tendency of the quantitative investigation, the accessibility of the optical 
method, and the diversity of materials, forms and loadings, this paper tries to indicate a 
common and straightforward method for identifying the causes of failure. In the context 
of filters, for the fractal dimension, and especially the enclosing boxes method, filters 
should be applied on the primary surface. This means that the surface should be prepared 
for analysis, so the microroughness λs must be removed along with the form or slope λc, 
using levelling operations. After levelling, the angle no longer has any impact on the frac-
tal dimension parameter. 

This paper is based on the promising results based on fractal dimension analysis, 
partially presented previously by the author [36,37]. The study compares fractal dimen-
sion with the surface areal parameters, despite different recommendations, and without 
the use of surface primary filters. The analysed surfaces are fatigue fractures after bend-
ing, torsion and a combination of these loadings. This analysis would help to interpret the 
connections between fracture surface topography and trying to determine the models be-
tween fractal dimension and fatigue loading conditions. 

2. Materials and Methods 
2.1. Fatigue Test Materials and Campaign 

10HNAP and S355J2 steels and 2017-T4 aluminium alloy were investigated, and also 
described earlier in this set by Macek et al. [37,38]. A nominal composition and mechanical 
features, such as Young modulus E—215, 210, 72 GPa and Yield stress σy—418, 358, 382 MPa, 
for 10HNAP and S355J2 steels and 2017-T4 aluminium alloy, respectively, are shown in 
these works. Fatigue experiments were conducted on the specimens shown in Figure 1. 
Two V-notched configurations and one (S355J2) smooth profile were used. The tests were 
run for three categories of loading: (1) pure bending, (2) combined torsion with bending, 
and (3) pure torsion. 

Proportional and non-proportional, but also constant-amplitude and random load-
ing programs, were used. The 10HNAP steel specimens were tested with stationary and 
ergodic random loadings and had a normal probability distribution and wide-band fre-
quency spectra from 0 to 60 Hz. Fatigue tests of S355J2 steel specimens included non-
proportional bending-torsion histories. In the case of the 2017A-T4 aluminium alloy spec-
imens, tests were conducted under different stress ratios R. To compare the various in-
stances, the loading stress ratio, r, was determined by Equation (1). 𝑟 = ఛ೘ೌೣఙ೘ೌೣ ା ఛ೘ೌೣ, (1) 

where r = 1 is related to pure torsion, r = 0 to pure bending and 0 < r < 1 to bending and 
torsion combination. The values of the loading stress ratio r and stress ratios R studied in 
the fatigue tests are shown in Table 1 [37]. 
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Figure 1. Specimen geometries utilised in fatigue campaign: (a) 10HNAP steel, (b) S355J2 steel, and 
(c) 2017-T4 aluminium alloy (dimensions in millimetres). Adapted from [37]. 

Table 1. Fatigue tests parameters. 

Material 𝒓 = 𝝉𝒎𝒂𝒙𝝈𝒎𝒂𝒙 + 𝝉𝒎𝒂𝒙 𝑹 = 𝝈𝒎𝒊𝒏𝝈𝒎𝒂𝒙 Reference 

10HNAP 0; 0.5; 1 −1 [14] 
S355J2 0; 0.16–0.6; 1 −1 [39] 

2017-T4 0; 0.18–0.44; 1 −1; −0.5; 0 [40] 

2.2. Fracture Surface Topography Measurement 
Surface topographies were investigated via the Infinite Focus G4 optical measuring 

system (Alicona Imaging GmbH, Graz, Austria), using focus variation technology [38,41]. 
The evaluation of 3D scans, for entire fracture areas, was carried out with magnification 
of 10×, 79.3 nm vertical resolution, and 3.91 μm lateral resolution. Settings were applied 
to generate 3D surface image datasets of the investigated fractures. The measurement re-
sults were also analysed with MountaisMap Premium 7.4 software (Digital Surf, Besan-
çon, France). Alicona (*.al3d) files were converted into height maps without applying fil-
ters. The total area of the fracture was chosen for imaging according to the entire fracture 
method [37]. Additional measurements of the characteristic zones were made with 100× 
magnification. 

The whole current surface of specimens made of 10HNAP steel was trimmed to a 
rounded region of interest (ROI) with a diameter of 7.2 mm (see Figure 2), to exclude the edges, 
distinct break in physical continuity and non-measured points. For aluminium alloy speci-
mens, the surface was reduced to a rectangle with an area of dimensions 7.2 mm × 7.5 mm, 
and for analysed S355J2 cases, the area was cropped to a circle with a diameter of 7.8 mm. 
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(a) (b) (c) 

Figure 2. Methodology used to select the region of interest—ROI (all shown examples of fracture surfaces are for the 
bending-torsion case): (a) 10HNAP steel, (b) S355J2 steel, and (c) 2017-T4 aluminium alloy. 

3D fractography investigation was performed on the fracture area implementing 
fractal dimension Df with the enclosing boxes method (EBM), as well as height parameters 
according to ISO 25178. The fractal dimension Df was calculated from the extracted ROI 
(Figure 2) with EBM, for resolutions of 59 points in the plot, as presented in Figure 3. EBM 
divides the sections into smaller subsections with width ε, and computes the field Aε of 
all fields in an overlay the entire region [42,43]. This is a repeated action in which the 
width of the field is transitioned to the plot ln(Aε)/ln(ε). EBM in real units uses real Z-
spacing values to calculate the enclosed area. To estimate the fractal dimension Df a line 
is fitted using the least-squares method. The absolute value of the slope of the (red) line is 
the estimation of fractal dimension Df. For the example shown in Figure 3, the slope value 
is -2.122, and thus the fractal dimension Df = 2.122. The coefficient of determination R2 for 
the case analyzed in Figure 3 was 0.9998. In general, a surface with a smaller fractal di-
mension is less complex and closer to a plane than a surface with a higher value, which is 
closer to a volume. The fractal dimension Df of the areal surface is higher than 2 and 
smaller than 3. For comparative analysis in the context of the fractal dimension, Df and 
loading stress ratio r, the parameters Sa, Sq, Sz were also taken into account. Additionally, 
for cases with extreme Df values, the volume Vx and Sk parameters were analysed. The Sq 
parameter (see Equation (2)) is a root mean square (RMS) height value of surface, and Sa 
(see Equation (3)) is the arithmetical mean of the absolute surface heights, according to 
ISO 25178. Maximum height of surface Sz is the sum of the maximum peak height Sp and 
maximum pit height Sv, presented in Figure 4a [14]. 

𝑆𝑞 = ටଵ஺ ∬ 𝑧ଶሺ𝑥, 𝑦ሻ𝑑𝑥𝑑𝑦஺ , (2)𝑆𝑎 =  ଵ஺ ∬ |𝑧ሺ𝑥, 𝑦ሻ|𝑑𝑥𝑑𝑦஺ ,  (3)

where: A—the definition area; z—surface height in position x, y; x, y—lengths in perpen-
dicular directions. 

Figure 4 visualizes how ISO 25178 functional volume parameters are calculated from 
the Abbott-Firestone curve. Figure 4a, with 10HNAP (r = 0) specimen shows how to con-
vert extracted surface (ROI) into a series of profiles. Figure 4b presents volume parameters 
in relation to profiles and the Abbott-Firestone curve (see red line). The Vx family consti-
tute the valley void volume Vvv, the core void volume Vvc, the peak material volume Vmp, 
and the core material volume Vmc. The default material ratios used to calculate these pa-
rameters are 10 and 80% [44]. 
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Figure 3. Fractal analysis plot for exemplary fracture surface. 

 
Figure 4. Graphical presentation of the functional (volume) parameters, for 10HNAP (r = 0) specimen: (a) series of surface 
profiles; (b) functional (volume) parameters of Abbott-Firestone curve according to ISO 25178. 

3. Results and Discussion 
3.1. Measurement Results 

The results presented in this paper show measurements made for three materials 
(10HNAP, S355J2 and 2017-T4). Tests were carried out for bending and torsion and their 
combinations. The results presented the relationship between the surface topography pa-
rameters and the fractal dimension Df, including the r parameter [45] defined by Equation 
(1). 

A total of 99 specimens were investigated. In all, 30 measurements were taken for the 
10HNAP material (see Figure 5a), 50 for the S355J2 material (see Figure 5c), and 19 for the 
2017-T4 specimens (see Figure 5b). Table A1 containing the full set of data presented in 
the graphs is shown in Appendix A. D
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(a) (b) (c) 

Figure 5. Fractal dimension Df evaluation at different applied loading stress ratios of the r parameter for the investigated 
materials: (a) 10HNAP steel, (b) 2017-T4 aluminium alloy, and (c) S355J2 steel. 

The presented quadratic fitting was intended only to show the tendency of the 
change in the fractal dimension with respect to applied loading stress ratio r parameter. 
On the basis of the presented fit, it would be completely unjustified to argue that this trend 
would make it possible to infer a fractal dimension Df. 

Quadratic fits for all plots from Figure 6 are included. Based on the data set presented 
in this paper, it cannot be concluded that there is a simple correlation between the Sx and 
the load defined by the parameter r. The applied correlations were only an attempt to 
systematise the results and show the visual trend of the change in the areal surface pa-
rameters based on the quadratic function. 
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(a) (b) (c) 

Figure 6. Areal surface parameters Sx (Sz, Sq, Sa) evaluation at different applied loading stress ratios of the r parameter 
for the investigated materials: (a) 10HNAP steel, (b) 2017-T4 aluminium alloy, and (c) S355J2 steel. 

3.2. Individual Fracture Zones 
In addition to measuring the entire fracture area with a 10× magnification, several 

measurements were taken at characteristic locations of the fatigue fracture (such as prop-
agation and rupture areas) with a magnitude 100× and higher resolution. Examples of 
measurement results of three types of tested fracture surfaces are shown in Figure 7. 
Pseudo-photos of the fatigue fracture surface have been assembled and shown in the bot-
tom and top of Figure 7, whereas the middle portions of Figure 7 are the 3D visualisations 
of the entire fracture areas. Maximum stresses occur on the surfaces of the specimens, 
making these spots future positions for fatigue crack initiation [46]. 

 
Figure 7. Exemplary fractures with marked spots of crack propagation of three analysed grades of specimens: (a) 10HNAP 
steel, (b) S355J2 steel, (c) 2017A-T4 aluminium alloy. 
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10HNAP V-notched specimens under fatigue bending (see Figure 7a) are character-
ised by symmetrical areas of propagation. The rupture zone is located in the centre of the 
fatigue fracture. The initiation site roughness for V-notched samples is slightly lower than 
in the same areas of other analysed samples after bending. 

Similar to 10HNAP samples, the fractures of the S355J2 steel after fatigue bending 
have a symmetrical distribution of propagation areas and a rupture area in the central 
part of the fracture. The initiation site for these specimens is characterised by the highest 
roughness when compared to the 10HNAP and the 2017-T4. 

2017A specimen fracture surface, presented in Figure 7c, consists of a few regions. 
The first one, situated near the notch, is the “propagation” zone, and around its centre is 
the initiation site. The second area, which we conventionally call the “rupture” area, is in 
the centre of the fracture characterised by typical tensile fracture. The third area is on the 
sides of the fracture, characterised by typical shear fracture, which is located at an angle 
with respect to the main fracture surface. 

For the zones shown in Figure 7, the Df values were measured and compared with 
their equivalents for the entire fracture ROI (see Table 2). For pure bending cases 
(10HNAP and 2017A), the highest value Df was for the entire fracture surface. For the 
bending-torsion combination, it had the lowest result of Df. 

Table 2. Exemplary fractures fractal dimension Df results for entire fracture and areas of crack ini-
tiation and propagation of three analysed types of specimens. 

Specimen Entire Fracture Initiation Propagation 
10HNAP (r = 0) 2.280 2.230 2.224 
S355J2 (r = 0.18) 2.170 2.088 2.176 
2017-T4 (r = 0) 2.300 2.180 2.172 

A dissimilarity in granularity and coarseness of the fractures can be noticed. For uni-
axially loaded specimens, the surface texture is fine-grained in the propagation area and 
in the rupture area. However, for specimens fatigued by combined bending-torsion, there 
are meaningful dissimilarities between these areas. In the propagation area, larger differ-
ences in material grain are apparent, as is their directionality, which is demonstrated by 
elongated grains. At the rupture area, this ceases to be visible. 

There is a significant difference in the developments of the front side fracture surface 
caused by the shape of notch or lack thereof. For the circumferential or one-side V-notch 
configurations, notch effects occur at the early moment of crack growth. Nevertheless, as 
the crack extends, this effect gradually disappears, leading to total likeness of fracture 
surface topography. Therefore, it was selected to analyse data from the entire fracture 
surfaces, and areal parameters Sa, Sz, Sq, and the fractal dimension Df were chosen for the 
description of the topography. 

3.3. Statistical Dependencies of Fractal Dimensions 
Figure 8 presents the obtained distribution of the loading stress ratio r parameter and 

the fractal dimension Df values. 
The y-axis in range zero to one shows the empirical cumulative probability for each 

value, and the second y-axis shows the normal quantile scale. The dashed red line shows 
the Lilliefors confidence bounds [47], while the x-axis shows the column values. 

The most, i.e., 27% of all samples, were specimens after pure bending (r = 0). On the 
other hand, the most common range of fractal dimension values was Df = 2.10–2.15 and 
amounted to 30% of the population. 
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(a) (b) 

Figure 8. Distribution of: (a) r parameter; and (b) fractal dimension Df. 

The greatest asymmetry between pure bending and pure torsion occurs for the ring-
notched 10HNAP specimens. This is presented visually in Figure 9, where average values 
(see x markers), 25th and 75th percentiles, including the median (see blue rectangles) and 
the most extreme data points (whiskers) of Df, are displayed at appropriate loading levels. 

 
Figure 9. Fatigue fracture surface topographies averaged values for fractal dimension Df for three 
case by case basis loading modes (B—bending; T—torsion; B-T—bending-torsion). Adapted from [37]. 
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The averaged fractal dimensions for bending, torsion and bending-torsion are shown 
in Table 3. 

Table 3. Averaged fractal dimension for bending (B), torsion (T) and bending-torsion (B-T). 

Loading Mode 
Averaged Fractal Dimension 

10HNAP 2017-T4 S355J2 
Bending (B) 2.28 2.20 2.18 
Torsion (T) 2.13 2.17 2.14 

Bending-Torsion (B-T) 2.10 2.10 2.13 

For 10HNAP, the average value of Df for pure bending is 8.7% higher than that for 
load combinations, and 7.5% more than that for pure torsion, which indicates the highest 
sensitivity of the Df parameter for pure bending in ring-notched specimens. The same 
trend occurs for the 2017-T4 alloy, where the average value of Df for pure bending is 4.8% 
higher than that for load combinations, and 1.4% more than that for pure torsion. For the 
S355J2 steel, these values were equal to 2.3% and 1.9%, respectively. 

For comparison purposes, as shown in Figure 10, the arithmetical mean height, Sa, 
has a different tendency, which may be due to the influence of the geometric discontinui-
ties such as notches. In terms of the independence of the surface parameter from the load-
ing conditions and the sample geometry, the fractal dimension Df parameter seems to be 
more universal. A list of the maximum and minimum values of fractal dimension Df and 
the arithmetical mean height Sa for the total fracture area is presented in Table 4. 

 
Figure 10. Specimen fracture surfaces averaged values for arithmetical mean height Sa. 

Table 4. Extremum values of topography parameters for total fracture area. 

Parameter 
Specimen 

10HNAP 2017-T4 S355J2 
Df max. B B B 
Df min. B-T B-T B-T 
Sa max. B-T B-T B-T 
Sa min. B T T 
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3.4. Fracture Surface Parameters for Extremal Fractal Dimensions Cases 
The objectives of this section are to compare the standard surface parameters and 

specify their sensitivity to directionality of fracture for extremal fractal dimensions Df for 
the three tested materials. For this purpose, in addition to a isometric view of the fractures, 
the study of the texture direction and the Abbott-Firestone curve are presented (see Figure 11). 
In Figure 12, the basic results for volume and Sk parameters are presented in tabular forms 
and graphs, to complement the data. In detail, the texture direction graph (see Figure 11—
in the lower left corners) analyses the topography using the Fourier transformation and 
shows the dominant surface directions on a polar plot. It presents the three dominant di-
rections of the topography. Abbott-Firestone curves (see Figure 11—lower right corners) 
are connected to the distribution of heights and its cumulated curve. Core height Sk (see 
Figure 12—right sides) represents the distance between the highest and lowest level of the 
core surface. The left side of Figure 12 shows the ISO 25178 functional volume parameters 
that are calculated with respect to it: Vmp (peak material volume), Vmc (core material volume), 
Vvc (core void volume), Vvv (valley void volume), and Vmp, Vmc, Vvv zones, respectively. 

  
(a) (b) 
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(c) (d) 

  
(e) (f) 

Figure 11. Fractures extremal Df values for: (a) max. 10HNAP; (b) min. 10HNAP; (c) max. 2017-T4; (d) min. 2017-T4; (e) 
max. S355J2; (f) min. S355J2. 

In general, regarding the texture direction for minimum Df, the distribution of direc-
tions is more extensive for all three sample types. As for the Abbott-Firestone plot, the 
minimum values of the fractal dimension Df for all materials tested results in histogram 
distribution that is more even. This causes the Abbott-Firestone curve for maximum Df 
values to be more curved at extreme heights. Moreover, the minimum Df is characterised 
by a more rectilinear Abbott-Firestone curve. On the Abbott-Firestone curve, the cases 
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with the smallest Df values are characterised by much higher values of height distribution 
compared to the maximum values of the fractional dimensions Df of the other analysed 
cases. 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 12. Volume and Sk parameters of fracture extremal Df values for: (a) max. 10HNAP; (b) min. 10HNAP; (c) max. 
2017-T4; (d) min. 2017-T4; (e) max. S355J2; (f) min. S355J2. 

In the case of volume parameters (left sides in Figure 12), the maximum Df values are 
characterised by much thinner Vmc and Vvc stripes (in shades of brown). This relationship 
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is presented in Figure 12a, where minimum Vvc is 991% higher than its maximum value 
for the 10HNAP steel. The S355J2 and 2017A samples also reveal significant differences, 
of 4229% and 902%, respectively. 

In addition, the curve (identical to the Abbott-Firestone curve shown in Figure 11) is 
steeper at the edge of the plot for Vmp and Vvv. The maximum Df cases also have signifi-
cantly smaller height ranges. 

Sk parameters are characterised by much larger values in the case of minimal fractal 
dimensions Df. This difference is especially visible in Figure 13b. There are very clear dif-
ferences in core height Sk between the minimum and maximum values of the fractal di-
mension Df, respectively 977% for the 10HNAP, 2290% for the S355J2 and 2032% for the 
2017-T4 samples. 
 

 
Figure 13. Fracture surface properties ((a) Vmc and Vvc; (b) Sk) for extremal fractal dimension 
cases. 

3.5. Relationship between Df and Areal Surface Parameters 
Figure 14 shows the aggregate plots containing data from all 99 specimens analysed, 

demonstrating the correlation between Df, and Sq, Sa, Sz, respectively. Linear fitting was 
applied to all data. Mean values have also been plotted. For all cases, the linear fitting 
coefficient of determination R2 took similar values of around 0.24. 

 

Figure 14. Relationship between areal surface parameters Sx and fractal dimension Df values. 

Different regression neural network models were compared using Regression 
Learner App by Matlab software (R2021b version, Mathworks, Natick, MA, USA) and the 
trained models were exported to a workspace to make predictions for the data. In order 
to find the optimal Sa model for Df, regardless of the sample type, these results were pre-
dicted and plotted in Figure 15 with Narrow Neural Network, and the test statistical re-
sults are displayed in Table 5. All features used in the model, before Principal Component 
Analysis (PCA), kept enough components to explain 95% variance. Abbreviations MSE; 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Metals 2021, 11, 1790 15 of 21 
 

 

MAE and RMSE stand for Mean Squared Error; Mean Absolute Error and Root Mean 
Square Error, respectively. 

Table 5. The main statistical results of the Narrow Neural Network model. 

RMSE R2 MSE MAE 
202.66 0.31 41072 145.98 

After training, a model in Regression Learner (see Figure 15) predicted data were 
subjected to the basic fitting tool, for which the 6th degree type of fit turned out to be the 
best fit, for which R2 = 0.905. 

Figure 15. Response (Sa) vs. fractal dimension Df Narrow Neural Network model and their 6th de-
gree fit. 

Finally, the thin-plate spline interpolant procedure was used to present the relation 
of Df, Sa and r raw data, where Df is normalised by mean 2.155 and standard deviation 
0.06595 and where Sa is normalised by mean 311.5 and std amounting to 244.1 (see Figure 
16). As can be seen, the fitted function is well defined for these parameters. For pure torsion (r 
= 1) (yellow zones) at a low level of Sa values were up to a maximum of 500 μm. 
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Figure 16. Relationship between Df, Sa and r values. 

3.6. Material and Loading Model Based on Fracture Surface Topography 
To link the surface topography, represented by Df, with the material properties and, 

for instance, with sliding friction, several analyses were performed using, for example, the 
Weierstrass-Mandelbrot (W-M) function, as in the study [48]. However, in the analysed 
case, different materials and methods of loading were studied in order to find the univer-
sal parameter connected to the material features and loading ratios. For comparison with 
fractal dimension Df regardless of the sample type, the new indicator called material and 
loading parameter P were introduced. 

𝑃 = ଵௌ௔  ൬ ாఙ೤ + 𝑟 + 1൰, (4)

where: E is the Young’s modulus; σy—the Yield stress; and r is the loading stress ratio. 
The results of the material and loading parameter P vs. fractal dimension Df were 

plotted in Figure 17 with Gaussian fit, and the statistical results are displayed in Table 6. 
Prediction bounds indicate that there is a 95% chance that the new observation is actually 
contained within the lower and upper prediction bounds. The four (from 99) samples are 
outside the specified prediction bounds. 

 

Figure 17. Material and loading parameter P vs. fractal dimension Df and their Gaussian fit. 
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Table 6. Gaussian curve fitting model parameters for P vs. Df. 

Curve Fitting, General Model Gaussian Goodness of Fit 
f(x) = a × exp(−((x − b)/c)2) SSE: 8383 

Coefficients: R2: 0.637 
a = 76.3 Adjusted R2: 0.6294 

b = 2.435 RMSE: 9.345 
c = 0.1918  

4. Conclusions 
This paper is a systematic study of the relationship between the fracture surface ge-

ometry and the loading histories for components subjected to proportional and non-pro-
portional bending-torsion loading, as well as pure bending and pure torsion. In addition, 
the paper considers aluminium alloys and construction and structural steels, as well as 
various V-notched and smooth specimen geometries. The investigation was carried out 
via surface fractal dimension Df and areal surface parameters Sa, Sq, Sz evaluated at total 
fracture fatigue surface area. It presents a means of carrying out post-failure estimation of 
the effect of the loading rate under bending-torsion fatigue. Investigation of the biaxial-
fatigued fracture in the context of fractal dimension Df revealed that: 
• For all investigated specimens, the largest values of Df are for bending, slightly lower 

for torsion, and the smallest for combined loads; 
• The size distribution of peaks and valleys is well described by the fractal theory; 
• The highest sensitivity of the Df parameter occurs for pure bending in ring-notched 

specimens; 
• Surface topography parameter values such as areal parameters Sx, volume parame-

ters Vx and core height parameter Sk are significantly inversely related to the fractal 
dimension Df; 

• Using Narrow Neural Network, it has been found a 6th degree type model, with the 
best fit arithmetical mean height Sa to fractal dimension Df, with a coefficient of de-
termination R2 equal to 0.905; 

• The obtained results show that the fracture surface topography is a function of the 
loading condition, which affects the fracture mechanisms; 

• Material and loading parameter P shows a rather good fit to fractal dimension Df, 
with R2 = 0.637, but different loading methods and materials still cause some discrep-
ancies; 

• The fractal dimension analysis of the total area method can be extended to other ma-
terials under bending-torsion fatigue; 

• The presented results indicate that using only fractal dimension Df in a function of r 
is an inaccurate approach to clearly analyse the conditions under which the specimen 
was damaged. It should be mentioned that, apart from the r parameter other factors 
have an important impact on the fatigue crack mechanisms. However, the fracture 
surface morphology recaptures important stages of the fatigue crack process. Fractal 
dimension, in connection with other ratios of fractography, can be an effective tool 
for comprehensive failure analysis; 

• The proposed method can be applied to the prediction of fracture behaviour and the 
cracking process in cases dependent on the loading conditions and features of the 
material. 

Funding: This research received no external funding. 

Data Availability Statement: Data presented in this article are available at request from the author. 

Acknowledgments: The author kindly acknowledges Henryk Achtelik, Zbigniew Marciniak and 
Sebastian Faszynka for sharing their specimens after fatigue tests: 10HNAP, S355J2 steels and 2017-
T4 aluminium alloy, respectively. 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Metals 2021, 11, 1790 18 of 21 
 

 

Conflicts of Interest: The author declare no conflict of interest. 

Nomenclature 
Df - fractal dimension 

E  GPa Young’s modulus  

P 1/mm material and loading parameter 

r - loading stress ratio 

R - stress ratio 

R2 - coefficient of determination 

Sa μm arithmetical mean height 

Sk  μm core height 

Smr1, Smr2 % areal material ratio 

Sp μm maximum peak height 

Spk  μm reduced peak height 

Sq μm root mean square height 

Sv μm maximum pit height 

Svk  μm reduced dale height 

Sz μm maximum height 

Vmc  mm³/mm² core material volume 

Vmp mm³/mm² peak material volume 

Vvc  mm³/mm² core void volume 

Vvv  mm³/mm² pit void volume 

σmax  MPa maximum normal stress 

σy  MPa Yield stress 

τmax  MPa maximum shear stress  

MSE - Mean Squared Error; is the square of the RMSE 

MAE - 
Mean Absolute Error; is always positive and similar to the RMSE, but 

less sensitive to outliers 

PCA - Principal Component Analysis 

RMSE - 
Root Mean Square Error; is always positive and its units match the 

units of response 

Appendix A 

Table A1. Fractal dimension Df and areal surface Sx parameters versus loading stress ratio r for the studied materials. 

10HNAP Steel 2017-T4 Aluminium Alloy S355J2 Steel 
Df Sq Sz Sa r Df Sq Sz Sa r Df Sq Sz Sa r 

2.28 34 216 28 0.00 2.18 347 2490 236 0.00 2.16 332 1133 295 0.00 
2.27 35 236 29 0.00 2.20 351 2020 261 0.00 2.21 185 859 148 0.00 
2.23 31 301 25 0.00 2.23 279 1820 217 0.00 2.31 46 383 35 0.00 
2.27 39 341 31 0.00 2.21 418 2970 252 0.00 2.17 305 1073 266 0.00 
2.28 39 236 34 0.00 2.17 637 2830 524 0.00 2.12 510 1483 463 0.00 
2.28 32 276 26 0.00 2.20 401 2780 291 0.00 2.17 1180 4510 1020 0.00 
2.33 29 182 25 0.00 2.24 411 3060 322 0.00 2.14 141 1420 93 0.00 
2.26 32 243 26 0.00 2.27 189 1180 153 1.00 2.17 347 2490 236 0.00 
2.28 46 269 37 0.00 2.15 141 1420 93 1.00 2.17 351 2020 261 0.00 
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2.35 39 269 32 0.00 2.12 242 2580 143 1.00 2.15 223 1057 159 1.00 
2.30 41 271 31 0.00 2.15 311 2680 156 1.00 2.13 526 3160 408 1.00 
2.13 180 998 141 1.00 2.14 279 1820 217 0.42 2.16 306 1502 247 0.28 
2.11 269 1360 216 1.00 2.06 418 2970 252 0.18 2.04 1390 5394 1202 0.28 
2.12 208 1210 160 1.00 2.07 637 2830 524 0.39 2.13 227 1182 193 0.21 
2.15 198 996 160 1.00 2.10 401 2780 291 0.42 2.13 209 1312 169 0.21 
2.15 206 1120 160 1.00 2.07 411 3060 322 0.18 2.1 547 1898 461 0.16 
2.09 278 1570 226 1.00 2.12 867 3150 747 0.18 2.06 1370 5211 1172 0.46 
2.11 327 1500 272 1.00 2.11 526 3160 408 0.39 2.12 218 1498 137 0.29 
2.12 272 1370 219 1.00 2.11 574 3270 429 0.44 2.08 619 2404 520 0.29 
2.15 183 1130 146 1.00 - - - - - 2.14 191 1035 142 0.29 
2.13 180 1030 134 1.00 - - - - - 2.07 914 3621 802 0.34 
2.09 230 1310 186 0.50 - - - - - 2.08 607 2419 519 0.34 
2.12 160 1200 117 0.50 - - - - - 2.19 281 1509 222 0.24 
2.09 373 1620 311 0.50 - - - - - 2.17 282 1977 189 0.18 
2.11 190 1010 150 0.50 - - - - - 2.18 328 1464 293 0.28 
2.09 437 1760 380 0.50 - - - - - 2.07 547 1960 503 0.24 
2.09 489 2180 416 0.50 - - - - - 2.13 1180 5017 907 0.24 
2.16 433 1820 370 0.50 - - - - - 2.12 408 1765 327 0.42 
2.09 522 2060 452 0.50 - - - - - 2.15 544 1771 463 0.42 
2.07 400 1880 324 0.50 - - - - - 2.08 595 2642 479 0.55 

- - - - - - - - - - 2.08 524 2471 405 0.55 
- - - - - - - - - - 2.13 539 2135 488 0.33 
- - - - - - - - - - 2.12 334 2204 247 0.55 
- - - - - - - - - - 2.08 525 1811 495 0.26 
- - - - - - - - - - 2.12 475 1601 417 0.23 
- - - - - - - - - - 2.16 339 1309 282 0.60 
- - - - - - - - - - 2.14 357 1242 312 0.23 
- - - - - - - - - - 2.21 182 1055 154 0.33 
- - - - - - - - - - 2.17 376 1473 293 0.15 
- - - - - - - - - - 2.2 282 1265 221 0.31 
- - - - - - - - - - 2.16 399 1248 348 0.18 
- - - - - - - - - - 2.13 382 1182 339 0.39 
- - - - - - - - - - 2.21 1130 4510 915 0.21 
- - - - - - - - - - 2.15 595 3260 458 0.26 
- - - - - - - - - - 2.16 989 3860 803 0.26 
- - - - - - - - - - 2.2 867 3150 747 0.16 
- - - - - - - - - - 2.15 574 3270 429 0.18 
- - - - - - - - - - 2.14 189 1180 153 0.26 
- - - - - - - - - - 2.17 242 2580 143 0.16 
- - - - - - - - - - 2.18 311 2680 156 0.16 
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