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A B S T R A C T   

This paper studies the fatigue crack initiation and fatigue crack propagation of notched cylindrical bars made of 
7050-T6 aluminium alloy subjected to multiaxial bending-torsion loading. The sites of crack initiation and the 
angles of crack initiation were successfully predicted from the distribution of the first principal stress at the notch 
surface. Fatigue crack initiation lives were computed through the new concept of energy field intensity for
malised in a linear-elastic framework along with a local stress-strain model for notch plasticity analysis. 
Regardless of the model used to compute the cyclic response at the geometric discontinuity, fatigue life pre
dictions were in good agreement with the experimental observations.   

1. Introduction 

Aluminium alloys have a major application in aviation, aerospace, 
and automotive industries due to their low density, high strength, good 
fracture toughness, and attractive cost [1–2]. In these areas, a consid
erable number of critical components are exposed to cyclic multiaxial 
loading which makes them prone to fatigue failure [3–4]. Although the 
fatigue design often assumes that the materials are loaded in the elastic 
range, at the geometric discontinuities, plastic deformation can occur 
during the service period [5–6]. Thus, the development of accurate re
sidual fatigue life predictions models based on damage tolerance design 
concepts requires the study of fatigue crack initiation and fatigue crack 
propagation stages at the notch root under realistic multiaxial loading 
scenarios [7–9]. 

Multiaxial fatigue is often treated as a problem involving complex 
external loadings that result in multiaxial stress-strain states [10–11]. 
Nevertheless, fatigue multiaxiality can arise not only from external 
loading but also from other factors, such as geometric discontinuities 
subjected to uniaxial load, residual stress fields, crack orientation, 
among others [12–13]. In fact, many engineering components are sub
jected to multiaxial loading, e.g. transmission shafts undergo combined 
bending-torsion, components of rotorcrafts experience bending-torsion, 
fixed-wing aircrafts also experience bending-torsion, just to mention a 

few. In these cases, since the crack propagates under mixed-mode 
loading conditions, the estimation of service life and the prediction of 
damage initiation are not trivial issues. 

In the past few years, some effort has been put on the understanding 
of damage initiation and crack propagation in critical components 
subjected to bending-torsion [14–20]. Nevertheless, only a few studies 
have been focused on aluminium alloys [21–27]. Susmel et al. [21] 
examined the effect of loading biaxiality on crack patterns and crack 
propagation mechanisms in solid cylindrical specimens made of 6082- 
T6 aluminium alloy and found that crack initiation was mode-II domi
nated while crack propagation was mode-I governed. Singh et al. [22] 
studied the fatigue crack initiation and fatigue crack propagation 
mechanisms in tubular geometries made of 7075 aluminium alloy sub
jected to proportional loading. More recently, the same research team 
has addressed the effect of overloads on fatigue crack growth in cruci
form specimens made of 7075 aluminium alloy [23–24]. 

The development of new predictive approaches to estimate the fa
tigue lifetime of aluminium alloy components under bending-torsion has 
been another topic of interest [25–29]. Abreu et al. [26] introduced a 
new energy-based approach to estimate the fatigue lifetime in welded 
tubular joints made of 6060-T6 aluminium alloys subjected to constant- 
amplitude and variable-amplitude loading. Kluger et al. [27] proposed a 
new critical plane model sensitive to mean stress effects to assess the 
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durability of both 2017A-T4 and 6082-T6 aluminium alloys. Karolczuk 
et al. [28] studied the fatigue failure probability in 7075-T651 
aluminium alloys by means of an improved life-dependent material 
parameter in conjunction with stress-based fatigue criteria. 

The fatigue behaviour of notched components has generated 
considerable research interest. A recent comprehensive state-of-the-art 
review on the topic can be found in the reference [30]. The first 
approach on fatigue life assessment in notched members was formalised 
by Peterson who introduced the idea of average stress obtained in the 
vicinity of the geometric discontinuity [31]. This idea was the fore
runner of the modern notch fatigue analysis theories implemented from 
the distribution of stress, strain, or energy parameters in a finite volume 
near the notch root [30]. Among them, the novel energy field intensity 
approach, recently introduced by Liao and Zhu [32], gathers the ad
vantages of energy-based criteria with local gradient methods to account 
for the effective damage region. 

The above-mentioned energy-based approach has been successfully 
implemented to estimate the fatigue life of notched components sub
jected to multiaxial loading using an elastic-plastic constitutive model 
[32]. Nevertheless, the application of this newly introduced concept by 
means of pseudo-elastic stresses can be of great interest since the anal
ysis of engineering components is often conducted using linear-elastic 
simulations. This strategy can reduce the computational effort as well 
as the overall cost since these numerical models require a limited 
number of material constants and can be implemented in any com
mercial finite element package. 

However, the development of such an approach needs an accurate 
computation of the cyclic plastic response at the notch root. Although, in 
theory, the elastic-plastic simulations are more precise, pseudo-elastic 
simulations have the advantage of being faster and simpler, because 
they do not require complex constitutive models, nor too much 
computational time, while providing high efficiency. These advantages 
may explain the popularity of the Neuber’s rule and the Glinka’s rule 
[33,34]. Even though the former tends to overestimate the notch root 
strains and the latter tends to underestimate the notch root strains, both 
have been successfully used in notch fatigue analysis under multiaxial 
loading [35] and will be used in the present research. 

This paper studies the fatigue damage behaviour in notched cylin
drical geometries made of 7050-T6 aluminium alloy subjected to pro
portional bending-torsion loading. In a first stage, the paper provides a 
comprehensive insight into the fatigue crack initiation and fatigue crack 
propagation processes associated with the normal stress to shear stress 
ratios. Then, fatigue crack initiation and fatigue crack propagation lives 
are distinguished based on the material characteristic length. After that, 
the fracture surfaces are analysed in order to identify the main failure 
modes as well as the fractographic features associated with the fatigue 
crack initiation and fatigue crack propagation regions. Finally, the en
ergy field intensity concept is applied to estimate the fatigue life. The 
cyclic plastic response at the notch root is simulated using pseudo-elastic 
stresses along with local stress-strain approaches. 

2. Materials and methods 

2.1. Material 

The material studied in this study was a high-strength 7050 
aluminium alloy in the T6 condition (i.e. solid-solution treated and 
artificially aged) supplied in the form of a 30 mm-thick plate. This 
metallurgical state, characterised by a precipitation hardening mecha
nism, involves the formation of a fine dispersion of second phase par
ticles that hinders the movement of dislocations leading to the maximum 
strength. Its nominal chemical composition as well as its main me
chanical properties are summarised in Table 1 and Table 2, respectively. 

The microstructure of the tested alloy in the transverse plane is 
shown in Fig. 1. As can be seen in the figure, it is composed by band-like 
grains aligned with the rolling direction and exhibits a certain degree of 

recrystallization. Micron-size globular-shaped and rod-shaped pre
cipitates disperse around the grain and sub-grain boundaries are also 
visible along the material. The average grain size calculated by applying 
the linear intersection method taking into account a series of random 
lines parallel to the rolling direction was 183 μm [37]. 

2.2. Multiaxial fatigue tests 

The multiaxial fatigue testing campaign was carried using notched 
solid cylindrical geometries (see Fig. 2) machined from the material 
plate along the rolling (L-T) direction. The geometric discontinuity was 
drilled by CNC, using a spherical burr, and consisted of a 4-mm diameter 
and 2-mm depth blind hole (see Fig. 2(b)). The notch surface was tested 
as-machined, while the external cylindrical surface around the hole was 
polished by means of progressively finer silicon carbide papers (P600- 
grit, P1200-grit, and P2500-grit) followed by diamond paste. 

The experimental tests were performed under proportional bending- 
torsion, at constant-amplitude load, with a stress ratio equal to 0, using 
sinusoidal waves and a cyclic frequency of 4 Hz. Three different bending 
moment to torsion moment (B/T) ratios were studied: B/T = 2/3, B/T =
1, and B/T = 2 (see Table 3). The crack detection and the crack growth at 
the notch region was monitored in-situ using a high-resolution digital 
camera connected to a PC-based data acquisition system. The tests were 
stopped when the crack in the outer cylindrical surface of the specimen 
reached a length greater than 4 mm. The total fatigue life (Nf) was 
calculated for a crack length of 3 mm while the crack initiation life (Ni) 
was calculated using a fracture mechanics criterion. 

Table 1 
Nominal chemical composition (wt%) of the 7050-T6 aluminium alloy [36].  

Si Fe Cu Mn Mg Cr Zn Zr Ti Al  

0.12  0.15  2.1  0.1  2.0  0.04  6.2  0.1  0.06 Rem.  

Table 2 
Monotonic mechanical properties of the 7050-T6 aluminium alloy [36].  

Yield strength, σYS (MPa) 546 

Tensile strength, σUTS (MPa) 621 
Elongation, Δ(%) 14 
Young’s modulus, E (GPa) 71.7 
Poisson’s ratio, ν 0.33 
Cyclic hardening coefficient, K′ (MPa) 728.7 
Cyclic hardening exponent, n’ 0.0512  

Fig. 1. Optical micrograph of the high-strength 7050-T6 aluminium alloy in 
the transverse direction [37]. 
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2.3. Analysis of fracture surfaces 

The fracture surfaces of selected specimens subjected to different 
B/T ratios were examined using a 3D coordinate measurement machine, 
Mitutoyo Quick Vision Apex 302, equipped with a programmable LED 
stage and coaxial lighting system. The fracture surface examination was 
conducted using a 2× magnification lens with a encoder scale type and a 
resolution of 0.1 µm. Topography data processing and calculations were 
done by means of MountainsMap surface metrology software. Surface 
textures were characterised by Abbott-Firestone curves constructed by 
finding the distribution of the heights of peaks and valleys in specific 
regions of the samples, namely crack initiation, crack propagation and 
final rupture areas. Fracture surfaces were also examined by scanning 
electron microscopy, using a Carl-Zeiss Gemini 500 FE-SEM model, to 
identify the main failure modes associated with the different loading 

scenarios. 

2.4. Numerical simulations 

The numerical simulations aimed to compute the stress-strain fields 
at the geometric discontinuities for the tested loading scenarios. The 
three-dimensional models were developed using 8-node brick elements 
assuming a homogeneous, isotropic, and liner-elastic behaviour. The 
mesh topology encompassed a ultra-fine region at the notch region 
where the stress gradients are stronger, and a coarser region in the 
remaining volume of the body to reduce the computational overhead 
(see Fig. 3). The minimum element size in the notch region had 70 μm 
side. The model contained 124,750 elements and 132,944 nodes. The 
elastic constants of the 7050-T6 aluminium alloy are presented in 
Table 2. 

Regarding the gripping system (i.e. the prismatic bar and the larger 
cylindrical volume of Fig. 3) which was made of steel, the elastic con
stants were E = 210 GPa and ν = 0.3. The bending moment to torsion 
moment ratios were generated from a single force, F, applied directly on 
the gripping system, whose point of application was defined in a case- 
by-case basis by changing the value of h (L was fixed). The griping 
system and the specimen were rigidly connected, while the outer surface 
of the other end of the specimen was fixed for an extension of 30 mm 
(see Fig. 3). A mesh convergence study was performed to define the 
refinement level in the notched region. 

3. Results and discussion 

This section is divided into four sections. The first section analyses 
the effect of the bending moment to torsion moment ratio on fatigue 
crack initiation and fatigue crack propagation responses. Next, the fa
tigue crack initiation and the fatigue crack propagation lives are 

Fig. 2. Specimen geometry used in the multiaxial fatigue programme: (a) front view; (b) transversal cross-section (units: millimetres).  

Table 3 
Loading scenarios and nominal stresses of the multiaxial fatigue programme.  

Test B/T 
ratio 

σ/τ ratio Normal  
stress  
amplitude,  
σa (MPa) 

Mean  
normal  
stress,  
σm (MPa) 

Shear  
stress  
amplitude, 
τa (MPa) 

Mean  
shear  
stress,  
τm (MPa) 

1 2/3 4/3 134 140 100 105 
2 2/3 4/3 107 113 81 85 
3 1 2 134 146 67 73 
4 1 2 107 116 54 58 
5 2 4 172 186 43 46 
6 2 4 134 143 34 36  

Fig. 3. Finite element mesh: (a) assembled model (124,750 elements and 132,944 nodes); (b) detail of the geometric discontinuity (notch radius: 4 mm; notch depth: 
2 mm). 
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calculated by applying a fracture mechanics criterion. Then, fracture 
surfaces are examined to identify the main failure modes and to char
acterise the fractographic features. The last section focuses on the fa
tigue life estimation which is done by combining the energy field 
intensity concept with a local stress-strain approach used for the analysis 
of cyclic plasticity at the notch root. 

3.1. Fatigue behaviour 

An important issue in fatigue design is the identification a priori of 
the crack initiation sites. This complex problem is even more chal
lenging when we are dealing with severe geometric discontinuities 
subjected to multiaxial loading. Fig. 4 summarises the crack initation 
process for the different cases examined in this study. The experimental 
observations are represented by the squares, while the circles represent 
the numerical predictions. Regardless of the loading case, two cracks 
nucleated in diametrically opposite sides of the hole surface. It is also 
clear that the fatigue crack initation process is governed by the multi
axial loading scenario. The crack initation sites tend to be closer to the 
hole border and closer to the x-axis, as the B/T ratio increases, which can 
be explained by the lower shear stress level. 

The numerical predictions, represented by the circles in the pseudo- 
color views at the bottom part of Fig. 4, are in good agreement with the 
experimental observations. In this study, the fatigue crack initiation sites 
were defined as the surface nodes with maximum values of the first 
principal stress. This approach has been successfully used in previous 
studies focused on notched components made of high-strength steels 
subjected to in-phase bending-torsion loading [38]. The existence of 
local stress raisers at the hole surface, introduced by the drilling process, 
may be a possible reason for some deviations between the predicted 
coordinates and the experimental sites. However, the proposed 

approach is sensitve to the multiaxial loading scenario which is an 
important outcome. 

The comparison between the experimental observations and the 
predicted results for the different loading cases was done quantitatively 
by accounting for the α angle defined as the angle formed between the x- 
axis and the straight line that connects the crack initiation node and the 
center of the hole (see Fig. 5(a)). The angles on the left side of the hole 
are identified by A, while the angles on the right side of the hole are 
identified by B. Overall, irrespective of the B/T ratio, there is a good 
correlation between both variables, with more than 90% of the points 
within scatter bands of ±10◦, and with more than 80% of the points 
within scatter bands of ±5◦. It is also visible that the crack angles at the 
early stage of growth decrease for higher values of B/T, which is 
explained by the lower shear stress level. 

The prediction of the fatigue crack direction at the early stage of 
growth is fundamental information to better define inspection and 
maintenance tasks. However, in engineering components subjected to 
multiaxial loading, this is not a trivial issue. Fig. 5(b) compares the crack 
angles at the early stage of growth (β) measured at the initiation sites 
with those predicted numerically for the different loading cases. The 
angles on the left side of the hole are identified by A, while the angles on 
the right side of the hole are identified by B. The numerical predictions 
were done by accounting for the first principal direction at the crack 
initiation nodes [38]. The normal and shear stresses were determined in 
spherical coordinates using the numerical simulations. 

Regarding the values of the β angles, see Fig. 5(b), the predicted 
values were also close to the experimental observations but the errors 
were higher than those of the initiation sites. In this case, only 50% of 
the points were within scatter bands of ±5◦, and only 75% of the points 
were within scatter bands of ±10◦. However, the proposed approach is 
able to satisfactorily capture the crack direction in this geometry when 

Fig. 4. Fatigue crack initiation sites: (a) B/T = 2/3; (b) B/T = 1; (c) B/T = 2. The circles denote the numerical predictions while the squares denote the experimental 
observations (the x-axis identifies the transversal direction and the y-axis identifies the longitudinal direction). The contour plots represent the first principal stress 
fields obtained in the numerical simulations. 
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subjected to in-phase bending-torsion loading. In the literature, other 
approaches with similar level of accuracy have been employed [40–41]. 
Luo et al. [39] estimated the crack direction in thin-walled tubes with 
circular holes using a notch critical plane method, while Zerres et al. 
[40] computed the crack direction in notched tubular geometries via the 
maximum tangential stress theory. 

It is also clear from Fig. 5(b) that the predictions for crack A were 
better than those for crack B. In the former case, the maximum differ
ences varied between 3◦ and − 7◦ (i.e. all points were within the scatter 
bands of ±10◦) while in the latter the values were more randomly 
spread out. A plausible explanation for this behaviour may be associated 
with the instant at which the second crack initiated. When it occurred 
after a small number of cycles, both cracks appeared in almost diamet
rically opposite locations without significant loss of stiffness. On the 
contrary, when the second crack initiated later, the residual stiffness was 
affected, slightly changing the initiation process and, thus, the crack 

direction. In such a case, the proposed approach, which is based on an 
uncracked body, seems to be less accurate. 

Another conclusion is that the β angles decrease for higher B/T ratios 
(see Fig. 5(b)). Indeed, in the absence of shear stresses, the crack is 
subjected to mode-I loading and, predictably, it tends to advance in a 
direction normal to the main axis of the specimen (β = 0◦). The increase 
of the shear stress level, i.e. the reduction of the B/T ratio, leads to a 
higher degree of mixed-mode loading and an increase in the crack angle 
at the early stage of growth. It can be also concluded that the predictions 
of crack direction for both sides of the hole are similar (see Fig. 5(b)). 
The maximum differences in the tested cases were lower than 0.1◦. This 
can be explained by the symmetry of the stress fields, as can be distin
guished in Fig. 4. 

The knowledge of the fatigue crack paths in engineering components 
subjected to cyclic loading is pivotal to understand whether a potential 
failure is benign or catastrophic. In this geometry, the fatigue process, as 
already discussed, is strongly dependent on the loading scenario. As far 
as the surface crack paths are concerned, we can note that the trajec
tories tend to be closer to the x-axis for higher B/T ratios (see Fig. 4). 
Higher B/T ratios reduce the predominance of the shear stress level, and, 
therefore, the crack fronts tend to propagate closer to pure mode-I. 
Another common feature observed in the experiments is the existence 
of crack paths with some serration. The as-machined condition of the 
hole introduces local randomly stress raisers which may deviate the 
trajectory. 

Fig. 6 plots the so-called a-N curves, i.e. the relationship between the 
surface crack length (a) and the number of loading cycles (N), for 
different B/T ratios and loading levels. The surface crack length was 
measured using the images collected periodically during the tests. Here, 
only the results of the first crack detected in the hole surface are pre
sented. The a-N curves were governed by the stress level and the bending 
moment to torsion moment ratio. The former effect can be inferred by 
comparing the cases tested under the same B/T ratio but different 
nominal stresses, see for instance the circle series, or the triangle series, 
or the diamond series. In any case, we can observe that higher stress 
levels speed up the fatigue crack initiation process and increase the 
curve slopes for the same crack length. 

In relation to the latter effect, we can take some conclusions from 
the analysis of the series tested under the same stress amplitude 
(σa = 134 MPa) but with different bending moment to torsion moment 
ratios (see the three series on the left of Fig. 6). Except for the case 
B/T = 2, we can see that the fatigue crack initiation is faster for higher 
shear stress levels (despite the series B/T = 2 behaves differently, this 
slightly incoherency can be attributed to the scatter nature of the fatigue 
phenomenon). In a second stage of the test, for a crack length greater 
than 1.25 mm, we can observe the expected trends, i.e. the slopes for a 
fixed crack length decrease with the increase of the B/T ratio, which can 
be explained by the reduction of the shear stress level. 

3.2. Experimental fatigue life 

In this section, the fatigue crack initiation and the fatigue crack 
propagation lives are distinguished using fracture mechanics concepts. 
The definition of the crack length that distinguishes the two above- 
mentioned stages encompasses some philosophical debate [39]. In 
part this is because there is no clear boundary between an uncracked 
material and a cracked material, which makes difficult to judge whether 
or not a crack exists. Nevertheless, the use of an objective approach 
based on the crack length seems to be a reasonable and feasible strategy 
to distinguish fatigue crack initiation from fatigue crack propagation 
[41]. Here, this distinction is established using the El-Haddad’s empir
ical equation, defined as follows [42]: 

a0 =
1
π

(
ΔKth

Δσ0

)2

(1) 

Fig. 5. Comparison of experimental observations and numerical predictions: 
(a) crack initiation sites (α); (b) crack initiation angles (β). 
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where ΔKth is the stress intensity factor range threshold, and Δσ0 is the 
fatigue limit stress range, which must be estimated for the stress ratio of 
the notched component. The values of the two constants for the high- 
strength 7050-T6 aluminium alloy subjected to pulsating loading con
ditions (R = 0) were determined from previous studies carried out by the 
research group of the authors [36,43] for which the value of a0 was 
equal to 249 μm. The fatigue crack initiation life (Ni) for the different 
tested cases was computed using the a-N curves exhibited in Fig. 6 that 
refer to the first crack detected in the hole surface. The total fatigue life 
(Nf) was estimated in a similar manner, also using the a-N curves, for a 
final crack length equal to 3 mm. The values found for the various 
multiaxial scenarios are summarised in Table 4. 

The relationship between the fatigue crack initiation life (Ni) and the 
total fatigue life (Nf) for the tested cases is plotted in Fig. 7. As can be 
seen in the figure, irrespective of the B/T ratio or the stress amplitude, 
the Ni/Nf ratios are relatively similar for all tests, varying in the range 
39–57% with an average value of 51% and a standard deviation of 6.4%. 
These values are relatively close to those reported in the literature (42% 
≤ Ni/Nf ≤ 73%) by Branco et al. [44] for solid round bars with lateral U- 
shaped notches subjected to proportional bending-torsion loading. 
However, in this latter study, the fatigue crack initiation process was 
more complex, showing either the nucleation of a single crack or the 
nucleation of multiple cracks, which may explain the wider interval. 

Another way to examine the life fraction in terms of fatigue crack 
initiation and fatigue crack propagation is via the Ni/Np ratio (where Ni 
represents the fatigue crack initiation life and Np represents the fatigue 
crack propagation life). Here, the fatigue crack propagation life was 

estimated by subtracting the fatigue crack initiation life from the total 
fatigue life. In general, this ratio is quite sensitive to the extent of each 
fatigue stage. The Ni/Np ratios varied between 64 and 137% with an 
average value of 108% and a standard deviation of 25%. In other words, 
the crack initiation stage was generally longer than the crack propaga
tion stage and the former stage had a duration in the range 2/3 to 4/3 of 
the crack propagation stage. 

Fatigue design models are often established using stress-life ap
proaches. This is because damage quantifiers based on stress parameters 
correlate well with fatigue life. Fig. 8 plots the fatigue crack initiation 
life (Ni) against the nominal equivalent von Mises stress amplitude 
(σa,vMn) for the different multiaxial scenarios on log-log scales (see the 
purple filled-in circles). As far as can be seen, there is some scatter be
tween both variables which means that this approach is not able to 
properly account for the notch effect for this geometry under the studied 
loading scenarios. In the same way, the correlation between the total 
fatigue life (Nf) and the nominal equivalent von Mises stress amplitude 
(σa,vMn) displayed by the green filled-in diamonds is also not particularly 
relevant. Thus, a reliable fatigue design approach needs the identifica
tion of a reliable fatigue damage quantifier. 

Fig. 8 plots the fatigue crack initiation life (Ni) against the local 
equivalent von Mises stress amplitude (σa,vML) for the different studied 
cases on log-log scales (see the circles outlined in purple). The latter 
variable was computed using the numerical models and corresponds to 
the equivalent von Mises stress amplitude at the crack initiation node 
(see Fig. 4). It is clear from the figure that this parameter, already 
introduced in previous studies available in the open literature, allows to 
capture the relationship between the loading scenario and the fatigue 
crack initiation life [35,38,44]. Two fatigue design bounds, represented 
by the upper and lower straight lines, were drawn for a 95% survival 
probability calculated from the mean curve assuming two-sided confi
dence levels equal to 75%. As can be seen in the figure, the value of the 
scatter index is relatively small. 

The local von Mises stress amplitude is also capable of correlating the 
multiaxial loading scenario with the total fatigue life (Nf). Overall, as 
can be seen in Fig. 8, there is a good correlation between σa,vML and Nf for 
the different cases. In fact, the coefficients of determination (r2) of the 
mean curves are relatively similar, more specifically 0.874 and 0.863 for 
the σa,vML-Nf and σa,vML-Ni functions, respectively. Although the differ
ence is not significant, it is well accepted that fatigue crack initiation is 

Fig. 6. Surface crack length versus number of loading cycles for different bending moment to torsion moment ratios and stress amplitudes. The crack length was 
measured from the images collected in the experiments for the first crack detected in the hole surface. The data points were fitted using power functions. 

Table 4 
Experimental and predicted fatigue lives.  

Test Crack initiation 
life, Ni (cycles) 

Total fatigue 
life, Nf 

(cycles) 

Predicted life via 
Glinka’s rule, Np,G 

(cycles) 

Predicted life via 
Neuber’s rule, Np,N 

(cycles) 

1 6663 13,952 4720 5771 
2 17,290 32,275 9364 9461 
3 9994 19,311 15,350 15,446 
4 29,709 51,882 54,060 51,729 
5 8082 20,705 5567 5867 
6 18,026 31,120 10,056 10,071  
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associated with a higher scatter, which may explain the better correla
tion for the total fatigue life. Another interesting outcome is the fact that 
the slopes of the two above-mentioned functions were relatively 

different (i.e. − 0.340 and − 0.278) while those obtained from the 
nominal equivalent von Mises stress were quite similar (i.e. − 0.101 and 
− 0.095). 

Fig. 7. Variation of the Ni/Nf ratio and the Ni/Np ratio for the different loading cases.  

Fig. 8. Stress-life relationships for the tested cases based on nominal and local stresses. Fatigue life is accounted for in terms of crack initiation life (Ni) and total 
fatigue life (Nf). Stress is accounted for using the nominal von Mises stress amplitude (σa,vMn) and local von Mises stress amplitude (σa,vML). 

Fig. 9. Three-dimensional fracture surface topologies acquired via optical focus-variation microscopy: (a) B/T = 2/3; (b) B/T = 2.  
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3.3. Fracture surface morphology 

Fig. 9 displays two examples of the typical fracture surface topologies 
obtained for this geometry when subjected to bending-torsion loading. 
In these two cases, the cracks propagated until the total failure of the 
specimens (and not until a crack length of 4 mm) to better understand 
the effect of multiaxiality on fracture surface topologies. At the first 
sight, it is clear that the fracture surface topologies are rather complex, 
either for higher shear stress levels (Fig. 9(a)), or for lower shear stress 
levels (Fig. 9(b)). The fracture surface is the result of a propagation in 
multiple planes with increasingly higher slopes, as the B/T ratio de
creases. The higher shear stress levels associated with lower B/T ratios 
increase the mixed-mode degree along the crack front resulting in more 
curved surfaces. 

A close analysis of the fracture surface topology in the crack initia
tion region (Fig. 10(a)) and crack propagation region (Fig. 10(c)) via 
optical focus-variation microscopy evidences a considerable variation of 
the fractographic features during the crack growth process. As can be 

seen in the pseudo-colour views, which show the height variation from 
the minimum z-axis coordinate, the surface roughness increases, as the 
crack propagates. At the crack initiation region, see Fig. 10(a), the in
terval of variation of the surface roughness values is smaller and varies 
through the surface in a smooth manner. In contrast, at the crack 
propagation region, see Fig. 10(c), the variations are more significant 
and tend to be more randomly distributed throughout the surface 
leading to higher levels of asperity. 

This behaviour can be explained by the successively higher levels of 
plastic deformation underwent by the material due to the reduction of 
the uncracked cross-section of the specimen. The histograms of the 
height distribution and the Abbott-Firestone curves confirm this fact: the 
crack initiation regions (Fig. 10(a)) have higher frequency peaks in the 
middle range of the histogram, while in the crack propagation region 
(Fig. 10(c)) the higher frequency peaks are disperse throughout the 
entire histogram without a clear distribution trend which can be caused 
by the higher fatigue crack growth rates associated with this region. This 
different behaviour is highlighted in cumulating functions of the depth 

Fig. 10. Pseudo-color views and Abbott-Firestone curves obtained for the of the height distribution from the minimum z-axis coordinate for: (a) the crack initiation 
region; (b) junction of cracks; (c) crack propagation region. 
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distribution represented by the red curves. In the case of the crack 
initiation region, the curve increases rapidly in the intermediate region, 
while in the crack propagation region the curve is almost linear. 

Fig. 10(b) shows the fractographic features of a region where two 
cracks met and coalesced. The red area of the pseudo-colour view 
identifies the fatigue step formed during the junction of both cracks 
while the remaining area displays the fracture surface of one crack 
before the coalescence. As can be seen in the figure, there is a clear 
contrast between the two above areas; the height values change abruptly 
when the two cracks met, as reflected by the Abbott-Firestone curve (see 
the red curve). Although the highest frequency peaks appear in the range 
200–240 μm (which are close to those reported for the crack initiation 
region) we can also find relevant frequency peaks in the range 600–700 

μm. 
The examination of the fracture surfaces by scanning electron mi

croscopy (SEM) has confirmed that the fatigue crack initiation process is 
characterised by the nucleation of two cracks in two opposite sides of the 
hole but close to the outer cylindrical surface. This is clearly visible in 
the overview images of the fracture surface near the hole region for the 
loading cases B/T = 2 (Fig. 11(a)) and B/T = 2/3 (Fig. 11(b)) where the 
fatigue crack initiation sites are identified by the arrows. This behaviour 
agrees with the numerical predictions (see Fig. 4) which suggests that 
initiation occurs in two diametrically opposite locations near the border 
of the hole but in the spherical surface. 

Another interesting finding is that the positions of the fatigue crack 
initiation sites are affected by the multiaxial loading scenario and tend 

Fig. 11. SEM images of the fracture surfaces. General overview of the hole region for: (a) B/T = 2 and (b) B/T = 2/3; detailed view of the initiation site for: (c) B/T 
= 2 and (d) B/T = 2/3; fatigue step caused by coalescence of multiple cracks for: (e) B/T = 2 and (f) B/T = 2/3. The arrows represent the fatigue crack initiation sites. 

R. Branco et al.                                                                                                                                                                                                                                 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


International Journal of Fatigue 162 (2022) 106947

10

to approach the outer cylindrical surface, as the B/T ratio increases. This 
fact can be clearly distinguished in the detailed views of the fatigue 
crack initiation regions of the left side of the samples, taken with the 
same magnification, for the loading cases B/T = 2 (Fig. 11(c)) and 
B/T = 2/3 (Fig. 11(d)). It can be concluded that the fatigue crack 
initiation sites, identified by the arrows, move to more interior regions, 
as the shear stress level increases. These results also agree with the 
conclusions drawn from the numerical simulations (see Fig. 4). 

The analysis of the fracture surfaces can provide important clues on 
the failure mechanisms associated with the fatigue crack initiation and 
fatigue crack propagation stages under various multiaxial loading con
ditions. The examined samples (see Fig. 11(a)-(d)) exhibited a number of 
distinct features of cleavage fracture in the region of fatigue crack 
initiation, such as river patterns, cleavage steps, feather marks, facets, 
and serpentine glides, suggesting a brittle nature of fracture [45–46]. 
Furthermore, Fig. 11(c) and Fig. 11(d) show that the cleavage fractures 
initiated on multiple cleavage lines forming a river pattern with radial 
convergence to the initiation sites. These pictures also reveal highly 
tortuous paths mainly formed by cleavage steps spread across the entire 
region. 

The fatigue steps resulting from the coalescence of the two cracks for 
the loading cases B/T = 2 and B/T = 2/3 are shown in Fig. 11(e) and 
Fig. 11(f), respectively. In both cases, as can be seen in Fig. 11(a) and 
Fig. 11(b), the interception of the two propagation planes occurred near 
the deepest point of the hole surface, which may suggest that the two 
cracks initiated for a similar number of loading cycles and propagated 
with identical fatigue crack growth rates. Moreover, we can see in these 
magnified pictures the existence of secondary cracks with variable 
length in areas close to the fatigue step. This is particularly evident in the 

case of Fig. 11(e). 
The fractographic features of fatigue crack propagation stages can be 

observed in Fig. 12. Irrespective of the loading scenario, we can clearly 
see the presence of cleavage steps along with fatigue striation marks 
partially developed in localised regions. The highly-magnified pictures 
also show that the fatigue striations suffer some annihilation. This 
behaviour suggests that the crack propagates in a dominant mixed-mode 
condition. It can also be seen that the variations of the local stresses, and 
possibly the microstructural changes, alter the orientation of fracture 
planes as well as the direction of fatigue striations. Moreover, multiple 
secondary cracks are also found which may result from the interaction of 
inclusions with the propagation striations [22]. 

3.4. Multiaxial fatigue life assessment 

Fatigue life assessment of notched components is a challenging task. 
The current methodologies are generally based on different design 
philosophies which may include nominal stress-strain approaches, local 
stress-strain approaches, critical distance approaches, and energy-based 
approaches [47–55]. The two last groups are among the most popular 
because of their versatility to deal with complex geometric discontinu
ities and multiaxial loading histories. In this study, we apply the model 
proposed by Liao and Zhu [32] based on the sophisticated concept of 
Energy Field Intensity (EFI). Nevertheless, in the current approach, the 
model is formalised using a linear-elastic framework in conjunction with 
a local stress-strain approach [33–34]. 

The above-mentioned approach can be divided into two tasks. The 
first is focused on the material characterisation and the main goal is the 
development of a fatigue master curve relating the total strain energy 

Fig. 12. High magnification micrographs of fracture surfaces: (a) B/T = 2/3; (b) B/T = 1; (c) B/T = 1; (d) B/T = 2.  
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density to the number of cycles to failure. This energy-life function is 
generally materialised by means of a series of strain-controlled tests 
performed using standard smooth specimens [56]. The fatigue master 
curve for the 7050-T6 aluminium alloy, determined in a previous study 
by the authors, is exhibited in Fig. 13 [36]. The tests were conducted 
under strain-controlled conditions for strain amplitudes (εa) in the range 
0.5–1.75% and strain ratios (Rε) of − 1, 0, and 0.5. The fitted function for 
Rε = 0 is shown in the figure. 

The second task is devoted to the assessment of the fatigue crack 
initiation life of the notched geometries. Firstly, the multiaxial stress- 
strain state (see Fig. 14(a)) is reduced to an equivalent uniaxial stress- 
strain state via the equivalent von Mises stress (see Fig. 14(b)). The 
pseudo-elastic stress fields (represented by the L.E. function) are used to 
generate a series of hysteresis loops along the nodes near the notch root 
by applying a local stress-strain (LSS) method (e.g. Neuber’s rule, 
Glinka’s rule, etc.). Fig. 14(c) plots an example of the generated hys
teresis loop for the von Mises stress range of the ith node of Fig. 14(b). 

The previous step allows the computation of the elastic-plastic stress 
fields (represented by the E.P. function) and also the distribution of the 
total strain energy density at the geometric discontinuity (see Fig. 14 
(d)). Here, ΔWT(r)) is defined by the sum of both the plastic (ΔWp) and 
the elastic positive (ΔW+

e ) components. Based on the above energy 
distribution, an effective value of the total strain energy density 
(ΔWT,eff) is computed taking into account the total strain energy density 
gradient (χ(r)) represented in Fig. 14(d). Finally, the fatigue life is 
determined by inserting an effective value of the total strain energy 
density (ΔWT,eff) into the fatigue master curve of the tested material (see 
Fig. 14(e)). 

The effective value of the total strain energy density in the vicinity of 
the notch is computed by accounting for the influence of the total strain 
energy density gradient, i.e. 

ΔWT,eff =
1

reff

∫reff

0

ΔWT|1 − rχ(r)|dr (2)  

χ(r) = 1
ΔWT,max

d(ΔWT)

dr
(3)  

where ΔWT is the total strain energy density function associated with 

the external fatigue load, χ(r) is the total strain energy density gradient, 
and reff is the radius of the damage zone given by the distance between 
the minimum value of the total strain energy density gradient function 
and the notch tip. Detailed information about this highly efficient model 
can be found in the recent paper by Liao et al. [32]. 

Fig. 15 shows, as an example, the distribution of the pseudo-elastic 
equivalent von Mises stress in the vicinity of the notch determined 
from the linear-elastic numerical simulations. The figure also plots the 
elastic-plastic von Mises stress distributions obtained by applying the 
two local stress-strain approaches used in this study, namely the Neu
ber’s rule, and the Glinka’s rule. As can be seen, the pseudo-elastic 
equivalent von Mises stress is maximum at the notch tip, decreasing 
gradually to an asymptotic value. The application of the two local stress- 
strain approaches, as expected, corrects the stress profiles close to the 
geometric discontinuity but does not affect the stress distributions in 
regions far from the notch tip. Another interesting finding is that the two 
functions are similar, except in a small extent near the notch surface. 

The functions of the total strain energy density computed from the 
elastic-plastic stresses with the two local stress-strain approaches are 
also plotted in Fig. 15. As referred to above, the total strain energy 
density was determined by the sum of both the plastic and the elastic 
positive components (see Fig. 14(c)). It is clear from the figure that the 
two approaches, in this case, lead to very similar energy distributions 
(see the circle series) since both curves are overlapped. A closed look at 
the figure shows that the values near the notch root are slightly higher 
for the Glinka’s rule than for the Neuber’s rule. The differences between 
the two functions increase for higher values of the applied stress level. It 
should be highlighted that similar trends were also found in the other 
cases analysed in this study. 

Fig. 16 displays the typical total strain energy density gradients in 
the direction of the maximum total strain energy density obtained with 
the two local stress-strain approaches employed in this study. At the first 
sight, we can see that, irrespective of the local stress-strain approach, the 
functions of the total strain energy density gradients are similar. 
Therefore, this means that the radii of the damage zones (reff) are also 
identical. Moreover, it is clear that the energy gradients are higher near 
the vicinity of the notch than in remote positions. This indicates that the 
points closer to the geometric discontinuity, where the total strain en
ergy density is also higher, contribute more to the fatigue crack initia
tion process than the points in remote positions. These trends were also 

Fig. 13. Total strain energy density versus number of reversals to failure obtained from smooth samples subjected to uniaxial strain-controlled conditions for 
different strain ratios (Rε). 
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Fig. 14. Main steps of the fatigue life assessment model: (a) multiaxial loading scenario; (b) reduction of multiaxial stress state to an equivalent uniaxial stress state 
(L.E. represents the linear elastic distribution while E.P. represents the elastic–plastic distribution obtained with a local stress–strain approach); (c) generation of a 
representative hysteresis loop for the ith node along the notch root; (d) computation of the distribution of the total strain energy density (ΔWT(r)) in the vicinity of 
the notch and calculation of corresponding energy gradient (χ(r)); (e) prediction of fatigue life. 

Fig. 15. Distribution of the maximum von Mises equivalent stress and the total strain energy density with the distance from the notch tip for B/T = 2/3 in the 
direction of maximum value of the total strain energy density. 

Fig. 16. Distribution of the total strain energy density with the distance from the notch tip for B/T = 2/3 in the direction of maximum value of the total strain energy 
density and the corresponding functions of the total strain energy density gradient. 
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found for the other cases considered in this study. 
The analysis of Fig. 16 allows the identification of two obvious 

stages: a first region, close to the notch root, where the total strain en
ergy density gradient drops rapidly; followed by a second region with 
almost stabilised values. A simple manner to divide these regions is by 
using the radius of the damage zone (reff) which corresponds to the 
minimum value of the strain energy density gradient function (i.e. χ(r) 
= − 0.401 mm− 1 for reff = 0.325 mm). In the first region, the stress-strain 
concentration effects are more serious and, therefore, the total strain 
energy density gradients are more significant. It is interesting to note 
that the value of the total strain energy density corresponding to the 
minimum value of the strain energy density gradient is nearly equal to 
80% of the total strain energy density that exists at the notch tip. 

Finally, by inserting the effective values of the total strain energy 
density of the different loading cases into the fatigue master curve of the 
7050-T6 alloy, see Fig. 14(e), we are able to estimate the fatigue crack 
initiation life (Np). Fig. 17 plots the numerical predictions against the 
experimental results (Ni) for the different multiaxial loading cases and 
the two local stress-strain approaches (circle and rectangle series). The 
calculated values for the Glinka’s rule (Np,G) and the Neuber’s rule (Np, 

N) are listed in Table 4. For the sake of comparability, safe and unsafe 
scatter bands with factors of two (i.e. Ne = 2Np and Np = 2Ne) were 
plotted in the figure. Overall, the fatigue lives predicted using the pro
posed approaches correlate well with the experimental observations. 

A detailed analysis of the figure shows that the two models led to safe 
and unsafe results, but with more points shifted to the safe region. In 
addition, it is worth to note that all points, either for the Neuber’s rule or 
for the Glinka’s rule, were within scatter bands with factors of two 
(dashed straight lines). Comparing the two approaches, we can conclude 
that the predictions are very similar and that the Neuber’s rule is slightly 
less conservative than the Glinka’s rule. The analysis of the fatigue life 
prediction error, defined as the logarithm of the Np/Ne ratio (i.e. Log Np/ 
Ne), shows that the mean error (γ) was higher for the former (γNeuber =

− 0.0477) than for the latter (γGlinka = − 0.0642) which agrees with the 
previous conclusions. Regarding the standard deviation (η), the values 
also were rather consistent (ηNeuber = − 0.2171 and ηGlinka = 0.2287) 
reinforcing the robustness of the proposed methods. 

To conclude this section, we would like to highlight that the pro
posed approaches are capable to provide good correlations in terms of 
fatigue crack initiation life, as demonstrated above, but they are con
servative in terms of total fatigue life. As can be seen in Fig. 17, see the 

triangle and diamond series, if we correlate the predicted fatigue lives 
(Np) with the total fatigue life (Nf), which was calculated for a crack 
length equal to 3 mm, irrespective of the method used in the analysis, all 
points are moved to the safe side. This cannot be necessary negative but, 
in most of cases, such a translation is excessive, leading to too high safety 
factors. 

4. Conclusions 

The present paper studied the fatigue crack initiation and fatigue 
crack propagation behaviour of cylindrical bars with a lateral hole made 
of 7050-T6 aluminium alloy under multiaxial bending-torsion loading. 
The multiaxial fatigue campaign comprised different normal stress to 
shear stress ratios and different nominal stress amplitudes. The sites of 
fatigue crack initiation and the angles of fatigue crack initiation were 
determined from the distributions of the first principal stress. Fatigue 
lives were predicted using an energy field intensity approach formalised 
in a linear-elastic framework combined with a local stress-strain model 
for notch plasticity analysis. The following conclusions can be drawn:  

• The process of fatigue crack initiation was characterised by the 
nucleation and growth of two cracks in diametrically opposite sides 
of the hole. The increase of the shear stress level moved these loca
tions to more interior points of the spherical surface, which was 
confirmed by both scanning electron microscopy and numerical 
simulation;  

• The proposed criterion based on the maximum value of the first 
principal stress at the notch surface was capable to capture the sites 
of fatigue crack initiation for this geometric discontinuity when 
subjected to proportional bending-torsion loading. More than 80% of 
the predicted values exhibited errors lower than ± 5ο;  

• The angles of fatigue crack initiation were also successfully predicted 
by accounting for the first principal direction at the crack initiation 
sites. More than 75% of the predicted values exhibited errors lower 
than ± 10ο. The existence of local stress raisers introduced by the 
drilling process at the geometric discontinuity may have introduced 
some scatter;  

• The pseudo-elastic equivalent von Mises stress computed at the crack 
initiation site was able to correlate both the fatigue crack initiation 
life and total fatigue life with the multiaxial loading scenario. On the 
contrary, the nominal von Mises stress was not an adequate fatigue 
damage quantifier for the tested conditions;  

• The crack initiation regions exhibited distinct features of cleavage 
fracture, such as river patterns, feather marks, facets, etc., suggesting 
a brittle nature of fracture, while the crack propagation regions 
exhibited fatigue striations with partial development and evidence of 
annihilation, which is sign of crack propagation in a dominant 
mixed-mode condition;  

• The new concept of energy field intensity, implemented in a linear- 
elastic framework in conjunction with a local stress-strain 
approach (e.g. Glinka’s rule or Neuber’s rule) for notch plasticity 
analysis, was sufficiently accurate to assess the fatigue crack initia
tion life in notched geometries subjected to proportional bending- 
torsion loading;  

• The fatigue crack initiation lives predicted with the proposed energy- 
based approaches correlated well with the experimental results. In 
both cases, all points were within scatter bands with factors of ± 2. 
Overall, the Neuber’s approach was slightly less conservative than 
the Glinka’s approach, but the differences were not significant. 
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Fig. 17. Comparison of predicted and experimental fatigue lives for the 
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