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Notation 

𝑐 surface layer heat capacity, 𝑐 = 𝐾sℎ 𝑘s⁄  Fo dimensionless time variable, Fo = 𝑘𝑡 ℎ2⁄  

𝑐𝑖 𝑖th surface layer heat capacity, 

 𝑐𝑖 = 𝐾s𝑖ℎ𝑖 𝑘s𝑖⁄  

Fo0 dimensionless sliding duration, Fo0 = 𝑘𝑡0 ℎ
2⁄  

𝑒𝑖 𝑖th body thermal effusivity, 𝑒𝑖 = 𝐾𝑖 √𝑘𝑖⁄  𝐾 body thermal conductivity 

ℎ surface layer thickness 𝐾𝑖 𝑖th body thermal conductivity 

ℎc contact heat transfer coefficient 𝐾s surface layer thermal conductivity 

ℎ𝑖 𝑖th surface layer thickness 𝐾s𝑖 𝑖th surface layer thermal conductivity 

𝑖 body number, 𝑖 ∈ {1,2} 𝑄 dimensionless power of heat generation, 

 𝑄 = 𝛼𝑞 𝑞0⁄  

𝑗 imaginary unit 𝑇 body temperature 

𝑘 body thermal diffusivity 𝑇𝑖 𝑖th body temperature 

𝑘𝑖 𝑖th body thermal diffusivity 𝛼 heat-generation coefficient 

𝑘s surface layer thermal diffusivity 𝛼f heat-partition coefficient 

𝑘s𝑖 𝑖th surface layer thermal diffusivity 𝛾 roughness contact heat transfer coefficient 

𝑞 specific power of heat generation 𝜀 boundary condition percent error 

𝑞0 initial specific power of heat generation 𝜗 dimensionless temperature, 𝜗 = 𝐾𝑇 (𝑞0ℎ)⁄  

𝑟 surface layer thermal resistance, 𝑟 = ℎ 𝐾s⁄  𝜗max maximum dimensionless temperature, 

𝜗max = max{𝜗}|𝜉=0,   0<Fo≤Fo0 

𝑟𝑖 𝑖th surface layer thermal resistance, 

 𝑟𝑖 = ℎ𝑖 𝐾s𝑖⁄  

𝜉 dimensionless spatial coordinate, 𝜉 = 𝑥 ℎ⁄  

𝑠 Laplace transform parameter 𝜋 Pi number 

𝑡 time variable 𝜒 thermal diffusivity ratio, 𝜒 = 𝑘s 𝑘⁄  

𝑡0 sliding duration Λ thermal conductivity ratio, Λ = 𝐾s 𝐾⁄  

𝑥 spatial coordinate ℒ Laplace transform operator 

𝐵 dimensionless contact heat transfer 

coefficient, 𝐵 = 𝛾ℎ 𝐾⁄  

∎̃ Laplace transform image 
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1. Introduction 

In Tribology, Contact Mechanics, and other branches of natural science investigating 

interactions between different media, problem statement accuracy is crucially dependent on the type 

of boundary conditions specified at the interface. The development of the boundary conditions used 

currently for simulating thermal processes at static and sliding contacts has a long history, 

stemming from the formulation of the heat-conduction equation by Fourier [1]. 

Carslaw [2] (p.161, 214) derived analytical solutions of heat-conduction problems for two 

coupled bodies assuming continuity of heat flux at their interface, i.e. 

𝐾1
𝜕𝑇1
𝜕𝑥

= 𝐾2
𝜕𝑇2
𝜕𝑥

 

and temperature continuity 

𝑇1 = 𝑇2 

Here 𝑥 is the coordinate on the axis which is perpendicular to the interface between the bodies and 

is directed from the second body to the first one; 𝑇1 and 𝑇2 are the temperatures of the first and 

second bodies, respectively; 𝐾1 and 𝐾2 are the thermal conductivities of the first and second bodies, 

respectively. The two conditions above are often referred to as ‘perfect thermal contact’. 

Blok [3] considered a thermal interaction of two bodies sliding in a local region with friction 

heat generation. The heat-partition coefficient 𝛼f was defined to satisfy the requirement that the 

maximum stationary temperature in the sliding region of the first body is equal to that of the second 

body. This coefficient indicates the fraction of friction heat dissipated in the first body and, thereby, 

allows explicit specification of heat partition between the bodies: 

−𝐾1
𝜕𝑇1
𝜕𝑥

= 𝛼f𝑞; 

𝐾2
𝜕𝑇2
𝜕𝑥

= (1 − 𝛼f)𝑞 

(1) 

The specific power 𝑞 of heat generation is determined from the equality 

𝑞 = 𝜇𝑝𝑣 

where 𝜇 is the friction coefficient; 𝑝 is the contact pressure; 𝑣 is the sliding velocity. The advantage 

of Eq.(1) lies in the possibility to split temperature fields of the bodies and investigate them 

separately from each other. Various approaches to determination of 𝛼f were examined by Jaeger [4], 

Charron [5], Archard [6] and others. 

The partition of friction heat due to constant 𝛼f is consistent with temperature continuity at 

the sliding interface only for a narrow class of geometrically one-dimensional problems (Nosko 

[7]). Application of Eq.(1) generally results in a temperature jump when passing from one body to 

the other. Ling [8] proposed alternative boundary conditions which require thermal balance and 

temperature continuity at each point of a local region of sliding: 
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−𝐾1
𝜕𝑇1
𝜕𝑥

+ 𝐾2
𝜕𝑇2
𝜕𝑥

= 𝑞; 

𝑇1 = 𝑇2 

(2) 

The conditions of Eq.(2) along with a temperature expression for a heat source moving on the 

surface of a semispace (Carslaw and Jaeger [9], p.266–270) yield an integral equation with respect 

to the heat flux into one of the bodies (Cameron et al. [10]). Besides, they are often specified at the 

nominal sliding interface. 

Podstrigach [11] considered a thermal contact of two bodies through a thin intermediate 

layer. By linearising temperature in the layer and introducing the contact heat transfer coefficient 

ℎc, the layer was eliminated and the bodies were directly coupled with imperfect thermal contact 

conditions. Their particular case, however in the presence of a heat source, is written in our notation 

as 

−𝐾1
𝜕𝑇1
𝜕𝑥

+ 𝐾2
𝜕𝑇2
𝜕𝑥

= 𝑞; 

𝐾1
𝜕𝑇1
𝜕𝑥

+ 𝐾2
𝜕𝑇2
𝜕𝑥

= 2ℎc(𝑇1 − 𝑇2) 

(3) 

The coefficient ℎc indicates the heat flux through the interface caused by a unit difference in the 

contact temperatures of the bodies. It’s noteworthy that Eq.(3) given at 𝑞=0 had been previously 

used in an analytical study by Mersman [12]. 

Barber [13] investigated heat-conduction problems of sliding, assuming that the heat flux 

passing in either of the bodies consists of two components: the first one is due to the generation of 

friction heat, while the second one is caused by the temperature difference of the bodies. This 

assumption leads to another type of imperfect thermal contact (Berry and Barber [14]), which in our 

notation reads 

−𝐾1
𝜕𝑇1
𝜕𝑥

= 𝛼𝑞 − ℎc(𝑇1 − 𝑇2); 

𝐾2
𝜕𝑇2
𝜕𝑥

= (1 − 𝛼)𝑞 + ℎc(𝑇1 − 𝑇2) 

(4) 

where 𝛼 is the heat-generation coefficient determined by the thermal resistances of the sliding 

rough surfaces. Independently, Protasov [15] (p.51–73) investigated the heat generation from 

adhesion-deformational interactions of roughness asperities. The coefficient 𝛼 was defined as the 

fraction of friction energy generated at the sliding surface of the first body. Theoretical studies of 𝛼 

were performed by Bardon [16], Laraqi [17], Chantrenne and Raynaud [18] and others. An early 

study by Shaaf [19] should be also noted in which a problem of heat conduction in sliding 

semispaces was analytically solved for Eq.(4). 
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 Numerous studies have been focussed on simulating a frictional interaction between two 

asperities with account of spatial distribution of temperature in their sliding region and its vicinity. 

Heat-conduction simulation of the roughness asperities interaction is commonly performed under 

the conditions of Eq.(2) with the aid of numerical methods (Cameron et al. [10], Symm [20], Bos 

and Moes [21]). Nanoscale friction is simulated using the methods of Molecular Dynamics (Li et al. 

[22], Chen et al. [23]). The mentioned approaches allow determining temperature and its 

relationship with various physical processes at micro- and nanoscale. These results may be utilised 

for macroscopic temperature analysis through superimposing the temperature rises caused by the 

interactions in multiple sliding regions, which however requires accurate data on the geometry of 

the sliding regions. Of practical importance is their utilisation for determining the parameters 

incorporated into the conditions of Eq.(1), Eq.(3) and Eq.(4). 

Sliding is often accompanied by the formation on contact surfaces of so-called friction 

layers, which has a drastic impact on the tribological characteristics. In particular, this phenomenon 

is widely observed in brake friction pairs (Eriksson and Jacobson [24], Filip et al. [25]). Thermal 

properties of friction layers differ substantially from those of the bulk materials. For instance, a 

steel-on-steel sliding results in the occurrence of layers of iron oxides FeO, Fe2O3 and Fe3O4 (So et 

al. [26]). Measurements by Akiyama et al. [27] showed that the thermal conductivity of iron at 300 

°C is about 53 W/(m °C), whereas it is several times lower for the iron oxides: about 23, 17 and 5 

W/(m °C) for Fe3O4, Fe2O3 and FeO, respectively. Loizou et al. [28] performed temperature 

simulations in a brake pair with a friction layer. The thermal conductivities of the pad and disc were 

set equal to 0.9 and 48 W/(m °C), respectively. It was assumed that the friction layer is composed 

by 80% of the pad material and by 20% of the disc material. Based on this proportion, the thermal 

conductivity of the friction layer was calculated to be 10 W/(m °C). In a study by Straffelini et al. 

[29], investigating temperature in a pin-on-disc system affected by friction layers, the thermal 

conductivities of the pin material and the friction layer on the pin surface were accepted equal to 0.9 

and 0.07 W/(m °C), respectively.  

One of the efficient ways to improve the performance of friction materials is utilisation of 

tribological coatings. These coatings allow one to control the level of friction, reduce wear rate, 

increase corrosion resistance, etc. (Holmberg et al. [30], Hogmark et al. [31], Donnet and Erdemir 

[32], Kindrachuk et al. [33]). The thermal conductivity of coating materials has a large scatter. For 

instance, it is as small as 2 W/(m °C) [34] (p.246) for zirconium dioxide, used as a thermal 

insulation material, and as large as 400 W/(m °C) [35] (p.68) for copper, used to provide electrical 

contact. 

Literature review shows that the thicknesses of friction layers and coatings have magnitudes 

of different orders — from nanometres to hundreds of micrometres. In many practical cases, they 
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are of several micrometres and larger. There is thus a class of problems of sliding where friction 

layers and coatings of considerable thicknesses and thermal conductivities differing substantially 

from those of the bulk materials may have a significant temperature influence. For brevity, the 

terms ‘friction layer’ and ‘tribological coating’ are referred to hereafter as ‘surface layer’. 

Thermal problem of sliding between two bodies covered with continuous surface layers 

represents a heat-conduction problem for a multilayer system, which is cumbersome and inefficient 

for analytical and numerical studies. In order to simplify it, one can attempt to simulate the 

temperature influence of the surface layers using special boundary conditions (Shevchuk [36]). One 

of the approaches to their derivation is based on imposing certain restrictions on the temperature 

distributions in the surface layers (Podstrigach and Shevchuk [37], Shevchuk [38], Nosko et al. 

[39]). 

The purpose of the present study was by using the mentioned approach to derive the thermal 

boundary conditions which would enable efficient simulation of surface layers at sliding contacts 

and investigate these conditions in terms of accuracy, practical applicability and relation with well-

known boundary conditions. 

 

2. Thermal boundary conditions of sliding 

2.1. Thermal processes in the surface layers  

Consider two bodies sliding against each other, as schematically shown in Fig.1. The 

temperatures 𝑇1(𝑥, 𝑡) and 𝑇2(𝑥, 𝑡) of the bodies change with time 𝑡 due to heat conduction. Each 𝑖th 

body consists of a bulk part, with thermal conductivity 𝐾𝑖 and thermal diffusivity 𝑘𝑖, and a surface 

layer of thickness ℎ𝑖, with thermal conductivity 𝐾s𝑖 and thermal diffusivity 𝑘s𝑖, 𝑖 ∈ {1,2}. The heat-

conduction equations for the surface layers are given as follows: 

𝜕𝑇1(𝑥, 𝑡)

𝜕𝑡
= 𝑘s1

𝜕2𝑇1(𝑥, 𝑡)

𝜕𝑥2
, 0 < 𝑥 < ℎ1, 𝑡 > 0; 

𝜕𝑇2(𝑥, 𝑡)

𝜕𝑡
= 𝑘s2

𝜕2𝑇2(𝑥, 𝑡)

𝜕𝑥2
, −ℎ2 < 𝑥 < 0, 𝑡 > 0 

(5) 

The friction heat is generated with specific power 𝑞(𝑡). Its fraction 𝛼 is generated at the 

sliding surface of the first body and, accordingly, (1 − 𝛼) at the sliding surface of the second body. 

There is a heat transfer between the surface layers at the sliding interface specified by the roughness 

contact heat transfer coefficient 𝛾. Thereby, the conditions at the sliding interface take the form 

−𝐾s1
𝜕𝑇1
𝜕𝑥
|
𝑥=0+0

= 𝛼𝑞 − 𝛾(𝑇1|𝑥=0+0 − 𝑇2|𝑥=0−0); 

𝐾s2
𝜕𝑇2
𝜕𝑥
|
𝑥=0−0

= (1 − 𝛼)𝑞 + 𝛾(𝑇1|𝑥=0+0 − 𝑇2|𝑥=0−0) 

(6) 
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Fig.1. Schematic of the thermal processes in the surface layers (1-column image) 

 

In fact, Eq.(6) represents the imperfect thermal contact conditions given by Eq.(4) with the 

only difference that the coefficient 𝛾 is used instead of ℎc. The contact heat transfer coefficient ℎc 

(also referred to as ‘thermal contact conductance’) is generally defined to characterise the interfacial 

heat transfer between bodies caused by various factors including the interaction of roughness 

asperities and the presence of surface layers (Lienhard IV and Lienhard V [40], p.65), whereas the 

introduced coefficient 𝛾 is associated only with the interaction of roughness asperities. The 

introduction of 𝛾 allows thus to avoid ambiguous interpretation of ℎc. 

Temperature continuity is specified at the boundaries between the corresponding bulk bodies 

and surface layers: 

𝐾1
𝜕𝑇1
𝜕𝑥
|
𝑥=ℎ1+0

= 𝐾s1
𝜕𝑇1
𝜕𝑥
|
𝑥=ℎ1−0

; 

𝑇1|𝑥=ℎ1+0 = 𝑇1|𝑥=ℎ1−0; 

𝐾2
𝜕𝑇2
𝜕𝑥
|
𝑥=−ℎ2−0

= 𝐾s2
𝜕𝑇2
𝜕𝑥
|
𝑥=−ℎ2+0

; 

𝑇2|𝑥=−ℎ2−0 = 𝑇2|𝑥=−ℎ2+0 

(7) 

2.2. Derivation of the boundary conditions 

Assume linear temperature distributions in the surface layers. Consequently, it is true that 

𝑇1|𝑥=0+0 = (𝑇1 − ℎ1
𝜕𝑇1
𝜕𝑥
)|
𝑥=ℎ1−0

; 

𝑇2|𝑥=0−0 = (𝑇2 + ℎ2
𝜕𝑇2
𝜕𝑥
)|
𝑥=−ℎ2+0

 

(8) 

The average temperatures of the surface layers are then determined as follows: 
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1

ℎ1
∫ 𝑇1𝑑𝑥

ℎ1

0

=
𝑇1|𝑥=0+0 + 𝑇1|𝑥=ℎ1−0

2
= (𝑇1 −

ℎ1
2

𝜕𝑇1
𝜕𝑥
)|
𝑥=ℎ1−0

; 

1

ℎ2
∫ 𝑇2𝑑𝑥

0

−ℎ2

=
𝑇2|𝑥=−ℎ2+0 + 𝑇2|𝑥=0−0

2
= (𝑇2 +

ℎ2
2

𝜕𝑇2
𝜕𝑥
)|
𝑥=−ℎ2+0

 

(9) 

Integrate Eq.(5) over the corresponding domains of the surface layers. Based on Eq.(7) and 

Eq.(9), integration of the left sides yields 

1

ℎ1
∫
𝜕𝑇1
𝜕𝑡
𝑑𝑥

ℎ1

0

=
𝜕

𝜕𝑡
(
1

ℎ1
∫ 𝑇1𝑑𝑥

ℎ1

0

) = (
𝜕𝑇1
𝜕𝑡
−
𝐾1ℎ1
2𝐾s1

 
𝜕2𝑇1
𝜕𝑡𝜕𝑥

)|
𝑥=ℎ1+0

; 

1

ℎ2
∫
𝜕𝑇2
𝜕𝑡
𝑑𝑥

0

−ℎ2

=
𝜕

𝜕𝑡
(
1

ℎ2
∫ 𝑇2𝑑𝑥

0

−ℎ2

) = (
𝜕𝑇2
𝜕𝑡
+
𝐾2ℎ2
2𝐾s2

 
𝜕2𝑇2
𝜕𝑡𝜕𝑥

)|
𝑥=−ℎ2−0

 

(10) 

The right sides of Eq.(5) are transformed with account of Eq.(6), Eq.(7) and Eq.(8) as follows: 

1

ℎ1
∫ 𝑘s1

𝜕2𝑇1
𝜕𝑥2

𝑑𝑥

ℎ1

0

=
𝑘s1
ℎ1

𝜕𝑇1
𝜕𝑥
|
𝑥=ℎ1−0

−
𝑘s1
ℎ1

𝜕𝑇1
𝜕𝑥
|
𝑥=0+0

 

=
𝛼𝑞𝑘s1
𝐾s1ℎ1

−
𝑘s1
𝐾s1ℎ1

(𝛾𝑇1 − 𝐾1 (1 +
𝛾ℎ1
𝐾s1
)
𝜕𝑇1
𝜕𝑥
)|
𝑥=ℎ1+0

+
𝛾𝑘s1
𝐾s1ℎ1

(𝑇2 +
𝐾2ℎ2
𝐾s2

𝜕𝑇2
𝜕𝑥
)|
𝑥=−ℎ2−0

; 

1

ℎ2
∫ 𝑘s2

𝜕2𝑇2
𝜕𝑥2

𝑑𝑥

0

−ℎ2

=
𝑘s2
ℎ2

𝜕𝑇2
𝜕𝑥
|
𝑥=0−0

−
𝑘s2
ℎ2

𝜕𝑇2
𝜕𝑥
|
𝑥=−ℎ2+0

=
(1 − 𝛼)𝑞𝑘s2
𝐾s2ℎ2

 

+
𝛾𝑘s2
𝐾s2ℎ2

(𝑇1 −
𝐾1ℎ1
𝐾s1

𝜕𝑇1
𝜕𝑥
)|
𝑥=ℎ1+0

−
𝑘s2
𝐾s2ℎ2

(𝛾𝑇2 + 𝐾2 (1 +
𝛾ℎ2
𝐾s2
)
𝜕𝑇2
𝜕𝑥
)|
𝑥=−ℎ2−0

 

(11) 

Equating the corresponding expressions of Eq.(10) and Eq.(11) and introducing the thermal 

resistance 𝑟𝑖 = ℎ𝑖 𝐾s𝑖⁄  and heat capacity 𝑐𝑖 = 𝐾s𝑖ℎ𝑖 𝑘s𝑖⁄  (per unit friction area) of each 𝑖th surface 

layer give 

(𝛾𝑇1 + 𝑐1
𝜕𝑇1
𝜕𝑡
− 𝐾1(1 + 𝛾𝑟1)

𝜕𝑇1
𝜕𝑥

−
𝑐1𝐾1𝑟1
2

𝜕2𝑇1
𝜕𝑡𝜕𝑥

)|
𝑥=ℎ1+0

− 𝛾 (𝑇2 + 𝐾2𝑟2
𝜕𝑇2
𝜕𝑥
)|
𝑥=−ℎ2−0

= 𝛼𝑞; 

−𝛾 (𝑇1 −𝐾1𝑟1
𝜕𝑇1
𝜕𝑥
)|
𝑥=ℎ1+0

+ (𝛾𝑇2 + 𝑐2
𝜕𝑇2
𝜕𝑡
+ 𝐾2(1 + 𝛾𝑟2)

𝜕𝑇2
𝜕𝑥

+
𝑐2𝐾2𝑟2
2

𝜕2𝑇2
𝜕𝑡𝜕𝑥

)|
𝑥=−ℎ2−0

= (1 − 𝛼)𝑞 

(12) 

Note that the temperatures 𝑇𝑖(𝑥, 𝑡) and their derivatives in Eq.(12) are taken at 𝑥 = ℎ1 + 0 or 𝑥 =

−ℎ2 − 0, i.e. these quantities are related to the bulk bodies. 
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By eliminating the surface layers from consideration and merging the bulk bodies, the 

following boundary conditions are finally obtained from Eq.(12): 

−𝐾1
𝜕𝑇1
𝜕𝑥

= 𝛼𝑞 − 𝛾 (𝑇1 − 𝑇2 − 𝐾1𝑟1
𝜕𝑇1
𝜕𝑥

− 𝐾2𝑟2
𝜕𝑇2
𝜕𝑥
) − 𝑐1

𝜕

𝜕𝑡
(𝑇1 −

𝐾1𝑟1
2

𝜕𝑇1
𝜕𝑥
) ; 

𝐾2
𝜕𝑇2
𝜕𝑥

= (1 − 𝛼)𝑞 + 𝛾 (𝑇1 − 𝑇2 − 𝐾1𝑟1
𝜕𝑇1
𝜕𝑥

− 𝐾2𝑟2
𝜕𝑇2
𝜕𝑥
) − 𝑐2

𝜕

𝜕𝑡
(𝑇2 +

𝐾2𝑟2
2

𝜕𝑇2
𝜕𝑥
) 

(13) 

The conditions of Eq.(13) are thus formulated for the bulk bodies but with allowance for the 

presence of the surface layers (parameters 𝑟𝑖 and 𝑐𝑖) and the interaction of roughness asperities 

(parameters 𝛼 and 𝛾). 

 

2.3. Relation with well-known boundary conditions 

Figure 2 presents important particular cases of Eq.(13). If the thermal resistances 𝑟𝑖 are 

negligibly small, which can be caused by large values of 𝐾s𝑖, Eq.(13) transforms into 

−𝐾1
𝜕𝑇1
𝜕𝑥

= 𝛼𝑞 − 𝛾(𝑇1 − 𝑇2) − 𝑐1
𝜕𝑇1
𝜕𝑡
; 

𝐾2
𝜕𝑇2
𝜕𝑥

= (1 − 𝛼)𝑞 + 𝛾(𝑇1 − 𝑇2) − 𝑐2
𝜕𝑇2
𝜕𝑡

 

(14) 

On the other hand, neglecting the heat capacities 𝑐𝑖 of the surface layers in Eq.(13) results in 

−𝐾1
𝜕𝑇1
𝜕𝑥

= 𝛼𝑞 − 𝛾 (𝑇1 − 𝑇2 − 𝐾1𝑟1
𝜕𝑇1
𝜕𝑥

− 𝐾2𝑟2
𝜕𝑇2
𝜕𝑥
) ; 

𝐾2
𝜕𝑇2
𝜕𝑥

= (1 − 𝛼)𝑞 + 𝛾 (𝑇1 − 𝑇2 − 𝐾1𝑟1
𝜕𝑇1
𝜕𝑥

− 𝐾2𝑟2
𝜕𝑇2
𝜕𝑥
) 

(15) 

The case above can happen at small ratios 𝐾s𝑖 𝑘s𝑖⁄  which represent the volumetric heat capacities of 

the materials of the surface layers 

Of interest are also the particular cases related to the heat transfer at the sliding interface. 

For infinitely intensive contact heat transfer, i.e. 𝛾 → ∞, Eq.(13) degenerates into 

−𝐾1
𝜕𝑇1
𝜕𝑥

+ 𝐾2
𝜕𝑇2
𝜕𝑥

= 𝑞 − 𝑐1
𝜕

𝜕𝑡
(𝑇1 −

𝐾1𝑟1
2

𝜕𝑇1
𝜕𝑥
) − 𝑐2

𝜕

𝜕𝑡
(𝑇2 +

𝐾2𝑟2
2

𝜕𝑇2
𝜕𝑥
) ; 

𝐾1𝑟1
𝜕𝑇1
𝜕𝑥

+ 𝐾2𝑟2
𝜕𝑇2
𝜕𝑥

= 𝑇1 − 𝑇2 

(16) 

Note that Eq.(16) implies the equality of the temperatures of the surface layers at the sliding 

interface (but 𝑇1 ≠ 𝑇2 for the bulk bodies). 

On the contrary, if there is no contact heat transfer, i.e. 𝛾=0, it yields from Eq.(13) that 

−𝐾1
𝜕𝑇1
𝜕𝑥

= 𝛼𝑞 − 𝑐1
𝜕

𝜕𝑡
(𝑇1 −

𝐾1𝑟1
2

𝜕𝑇1
𝜕𝑥
) ; 

𝐾2
𝜕𝑇2
𝜕𝑥

= (1 − 𝛼)𝑞 − 𝑐2
𝜕

𝜕𝑡
(𝑇2 +

𝐾2𝑟2
2

𝜕𝑇2
𝜕𝑥
) 

(17) 
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Depending on the parameters, each of Eq.(14), Eq.(15) and Eq.(16) can transform into the 

imperfect thermal contact conditions of Eq.(4), while Eq.(17) turns into the heat-partition conditions 

of Eq.(1) when 𝑐𝑖=0, as shown in Fig.2.  

 

Fig.2. Classification of the thermal boundary conditions of sliding (2-column image) 

* ℎc = 𝛾; ** 𝛼 = 𝑟2 (𝑟1 + 𝑟2)⁄  and ℎc = 1 (𝑟1 + 𝑟2)⁄  [14]; 

*** 𝛼f = 𝛼; **** valid for the contact of semispaces [9] (p.88) 

There are two qualitatively different transformation chains from Eq.(13) to Eq.(4). One of 

them corresponds to the absence of the surface layers, i.e. 𝑟𝑖 = 𝑐𝑖 = 0. The coefficient ℎc in this 

case coincides with 𝛾. The other transformation chain implies 𝑐𝑖=0 and 𝛾 → ∞, and the coefficients 

𝛼 and ℎc are solely determined by 𝑟1 and 𝑟2. Furthermore, Eq.(4) can in its turn transform into 

Eq.(1), Eq.(2) or Eq.(3). 

 

3. Sliding between semispaces covered with surface layers 

Consider two semispaces covered with surface layers that are in sliding motion. Heat 

conduction in the semispaces is described by the equations 

𝜕𝑇1(𝑥, 𝑡)

𝜕𝑡
= 𝑘1

𝜕2𝑇1(𝑥, 𝑡)

𝜕𝑥2
, 𝑥 > 0, 𝑡 > 0; 

𝜕𝑇2(𝑥, 𝑡)

𝜕𝑡
= 𝑘2

𝜕2𝑇2(𝑥, 𝑡)

𝜕𝑥2
, 𝑥 < 0, 𝑡 > 0 

(18) 

The thermal processes at the sliding interface and in the surface layers are simulated using the 

derived conditions of Eq.(13) assigned to the point 𝑥=0. Temperature gradient at infinite distance 

from the sliding interface is zero, i.e. 

𝜕𝑇1
𝜕𝑥
|
𝑥→+∞

=
𝜕𝑇2
𝜕𝑥
|
𝑥→−∞

= 0 (19) 
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At the initial instance of time 𝑡=0, the semispaces have zero temperature distributions: 

𝑇1|𝑡=0 = 𝑇2|𝑡=0 = 0 (20) 

An analytical solution of Eqs.(13),(18)–(20) can be obtained by applying the Laplace 

transform approach.  

3.1. Solution in images of the Laplace transform 

Assume that the functions 𝑇𝑖(𝑥, 𝑡) and 𝑞(𝑡) are originals of the Laplace transform ℒ with 

respect to the time variable 𝑡, i.e. there exist images 𝑇̃𝑖(𝑥, 𝑠) = ℒ[𝑇𝑖(𝑥, 𝑡)] and 𝑞̃(𝑠) = ℒ[𝑞(𝑡)]. 

Here 𝑠 is the transform parameter. It is easy to verify that the following sets of functions satisfy 

Eq.(18), Eq.(19) and Eq.(20) in the space of images: 

𝑇̃1(𝑥, 𝑠) = 𝐴1(𝑠) exp {−𝑥√𝑠 𝑘1⁄ } ; 

𝑇̃2(𝑥, 𝑠) = 𝐴2(𝑠) exp {𝑥√𝑠 𝑘2⁄ } 
(21) 

By substituting Eq.(21) into Eq.(13) in the space of images and setting 𝑥=0, a system of equations is 

derived with respect to 𝐴1(𝑠) and 𝐴2(𝑠) as follows: 

(𝛾 + 𝑒1(1 + 𝛾𝑟1)√𝑠 + 𝑐1𝑠 +
𝑐1𝑒1𝑟1
2

𝑠√𝑠)𝐴1(𝑠) − 𝛾(1 + 𝑒2𝑟2√𝑠)𝐴2(𝑠) = 𝛼𝑞̃(𝑠); 

−𝛾(1 + 𝑒1𝑟1√𝑠)𝐴1(𝑠) + (𝛾 + 𝑒2(1 + 𝛾𝑟2)√𝑠 + 𝑐2𝑠 +
𝑐2𝑒2𝑟2
2

𝑠√𝑠)𝐴2(𝑠) = (1 − 𝛼)𝑞̃(𝑠) 

(22) 

where 𝑒𝑖 = 𝐾𝑖 √𝑘𝑖⁄  is the thermal effusivity of the 𝑖th semispace. The solution of Eq.(22) allows 

expressing Eq.(21) as 

𝑇̃1(𝑥, 𝑠) = 𝑞̃(𝑠) 𝜑̃1(𝑥, 𝑠); 

𝑇̃2(𝑥, 𝑠) = 𝑞̃(𝑠) 𝜑̃2(𝑥, 𝑠) 
(23) 

where 

𝜑̃1(𝑥, 𝑠) =
(𝑏10 + 𝑏11√𝑠 + 𝑏12𝑠 + 𝑏13𝑠√𝑠) exp{−𝑥√𝑠 𝑘1⁄ }

√𝑠(𝑎0 + 𝑎1√𝑠 + 𝑎2𝑠 + 𝑎3𝑠√𝑠 + 𝑎4𝑠2 + 𝑎5𝑠2√𝑠)
; 

𝜑̃2(𝑥, 𝑠) =
(𝑏20 + 𝑏21√𝑠 + 𝑏22𝑠 + 𝑏23𝑠√𝑠) exp{𝑥√𝑠 𝑘2⁄ }

√𝑠(𝑎0 + 𝑎1√𝑠 + 𝑎2𝑠 + 𝑎3𝑠√𝑠 + 𝑎4𝑠2 + 𝑎5𝑠2√𝑠)
 

(24) 

with the coefficients 

𝑎0 = 𝛾(𝑒1 + 𝑒2); 

𝑎1 = 𝑒1𝑒2 + 𝛾(𝑐1 + 𝑐2 + 𝑒1𝑒2(𝑟1 + 𝑟2)); 

𝑎2 = 𝑐1𝑒2 + 𝑐2𝑒1 + 𝛾(𝑒1𝑟1(𝑐1 2⁄ + 𝑐2) + 𝑒2𝑟2(𝑐1 + 𝑐2 2⁄ )); 

𝑎3 = 𝑐1𝑐2 + 𝑒1𝑒2(𝑐1𝑟1 + 𝑐2𝑟2 + 𝛾𝑟1𝑟2(𝑐1 + 𝑐2)) 2⁄ ; 

𝑎4 = 𝑐1𝑐2(𝑒1𝑟1 + 𝑒2𝑟2) 2⁄ ; 

𝑎5 = 𝑐1𝑐2𝑒1𝑒2𝑟1𝑟2 4;⁄  

𝑏10 = 𝛾; 
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𝑏11 = 𝑒2(𝛼 + 𝛾𝑟2); 

𝑏12 = 𝛼𝑐2; 

𝑏13 = 𝛼𝑐2𝑒2𝑟2 2⁄ ; 

𝑏20 = 𝛾; 

𝑏21 = 𝑒1(1 − 𝛼 + 𝛾𝑟1); 

𝑏22 = (1 − 𝛼)𝑐1; 

𝑏23 = (1 − 𝛼)𝑐1𝑒1𝑟1 2⁄  

Note that the coefficients above take only non-negative values. 

3.2. Solution in the time domain 

Restore the originals of Eq.(23) and represent them in the form of convolutions: 

𝑇𝑖(𝑥, 𝑡) = ∫𝑞(𝑡 − 𝜏)𝜑𝑖(𝑥, 𝜏) 𝑑𝜏

𝑡

0

 (25) 

where 𝜑𝑖(𝑥, 𝑡) = ℒ
−1[𝜑̃𝑖(𝑥, 𝑠)]. 

The originals 𝜑𝑖(𝑥, 𝑡) can be found by calculating the Mellin integral in the inverse Laplace 

transform (Carslaw and Jaeger [9], p.302–304). Fig. 3 presents the integration contour Γ in the 

complex plane 𝑠. Γ consists of a line segment AB parallel to the imaginary axis Im 𝑠, circle arcs BC 

and FA of radius 𝑅 centred at the origin O, line segments CD and EF parallel to the real axis Re 𝑠, 

and a circle arc DE of radius 𝜌 centred at O. The functions 𝜑̃𝑖(𝑥, 𝑠) of Eq.(24) have a singularity at 

𝑠=0 which is the branch point of the double-valued function √𝑠. Choose its branch 𝑔0(𝑠) which 

satisfies the equality 𝑔0(1) = 1. Then the functions 𝜑̃𝑖(𝑥, 𝑠) are single-valued analytical within Γ 

and continuous both within Γ and along its boundary. According to the Cauchy integral theorem, 

when 𝑅 → ∞ and 𝜌 → 0 the integral along AB is equal to the sum of the integrals along BC, CD, 

DE, EF and FA: 

𝜑𝑖(𝑥, 𝑡) = −
1

2𝜋𝑗
 lim
𝑅→∞
𝜌→0

( ∫ 𝜑̃𝑖(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

BC∪FA

+ ∫ 𝜑̃𝑖(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

CD

+ ∫ 𝜑̃𝑖(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

DE

+ ∫ 𝜑̃𝑖(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

EF

) 

(26) 

where 𝑗 is the imaginary unit. 

The functions 𝜑̃𝑖(𝑥, 𝑠) satisfy the conditions of the Jordan lemma. Consequently, when 𝑅 →

∞ the integral along the arcs BC and FA tends to zero: 

 lim
𝑅→∞

∫ 𝜑̃𝑖(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

BC∪FA

= 0 (27) 
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Fig.3. Integration contour Γ in the complex plane 𝑠 (1-column image) 

 

For the arc DE, it is true that 𝑠 = 𝜌 exp{𝑗 arg(𝑠)}. When 𝜌 → 0 the integral along this arc 

tends to zero as well: 

 lim
𝜌→0

∫ 𝜑̃𝑖(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

DE

= 0 (28) 

Furthermore, accepting 𝑠 = 𝑧2 exp{𝑗𝜋} = −𝑧2 and √𝑠 = 𝑧 exp{𝑗𝜋 2⁄ } = 𝑗𝑧 for 𝑠 ∈ CD, 

while 𝑠 = 𝑧2 exp{−𝑗𝜋} = −𝑧2 and √𝑠 = 𝑧 exp{−𝑗𝜋 2⁄ } = −𝑗𝑧 for 𝑠 ∈ EF, one can express the 

corresponding integrals as 

 lim
𝑅→∞
𝜌→0

∫ 𝜑̃1(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

CD

= 2∫
(𝑏10 − 𝑏12𝑧

2 + 𝑗(𝑏11𝑧 − 𝑏13𝑧
3)) exp{−𝑗𝑥𝑧 √𝑘1⁄ }

−𝑎1𝑧 + 𝑎3𝑧
3 − 𝑎5𝑧

5 + 𝑗(𝑎0 − 𝑎2𝑧
2 + 𝑎4𝑧

4)
exp{−𝑧2𝑡} 𝑑𝑧

∞

0

; 

lim
𝑅→∞
𝜌→0

∫ 𝜑̃2(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

CD

= 2∫
(𝑏20 − 𝑏22𝑧

2 + 𝑗(𝑏21𝑧 − 𝑏23𝑧
3)) exp{𝑗𝑥𝑧 √𝑘2⁄ }

−𝑎1𝑧 + 𝑎3𝑧3 − 𝑎5𝑧5 + 𝑗(𝑎0 − 𝑎2𝑧2 + 𝑎4𝑧4)
exp{−𝑧2𝑡} 𝑑𝑧

∞

0

 

(29) 

and 
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lim
𝑅→∞
𝜌→0

∫ 𝜑̃1(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

EF

= −2∫
(𝑏10 − 𝑏12𝑧

2 − 𝑗(𝑏11𝑧 − 𝑏13𝑧
3)) exp{𝑗𝑥𝑧 √𝑘1⁄ }

−𝑎1𝑧 + 𝑎3𝑧3 − 𝑎5𝑧5 − 𝑗(𝑎0 − 𝑎2𝑧2 + 𝑎4𝑧4)
exp{−𝑧2𝑡} 𝑑𝑧

∞

0

; 

lim
𝑅→∞
𝜌→0

∫ 𝜑̃2(𝑥, 𝑠) exp{𝑠𝑡} 𝑑𝑠

EF

= −2∫
(𝑏20 − 𝑏22𝑧

2 − 𝑗(𝑏21𝑧 − 𝑏23𝑧
3)) exp{−𝑗𝑥𝑧/√𝑘2}

−𝑎1𝑧 + 𝑎3𝑧3 − 𝑎5𝑧5 − 𝑗(𝑎0 − 𝑎2𝑧2 + 𝑎4𝑧4)
exp{−𝑧2𝑡} 𝑑𝑧

∞

0

 

(30) 

Finally, substitution of Eqs.(27)–(30) into Eq.(26) and introduction of the functions 

𝐷(𝑧) = (−𝑎1𝑧 + 𝑎3𝑧
3 − 𝑎5𝑧

5)2 + (𝑎0 − 𝑎2𝑧
2 + 𝑎4𝑧

4)2; 

𝑀1(𝑧) = (𝑏10 − 𝑏12𝑧
2)(𝑎0 − 𝑎2𝑧

2 + 𝑎4𝑧
4) − (𝑏11𝑧 − 𝑏13𝑧

3)(−𝑎1𝑧 + 𝑎3𝑧
3 − 𝑎5𝑧

5); 

𝑁1(𝑧) = (𝑏10 − 𝑏12𝑧
2)(−𝑎1𝑧 + 𝑎3𝑧

3 − 𝑎5𝑧
5) + (𝑏11𝑧 − 𝑏13𝑧

3)(𝑎0 − 𝑎2𝑧
2 + 𝑎4𝑧

4); 

𝑀2(𝑧) = (𝑏20 − 𝑏22𝑧
2)(𝑎0 − 𝑎2𝑧

2 + 𝑎4𝑧
4) − (𝑏21𝑧 − 𝑏23𝑧

3)(−𝑎1𝑧 + 𝑎3𝑧
3 − 𝑎5𝑧

5); 

𝑁2(𝑧) = (𝑏20 − 𝑏22𝑧
2)(−𝑎1𝑧 + 𝑎3𝑧

3 − 𝑎5𝑧
5) + (𝑏21𝑧 − 𝑏23𝑧

3)(𝑎0 − 𝑎2𝑧
2 + 𝑎4𝑧

4) 

give 

𝜑1(𝑥, 𝑡) =
2

𝜋
∫ (

𝑀1(𝑧)

𝐷(𝑧)
cos (

𝑥𝑧

√𝑘1
) +

𝑁1(𝑧)

𝐷(𝑧)
sin (

𝑥𝑧

√𝑘1
)) exp{−𝑧2𝑡} 𝑑𝑧

∞

0

; 

𝜑2(𝑥, 𝑡) =
2

𝜋
∫ (

𝑀2(𝑧)

𝐷(𝑧)
cos (

𝑥𝑧

√𝑘2
) −

𝑁2(𝑧)

𝐷(𝑧)
sin (

𝑥𝑧

√𝑘2
)) exp{−𝑧2𝑡} 𝑑𝑧

∞

0

 

whence, with account of Eq.(25), the sought temperatures are found in the form 

𝑇1(𝑥, 𝑡) =
2

𝜋
∫ (

𝑀1(𝑧)

𝐷(𝑧)
cos (

𝑥𝑧

√𝑘1
) +

𝑁1(𝑧)

𝐷(𝑧)
sin (

𝑥𝑧

√𝑘1
))∫𝑞(𝑡 − 𝜏) exp{−𝑧2𝜏} 𝑑𝜏

𝑡

0

𝑑𝑧

∞

0

; 

𝑇2(𝑥, 𝑡) =
2

𝜋
∫ (

𝑀2(𝑧)

𝐷(𝑧)
cos (

𝑥𝑧

√𝑘2
) −

𝑁2(𝑧)

𝐷(𝑧)
sin (

𝑥𝑧

√𝑘2
))∫𝑞(𝑡 − 𝜏) exp{−𝑧2𝜏} 𝑑𝜏

𝑡

0

𝑑𝑧

∞

0

 

(31) 

If 𝑞(𝑡) is prescribed as a polynomial function, computation of Eq.(31) can be essentially 

simplified using the equality 

∫(𝑡 − 𝜏)𝑚 exp{−𝑧2𝜏} 𝑑𝜏

𝑡

0

=
𝑚!

(−𝑧2)1+𝑚
 (exp{−𝑧2𝑡} −∑

(−𝑧2𝑡)𝑛

𝑛!

𝑚

𝑛=0

) 

where 𝑚 is a non-negative integer. 

 

3.3. Comparison with known temperature expressions 
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Analysis shows that the particular cases of Eq.(31) match the exact temperature expressions 

derived by Carslaw and Jaeger [9], Shaaf [19], Grilitskii [41], Krasnyuk [42], Matysiak et al. [43, 

44], Pyr’ev [45], de Monte [46], Yevtushenko and Kuciej [47–50], Belyakov and Nosko [51–53], 

Dülk and Kovácsházy [54]. 

For example, consider a decelerative sliding between a low-metallic brake material (𝑇1), 

with 𝐾1=2 W/(m °C) and 𝑘1=0.3∙10−6 m2/s, and a cast iron (𝑇2), with 𝐾2=60 W/(m °C) and 

𝑘2=12∙10−6 m2/s. The contact heat transfer occurs with ℎc=500 W/(m2 °C). The heat-generation 

specific power decreases linearly from the initial value 𝑞0=1.4∙106 W/m2 to zero during 𝑡0=5 s: 

𝑞(𝑡) = 𝑞0 (1 −
𝑡

𝑡0
) (32) 

Fig.4 illustrates the simulation results. The temperatures of Eq.(31) calculated at 𝑟𝑖 = 𝑐𝑖 = 0, 𝛾 =

ℎc and 𝑥=0 agree with the solution by Carslaw and Jaeger [9] (p.88) for Eq.(2) at 𝛼 =

𝑒1 (𝑒1 + 𝑒2)⁄ ≈ 0.17, solution by Shaaf [19] for Eq.(4) at 𝛼=0.35, and solution by Yevtushenko and 

Kuciej [50] for Eq.(3) at 𝛼=1/2. The relationship between the considered boundary conditions was 

previously presented in Fig.2. 

 

Fig.4. Comparison of Eq.(31) with known temperature expressions (1-column image) 

 

4. Sliding between a semispace covered with a surface layer and a constant-temperature semispace 

There are practical situations when the thermal processes in a sliding component are 

insignificantly affected by temperature changes in the counter-component. Investigate such a 

situation on example of a semispace covered with a surface layer sliding against a counter-

semispace. The temperature 𝑇(𝑥, 𝑡) in the semispace is governed by its thermal conductivity 𝐾 and 

thermal diffusivity 𝑘. The surface layer is characterised by its thickness ℎ, thermal conductivity 𝐾s 

and thermal diffusivity 𝑘s. The temperature of the counter-semispace is constant and equals zero for 
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definiteness. The friction heat is generated at the sliding surface of the surface layer with specific 

power 𝑞(𝑡). There is a heat transfer from the surface layer to the counter-semispace specified by the 

coefficient 𝛾. The initial temperature of the semispace is zero. Using the boundary conditions of 

Eq.(13) assigned to the point 𝑥=0 allows formulating the mentioned problem as follows: 

𝜕𝑇(𝑥, 𝑡)

𝜕𝑡
= 𝑘

𝜕2𝑇(𝑥, 𝑡)

𝜕𝑥2
, 𝑥 > 0, 𝑡 > 0; 

−𝐾
𝜕𝑇

𝜕𝑥
|
𝑥=0

= 𝑞 − 𝛾 (𝑇 − 𝐾𝑟
𝜕𝑇

𝜕𝑥
)|
𝑥=0

− 𝑐
𝜕

𝜕𝑡
(𝑇 −

𝐾𝑟

2

𝜕𝑇

𝜕𝑥
)|
𝑥=0

; 

𝜕𝑇

𝜕𝑥
|
𝑥→+∞

= 0; 

𝑇|𝑡=0 = 0 

(33) 

where 𝑟 = ℎ 𝐾s⁄  and 𝑐 = 𝐾sℎ 𝑘s⁄  are the thermal resistance and heat capacity (per unit friction 

area) of the surface layer, respectively. 

The solution of Eq.(33) can be obtained by using the procedure described in the sections 3.1 

and 3.2 or by setting 𝑐2 → ∞ in the temperature expression 𝑇1(𝑥, 𝑡) of Eq.(31): 

𝑇(𝑥, 𝑡) =
2

𝜋
 

∫

(

 
 
𝑧𝐾

√𝑘
(1 + 𝛾𝑟 −

𝑐𝑟
2 𝑧

2) cos (
𝑥𝑧

√𝑘
) + (𝛾 − 𝑐𝑧2) sin (

𝑥𝑧

√𝑘
)

(
𝑧𝐾

√𝑘
)
2

(1 + 𝛾𝑟 −
𝑐𝑟
2 𝑧

2)
2

+ (𝛾 − 𝑐𝑧2)2

)

 
 
∫𝑞(𝑡 − 𝜏) exp{−𝑧2𝜏} 𝑑𝜏

𝑡

0

𝑧 𝑑𝑧

∞

0

 

(34) 

Introduce the dimensionless spatial coordinate 𝜉 = 𝑥 ℎ⁄ , time variable Fo = 𝑘𝑡 ℎ2⁄  (Fourier 

number), sliding duration Fo0 = 𝑘𝑡0 ℎ
2⁄ , temperature 𝜗 = 𝐾𝑇 (𝑞0ℎ)⁄ , heat-generation power 𝑄 =

𝑞 𝑞0⁄ , contact heat transfer coefficient 𝐵 = 𝛾ℎ 𝐾⁄ , thermal conductivity ratio Λ = 𝐾s 𝐾⁄  and 

thermal diffusivity ratio 𝜒 = 𝑘s 𝑘⁄ . Here 𝑞0 ≠ 0 plays the role of a scale parameter. The 

temperature of Eq.(34) is then expressed as 

𝜗(𝜉, Fo) =
2

𝜋
 

∫
𝑧 (1 +

𝐵
Λ −

𝑧2

2𝜒) cos
(𝜉𝑧) + (𝐵 −

Λ
𝜒 𝑧

2) sin(𝜉𝑧)

𝑧2 (1 +
𝐵
Λ −

𝑧2

2𝜒)
2

+ (𝐵 −
Λ
𝜒 𝑧

2)
2

∫ 𝑄(Fo − 𝜏) exp{−𝑧2𝜏} 𝑑𝜏

Fo

0

𝑧 𝑑𝑧

∞

0

 

(35) 

The thermal diffusivity (𝑘) is related to the thermal conductivity (𝐾) by the equality 𝑘 =

𝐾 𝑐𝑣⁄ , where 𝑐𝑣 is the volumetric heat capacity. For temperatures above 0 °C, the vast majority of 

solid materials have 𝑐𝑣 lying in the range of 1 to 5 J/(cm3 °C) [55, 56], whereas 𝐾 may differ by 3 

orders of magnitude [34, 35]. The value of 𝑘 is thus governed mainly by the value of 𝐾. This allows 

accepting in the following calculations that 𝑘s 𝑘⁄ = 𝐾s 𝐾⁄  and, accordingly, 𝜒 = Λ. 
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Table 1 presents the parameter variation ranges typical for friction materials and operation 

conditions of brakes. 

 

Table 1. Parameter variation ranges 

Parameter Minimum order 

of magnitude 

Maximum order 

of magnitude 

Surface layer thickness ℎ, m [30, 31] 10−8 10−4 

Thermal conductivity 𝐾, W/(m °C) [34, 35] 10−1 102 

Thermal diffusivity 𝑘, m2/s 10−7 10−4 

Sliding duration 𝑡0, s 100 102 

Roughness contact heat transfer coefficient 𝛾, 

W/(m2 °C) [40] (p.66) 

102 104 

Thermal conductivity ratio 𝚲 10−2 102 

Dimensionless sliding duration 𝐅𝐨𝟎 101 1014 

Dimensionless contact heat transfer coefficient 𝑩 10−8 101 

 

The temperature 𝜗 given by Eq.(35) is analysed for the decelerative sliding of Eq.(32), with 

special focus on its maximum value 

𝜗max = max{𝜗}|𝜉=0,   0<Fo≤Fo0 

The values of the parameters Λ, Fo0 and 𝐵 are set according to Table 1. 

Figure 5 shows the influence of Λ. At small values of Λ the surface layer acts as a thermal 

insulator, which results in comparatively small 𝜗. An increase in Λ, implying a larger surface layer 

thermal conductivity (𝐾s), leads to an increase in 𝜗max. 

Figure 6 illustrates the influence of Fo0. It is shown that 𝜗max increases with Fo0. In 

addition, the temperature peak shifts in the direction of smaller Fo Fo0⁄ . These trends are explained 

by that for a longer sliding duration (𝑡0) the behaviour of 𝜗 depends less on the heating prehistory 

or, in other words, it is closer to quasi-stationary. At large values of Fo0, the curve of 𝜗 lies close to 

that of the dimensionless heat-generation power (𝑄) defined by Eq.(32) and denoted by ‘Fo0 → ∞’. 
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Fig.5. Influence of the thermal conductivity ratio Λ on the temperature 𝜗 at 𝜉=0, 𝐵=1 and Fo0=10 

(1-column image) 

 

 

Fig.6. Influence of the sliding duration Fo0 on the temperature 𝜗 at 𝜉=0 and Λ = 𝐵 = 1 (1-column 

image) 

 

Figure 7 presents the influence of 𝐵. The curve ‘𝐵=0’ stands for the absence of the contact 

heat transfer from the surface layer to the counter-semispace. Changes in 𝐵 in the range from 0 to 

the order of 10−2 have insignificant influence on 𝜗. With further increase in 𝐵, the contact heat 

transfer becomes more intensive, which results in smaller 𝜗. These results qualitatively agree with 

those obtained by Yevtushenko and Kuciej [48]. 
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Fig.7. Influence of the contact heat transfer coefficient 𝐵 on the temperature 𝜗 at 𝜉=0, Λ=1 and 

Fo0=10 (1-column image) 

 

The analysis above shows that in general 𝜗 is sensitive to changes in the parameters Λ, Fo0 

and 𝐵. 

 

5. Application range of the boundary conditions 

The application range of the boundary conditions of Eq.(13) is estimated by investigating 

the heating of a semispace covered with a surface layer by a constant heat flux 𝑞0. The schematic is 

presented in Fig.8a. 

 

Fig.8. Schematics: (a) heating of a semispace with a surface layer; (b) heating of a semispace;  

(c) heating of a semispace due to Eq.(13) (2-column image) 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


20 
 

The dimensionless temperature 𝜗e = 𝐾𝑇 (𝑞0ℎ)⁄  at the boundary 𝑥=0 between the semispace 

and surface layer is derived from the exact solution obtained by Matysiak et al. [44]: 

𝜗e(Fo) = 4√Fo∑
(Λ √𝜒⁄ − 1)𝑛

(Λ √𝜒⁄ + 1)𝑛+1
ierfc (

2𝑛 + 1

2√𝜒Fo
)

∞

𝑛=0

 (36) 

where the integral of the error function (Carslaw and Jaeger [9], p.484) 

ierfc(𝑧) =
exp{−𝑧2}

√𝜋
−
2𝑧

√𝜋
∫ exp{−𝜏2} 𝑑𝜏

∞

𝑧

 

If the difference in the thermal properties of the surface layer and semispace is neglected, i.e. 

Λ = 𝜒 = 1, as shown in Fig.8b, the dimensionless temperature 𝜗s at 𝑥=0 reads 

𝜗s(Fo) = 2√Fo ierfc (
1

2√Fo
) (37) 

Replace the surface layer with a surface of equivalent thermal resistance 𝑟 = ℎ 𝐾s⁄  and heat 

capacity 𝑐 = 𝐾sℎ 𝑘s⁄ , as shown in Fig.8c. This is tantamount to the specification of Eq.(13) at 𝛼=1, 

𝛾=0 and 𝑞 = 𝑞0. The dimensionless temperature 𝜗p at 𝑥=0 is easily obtained from Eq.(35) in the 

form 

𝜗p(Fo) =
4

𝜋
∫
(2 − 𝑧2 𝜒⁄ )(1 − exp{−𝑧2Fo})

𝑧2((2Λz 𝜒⁄ )2 + (2 − 𝑧2 𝜒⁄ )2)
𝑑𝑧

∞

0

 (38) 

Figure 9 illustrates the temperature curves 𝜗e, 𝜗s and 𝜗p obtained for Λ=0.1, i.e. when the 

surface layer has a 10 times smaller thermal conductivity 𝐾s compared to 𝐾. It is clearly seen that 

𝜗p tends to 𝜗e with increasing Fo, whereas the difference between 𝜗s and 𝜗e remains significant. 

 

 

Fig.9. Comparison of the temperatures 𝜗e, 𝜗s and 𝜗p at Λ=0.1 (1-column image) 
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The error 𝜀 introduced by application of Eq.(13) is defined as the percent deviation of 𝜗p 

from 𝜗e for the sliding duration Fo = Fo0: 

𝜀 = |1 −
𝜗p(Fo0)

𝜗e(Fo0)
| ∙ 100% 

Fig.10 shows contour lines of 𝜀 in the plane (Fo0, Λ), along with the practical region estimated 

based on the data of Table 1. It is apparent that 𝜀 decreases with an increase in Fo0 or Λ. 𝜀 is below 

1% at Λ>0.19 for Fo0=10 and already at Λ>0.011 for Fo0=102. This trend is caused by that the 

temperature distribution in the surface layer becomes closer to linear, i.e. the assumption of Eq.(8) 

becomes more valid, with increasing sliding duration (𝑡0) or increasing surface layer thermal 

conductivity (𝐾s). The presented results suggest that application of Eq.(13) introduces a negligibly 

small error for a wide class of friction layers and coatings. 

 

 

Fig.10. Dependence of the error 𝜀 on the sliding duration Fo0 and thermal conductivity ratio Λ (1-

column image) 

 

Summarising the findings of the present study, it may be concluded that utilisation of the 

conditions of Eq.(13) allows simplifying the formulation and solution of thermal problems of 

sliding by eliminating surface layers from consideration without significant loss in accuracy. These 

conditions can be efficiently used for analytical studies and serve a basis for developing new 

numerical algorithms. 
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6. Conclusions 

The proposed boundary conditions of Eq.(13) enable one to simplify essentially the solution 

of thermal problems of sliding in the presence of surface layers (friction layers and tribological 

coatings), characterising the surface layers by their thermal resistances and heat capacities. The 

analytical solution of Eq.(31) was derived for the problem of non-stationary heat conduction in two 

semispaces with the proposed conditions at their interface. It was shown that its particular cases 

coincide with the exact temperature expressions obtained for different well-known boundary 

conditions. Dimensionless analysis of the decelerative sliding of a semispace covered with a surface 

layer against a constant-temperature semispace revealed the temperature sensitivity to the surface 

layer thermal conductivity, sliding duration, and roughness contact heat transfer coefficient. It was 

found that the error introduced by the proposed conditions decreases with increasing sliding 

duration or increasing surface layer thermal conductivity. Review of the thermal properties of solid 

materials showed that the error does not exceed 1% for a wide class of friction layers and coatings. 

 

This work was supported by the National Science Centre, Poland [grant number 

2017/26/D/ST8/00142]. 
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