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Abstract
We investigate the curves in the complex plane which are generated by sequences of real
numbers being the lifts of the points on the orbit of an orientation preserving circle homeo-
morphism. Geometrical properties of these curves such as boundedness, superficiality, local
discrete radius of curvature are linked with dynamical properties of the circle homeomor-
phismwhich generates them: rotation number and its continued fraction expansion, existence
of a continuous solution of the corresponding cohomological equation and displacement
sequence along the orbit.

Keywords Circle homeomorphism · Curlicue · Rotation number · Cohomological
equation · Superficial curve
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1 Introduction

The term curlicue is probably mostly used in various visual arts, for example it can be a
recurring decorative motif in architecture, calligraphy or fashion design. In this article we
look at mathematical curlicues:

Definition 1.1 A curlicue � = �(u), where u = (un)∞n=0 ⊂ R, is a piece-wise linear curve
in C passing consecutively through the points z0 = 0 ∈ C, and z1, z2,…, where

zn =
n−1∑

k=0

exp(2π ıuk), n = 1, 2, . . . (1.1)

In other words,

zn = zn−1 + exp(2π ıun−1), n = 1, 2, . . . (1.2)

A curlicue can be obtained from an arbitrary sequence (un)∞n=0 of real numbers. However,
in this paper we assume that un := �n(x0), n = 0, 1, . . ., x0 ∈ R, with � : R → R being a
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Fig. 1 Construction of a curlicue

lift of an orientation preserving circle homeomorphism ϕ : S1 → S1, where R covers S1 via
the standard projection: p : R → S1, p(x) = exp(2π ı x). Construction of such a curlicue is
illustrated in Fig. 1. Sometimes we will also denote � as �((un)) and when the generating
homeomorphism � is clear from the context, we will write �(x0) to distinguish between the
curves generated by the same homeomorphism but along the orbits of different initial points
x0.

The name curlicue for such a curve is not accidentally connected with the artistic notion
of a curlicue: indeed, these curves, obtained for various sequences (un)∞n=0 ⊂ R, can form
beautiful shapes as one can see, for example, in the papers of Dekking and Mendès-France
[8], who studied geometrical properties of such curves (superficiality and dimension), Berry
and Golberg [3], Sinai [23] or Cellarosi [4] who studied and developed techniques of renor-
malisation and limiting distributions of classical curlicues, i.e. for un = αn2. Many fantastic
pictures of curlicues can be found also in the work of Moore and van der Poorten ( [19]),
who gave nice description of the work [3]. However, we would like to draw attention to
dynamically generated curlicues, i.e. the curves �, where (un) is obtained from an orbit of a
given map f since reflecting the dynamics of f in the structure of � might be in general an
intriguing question.

We also remark that in the existing literature the term curlicues (if used at all) often refers
to spiral-like components of the curve � (which usually has both straight-like and spiral-like
parts). However, in the current paper by a “curlicue” we mean the whole curve �, defined as
above. Perhaps it is also worth mentioning that the curlicue can be interpreted as a trajectory
of a particle in the plane which starts in the origin at time t = 0 and moves with a constant
velocity, changing its direction at instants t = 0, 1, 2, 3, . . ., where the new direction is given
by a number 2πut mod 2π ∈ [0, 2π) (as mentioned e.g. in [8]). Thus � can be seen as a
trajectory of a walk obtained through some dynamical system (compare, for example, with
[2]).

In this study we are mainly interested not in “ergodic” but rather in geometric properties
of curlicues such as boundedness and superficiality (defined below). Although dynamics of
circle homeomorphisms is now well understood (see e.g. [15]), it turns out that it is not so
trivial to give complete description of curlicues determined by them. In Sect. 2 we prove that
geometric properties of such curves are inevitably connected with rationality of the rotation
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number � of the circle homeomorphism ϕ. However, unless ϕ is a rigid rotation, this relation
is not so straightforward. In particular, there are no simple criteria for deciding whether � is
bounded or not (even for equidistributed sequences (un)∞n=0, see [8]). In Sect. 3 it is deduced
that for � ∈ R\Q boundedness and shape of � depend on the solution of the corresponding
cohomological equation. Further, in Sect. 4 we estimate growth rate and superficiality of
an unbounded curve � with � ∈ R\Q satisfying some further (generic) properties. The last
sections are devoted to a local discrete radius of curvature and a brief discussion of our results
and possible extensions.

Let us also mention that source codes of the Matlab functions which were used, among
others, to compute curlicues, calculate corresponding Birkhoff averages or diameters and
generate figures in this article can be found in the open-repository dataset [22]. The functions
contained therein can be easily modified to compute and draw a curlicue generated by an
arbitrary sequence un . The dataset also contains exemplary data obtained by these functions.

2 Rational versus irrational rotation number

In [8, Example 4.1] the following result was stated for ϕ being the rotation by �:

Proposition 2.1 Let un := n�. Then

|zn | =
∣∣∣∣
sin nπ�

sin π�

∣∣∣∣ (2.1)

and the points zn lie on a circle with radius

R = 1

2| sin π�| (2.2)

and center

C =
(
1

2
,
1

2
cot π�

)
. (2.3)

Furthermore,

(i) if � ∈ Q (and � �= 0 mod 1), then �(u) is a regular polygon (convex or star) with q
sides, where � = p/q (p and q relatively prime);

(ii) if � ∈ R\Q, then �(u) is dense in an annulus with radii

r1 = 1

2
| cot π�| and r2 = 1

2| sin π�| (2.4)

and

dim� = 2. (2.5)

For the precise definition of the dimension dim� see e.g. [8]. By the regular star polygon
we mean self-intersecting, equilateral equiangular polygon, which can be constructed by
connecting every p-th point out of q points regularly spaced on the circle. For example,
regular star polygon in Fig. 2 (left) is obtained by joining every third vertex of a regular
decagon until the starting vertex is reached. Regular polygons can be described by their
Schläfli symbols {q, p} (see e.g. [7]), where p ≥ 2 and q are relatively prime integers:

Remark 2.2 If � is a curve generated by rotationR� with � = p
q , then it is a regular polygon

with Schläfli symbol {q, p}.
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Fig. 2 �k ((n�)), a curlicue generated by the rotationR� , for different values of k (number of iterates) and �

(left: k = 1000, � = 3/10, centre: k = 100, � = ln 2, right: k = 1000, � = ln 2)

It is easy to notice that rotation numbers of the form 1/q and (q − 1)/q correspond to
q-sided regular convex polygons.

Proposition 2.1 deals with the simplest situation when the curve is generated by a circle
rotation R�. Clearly, the properties of � are determined by rationality of �. This simple
observation is a starting point for our investigations: we ask what changes if one considers
slightly more general case, i.e. when � is generated by an orientation preserving circle
homeomorphism (we remark that all homeomorphims of S1 considered here are assumed to
be orientation preserving, even if not stated directly).

Before we proceed, a few essential definitions and existing results must be recalled.

Definition 2.3 A bounded sequence {u0, u1, u2, . . .} of real numbers is equidistributed in
the interval [a, b] if for any subinterval [c, d] ⊂ [a, b] we have

lim
n→∞

|{u0, u1, u2, . . . un−1} ∩ [c, d]|
n

= d − c

b − a
,

where |{u0, u1, u2, . . . un−1} ∩ [c, d]| denotes the number of elements of the sequence, out
of the first n-elements, in the interval [c, d].
Definition 2.4 The sequence {u0, u1, u2, . . .} is said to be equidistributed modulo 1 (alter-
natively, uniformly distributed modulo 1) if the sequence of fractional parts of its elements,
i.e. the sequence {u0 − 	u0
 , u1 − 	u1
 , u2 − 	u2
 , . . .}, is equidistributed in the interval
[0, 1].

Let us also remind that an arbitrary curve � is rectifiable if its length is finite and is said
to be locally rectifiable if all its closed subcurves are rectifiable (see e.g. [12]). For a locally
rectifiable curve � := γ ([0,∞)) (γ : [0,∞) → R

2 a continuous function), we denote by �t

the beginning part of � which has length t . � is called bounded if Diam� < ∞ (otherwise,
� is called unbounded). For ε > 0 we define the tabular neighborhood

�ε := {y : ∃x∈� d(x, y) < ε}
Definition 2.5 An unbounded curve � is superficial if

lim
t→∞

t

Diam�t
= ∞.

In turn, a bounded curve � is superficial if

lim
ε→0

Area�ε

ε
= ∞,

where by Area we mean a 2-dimensional Lebesgue measure.
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The authors of [8] prove a very useful criterion for a sequence to be equidistributed
modulo 1.

Theorem 2.6 [8] Let � = �(u) be a curve generated by the sequence u = (un)∞n=0.
The sequence {un} is equidistributed modulo 1 if and only if for each positive integer q

the curve �(qu) is superficial.

By �(qu) we denote a curve generated by the sequence (qun)∞n=0, i.e. a curve passing
through the points z0 = 0 ∈ C and

zn(q) :=
n−1∑

k=0

exp(2π ıquk), n ∈ N.

From the proof of Theorem 3.1 in [8] one concludes

Proposition 2.7 If the sequence (un) determines a bounded curve �(u) and if infinitely many
un are different modulo 1, then the curve �(u) is superficial.

Perhaps, before we proceed, it is worth recalling the following classical result on circle
homeomorphisms (see e.g. [15]):

Theorem 2.8 (Poincaré’s Classification Theorem) Let ϕ : S1 → S1 be an orientation-
preserving homeomorphism with irrational rotation number �.

(1) If ϕ is transitive then ϕ is conjugate to the rotation R�.
(2) If ϕ is not transitive then ϕ has the rotationR� as a topological factor via a noninvertible

continuous monotone map h : S1 → S1, i.e. ϕ is semi-conjugate to the corresponding
rotation.

Thus every orientation-preserving circle homeomorphism with irrational rotation number
� is semi-conjugate to the rotation by �. We point out that similar statement for homeomor-
phisms with rational rotation number is not true.

Proposition 2.9 Let � be a curve generated by a circle homeomorphism ϕ with an irrational
rotation number � ∈ R\Q. It follows that:

(1) If ϕ = R� is the rotation, then � is bounded and superficial.
(2) If � is bounded, then it is also superficial.

Proof The proposition follows from Propositions 2.1, 2.7, Weyl Equidistribution Theorem
(asserting that the sequence (n�)∞n=0 for � ∈ R\Q is equidistributed modulo 1) and the fact
that ϕ has no periodic orbits. �


In the view of Poincaré’s Classification Theorem, wewould like to point out that the above
Proposition 2.9 holds for both transitive and non-transitive (Denjoy-type) circle homeomor-
phisms with irrational rotation number.

Now let us discuss the case of rational rotation number:

Proposition 2.10 Let �(u) be generated by un = �n(x0), where � is a lift of a circle
homeomorphism ϕ with � = p/q (p and q relatively prime), conjugate to the rational
rotation R�.

Then�(u) is not superficial, independently of the choice of x0, and the following conditions
are equivalent:
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(1) 1
q

∑q−1
k=0 exp (2π ı�k(x0)) = 0 ∈ C,

(2) �(u) is bounded,
(3) �(u) is an equilateral q-polygon.

Moreover, �(u) is a regular polygon for every x0 ∈ R if and only if ϕ = R�. In this case and
with x0 = 0 mod 1, the points z0, z1, zq , zq+1, z2q , z2q+1,…, znq , znq+1, …lie on the line
Im(z) = 0.

Thus the curves generated by homeomorphisms conjugate to rational rotations, in contrast
to those generated by pure rational rotations, can be unbounded and in case they are bounded,
they might be equilateral but not regular polygons (i.e. not equiangular). Of course, they can
be convex as well as not convex.

Proof of Proposition 2.10 We remark that �({�n(x0)}) is bounded if and only if

sup
n∈N

∣∣∣∣∣

n−1∑

k=0

exp(2π ı�k(x0))

∣∣∣∣∣ < ∞.

Firstly, we will prove the equivalence of conditions (1)–(3).
Suppose that (1) is satisfied, which in this case is equivalent to

lim
N→∞

1

N

N−1∑

k=0

exp (2π ı�k(x0)) = 0.

Assume that, on the contrary, �(u) is not bounded. In particular, this implies that zq �= z0
because otherwise �(u) would be a closed curve. So let c = |zq − z0|, where c > 0. Then
by periodicity of the orbit {ϕn(exp (2π ı x0))}, we obtain |z2q − z0| = 2c and inductively,
|znq − z0| = nc. But then limn→∞ 1

nq |znq | = c
q which contradicts (1). On the other hand,

if � is bounded then its Birkhoff average must vanish which means that (1) holds. These
arguments give equivalence of (1) and (2).

Now assume that (2) is satisfied. By periodicity of the orbit of exp (2π ı x0) ∈ S1 thismeans
that zq = z0 since otherwise � would grow unbounded in the direction of v = zq − z0. But
if zq = z0 then � must be an equilateral polygon with q sides (the fact that the sides of this
polygon must be of equal length is simply due to the fact that they are vectors of length 1 by
definition of a curlicue) and we obtain that (2) �⇒ (3). The case (3) �⇒ (2) is trivial.

We already know that if ϕ = R� with � = p/q , then �(u) is a regular polygon with
q-sides for every x0. On the other hand, if �(u) is a regular polygon with q sides for every
x0, then all the displacements �k(x0) − �k−1(x0) mod 1 for every k ∈ N and x0 ∈ Rmust
be equal to p/q which means that ϕ is a rigid rotation. Since then for x0 = 0 mod 1 we
have yn = ∑n−1

k=0 sin(2π
kp
q ), where zn = (xn, yn), the last statement follows easily.

It remains to show non-superficiality of �(u). For bounded case there is nothing to prove.
Similarly, if � is unbounded then we check the condition limt→∞ t

Diam�t
= ∞. By choosing

the subsequence tn = nq we obtain that Diam�tn ≥ |znq − z0| = nc, where c = |zq − z0|
and consequently limn→∞ tn

Diam�tn
≤ q/c < ∞. �


Example 2.11 Let ϕ be conjugate to a rational rotation, i.e. � = h−1 ◦R� ◦ h, where � ∈ Q

and h is a lift of some other orientation preserving circle homeomorphisms. For example,
define:

h(x) =

⎧
⎪⎪⎨

⎪⎪⎩

2
3 x, 0 ≤ x ≤ 3

8 ;
2

(
x − 1

4

)
, 3

8 ≤ x ≤ 1
2 ;

2
3

(
x + 1

4

)
, 1

2 ≤ x ≤ 7
8 ;

2
(
x − 1

2

)
, 7

8 ≤ x ≤ 1.
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Fig. 3 �100(0) generated by ϕ conjugate to a rational rotation as in Example 2.11 (� = 1/4, left) and in
Example 2.12 (� = 1/5, right)

By applying the rule h(x + 1) = h(x) + 1 (similarly, for h−1(x)) we extend h onto an
orientation preserving homeomorphism of R.

Let then � = 1/4. For an arbitrary choice of x0 the orbit {ϕ(x̂0)}∞n=0, x̂0 = exp (2π ı x0), is
periodic with period 4. In particular, we compute that �(0) = 3/8, �2(0) = 1/2, �3(0) =
7/8, �4(0) = 1 = 0 mod 1 and �5(0) mod 1 = �(0) etc. Thus the displacements
�k(0) − �k−1(0) along the trajectory are not equal but, as we easily verify, their average
vanishes:

1

4

3∑

k=0

exp (2π ı�k(0)) = 0 ∈ C

According to the above proposition the curve �, evaluated over {�n(0)}, is an equilateral
polygon, but not regular: it is closed as the average is 0 but it is not regular since the dis-
placements are not all equal. Indeed, the displacements are alternatingly equal to 3/8 and
1/8 and, as we see in Fig. 3 (left), � is a rhombus but not a square.

Example 2.12 Let x0 = 0 and h be as in Example 2.11 but take � = 1/5. In this case
the orbit of x0 is obviously periodic (modulo 1) with period 5 but the exponential average
along the orbit does not vanish: 1

5

∑4
k=0 exp (2π ı�k(0)) ≈ (−0.0078,−0.0273). Thus � is

unbounded, as reflected in Fig. 3 (right).
Finally, let us also remark that the boundedness of the curve in Proposition 2.10 might

depend on x0. Indeed, consider for example the lift � = h−1 ◦ R1/2 ◦ h, where h(x) =
−2(x − 1/2)2 + 1/2 for 0 ≤ x ≤ 1/2 and h(x) = 2(x − 1/2)2 + 1/2 for 1/2 ≤ x ≤ 1
and R1/2(x) = x + 1/2 is a lift of a rotation by π . Let �(x) denote the curve generated by
the orbit {�n(x)}. Compare �(x0) and �(y0) where x0 = 0, y0 ∈ (0, 1/2). Then �(x0) is
bounded whereas �(y0) is not.

Now we move to the case of a so-called semi-periodic homeomorphism, which is a home-
omorphism with rational rotation number but not conjugate to the rotation, i.e. when apart
from periodic orbits we also have some non-periodic ones.

Proposition 2.13 Suppose that � = �(x0) is a curve generated by the lift of the orbit of x0
of a semi-periodic circle homeomorphism ϕ with � = p

q . Then:
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• If x0 is a periodic point, then the equivalence of conditions (1)–(3) in Proposition 2.10
also applies to �. Similarly, � (bounded or not) is not superficial and it is a regular
polygon if and only if the displacements along the periodic orbit {ϕn(exp (2π ı x0))} are
all equal.

• If x0 is not a periodic point and � is bounded, then � is also superficial.

Proof The first statement can be proved exactly as Proposition 2.10. As for the second
statement, when x0 is not a periodic point, then its orbit is attracted by some periodic orbit
of ϕ (see e.g. [15]) but infinitely many (all) un’s are different modulo 1 and thus, again on
the account of Proposition 2.7, bounded � is also superficial. �


In particular we realize that periodic orbits of circle homeomorphisms may give rise to
unbounded curves.

Finally, we briefly discuss two short examples of semi-periodic homeomorphisms:

Example 2.14 Let ϕ be a circle homeomorphism with a lift h where h is defined as in Exam-
ple 2.11. It is easy to see that x̂0 = exp(2π ı x0) where x0 = 0 mod 1 is a fixed point of
ϕ (since for every k ∈ Z h(k) = k). The curlicue �n(x0) of length n generated by x0 is
a horizontal line segment, starting at (0, 0) and with (n, 0) as the other end-point since by
Definition 1.1 we start at (0, 0) and at each step we attach a vector (1, 0). In particular,�(0) is
unbounded. ϕ has another fixed point, exp(2π ı x̃0) with x̃0 = 1

2 mod 1, for which a similar
situation occurs with the difference that now at each step of construction of �(x̃0) we add a
vector (−1, 0). These are the only fixed points of ϕ and thus the only periodic points of ϕ (as
necessarily all the periodic points of an orientation preserving circle homeomorphism have
the same period). As ϕ has also some non-periodic points (which are simply all the non-fixed
points of ϕ), ϕ is semi-periodic. Picking any non-fixed point exp(2π ı y0) and generating
�(y0) we obtained an unbounded curve which asymptotically is reminiscent of (shifted)
straight line corresponding either to �(x0) or to �(x̃0) (depending on whether exp(2π ı y0) is
forward attracted to exp(2π ı x0) or to exp(2π ı x̃0)).

Example 2.15 For another example of a semi-periodic circle homeomorphism, one can
take the Arnold circle map (see later Example 5.4) with K = 1 and ω = 1/2. In this
case the points exp(2π ı x0) and exp(2π ı x1), where x0 = 0 mod 1 and x1 = 1

2 mod 1,
form a period-2 periodic orbit and the corresponding curlicue �(x0) (similarly, �(x1)) is
a horizontal segment of length 1 since we alternatingly add vectors (1, 0) and (−1, 0). In
particular, �(x0) is bounded. However, for example the point on the circle corresponding
to y0 = 0.25 mod 1 is not a periodic point. The orbit of exp(2π ı y0) is attracted by the
orbit {exp(2π ı x0), exp(2π ı x1)} and the corresponding curlicue �(y0), despite a few first
segments, looks like a shifted curlicue �(x0) (and thus it is also bounded).

Wedonot illustrate the above exampleswith separate figures since in these simple cases the
obtained figures were not so interesting. However, we also remind that although it is a well-
known fact that non-periodic orbits of semi-periodic circle homeomorphism are attracted
by the periodic ones (see e.g. Proposition 11.2.2 in [15]), one should probably know more
about the rate of this convergence to deduce that a curlicue will be (asymptotically) close (in
terms of the shape and the properties discussed) to the curlicue generated by a corresponding
periodic point.
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3 Connection with the cohomological equation

In this part we are going to show how the shape of a bounded curlicue generated by a minimal
(transitive) circle homeomorphism ϕ is related to the solution of the induced cohomological
equation. Till the end of this part we assume that � ∈ R\Q.

It is clear that when the Birkhoff sums are bounded, i.e.

sup
n∈N

∣∣∣∣∣

n−1∑

k=0

exp(2π ıuk)

∣∣∣∣∣ < ∞,

then the curve� is bounded aswell.On the other hand,when theBirkhoff sums are unbounded
and the Birkhoff average does not vanish, i.e.

lim
n→∞

1

n

∣∣∣∣∣

n−1∑

k=0

exp(2π ıuk)

∣∣∣∣∣ �= 0,

then the curlicue �(u) is unbounded and grows in the direction of the nonzero vector
limn→∞ 1

n

∑n−1
k=0 exp(2π ıuk) = (c1, c2) ∈ C. We remark that when uk = �k(x0) and

ϕ (with a lift �) is an orientation preserving circle homeomorphism with irrational rota-
tion number, then by unique ergodicity the limit above always exists and the convergence is
uniform with respect to x0 (cf. Proposition 4.1.13 in [15]).

In order to verify how consecutive points zn are located in the plane C let us recall
the classical (Theorem 3.1) and improved (Theorem 3.2) version of the Denjoy-Koksma
inequality, using the continued fraction expansion of � (� ∈ [0, 1) ∩ R\Q):

� = 1

a1 + 1
a2+ 1

...

=: [a1, a2, a3, a4, . . .],

where a1, a2, . . . ∈ Z and

pn
qn

:= 1

a1 + 1
a2+ 1

...
an−1+ 1

an

=: [a1, a2, . . . , an]

In all the forthcoming theorems and propositions qn denotes a denominator of a rational
approximation of � by the continued fraction expansion.

Theorem 3.1 (cf. [13]) Let ϕ : S1 → S1 be a homeomorphism with irrational rotation
number � and g : S1 → R a real function (not necessary continuous) with bounded variation
Var(g). Then for every x ∈ S1

∣∣∣∣∣∣

qn−1∑

i=0

g(ϕi (x)) − qn

∫

S1
g dμ

∣∣∣∣∣∣
≤ Var(g), (3.1)

where μ is the only invariant Borel probability measure of ϕ.

For clarity, we mention that by μ above we denote the only invariant Borel probability
measure on S1. Later by μ̂ we will denote the lift of μ to [0, 1].
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Theorem 3.2 (Corollary in [20]) Under the assumptions and notation of Theorem 3.1, if ϕ is
a C1+bv circle diffeomorphism and g is C1, it holds that

∥∥∥∥∥∥

qn−1∑

i=0

g(ϕi ) − qn

∫

S1
g dμ

∥∥∥∥∥∥
C0

→ 0, as n → ∞. (3.2)

By a C1+bv circle diffeomorphism we mean a C1 diffeomorphism with derivative ϕ′ of
bounded variation.

Proposition 3.3 Letϕ be a circle homeomorphismwith irrational rotation number� and a lift
� : R → R. Suppose that the Birkhoff average equals limN→∞ 1

N

∑N−1
k=0 exp(2π ı�k(x)) =

c = (c1, c2) ∈ C (allowing also for (c1, c2) = (0, 0)).
Then there exists a constant M such that for every x ∈ R we have

|zqn (x) − qnc| ≤ M . (3.3)

Moreover, if ϕ is a C1+bv diffeomorphism then for every ε > 0 and n large enough the
following estimate is true for every x ∈ R:

|zqn (x) − qnc| < ε. (3.4)

Note that in case of vanishing Birkhoff average (c = 0 ∈ C), (3.3) asserts that there is a
bounded neighbourhood U of 0 ∈ C such that for every x0 ∈ R the points zqn (x0) ∈ �(x0),
corresponding to the closest-return times of ϕ, return to this neighbourhood: zqn (x0) ∈
U for n = 0, 1, . . . . Simultaneously, by (3.4), for sufficiently large n the points zqn (x0)
of the curlicue �(x0) fail into arbitrarily small neighbourhood of 0, and this convergence is
uniform with respect to x0, provided that ϕ is smooth enough.

On the other hand, if the Birkhoff average does not vanish, then the curlicue visits
neighbourhoods of some points on the straight line in the direction of the non-zero vec-
tor c = (c1, c2) in the complex plane.

Before we proceed to the proof, let us clarify that in this and the next sections, in order to
simplify some notations, S1 will be considered as the quotient space S1 = R/Z (equivalently,
as the interval [0, 1] with endpoints identified). Similarly, we can identify ϕ : S1 → S1 with
its lift � by ϕ = � mod 1.

Proof of Proposition 3.3 If we consider

zn(x0) :=
n−1∑

k=0

exp(2π ı�k(x0)) =
n−1∑

k=0

(cos(2π�k(x0)) + ı sin(2π�k(x0)))

then g := g(1) + g(2) with g(1)(x) := cos(2πx) and g(2)(x) := sin(2πx) and we can apply
the inequality (3.1), respectively to g(1) and g(2). Note that zqn (x0) = ∑qn−1

i=0 g(�i (x)).
Assume further that

lim
N→∞

1

N

N−1∑

k=0

exp(2π ı�k(x0)) =
∫

[0,1]
exp(2π ı x) dμ̂(x) = c ∈ C,

where μ̂ is the measure μ lifted to [0, 1]. Then
∫

[0,1]
g(1)(x) dμ̂(x) = c1 and

∫

[0,1]
g(2)(x) dμ̂(x) = c2.
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Now, as Var(g(1)) = Var(g(2)) = 4 for zn(x0) = an + ıbn we obtain that |aqn − qnc1| ≤ 4
and |bqn − qnc2| ≤ 4.

Similarly, the second statement follows from Theorem 3.2. �

However, in case of vanishing Birkhoff average, the Denjoy-Koksma inequality does not

explain in fact whether the curlicue is bounded or not. Nonetheless, this can be achieved
by considering the so-called cohomological equation. Let us start from recalling the famous
Gottschalk–Hedlund Theorem:

Theorem 3.4 (cf. [10]) Let X be a compact metric space and T : X → X a minimal
homeomorphism. Given a continuous function g : X → R there exists a continuous function
u : X → R such that

g = u − u ◦ T

if and only if there exists K < ∞ such that

sup
n∈N

∣∣∣∣∣

n−1∑

k=0

g(T k(x0))

∣∣∣∣∣ < K for some x0 ∈ X . (3.5)

Note that every two continuous solutions of the cohomological equation for a minimal
homeomorphism ϕ of the compact metric space X differ by a constant (i.e. if u is such a
solution, then û := u + c, where c is arbitrary constant, is also a solution). Moreover, by
minimality of T , from (3.5) follows that supx∈X supn∈N | ∑n−1

k=0 g(T
k(x))| < 2K (cf. e.g.

[15]).
In our setting, X = S1.We assume till the end of this section that ϕ : S1 → S1 is minimal,

that is, ϕ is conjugate to an irrational rotation R�. Therefore ϕ satisfies the assumptions of
Theorem 3.4. Denote by g : S1 → C the exponential function g(x) = exp(2π ı x) and
identify ϕ : S1 → S1 with its lift � by ϕ = � mod 1. The following functional equation

exp(2π ı x) + u(x) = u(ϕ(x)) for every x ∈ S1, (3.6)

where u : S1 → C is the unknown of the problem, will be referred to as the cohomological
equation in our further considerations. Traditionally, the cohomological equation is given
with respect to the functions g and u taking real values (compare with the statement of
Theorem 3.4) but in our case one can equivalently consider u = (u1, u2) and g = (g1, g2)
with ui , gi : S1 → R, i = 1, 2 (where for the special type (3.6) of the cohomological
equation we actually take g1 := g(1) and g2 := g(2) with g(1) and g(2) defined before). The
condition on bounded Birkhoff sums now takes the form:

sup
x∈S1

sup
n∈N

∣∣∣∣∣

n−1∑

k=0

exp(2π ıϕk(x))

∣∣∣∣∣ = sup
x∈R

sup
n∈N

∣∣∣∣∣

n−1∑

k=0

exp(2π ı�k(x))

∣∣∣∣∣ < K . (3.7)

Notice that if there exists a continuous solution u of the equation (3.6), then by integrating
both sides with respect to the invariant measureμ of ϕ we obtain that

∫
S1 exp(2π ı x) dμ = 0.

In other words, vanishing of the Birkhoff averages limN→∞ 1
N

∑N−1
k=0 exp(2π ıϕk(x))) = 0

is a necessary condition for the existence of a continuous solution of (3.6).
Let us for a while consider cylinder maps (see e.g. [1]): If ϕ : S1 → S1 is a minimal

homeomorphism, g : S1 → C is a continuous function and Y denotes the product space
Y = S1 × C, then the transformation F : Y → Y given as

F(x, ξ) := (ϕ(x), ξ + g(x))
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is called a cylinder transformation. In the current work we consider cylinder transformations
of the following form: F(x, ξ) = (ϕ(x), ξ + exp(2π ı x)). Assume that u(x) is the solution
of the cohomological equation (3.6). In this case

F(x, u(x)) = (ϕ(x), u(x) + exp (2π ı x)) = (ϕ(x), u(ϕ(x))).

It follows that S := {(x, y) ∈ Y : x ∈ S1, y = u(x)} is an invariant section of F , i.e.
F(S) ⊆ S (compare with the proof of Gottschalk–Hedlund Theorem). We are ready to state

Proposition 3.5 Let ϕ : S1 → S1 be a minimal homeomorphism with a lift � : R → R.
Then the curve � generated by an arbitrary orbit {�n(x)} is bounded and superficial if and
only if the cohomological equation (3.6) has a continuous solution u : S1 → C.

Moreover, if �, evaluated over the orbit of some point x̂0 = x0 mod 1, is bounded then
limN→∞ 1

N

∑N−1
k=0 exp(2π ı�k(x0)) = 0 and the points zn of � lie on the curve u(S1) ⊂ C,

where u is a continuous solution of (3.6) satisfying u(x̂0) = 0 ∈ C.

Proof The first statement follows directly from Theorem 3.4 and Proposition 2.7. The second
part of the proposition can be concluded from the proof of Theorem 3.4 but let us present the
short reasoning below.

Notice that Fn(x̂, ξ) = (ϕn(x̂), ξ + ∑n−1
k=0 exp(2π ıϕ

k(x̂))), as g(x̂) = exp(2π ı x)
and ϕ(x̂) = �(x) mod 1 for x̂ ∈ S1 = R/Z and x ∈ R such that x̂ = x
mod 1. Thus if we choose a point x̂0 and let u denote the continuous solution of (3.6)
such that u(x̂0) = 0, then by substituting ξ = u(x̂0) = 0 we get Fn(x̂0, 0) =
Fn(x̂0, u(x̂0)) = (ϕn(x̂0),

∑n−1
k=0 exp(2π ıϕ

k(x̂0))). Consequently, π2(Fn((x̂0), u(x̂0))) =∑n−1
k=0 exp(2π ıϕ

k(x̂0)) = ∑n−1
k=0 exp(2π ı�

k(x0)) = zn , where zn is the n − th vertex of the
curlicue evaluated over the orbit {ϕi (x0)} and π2 is the projection onto the second coordi-
nate (onto the complex plane). But Fn(x̂0, u(x̂0)) = (ϕn(x̂0), u(ϕn(x̂0))) since we are on
the invariant section S ⊂ S1 × C. Thus zn ∈ π2(S). Precisely, zn = u(ϕn(x̂0)) and, as
u : S1 → C is continuous, u(S1) = π2(S) is a bounded closed curve in the complex plane
C with vertices zn lying on it. �


An interested Reader can find out more about the existence of induced continuous sections
in more general setting for example in the work [5] which studies cocycles of isometries over
minimal dynamics.

Corollary 3.6 Given an orientation preserving minimal circle homeomorphism ϕ and denot-
ing by �(x0) a curve generated by the orbit of x̂0 = x0 mod 1, either �(x0) is bounded for
all x0 ∈ R or for every x0 the curve�(x0) is unbounded. Moreover, in case�(x0) is bounded,
its vertices lie on a closed curve τ (τ = u(S1)), whose shape does not depend on the choice
of the generating point x0.

We consider the following example of the minimal circle homeomorphism ϕ:

Example 3.7 Choose an irrational rotation number � ∈ R\Q and let h be as in Example 2.11.
Then h induces a minimal circle homeomorphism ϕ with ϕ = � mod 1 where

� = h−1 ◦ R� ◦ h

and R�(x) = x + �. One checks that
∫ 1

0
cos(2πh−1(x)) dx =

∫ 1

0
sin(2πh−1(x)) dx = 0
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Fig. 4 �n(x0) generated by � = h−1 ◦ R� ◦ h mod 1 (see Example 3.7) with x0 = 0 and different values
of � (left panel: � = ln 2, n ∈ {100, 1000}; right panel: � = π , n ∈ {100, 1000})

implying that the Birkhoff average limn→∞ 1
n

∑n−1
k=0 exp(2π ı�

k(x0)) vanishes (for � ∈
R\Q).

We numerically simulated two cases: � = ln 2 and � = π and for each of them obtained
a bounded curve (suggesting that the corresponding Birkhoff sums are bounded and the
corresponding cohomological equations have continuous solutions). The results are presented
in Fig. 4. Note however that the curve τ mentioned in Corollary 3.6, which is the image of
S1 under the continuous function u : S1 → C, can be in fact quite complicated without
any further knowledge about the properties of u. In the simplest case when ϕ is just the
irrational rotation, Proposition 2.1 implies that the image u(S1) is another circle (with radius
R and centre C) and the curlicue � is dense in an annulus whose external boundary is this
circle. In the numerical experiment depicted in Fig. 4 we have also obtained a bounded region
reminiscent of an annulus but it looks that not all of the vertices zn of � lie on the “external
boundary” of this “annulus”. Perhaps more refinedmethods of numerics should be developed
here in order to better depict the curlicue � (and the corresponding curve τ ). In any case,
note also that these values of � are Diophantine (see Definition 4.1 and the forthcoming
Theorem 4.3).
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4 Growth rate and superficiality for unbounded curlicues

In this part we deal with curves � generated by circle homeomorphisms ϕ = � mod 1 with
irrational rotation number � ∈ R\Q. We already know that if � is bounded then its shape
can be described by a solution of the certain cohomological equation. Notwithstanding, in
case � is unbounded we might always ask how fast Diam(�t ) increases to ∞ and whether
� is superficial.

Definition 4.1 A real number � for which there exists C > 0 and r > 1 satisfying
∣∣∣∣� − p

q

∣∣∣∣ ≥ C

q1+r

for all p/q ∈ Q is called Diophantine of type r .

We remark that for every fixed r > 1 the set of real numbers of Diophantine type r has
full Lebesgue measure. Moreover, the intersection of sets of Diophantine numbers of type r
over all r > 1 has full measure too.

Definition 4.2 A real number is of bounded type if the continued fraction approximation pn
qn

has the property that qn+1
qn

is bounded.

Theorem 4.3 Assume that � ∈ R\Q.
Suppose that

∫ 1
0 exp(2π ı x) dμ̂(x) = 0, where μ̂ is the lift of μ, the unique invariant

Borel probability measure of ϕ = � mod 1. In this case:

(1) If � is Diophantine of type r > 1, then for every x0 ∈ R

|zn(x0)| =
∣∣∣∣∣

n−1∑

k=0

exp (2π ı�n(x0))

∣∣∣∣∣ = O(n1−1/r log(n)). (4.1)

(2) If � is of bounded type, then for every x0 ∈ R we have

|zn(x0)| =
∣∣∣∣∣

n−1∑

k=0

exp (2π ı�n(x0))

∣∣∣∣∣ = O(log(n)). (4.2)

(3) If � satisfies am < (m + 1)1+ε , with ε > 0, for all m large enough, where am’s are the
integers appearing in the continued fraction expansion of � (� = [0; a0, a1, a2, . . .]),
then above estimates can be replaced with

|zn(x0)| =
∣∣∣∣∣

n−1∑

k=0

exp (2π ı x)

∣∣∣∣∣ = O(log2+ε n). (4.3)

In any of the above cases (1)–(3) the implied constant in theO-notation is independent of x0
and the curve � generated by ϕ is superficial.

On the other hand, if the Birkhoff average
∫
[0,1] exp(2π ı x) dμ̂(x) = v does not vanish,

then � is not superficial. However, if its rotation number � satisfies the hypothesis of any of
(1)–(3) above, then there exists a function l(n) = o(n) (i.e. limn→∞ l(n)

n = 0) such that for
any x0 ∈ R and n ∈ N we have

|zn(x0) − nv| ≤ l(n). (4.4)
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We remark that the set of irrationals whose partial quotients satisfy the assumptions of (3)
is of full measure.

Proof The above claims can be concluded from Denjoy-Koksma inequality (3.1) and the
assumed additional properties of the rotation number. Alternatively, we refer the Reader
to [14] and [16], where a similar fact as in (1) above is shown for the irrational rotation
ϕ(x) = x+� mod 1 and for arbitrary function g(x)with bounded variation Var(g) and such
that

∫ 1
0 g(x)dx = 0 (here g(x) = exp (2π ı x) and M ′ := Var(exp (2π ı x)) = 2π). Proofs

therein remain valid for any homeomorphismwith irrational rotation number (of Diophantine
type r ) provided that the condition

∫ 1
0 g(x)dx = 0 is replaced with

∫ 1
0 g(x)dμ(x) = 0

since the Denjoy-Koksma inequality holds for an arbitrary such homeomorphism. In fact,
concerning (4.1), one can prove that there exists a constant M such that for every x0 ∈ R

and n ∈ N we have

|zn(x0)| ≤ Mn1−1/r log(n). (4.5)

In order to prove (2) it suffices to show that there exists a constant M such that for every
x0 ∈ R and n ∈ N we have

|zn(x0)| =
∣∣∣∣∣

n−1∑

k=0

exp (2π ı�n(x0))

∣∣∣∣∣ ≤ M log(n). (4.6)

Notice that (3.1) and �-Ostrowski expansion (see [21]) imply that for arbitrary n there exist
m = m(n) ≤ 2 log n

log 2 and a sequence of integers c0, c1, . . . , cm such that

|zn(x0)| =
∣∣∣∣∣

n∑

k=0

exp (2π ı�k(x0))

∣∣∣∣∣ ≤ (c0 + . . . cm)M ′ ≤
(

m∑

k=0

qk+1

qk

)
M ′.

Now, since � is of bounded type, there exists a constant C such that qi+1/qi < C , i =
0, 1, . . . ,m and thus we have |zn(x0)| < mM ′C which gives the desired estimate.

The statement (3) is a counterpart of the corresponding Proposition 2.3 in [11] on irrational
rotations, which can be readily extended tominimal homeomorphisms. Therefore completing
the proof for vanishing Birkhoff average only amounts to justifying superficiality. To this end,
note that if � is bounded then we immediately obtain that it is superficial, since infinitely
many un’s are different modulo 1. Suppose now that � is unbounded and that (1), (2) or (3)
holds. Then there exist a function l(·) such that l(n) = o(n) and

lim
n→∞

n

Diam�n
≥ lim

n→∞
n

2|zn(x0)| ≥ lim
n→∞

n

l(n)
= ∞,

where � is generated by the orbit of x0 ∈ R. It follows that � is superficial.
It is also clear that the estimate (4.4) concerning non-vanishing Birkhoff average can be

obtained in a similar manner. In order to prove non-superficiality, let us take the increasing
sequence qn → ∞ of the closest returns. Again for some constant M we have

qn |v| − M ≤ |zqn (x0)| ≤ M + qn |v|
and

lim
n→∞

qn
Diam�qn

≤ lim
n→∞

qn
|zqn (x0)|

≤ lim
n→∞

qn
qn |v| − M

= 1

|v| ,

which violates the condition that limt→∞ t
Diam�t

= ∞. �
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Let us recall that if � ∈ R\Q and � is bounded, then it is always superficial. Thus the
Theorem 4.3 addresses mainly (non-)superficiality and growth rate for unbounded curves.

5 Local discrete radius of curvature

The last geometric feature we are going to study is the local discrete radius of curvature,
which after Coutsias and Kazarinoff ([6]) we define as (see also Sinai’s paper [23]):

Definition 5.1 Let zn := ∑n−1
k=0 exp(2π ıuk). The radius of the circle which goes through the

consecutive points zn−1, zn and zn+1 on the curve �(u) is called local discrete radius of
curvature and denoted rn .

We remark that the local discrete radius of curvature provides information on the local
geometry of the curlicue�. Namely, if rn is large, then locally� looks like a straight line, and
if it is small, then locally � exhibits spiralling behavior (note also that rn is always bounded
below by 1/2).

Direct calculations justify the following (compare [23]):

Proposition 5.2 If � is generated by the sequence u = (un), then

rn = 1

2

∣∣∣cosec
(ηn

2

)∣∣∣ ,

where ηn is the displacement between the elements un−1 and un:

ηn := 2π(un − un−1).

In particular, if un = �n(x0) for some � : R → R, then

ηn := 2π�(�n−1(x0)),

where � := � − Id is the displacement function of �. Thus when � is generated by an
orientation preserving homeomorphism ϕ : S1 → S1, the sequence {rn} has exactly the same
properties as the displacement sequence of an orientation preserving circle homeomorphism,
studied in [17] and [18]. In particular we conclude

Theorem 5.3 Let rn be the local discrete radius of curvature of the curve � generated by the
orbit of x0 under the lift � of an orientation preserving circle homeomorphism ϕ with the
rotation number �. Then

(1) If ϕ is a rotation R� by 2π�, then the sequence rn is constant: rn = 1
2 |cosec(π�)|.

(2) If ϕ is conjugate to the rational rotation by 2π�, where � = p
q , then the sequence rn is

q-periodic.
(3) For a semi-periodic circle homeomorphism ϕ, the sequence rn is asymptotically periodic.

Precisely, if �(ϕ) = p/q then for every ε > 0 and n ∈ N large enough we have that

|rn+kq(z) − rn(z)| < ε

for every k ∈ N.
(4) If � ∈ R\Q and ϕ is minimal then the sequence {rn} is almost strongly recurrent, i.e. for

every ε > 0 there exists N ∈ N such that for every n ∈ N and every nonnegative integer
k there exists i ∈ {0, 1, . . . , N } with the property that

|rn+k+i − rn | < ε.

123

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Geometriae Dedicata           (2022) 216:15 Page 17 of 21    15 

−300 −250 −200 −150 −100 −50 0 50
0

10

20

30

40

50

60

70

80

90

−2500 −2000 −1500 −1000 −500 0 500
0

500

1000

1500

2000

2500

3000

3500

−244 −242 −240 −238 −236 −234 −232 −230 −228 −226 −224

70.5

71

71.5

72

72.5

73

73.5

74

74.5

75

75.5

−1950 −1945 −1940 −1935 −1930

2820

2825

2830

2835

2840

Fig. 5 �n(x0) generated by the Arnold map at x0 = 0 with K = 1 and different values of ω (left panel:
ω = 1/3, n = 1000, right panel: ω = 1/4, n = 10000) with visible structure after zooming (bottom)

Moreover, {rn} is dense in the set

[ min
x∈[0,1] g(�(x)), max

x∈[0,1] g(�(x))] = [ min
x∈[0,1] g(�(x)), max

x∈[0,1] g(�(x))],

where g(x) := 1
2 |cosec(πx)| and �(x) := G−1(x + �) − G−1(x), with G being the lift

of a homeomorphism γ conjugating ϕ with the corresponding rotation.

Weadd that one can give a counterpart of this theorem for non-transitive homeomorphisms
(see Proposition 2.1 in [18]). It is worth noting that the spiral-like components of curves � =
�((un)) occur for those n where rn is close to the minimum of g(x) = 1

2 |cosec(πx)| = 1/2
(see [23]). Moreover, the repetitive-like structure of the (rn)∞n=1 sequence induced by circle
homeomorphisms, as captured by Theorem 5.3, explains visible recurrence of “similar” parts
of the curlicue as illustrated e.g. in Fig. 5.

Example 5.4 We have numerically investigated the family of Arnold circle maps:

ϕ(x) = x + ω − K

2π
sin(2πx) mod 1

with the results presented in Fig. 5. Taking x0 = 0 and K = 1, for ω = 1/2 we obtained the
horizontal segment of length 1 (not shown) since in this case x0 = 0 is a 2-periodic point of ϕ
(see also Example 2.15). However, for ω = 1/3 and ω = 1/4 the curlicue �(0) accumulated
along the straight line with some regular patterns visible after zooming in.

We shall also ask about the distribution of the elements of the sequence {rn(x0)} if ϕ has
irrational rotation number.

Definition 5.5 Let A ⊂ R
+ = [0,+∞) be a Borel subset. We define the distribution ωx0 of

the elements of {rn(x0)} as

ωx0(A) := lim
n→∞

|{k ∈ {1, 2, . . . , n} : rk(x0) ∈ A}|
n

. (5.1)
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From the fact that ϕ is uniquely ergodic we obtain:

Proposition 5.6 If � ∈ R\Q, then for every Borel set A ⊂ R we have

ωx0(A) =
∫

[0,1]
χA ◦ F dμ̂ = μ̂({F−1(A)}),

where F(x) := 1
2 |cosec(π�(x))|, χA is the indicator of the set A and μ̂ is the lift μ, the

unique invariant ergodic measure for the homeomorphism ϕ = � mod 1. In particular,
ω := ωx0 does not depend on the choice of the generating point x0 and the convergence in
(5.1) to ω(A) is uniform with respect to x0. The average local discrete radius of curvature
equals:

r̂ := lim
n→∞

1

n

n∑

k=1

rk = 1

2
|cosec(π�)|.

Let us remark that from Proposition 2.8 and Theorem 2.17 in [18] one readily obtains a
kind of stability (in terms of weak convergence of measures) for (sample-)distributions of
the elements of the sequence rn as ϕ is approximated by some other homeomorphism ϕ̃,
close to ϕ in C0(S1), allowing also for rational rotation number �̃ of ϕ̃. This can serve as the
justification for numerically estimated {rn(x0)} distributions.

However, one can also ask how the radius rα
n itself (not the distribution) depends on the

parameter α when {ϕα} is a continuously parameterized family of circle homeomorphisms
ϕα:

Proposition 5.7 Let ϕ : S1 → S1 be a minimal homeomorphism with an irrational rotation
number �. Fix ε > 0. Then there exists a neighbourhood U ⊂ C0(S1) of ϕ such that for
every other minimal homeomorphism ϕ̃ ∈ U with the same rotation number �(ϕ̃) = � we
have

sup
x0∈R

sup
n∈N

|rn(x0) − r̃n(x0)| < ε,

where rn(x0) and r̃n(x0) denote local radii of curvature evaluated at x0, respectively, for ϕ

and ϕ̃.

Proof Firstly note (see Theorem 2.3 in [18]) that the mapping ϕ �→ γ assigning to a home-
omorphism with irrational rotation number � a map γ : S1 → S1 semi-conjugating it (or
conjugating, if is minimal) with the corresponding rotation is a continuous mapping from
C0(S1) into C0(S1)-topology (up to some normalization of γ , since (semi-)conjugacy γ is
unique up to a rotation by an angle α, i.e. if γ̃ is another homeomorphism (semi-)conjugating
ϕ with the rotation R�, then γ̃ = Rα ◦ γ and thus every two (semi-)conjugacies of ϕ differ
by an additive constant in the lift). Precisely, if homeomorphism ϕ1 has an irrational rotation
number �1, then for any ε > 0 there exists a small neighbourhood U of ϕ1 in C0(S1) such
that for any choice of a (semi-)conjugacy γ1, (semi-)conjugating ϕ1 with the corresponding
rotationR�1 , and every homeomorphism ϕ2 ∈ U with an irrational rotation number (say �2),
we can find a (semi-)conjugacy γ2, (semi-)conjugating ϕ2 with the rotation R�2 , such that
‖γ1 − γ2‖C0(S1) < ε.

We recall that

rn(x0) = 1

2
|cosec(π(�n(x0) − �n−1(x0)))|

r̃n(x0) = 1

2
|cosec(π(�̃n(x0) − �̃n−1(x0)))|,
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where� and �̃ are corresponding lifts. Let� = �−Id and �̃ = �̃−Id denote corresponding
displacement functions. Then �, �̃ : R → R are continuous and periodic with period 1.
Moreover, �(R) = �([0, 1]) ⊂ (k, k + 1) for some k ∈ Z, as there are no periodic points of
ϕ (similarly for �̃). However, the lift � of ϕ can be chosen so that �(R) ⊂ (0, 1) (the shape
of the curlicue and the radius of curvature do not depend on the choice of the lift). But as �

attains its lower and upper bounds there exists δ such that �(R) ⊂ [δ, 1 − δ] ⊂ (0, 1). By
considering sufficiently small neighbourhoodU ⊂ C0(S1) of ϕ we can assume that �̃(R) ⊂
[δ, 1 − δ] for �̃ being the displacement of an arbitrary ϕ̃ ∈ U . Now consider the function
h(x) = cosec(πx) on the interval [δ, 1− δ]. There exists M such that |h′(x)| < M for every
x ∈ [δ, 1−δ]. Fix γ , which conjugates ϕ with the rotation by 2π� and let G be its lift. Let us
also fixω and τ < ωwhich can be arbitrary small numbers such that |G−1(x)−G−1(y)| < ω

whenever |x−y| < τ . After possibly further decreasing the neighbourhoodU , we can assume
that for every minimal ϕ̃ ∈ U there exists γ̃ (semi-)conjugating ϕ̃ with its corresponding
rotation such that dC0(γ, γ̃ ) < τ and dC0(γ −1, γ̃ −1) < τ . Thus let us choose ϕ̃ ∈ U , which
is aminimal homeomorphismwith the same rotation number �. Let x0 ∈ R be arbitrary. Then
dC0(γ, γ̃ ), dC0(γ −1, γ̃ −1) < τ for some γ̃ conjugating ϕ̃ with the rotation. We can assume
that |G(x0) − G̃(x0)| < τ where G̃ is a lift of γ̃ . Notice that �n(x0) = G−1(G(x0) + n�)

and �̃n(x0) = G̃−1(G̃(x0) + n�) for n = 0, 1, 2 . . .. Thus the corresponding points on the
orbits {ϕn(x)} and {ϕ̃n(x)} remain 2ω-close (independently of x0 and n). Consequently we
estimate:

|rn(x0) − r̃n(x0)| <
1

2
M(|G−1(G(x0) + n�) − G−1(G̃(x0) + n�)|

+ |G−1(G̃(x0) + n�) − G̃−1(G̃(x0) + n�)|
+ |G−1(G(x0) + (n − 1)�) − G−1(G̃(x0) + (n − 1)�)|
+ |G−1(G̃(x0) + (n − 1)�) − G̃−1(G̃(x0) + (n − 1)�)|)

< M(τ + ω) < 2Mω,

which ends the proof. �

If we do not require that the rotation numbers of ϕ and ϕ̃ are the same then the above

follows for fixed n (which is a simple observation). Namely,

Remark 5.8 Let ϕ : S1 → S1 be a minimal homeomorphism. Fix ε > 0 and n ∈ N. There
exists a neighbourhoodU ⊂ C0(S1) of ϕ such that for every other minimal homeomorphism
ϕ̃ ∈ U we have

sup
x0∈R

|rn(x0) − r̃n(x0)| < ε,

where rn(x0) and r̃n(x0) denote local radii of curvature of curves generated by ϕ and ϕ̃,
respectively.

6 Discussion

We have established a number of properties of curlicues generated by orientation preserving
circle homeomorphisms. The first natural conclusion that we have drawn is that the geometri-
cal properties of curlicues depend on the rationality of the rotation number of the generating
circle homeomorphisms. Nevertheless, even for rational rotation number basic properties
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such as being bounded or not, might rather depend on the homeomorphism h conjugating
ϕ with the corresponding rotation (if ϕ is conjugate to the rotation), as follows from Exam-
ples 2.11 and 2.12. On the other hand, for the irrational rotation number the relationship
between the shape of the generated curve and the continuous solution of the corresponding
cohomological equation seems to be an interesting observation. However, there are rather
not explicit and easy to verify criteria assuring that such a solution exists (see e.g. [9] for the
special case, when the homeomorphism is the irrational rotation R� and the cohomological
equation to be solved is g(x) + u(x) = u(R�(x)), where g : S1 → R is a given continuous
function and a continuous function u : S1 → R is the unknown of the problem). Similarly,
one cannot apriori determine whether the curve is superficial or not. Indeed, for bounded
case or unbounded with non-zero Birkhoff average the situation is clear but in the remaining
case it depends on more refined properties of the rotation number (Theorem 4.3). We know
that the necessary condition for the curlicue to be bounded (and thus for the existence of a
continuous solution of the cohomological equation) is the vanishing of the Birkhoff average.
On the other hand, if the Birkhoff average does not vanish, then the curlicue is unbounded.

Therefore, itwould be interesting to characterize the casewhen theBirkhoff average equals
zero but the induced curve is unbounded. Partially we answered this question in Theorem 4.3,
which allowed to establish superficiality and estimate the grow rate of such an unbounded
curlicue. However, even providing a specific example of a minimal homeomorphism with
vanishing Birkhoff average and unbounded curlicue (thus unbounded Birkhoff sums) seems
a non-trivial task and further characterization of such curves may be a subject of further
research. Similarly, this work might be a starting point for studying dynamically generated
curlicues (and associated “walks”, as mentioned in the Introduction), with, perhaps, some
connections to the theory exponential sums and various Birkhoff averages. Generalization
of these results for continuous circle mappings (instead of homeomorphisms) does not seem
straightforward too.
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