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1. Introduction

Useful information about some quantum mechanical systems may be obtained by analyzing
models in which interactions between their constituents are of contact nature, i.e.,, occur only
when distances between the constituents are zero. In the literature, such idealized models are
often referred to as contact-, point- or delta-interaction approximations. Their variants differ among
themselves in how the point interactions are mathematically built into them. One procedure,
employed mainly in analysis of one-dimensional systems, is to use the Dirac delta function (and,
occasionally, its first spatial derivative) in the potential energy term in the Hamiltonian of the
system. Another possibility, used predominantly in studies concerning two- and three-dimensional
systems, is to impose certain conditions on a wave function at those points in the configuration
space that correspond to the situation when two or more components of the system are at the
same location in the physical space. It is the latter approach that underlies the so-called “zero-
range potential method” (or “zero-range potential approximation”), which has been popularized
by Demkov and Ostrovskii [1] and by Drukarev [2], and which is sometimes used in theoretical
atomic, molecular, and solid state physics.

The research conducted so far on the construction and use of point-interaction models has
focused mainly on nonrelativistic systems. Only a relatively small number of works have dealt
with corresponding models for particles described by relativistic wave equations; representative of
that group are the publications listed in Refs. [3-12]. In particular, in Refs. [7,9] the present author
outlined a formalism that generalizes the nonrelativistic one from Refs. [1,2] and enables one to
study stationary scattering of Dirac particles off an arbitrary system of spatially distributed point
obstacles. The purpose of the present work is to complement Refs. [7,9] by developing a model that
allows one to consider massive Dirac particles bound by a system of zero-range potentials in R3.

The paper is structured as follows. In Section 2, we present basic principles of our model. The
problem of orthogonality and normalization of particle’s bound-state eigenfunctions is discussed
in Section 3. An auxiliary set of Sturmian functions is introduced in Section 4. These functions
are then used in Section 5 to construct an explicit representation of the Dirac-Green’s function
associated with the problem. Two illustrative examples - a particle interacting with a single zero-
range potential center and a particle in a field of two identical zero-range potentials — are worked
out in Section 6. A brief discussion of possible further developments of the model is provided in
Section 7.

2. The model

We consider a Dirac particle of rest mass m, bound by a system of N > 1 zero-range potentials,
located at the points r,, n = 1,...,N. Everywhere in R?, except at the potential centers, the
time-independent bispinor wave function ¥,(r) describing the particle obeys the Dirac equation

[—iche - V +mc?B — EZ1W(r) =0 (r#r;n=1,...,N), (2.1)

where 7 is the unit 4 x 4 matrix, & and § are the standard 4 x 4 Dirac matrices [13], while E,
(assumed to be real and such that —mc? < E, < mc?) is particle’s eigenenergy which is to be de-
termined. In the model that we propose in this work, the wave function ¥,(r) is taken in the form

i fkalr = Tnl)Xan (2.2a)
2\ Sieak; 0 VF(Kalr = Fal)an |
or equivalently

N —
Z < fkalr — 0 Xan ) ) (2.2b)

=1 igqg(kalr — 1 )pn(r) - 0 Xan
2
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In Egs. (2.2a) and (2.2b), and hereafter, the functions f(z) and g(z) are defined to be!

flz)= — (2.3a)
z
and
df(z) e* e*
g(z) = o -5 T (2.3b)
z z z
respectively, k, and ¢, are eigenenergy-dependent parameters defined as
mc2)? — E2
k= VI 7 E (2.42)
ch
mc2 —E
gg= ] —2 (2.4b)
mc2 + E,
respectively, o is the vector composed of the Pauli matrices and
r—r
o) = " (2.5)
|r — 1y

is the unit vector pointing from the center r, to the observation point r. The parameters k, and &,
defined in Eqgs. (2.4) are easily seen to be related through

2mec g

ks = T@ (2.6a)
or conversely
- 1 — (hky/mc)? _ fikg/mc ’ (2.6b)
fikq/mc 1+ /1 — (hk,/mc)?

with the upper (respectively, lower) signs chosen for 0 < E, < mc? (respectively, —mc? < E; < 0).
The two-component spinors xq,, which are also to be determined, may be interpreted as generalized
superposition coefficients in the linear combination (2.2).

The selection of f(z) in the form (2.3a) guarantees that for r # r, the nth term in the sum (2.2a)
does solve the Dirac equation (2.1) separately, regardless of the particular choice of the spinor yq,
it involves. At r = r,, the upper and lower components of that term exhibit the first- and the
second-order singularities, respectively. The reader may wish to observe that the form of the upper
component of ¥,(r) in either of Egs. (2.2) mimics that of a wave function used in the nonrelativistic
variant of the method [1,2], except that in the present case the superposition coefficients are the
Pauli spinors rather than complex numbers.

To complete our model, we represent the interaction between the Dirac particle and the set of
zero-range potentials by subjecting the particle’s wave function to the following limiting conditions:

. h _
lim [1(r —ry) ot %w — 1o + ek, 1;3(”} Y (r)=0 (n=1,....,N) (27)

r—ry

at the points where the potentials are placed (see Fig. 1). Here, the 4 x 4 matrices (™) and 8(*),
and their counterparts a{~) and (=) to be used later, are defined to be

o = gH)g = g, (2.8a)

B = %(I + B), (2.8b)

1 In a two-dimensional model, in which both the potential centers and the Dirac particle itself are confined to the
plane, the analogues of the elementary functions f(z) and g(z) of Eqs. (2.3a) and (2.3b) will be the cylindrical Macdonald
functions Ko(z) and K;(z), respectively.
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Fig. 1. The Dirac particle of mass m and the position vector r in the field of N zero-range potentials. Each potential
center is characterized by its position vector r,, the real scalar x, and the real vector k,. The relationship between the
two latter parameters and the 2 x 2 interaction matrix K, associated with the nth potential center is given in Eq. (2.10).

respectively, while Icgf’) are 4 x 4 energy-independent matrices that may be expressed in terms of
the 2 x 2 Hermitian matrices K, as

K, O
(+) — n
KL = < 0 0), (2.9)

with zeros denoting the 2 x 2 null matrices. In later considerations we shall be exploiting the
well-known fact that in the Pauli basis, consisting of the unit 2 x 2 matrix I and the Pauli matrix
vector o, the matrices K, have the representations

Ky = xyl + Ky - 0, (2.10)
where
1
ny = ETrKn, (2.11a)
and
1
Ky = ETr(aKn). (2.11b)

Since the matrices K, are presupposed to be Hermitian, the scalars »x, and the vectors k, are real.

The limiting conditions (2.7) guarantee (cf. Appendix) that none of the points r, is a source or
a sink, i.e., that the flux across a spherical surface S,, centered at the point r, and of radius p — 0,
does vanish:

lim &®pp (P + o) Jo(Fn+p,) =0  (n=1,...,N), (2.12)
— Sn
where p, (with |p,| = p) is the radius vector (respective to the center r,) for a point on Sy,

wo(rn + p,) = p,/p [cf. Eq. (2.5)] is the unit outward vector normal to S, and
Ja(r) = ¥l (rawy(r) (2.13)

(here and hereafter, the dagger denotes the Hermitian adjoint matrix) is the Dirac current density
vector.
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Substitution of the wave function ¥,(r) in the form (2.2b) into the limiting conditions (2.7) yields
the following homogeneous algebraic system for the spinor superposition coefficients xg,:

N
h
( 1@—1) Xan+ ) flkalrn = Twlxar =0 (n=1.....N). (2.14)
2mce,

n'=1

(' #n)

With both current and future applications in mind, we introduce a 2N x 2N matrix L(E) built of
2 x 2 blocks

h
Ly (E) = 8w < Kn_l> + (1= Spw ) (Klrn — 1 I (n,n"=1,...,N), (2.15)
2mce

where k and ¢ are defined in terms of an energy parameter —mc? < E < mc? (which may or may
not be equal to one of particle’s eigenenergies E,) as [cf. Eqs. (2.4)]

2\2 __ EZ
k= % (2.16a)
c
and
mc2 —E
Y (2.16b)

respectively. Defining also a 2N-element column vector

o= (xh o xh) (2.17)

(here and hereafter, T denotes the transpose matrix), we may rewrite the system (2.14) in the
compact form

L(Eq)xq = O. (2.18)
The system (2.18) has nontrivial solutions x, only if the determinant of its matrix L(E;) vanishes:
detL(E;) = 0. (2.19)

This is an algebraic equation for E, and its roots obeying the constraint —mc? < E, < mc? play the
role of particle’s bound-state eigenenergies in our model.

From Egs. (2.14) and (2.15), one may deduce several useful sesquilinear identities involving the
spinor coefficients yg,. We list four of them here. The first one is

- N N 3Ly (E)

_ _ _r, nn
% Z X;nKnXan + Eaka 1 Z e kalrn r, lX;nXGn’ = Czhzka Z Xgn |:8E'] Xan' -
n=1 E=Eq

n,n'=1 n,n'=1

(2.20)

It will find an application in Section 3, in the context of normalization of the eigenfunctions (2.2).
The second one,

E E N N
b —
- Z X[jnKnXan — (kp — kq) Z XJnXan
n=1 n=1

2mc?

N
+ Y X Xaw [kaf (Kolrn = Trl) = kaf (kalr — Fw )] =0 (Ep # Ea), (221)

n.n'=1

(n#n')
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may be shown to be closely linked to the orthogonality relation (3.14). The last two identities,

N N
(€0 = €a) D XopXan = Y Xy Xaw [E6f (KolPn = Tur]) = eaf (kalt — Fw )] =0 (Ep # Ea)
n=1

n,n'=1

(n#n')
(2.22a)
and
h N N
5= (e =) D XnKnxan + D xguXaw [ (Kol — ¥rl) = f(Kalrn — )] = O
=1 nn'=
! (n#n’;
(Ep # Ea), (2.22b)

are presented here because of their structural simplicity.
3. Orthogonality and normalization of eigenfunctions
Consider two bound-state eigenfunctions ¥,(r) and ¥,(r), belonging to the energy eigenvalues E,

and Ej, respectively. If we premultiply the Dirac equation obeyed by ¥,(r) with lI/J(r) and integrate
the result with respect to r over the domain

N
R} =R\ [ W, (3.1)
n=1
where V,, n =1, ..., N, is a sphere of radius
O<p< min |ry—ry| (3.2)
1<n’#n”<N

centered at r, (for simplicity, we choose radii of all spheres V, to be identical), this gives

/ ) dPr v (r)[H — EZ]¥u(r) = 0, (3.3)
R

where we have denoted
H = —icha - V + mc?B. (3.4)
Integrating in Eq. (3.3) by parts and exploiting the Gauss divergence theorem yields

/3 dPr {[H — EZ1W(r)} Wo(r) — chf A2 00 W) (Poo)ioo - AWl
R

0 Soo
ch N
+ = > f & p, W (rn + py)ip, - aWa(rn + p,) = 0, (35)
n=1 Sn

where n, is the outward unit vector on the spherical surface at infinity (S.,) at the point charac-
terized by the (infinite) radius vector p.,, while p, (with |p,| = p) is the radius vector (respective
to the center r,) for a point on the spherical surface S, bounding V, [cf. the comments following
Eq. (2.12)]. We observe that because both eigenfunctions ¥,(r) and ¥,(r) decay exponentially for
r — oo, the surface integral over S, vanishes. As regards the surface integrals over S,, with the
use of the identity

a=at) o) (3.6)
we split each of them into two integrals and then modify the one containing the matrix o~ using
o) = ot (3.7)

6
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This converts Eq. (3.5) into

N
ch .
(Ey — Eq) / | &) + > > jf & p, ) (ra + py)ip, - Wy + py)

0

h o ,
- Z?g d®p, [ip, - (10 + p, )" Wa(rn + p,) = 0. (3.8)

So far, the radius p has been arbitrary except for being subjected to the constraint (3.2). At this
stage, we let it tend to zero. Transforming the surface integrals over S, with the aid of the limiting
conditions (2.7) and making use of the fact that

E, —E

-1 -1
epky —edk, = — T

% (epky ' Neaky ") (3.9)

casts Eq. (3.8) into the form

(Ep — Eo) lim {/ d’r &) (r)w,(r)
p—0 [R?

_(sbkbia %dz By —=0. 3.10
. ZS P ) (rn + p)B W1 + ) (3.10)

From Eq. (3.10), we see that if E; and E, are distinct, then the eigenfunctions ¥,(r) and ¥,(r) are
orthogonal in the sense of

epky, Neaky
lim :/3 r v (rw,(r) - (”f Zyg d?p, & (rn + p,) B (1 + pn)} =0
R} Sn

p—0

(Eq # Ep). (3.11)

If for any two sufficiently regular four-component functions @(r) and @’(r) we define their
volume

(@]@).: = / d*r oT(r)®'(r) (3.12)
14 R?;
and surface
(¢|(p,)sn = % dzpn ol (r, + P)P'(Ty + py,) (3.13)
Sn
scalar products, then the orthogonality relation (3.11) may be compactly rewritten as
. (evky Neaks 1) <
lim { (W] algy — == === D (W] ) 1 =0 (Eo #Ep). (3.14)
n=1

In what follows, we shall be assuming that eigenfunctions belonging to degenerate energy eigenval-
ues (if there are any) have been linearly transformed among themselves so that the orthogonality
relation
(epk N(eak!) &
. _ b a%q (+) —

i‘E}) (4/,,]11/6,)&2 e ;(%\ﬂ W), (=0 (a#b) (3.15)
holds as long as ¥,(r) and ¥,(r) are linearly independent, even if E; = E, (i.e., if & = &, and
ka = kb).

One may look on the sesquilinear form

g (enky ' Neaky ) -
(5| W) = lim 1 (5[ Wa)s — e PCALEAN (3.16)

n=1

7
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as a scalar pseudo-product of two eigenfunctions ¥, (r) and ¥,(r). It is not sign-definite since in the
product of ¥,(r) with itself, i.e., in the form

. &2k 2 ul n
<<wa!wa>>=m{(%|% - Z%!ﬂ o), [ - (3.17)

the expression between the curly brackets is a difference of two nonnegative terms and nothing can
be said a priori about the sign of its limit. We define the pseudo-norm ||| of the eigenfunction
v, (r) as

[Wall = /1 %a|Wa))| > 0. (3.18)

The eigenfunctions with vanishing pseudo-norm, i.e., those for which it holds that
(Wa|Wa) =0, (3.19)

will be called null-eigenfunctions. In addition, we define the signature A, € {0,=+1} of the
eigenfunction W,(r) as

= sgn (Y| ¥%) (320)

(please observe that null-eigenfunctions have signature zero).

In standard quantum mechanics, it is frequently convenient to work with bound-state eigenfunc-
tions normalized to the unity with respect to the natural norm induced by a scalar product under
which eigenfunctions belonging to different eigenvalues are orthogonal. Provided that A, = %1, in
our case the analogous normalizing role is played by the constraint

«Wa|lpa» = Aq, (3.21)

which, at least formally, determines W,(r) up to a multiplicative phase factor. On combining
Eq. (3.21) with the orthogonality constraint (3.15), we then obtain the generalized orthonormality
relation

(| ¥a)) = SpaAa (3.22)

obeyed by the eigenfunctions to the problem we study here.

Equations (3.21) and (3.17) are important from the theoretical point of view. However, it turns
out that except for the simplest case of a particle bound in the field of a single zero-range potential
(cf. Section 6.1), this pair cannot be used to practically perform the eigenfunction normalization
process. The reason for this is that if more than one potential center is involved, the volume integral
(lPa|tI/a>R% appearing in Eq. (3.17) is not amenable to direct analytical evaluation. To overcome the
difficulty, we shall transform the formal definition (3.16) of the pseudo-product ((lI/b|lI/a)) to an
operational form. To this end, consider the easily provable operator identity

HB) — U + mc*z =0, (3.23)
which is obeyed by the Dirac Hamiltonian (3.4). Premultiplying Eq. (3.23) with lIIbT(r), postmulti-
plying with ¥,(r) and integrating over the domain ]Rf; yields

(W[ HB a3 — (9| B HWa) 5 + me*( | W) 5 = 0. (3.24)

If in the first term on the left-hand side the action of # is transferred to the left with the aid of the
integration by parts, this gives

(Hwy | B >w)R3 +& Z W ip, - W, )Sn —(%|ﬂ(“H%)Rg +mc2(wb|wa)Rz =0, (3.25)

n=1

where we have exploited the fact that the surface integral over the infinite sphere S, vanishes.
Since ¥,(r) and ¥, (r) are eigenfunctions belonging to the energy eigenvalues E, and Ej, respectively,

8
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and since the identity (2.8a) holds, Eq. (3.25) may be rewritten in the form

N
(| [Es ™) — Eap™) + mc®Z]Wa) 5 + % > (@lip, - M) =0 (3.26)

n=1

In the limit p — 0, with the use of the interaction conditions (2.7), Eq. (3.26) goes over into

, heak:! o
tim :<%|[Eb,3<—) — B+ meP Ty — S Z(wbmwa)sn}

p n=1

h? N
=5 /l)l_l‘)l‘(l] (|50 g - (3.27)

Using elementary properties of the matrices 8*), the above result may be further transformed into
the integral identity

—0
r n=1

-1 -1y N
(Eb + mCZ) lim :(Wb|qj‘1>]}§z _ M Z(l]/b|ﬂ(+)lpa)sn}

2
= (Ep + Eo)(Ws | B W0)5 + ’L lim Z b K Wa) s, 0 (3.28)

where we have made use of the fact that

lim (5[ B0 0a), 3 = (9] B0 Wa),s. (3.29)

On invoking Eq. (3.16), the left-hand side of Eq. (3.28) is seen to be a multiple of the pseudo-product
((llfb|l1/a)). If the orthogonality relation (3.15) holds, which we shall assume to be the case, then
irrespective of whether the eigenfunctions have been normalized in the sense of Eq. (3.21) or not,
Eq. (3.28) may be cast into the symmetric form

hz
(Ep + Ea)(W| B W) 5 + o Jim Z AT AN

Wy | W) = . 3.30

(CALA) BT ch) (3.30)

This is the sought alternative representation for ((lI/b|lI/a)). In the particular case of b = q, it becomes

(Wa|wa) = (1 — £2)(Wa| B W0), 5 +

e
S—taky ! lim Z;(wapc(j)wa)sn. (3.31)
n=

The practical advantage of the representation of ((lI/a|l1/a)> given in Eq. (3.31) over the one in
Eq. (3.17) is that the surface and the volume integrals appearing in the former may be reduced
analytically to closed-form algebraic expressions. Using Eqs. (2.2b) and (2.3a), with no difficulty
one shows that

47
- (+) - t
in_r)no(wapcn o), = @ XanKn Xan- (332)

Reduction of the volume integral (¥, |8"%,)_, is a bit more involved. We have

e—ka|r—rn\ e—ka\r—rn/|

N
(+)
(Vo B W)y = *3 > xanxan// ey I rp—— (3.33)

=1

9


http://mostwiedzy.pl

A\ MOST

R. Szmytkowski Annals of Physics 444 (2022) 168974

The integral in Eq. (3.33) may be evaluated in the prolate spheroidal coordinates &, ny, @nw. The
former two are defined as
|r_rn| + |l‘—l‘n/|

Enw = P— (3.34a)
n— Iy

and
|l‘—l‘n| - |r_rn’|

, (3.34b)

N’ =
|rn - rn/l

respectively, whereas the latter is a rotational angle in a plane perpendicular to the vector r, — r, .
The ranges in which these coordinates vary are

1 <&y < oo, 1< <1, 0< @y < 27. (3.35)
Since from Egs. (3.34a) and (3.34b) one has
1
[r—rn| = 5|rn — (& + Nan)s (3.36a)
1
|r - rn’| = Elrn - rn/|($nn/ - nnn’)s (336]))
and since in the prolate spheroidal coordinates the infinitesimal volume element d3r is
3 [ry — rn’|3 2 2
dr = == (&0 — M) Ao i Ao, (3.37)
elementary integrations over the three variables yield the result
—kalr—rn| a—kalr—ry/|
f o T 2T iy (3.38)
R3 r —ry| |r—ry] kq

It then follows that

(wa| B,y = Z X5 Xawe Kl =T (3.39)

n,n'=1

On combining Eqs. (3.31), (3.32) and (3.39), we infer the following algebraic representation of the
pseudo-product (¥, | ).

N N
«Wa|"pa» = % |:(1 - 53) Z XJnXun’eikalrnir"/l + % Z XJnKnXan:|- (3.40)
a n,n'=1 n=1
Hence, the relation (3.21) may be rewritten in the following form:
27 . —kalrn—r,/| 8‘1 - T
k3 |:(] - 8 Z XanX e T 4 — me ZX"”KHXG":| = Aq. (3.41)
n,n'=1 n=1

If Aq # 0, Eq. (3.41) fixes the absolute value of a common multiplicative factor in the spinors xgp,
and thus actually normalizes ¥,(r).

It is profitable to juggle a bit with the form of Eq. (3.40). If we transform its right-hand side with
the aid of Eq. (2.4b), this gives

N N

4me h?

Walva) = {Eakgl 22 e S xJnKnX”"}' o
a nn'=1 =

It is immediately seen that the expression in the square bracket coincides with the left-hand side
of Eq. (2.20). Hence, we get the remarkable relationship

L(E
(Wa|Wa) = 4mchek;?x! WEN (3.43)
a a aE
E=Eq

10
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If it is combined with the normalization relation (3.21), the latter takes the form
dL(E)

47‘[Cfl8ak;2XT |:3E

a

] o = A, (3.44)
E=Eq

Equation (3.44) will find an application at the end of the next section, where we shall exploit it
to derive a useful relationship between a normalized eigenfunction ¥,(r) and a related Sturmian
function Xy(E, r).

4. The Sturmian functions

The Sturmian functions for our model are defined as these solutions to the Dirac equation
[—icha -V +mc?B —ET]|Z (E,r)=0 (r#r;n=1,...,N), 4.1)
which are of the form

N
fkir — ra])nan(E)
Tl ) =) (ieg(k|r — Fal)y(r) - anan(E)>

n=1

(4.2)

with f(z), g(z), un(r), k and ¢ defined in Eqgs. (2.3), (2.5) and (2.16), respectively, and which are
forced to obey the constraining conditions

h
lim {i(r =) @ o r = 1 K = A(Edelr — 1 B + ek"ﬁ(“} To(E. 1) =0

r—ry

(n=1,...,N) (4.3)

[cf. Eq. (2.7)], with Icff) defined as in Eqgs. (2.9)-(2.11). In Egs. (4.1)-(4.3), E is presumed to have
a fixed value from the range —mc?> < E < mc? [in general, E need not coincide with any of the
eigenenergies to the eigenproblem constituted by Egs. (2.1), (2.2) and (2.7)], whereas the role of
an eigenparameter is now taken over by the parameter A,(E) entering the limiting conditions (4.3).
The two-component spinors 14,(E) [not to be confused with the spheroidal coordinate 1,,, defined
in Eq. (3.34b)] entering Eq. (4.2) play the role of generalized linear combination coefficients and
may be determined by solving the algebraic eigensystem

N
Kn — [A(E) + 1]1} Nan(E) + Z fklry —rynaw(E)=0  (n=1,....N)  (44)

n'=1

(' #n)

{ 2mce

emerging after Eq. (4.2) is inserted into Eq. (4.3). If the spinors nq,(E) are collected in a 2N-
component vector

T
va(E) = (77;1(15) ce nZN(E)) s (4.5)
the eigensystem (4.4) may be rewritten compactly as
L(E)ya(E) = Aa(E)yd(E), (4.6)

where L(E) is the 2N x 2N matrix with its 2 x 2 block-elements defined in Eq. (2.15). We see that
Mq(E) and y4(E) are an eigenvalue and an associated eigenvector of the matrix L(E), respectively.
Since k and ¢ are real, L(E) is Hermitian and therefore we know in advance that all its eigenvalues
Mqo(E) are real, and also that eigenvectors belonging to different eigenvalues are orthogonal in the
sense of

VIEWA(E) =0  [p(E) # Aa(E)]. (4.7)

In what follows, we shall be assuming that eigenvectors associated with degenerate eigenvalues (if
there are any) have been orthogonalized in the same manner, and consequently it holds that

Vi(EWo(E)=0 (b +#a). (4.8)
11
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Temporarily, we leave aside the issue of normalization of the eigenvectors y4(E) and turn to the
problem of orthogonality and normalization of the Sturmian functions.

To this end, consider the volume integral {X,(E)|[# — EZ] Zo(E )>R3 over the domain R? defined
in Eq. (3.1). If the action of the operator H — ET is transferred to the Tleft with the use of the Gauss
integral formula, this leads to the identity

fl N
(Z(E)(H — EZ) E(E))y = (1 — EZ)E0(E)| Za(E))y; + % Y (Zo(E)ip, - @ Zo(E)) g, (49)
n=1

where the integral over the surface of an infinitely distant sphere S, has been omitted, being zero in
view of the exponential decay of both X, (E, r) and X,(E, r). Since the operator # — EZ annihilates
both Sturmians X,(E, r) and Xy(E, r) [cf. Eq (4.1)], the two volume integrals in Eq. (4.9) vanish,
yielding

1 N
= > (Zp(E)ip, L@ Zy(E))g, =0 (4.10)

n=1

and then, with the aid of Egs. (3.6) and (3.7),

—_

0. (4.11)

TJ

1 N N
5 2 (BuElipy - e ZuB) s, = D (imn - & EolE)| ZlE)
n=1 n=1

If we let the common radius p of the spheres S, tend to zero, after exploiting the constraints (4.3)
we obtain

[a(E) — Ap(E ]hmz Ey(E)| B E(E)) 5, =0, (4.12)

where we have also made use of the fact that the Sturmian eigenvalues are real [cf. the remark
preceding Eq. (4.7)]. Equation (4.12) implies that the Sturmian functions obey the orthogonality
relation

llm Z EHE) BV EuE) g =0 [M(E) # Aa(E)]. (4.13)

Actually, Eq. (4.13) does not offer anything more than Eq. (4.7) does. Indeed, using Eq. (4.2) it is
straightforward to show that

Sn

4
lim (Z4(E)| B 5E) 5, = 5 Ml EWn(E. (4.14)

hence, it follows that

“mZ Ep(E)| BT ZulE)) 5, = 5 Va(EMValE), (4.15)

4
3
which implies the equivalence of Eqs. (4.7) and (4.13). But if Eq. (4.15) is combined with Eq. (4.8),

one obtains a still more general orthogonality relation, namely
N

lim Z )T Z(E) g =0 (b#a). (4.16)
p—0
n=1
If we normalize the Sturmian functions in accordance with
N

lim (EG(E)|,3(+)Z‘G(E))S” =1, (4.17)

—0
r n=1

12
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we have the integral orthonormality relation

N
lim g(xbwnﬂ(“za(f))sn = Sha- (4.18)

Concluding this thread, we observe that imposing the constraint (4.17) we have automatically
normalized the eigenvectors y,(E), so that Eq. (4.8) may be replaced with the more general algebraic
orthonormality relation

4
k—fy,ﬁ(s)ya(s) = S (4.19)

Until this moment, the index used to distinguish between different Sturmian eigenpairs A4(E)
and X, (E, r) has not been related in any way to the index labeling particle’s eigenenergies E, and
their associated eigenfunctions ¥,(r). However, it is convenient to correlate these indices to have

Aa(Ea) =0 and  ye(Eq) = Aaxq, (4.20)
where A, is a proportionality factor which is to be determined. Then it holds that

Za(Eq, 1) = AgWy(T). (4.21)
To determine the coefficient A;, we invoke the Hellmann-Feynman theorem for the matrix L(E),
which is

ey () = Pl

After the limit E — E, is taken and then, on the left-hand side only, the use is made of the second
of Eqs. (4.20), Eq. (4.22) becomes

oL(E) 0Aq(E)
A2k | —=2 — i
e Xa|: oE :|E=Ea . |: oE ]E:Ea ValEalalFa) (423)

yYi(E)ya(E). (4.22)

A simplification occurs after the left-hand side of Eq. (4.23) is transformed with the aid of Eq. (3.44)
and the right-hand side with the aid of Eq. (4.19), the latter being taken in the case of b = a and
E = E,. This gives

orq(E
|Aq|? Aq = che, a(E) ) (4.24)
OE  Jpg
From this one finds that
Aq = Jcheq0ro(E)/0];g,  (Aq #0), (4.25)
an adjustable phase factor in A, being chosen to have A, real and positive, and also that
rq(E
Ag = sgn o) . (4.26)
OE  Jp_g,

In summary, we see that once the Sturmian eigenpairs A,(E) and X,(E, r) have been found, with
X (E, r) normalized in the sense of Eq. (4.17), one may determine the particle’s eigenenergies E,
from the first of Eqs. (4.20), whereas the associated eigenfunctions ¥,(r), normalized in the sense
of Eq. (3.21), are given by

_ Yo(Eq, 1)
/chealdra(E)/IE_g,

It should be observed that if E, is degenerate, the associated eigenfunctions resulting from Eq. (4.27)
may need to be orthogonalized to obey the orthonormality relation (3.22).

Wq(r)

(Aq # 0). (4.27)

13
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5. The matrix Green’s function and its Sturmian representation

In our model, the matrix Green’s function G(E, r, r’) due to a source located at the point ' # r,,

n=1,...,N, satisfies the inhomogeneous differential equation
[—icha -V +mc?B —ETIGE, r. )= —1T (r,r #r;;n=1,...,N), (5.1)
the asymptotic condition
o e—kr
G(E, T, 1) — A(E,T') - (5.2)

where A(E, r’) is a certain 4 x 4 amplitude matrix, and also the limiting constraints
h
lim [i(r —ry) ot + 2—|r — 1o+ sl<—1,3(+)] GE,r,rY=0 (n=1,...,N) (53)
r—rp mc

at locations of the potential centers [cf. Eq. (2.7)]. The energy parameter E is constrained to the
interval —mc? < E < mc?. We shall seek G(E, r, r’) in the form

2N
G(E.T.¥) = Go(E. 7. 7')+ ) SolE. 1)CJ(E. 1), (5.4)
a=1
where
) 1 " v 5 e—k\r—r’|
Go(E,r,r')= ——[—icha -V +mc°B + ET
o ) 4nc2h2[ B ]|r_r/|
k (E+mc)f(klr — ')l ichkg(klr —r'|)u(r,1')- o (5:5)
" 4mwc2n? ichkg(klr —r')u(r,r’)-o (E — mc?)f(kjr —r'|)I ’ '
with
g
prry=—_ (5.6)
r—r|

is the free-particle Dirac-Green’s function, X4(E, r) are the Sturmian functions of Section 4, while
CJ (E, r) are spinor expansion coefficients which remain to be determined. From the fact that
Go(E, r, ") is known to obey the inhomogeneous equation

[—icha - V 4+ mc?B — ETIGo(E, r, ') = 8P (r — ')z, (5.7)

whereas the Sturmian functions solve the homogeneous equation (4.1), we see that the function
G(E, r,r'’) defined above does indeed satisfy the inhomogeneous equation (5.1). In turn, it follows
from Eqgs. (5.5), (4.2) and (2.3) that the asymptotic condition (5.2) is also fulfilled. Hence, it remains
to adjust the coefficients CJ (E, r’) so that the constraints (5.3) are complied with.

To achieve the above goal, at first we observe that if the source point r’ is located in the domain
Rf) defined in Eq. (3.1), from Egs. (5.1) one has

(ZolE)|[# — ETIGE. )3 = Z(E. T), (5.8)
where # stands for the Dirac Hamiltonian (3.4). Then it trivially follows that

/l)i_r)r(l)(Z‘a(E)|[H — ETIG(E, r’))Rg = ZJ(E, 1) (5.9)

On the other hand, if in the integral (Z‘a ‘[H — ETIG(E, ))R3 action of the operator # — EZ is
transferred to the left, with the aid of the Gauss divergence formula one obtains

h N
(ZolE)|[# — ETIG(E, )5 = (M — ET)Zo(E)|G(E. 1))y + % > (ZulE)ip, - ag(E, 1)) .

n=1
(5.10)
14
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the omitted integral over the infinite sphere S, being zero. Now, the volume integral on the right-
hand side vanishes by virtue of Eq. (4.1), while use of Egs. (3.6) and (3.7) splits each of the surface
integrals into two ones. This leads to

(ZolE)|[# — ETIG(E, )5

N N
= % (2 (E )|lp co) g(E’r,))S,, _ %Z(Ipn 'a(+)2a(E)}g(E,r/))sn. (5.11)

n=1 n=1

Applying the limit p — 0 to both sides of Eq. (5.11) and transforming the right-hand side with the
aid of the limiting relations (4.3) and (5.3) gives

. _ (+ /
ﬂl)l_r)l‘(l)(Z‘a(E)“’}-[ — EZJG(E. 1")),5 = —Chelq( ) lim Z E)|B E.1))s,- (5.12)
Now, from Eq. (5.4) one has

; (+) /
/l)lin (ZaB)|BHGE, 1),

N 2N N
im Y (SB)BDG(E. 1) g + Y [}JL“O Z(Ea(5)|ﬂ<+>zb(ls))sn} ClE ). (5.13)
b=1 n=1

The first term on the right-hand side of Eq. (5.13) is zero, whereas the second one simplifies after
the orthonormality relation (4.18) is applied, yielding

N
lim » (Za(E)|BHGE, 1) s = CIE, ). (5.14)

—0
r n=1

Hence, one has

lim (X4(E)|[% — EZIG(E, 1')),s = —chedo(E)C](E, ) (5.15)
p—0 L
and further, after Eq. (5.15) is combined with Eq. (5.9),
/ 1 —1 /
CIE, 1) = ———2, ' (E)ZI(E, 1) (5.16)
che

Consequently, the sought form of the Sturmian representation (5.4) of G(E, r, r’) is

2N

G(E, 7, 1) = Go(E, 1, 7") — % > 3 (E)ELE. 1) Z](E ). (5.17)

a=1

From Egs. (5.17) and (5.5) the Green'’s function is seen to be symmetric in the sense of

GE,r,r)=G'(E, 1 1) (5.18)
6. Illustrative applications
6.1. Particle bound in a field of a single zero-range potential

6.1.1. Bound-state eigenenergies and associated eigenfunctions
Consider a particle moving in a field of a single zero-range potential located at the point r; = 0.
The 2 x 2 interaction matrix K (for brevity, we omit the subscript 1) is

K=xl+k-o. (6.1)
15
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The matrix L(E,) is simply

L(Ea) =

K—1I (6.2)

&a

and its determinant is

hoe 2 e \?
gere = (1) - (1) 3
mceg 2mce,

where k = |k|. Equating the right-hand side to zero [cf. Eq. (2.19)] and solving the resulting equation
for g, yields

h(x £
o, = NoeEK) (6.4)
2mc
where we have put a = =+ with reference to the two signs which appear on the right-hand

side. Since, by virtue of the definition (2.4b), e+ cannot be negative, we have the following three
possibilities:

’x < —K = there are no bound states
—k < x <k = there is one bound state of energy E (6.5)
=K = there are two bound states of energies E.,

where

- [h(x + K)T
E, =me?— L 2mc 1 (6.6)

I:h(x:t/c):r
14+ | ——
2mc

In accordance with the definition (2.4a) or with the relation in Eq. (2.6a), wave numbers associated
with the eigenenergies (6.6) are

_ x tk (67)

- [h(xix)]z'

2mc

ki

It follows from what has been said above that in the limiting case when ¥ = 0 and » # 0 (which
is the case of a ‘purely scalar’ interaction), there are no bound states if x < 0, whereas if » > 0,
then there are two degenerate bound states of energy

(se)
1—( —
2 2mc

1+ he \2'
2mc

the redundant subscript at E being omitted. In the second limiting case, i.e., for x = 0 and ¥k # 0
(which is the case of a ‘purely vector’ interaction), there will always be only one bound state of

energy
e\
1=\ 2me
E, = mcziz. (6.9)
14 hx
2mc
In the nonrelativistic approximation, Eqs. (6.6) and (6.7) go over into
2 h2(e £ )
2m

E=mc (6.8)

E+ >~ mc (6.10)

16
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and
ki =xtk, (6.11)

respectively. Approximations analogous to that in Eq. (6.10) obviously hold for Egs. (6.8) and (6.9).
Next, we turn to the eigenfunctions. Adapting Eq. (2.2b) to the present case, we see that the
eigenfunctions which belong to the eigenenergies E.. are

k
Wi (r) = ( Jerie > (6.12)
iexg(ker)n, - ox+

where n, = r/r is the unit vector in the direction of the position vector r and where the spinor
coefficients y. solve [cf. Eq. (2.14)]

( K —I) x+ =0. (6.13)
2mce4
Invoking Eq. (6.1), it is easy to see that the spinors y+ may be written as

X+ = c+éx, (6.14)

where c. are normalization coefficients to be determined later, whereas &, are normalized (in the
sense of Sl&: = 1) eigenvectors of the matrix « - o and obey

K- O'Si = :tKéi. (615)
The explicit forms of the spinors &, are

_ [ cos(6c/2) _ sin(6, /2)
S = (Sin(GK/Z)ei””)’ 5-= (— cos(6, /2)ei¢K> g (6.16)

where 0 < 6, < 7 and 0 < ¢, < 27 are the spherical angles of the vector «.

In Section 3, we have mentioned that the single-center system considered here is the one for
which the eigenfunctions may be effectively normalized using any of the two available repre-
sentations of the self-pseudo-product. To show that this is indeed the case, consider at first the
pseudo-product (('J/i|l1/i)> in the form (3.17), i.e.,

21,2
. eiks
(e |ws) = },‘E% {(%|%)R; - (l]/i|13(+)lpi)s} (6.17)
(the redundant subscript at S has been omitted intentionally). With no difficulty one finds that
2 2
Wolws) s =" | 1462 (14— ) [e 2ery] 6.18a
(v | i)mz 5 [ +e ( + kﬂ))] Xt X+ ( )
and
4
(A SIAN= %e*z"iﬂ xixs, (6.18b)
Kt
and consequently one has
) &2 k72 2
/l)ll'I}] {(q/i|lpi>]}§/3j B S (lp:l:|ﬂ(+)l1/:(:)s = k73(1 + Ei)xlxi. (619)
- +

Alternatively, we may take the pseudo-product ((llli‘llli» in the form

(e |we) = (1 ed) (e | pHws) 5 + zimcsik;‘ lim (W [0 ), (6.20)
which follows from Eq. (3.31). For the two integrals involved one easily obtains
(e [Py 5 = %xl)& (6.21a)
’ 17
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and

4 +
T 2D gataryfx.e, (621)

(+) —
(lpi |]C lpi)s - ki

respectively. This brings the right-hand side of Eq. (6.20) to the form
h 2
2 —1 7 _ A
(1- 8i)<wi|ﬂ(+)wﬂ:>m3 + %eiki Kl)lir})(ll/i|lc(+)l1/i)s = E(1 Ryayes (6.22)

We thus see that no matter which of the two available representations of ((ll/i|11/i>) is used, one
gets

27
(W lws) = 5 (1+ ed) xbxa (6.23)
+
The right-hand side of Eq. (6.23) is positive and this implies that the signatures of the eigenfunctions
v, (r) are
Ap = +1. (6.24)
Hence, the explicit form of the normalization condition (3.21) is
27
S+l =1 (6.25)
ki
On combining Eq. (6.25) with the relation
Xixe = lexl?, (6.26)

which follows from Eq. (6.14) and from the unitary normalization of &, one arrives at the result

o kL (6.27)
TV 2n(1462) '

For convenience, an indeterminable phase factor has been chosen to make c. real and positive.
Hence, the normalized eigenfunctions are

ok Flker)és
Uy(r) = 727T(1+8:2t) (ieig(kir)nr-aéi>’ (6.28)

with the caveat that if the only energy eigenvalue is E, then only ¥, (r) is a physically meaningful
eigenfunction.

6.1.2. The Sturmian functions
To construct the Sturmian functions (4.2) for the system under consideration, we have to solve
the eigenvalue problem

L(E)Na(E) = Aa(E)na(E) (6.29)
with the matrix L(E) given by

h
WE)= —K —I. (6.30)
2mce
The Sturmian eigenvalues, i.e., the roots of the characteristic equation
det[L(E) — Aq(E)I] =0, (6.31)
are
h(x + £
Go(F) = MEER) e (6.32)
2mce e
18
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[ Xa)

r,=—R/2 r=R/2

Fig. 2. Two identical zero-range potentials located at the points r; = R/2 and r, = —R/2, respectively. Each potential
is characterized by the real scalar » and the real vector x, which together define the 2 x 2 interaction matrix K in
accordance with Eq. (6.1).

with e defined in Eq. (6.4). Associated spinor coefficients n.(E), normalized in accordance with

k?
nL(En(E) = (6.33)
T
and suitably phased, are then found to be
k
E)= . 6.34
n+(E) m& (6.34)
This yields the sought Sturmian functions in the form
k kr
&mn=——( JUrE >. (6.35)
JAam \ieg(krn, - o&4
Since it holds that
dA+(E
|: +( )] — 2l’ (6.36)
oE E=E4 h kfk

with Ex and k.. defined in Egs. (6.6) and (6.7), respectively, upon exploiting Eq. (4.27) we arrive at
the relationship

2k

llli(r) = 1 —‘,—Si

Ei(Ej:a r)v (6.37)

which, by virtue of Eq. (6.35), is seen to be in agreement with the result in Eq. (6.28).

6.2. Particle bound in a field of two identical zero-range potentials

As the second example, let us consider a particle bound in the field of two identical zero-range

potentials which are located at the points
r; = 1R r, = 1R (6.38)
1=K 2= 5k .

respectively (cf. Fig. 2), and are characterized by the 2 x 2 interaction matrices
K=K, =K, (6.39)

with K defined as in Eq. (6.1). This time we shall consider the relevant Sturmian problem first and
then proceed to the analysis of the energy eigenproblem.

19
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6.2.1. The Sturmian functions
The matrix L(E) for the system under study is

e#(R
5 (el +Kk-0)—1 kRI
L(E) = | “™¢¢ - (6.40)
- I o) —1
kR 2mce(% o)
It is not difficult to show that its four eigenvalues are
h(x £ «) e kR
Aig(E — -1 , 6.41a
+(E) = 2mce TR ( )
h(x £ k) e kR
Ag(E) = ———1— —, 6.41b
+u(E) Smce R ( )
and that the associated eigenvectors normalized in accordance with Eq. (4.19) are
k T
yi¢(E) = T gl (6.42a)
+g N (5i S:i:)
k T
yru(E) = — (61 —&I) . (6.42b)
+u m ( + i)

where &, are the eigenvectors of the matrix k - ¢ displayed in Eq. (6.16). Hence, the Sturmian
functions for the current problem are given by

k [f(kir — R/2]) + f(kIr + R/2))]é=
)= , (643
Flb = (ie[g(mr — R/2)u(r, R/2) + g(KIr + R/2))p(r, —R/2)] -a&) (645
k [flklr — R/2]) = f(kIr + R/2)]é=
ulL, —— y 43b
Pl = (is[g(lqr—R/znu(r,R/Z)—g(k|r+R/2|)u(r, —R/2)] -a&) (6430)

[for the definition of the unit vectors u(r, £R/2) see Eq. (5.6)]. It is evident that the Sturmian
functions with the subscript g (respectively, u) are eigenfunctions of the Dirac parity operator I7
[defined through its action on an arbitrary bispinor function @(r) in the following way: IT®(r) =
Bd(—r), where 8 is the Dirac beta matrix] associated with the eigenvalue +1 (respectively, —1).

6.2.2. Bound-state eigenenergies
Algebraic equations leading to particle’s energy eigenvalues are obtained by equating each of the
Sturmian eigenvalues (6.41) to zero:

— 2
%:I:K me? +E:tg (mc2)2 Eig(R/ch)

—Exg J(mc2)? E2

Wi + 2L E he_ (mcz)z—Eiu(R/ch)
hosalEsy) = (’; Q) [me Hha =0. (6.44b)

J(mc2)2 — E2,

Aig(Exg) = =0, (6.44a)

It is not difficult to see that roots to Egs. (6.44) may be expressed in the following manner:

h
Eiy = mc?e, (ﬁ’ (£ K)R) . (6.45a)
) h
Eiy, =mce, | —, (x £«)R (6.45b)
mcR
20
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in terms of two universal functions €g(x, y) : Rt xR — (=1, +1] and ,(x, y) : R4 xR — (=1, +1],
which are solutions to the transcendental algebraic equations

1/
1 xexp - /1—€ (x y))
+&(x.y) X -0 (6.46a)

1-&xy) J1-exy
1 2
1 1 xexp (—— 1—¢ (x,y))
Ly [1ta®y) o . ‘ —0, (6.46b)
2 1—eyx,y) 1—€2(x,y)

respectively. Equations (6.46) define €4(x,y) and €,(x, y) in an implicit manner. Explicit algebraic
representations of the two functions remain unknown and to make graphs of €,(x, y) and €,(x, ),
one has to solve Egs. (6.46) numerically. We have done this with Mathematica 12.3. Representative
plots, obtained for two fixed values of x and for varying y, are depicted in Fig. 3. It is seen
that behaviors of the two functions are completely different. The function €,(x,y) exists for
y > 1. It is single-valued and decreases monotonically from ¢,(x, 1) = 1 to limy_, o €4(x,y) =
—1. To the contrary, €,(x,y) is a two-branched function. The branch €l (x, y), which exists for
—1 < y < yc(x), decreases monotonically from e(+)( —-1) = 1to eg“%(x yc(x)) = €gc(x), with
[ae§+ (%, )/ 0Y]y=ye(xy = —00. The branch eg )(x y) which exists for —oco < y ye(x), increases
monotonically from lim,_, o, eg )(x y)=—1to eé (x,yc( )) = €g(x), with [8eg (x, V) 0Yly=yey =
oo. The two branches match smoothly at the point {y.(x), e,c(x)}. Hence, the function €g(x,y) is
single-valued in the interval —co < y < —1 and at the point y = y.(x), being double-valued in
the interval —1 <y < y.(x). The coordinates of the matching point {y.(x), €;-(x)} may be found by
solving the algebraic system

X exp 1—€2(x)

Lyt Ay (s i) =0,

2 L \/m (6.47)
1 14 €g(x) X 1 _

EXYC(X) Tgc(x) +ege(¥) | 1+ Téc(x) exp (_; 1- GEC(X)> =0.

The first equation in this system follows from the fact that the pair {y.(x), €g(x)} has to obey
Eq. (6.46a). The second one is the consequence of the fact that at the matching point the slope
of €;(x,y) versus y is infinite [cf. the text preceding Eq. (6.47)]. Its explicit form results after Eq.
(6.46a) is differentiated with respect to y, the resulting identity is divided by deg(x, y)/dy and then
the constraint dez(x, y)/dy = oo is imposed for y = y.(x) and ¢, (x, yc(x)) = €g(X).

Although exact analytical representations of 6( )(x, y) and €,(x, y) are not available, employing
iteration methods we have been able to derive the following truncated-series approximations to
these functions:

2

+)(X, )x~>0+01_%[y+wo( )]2

oIy + Wole)] ) e 2 o

S Trme) [0 W)~ W)} + 06 (648)
63T 2R 1P 0 4 20+ 1+ 01+ 1)), (6.49)
O y) oS 1y L8 20 ABC-32) AQIE-T1) 07y (650
& ) P ey ey s OO (690
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:4— cgc(l.S)

Fig. 3. Plots of the functions €,(x,y) and €,(x,y) [being real solutions to Eqs. (6.46a) and (6.46b), respectively] versus
y for x = 0.5 and for x = 1.5. The function €,(x, y) is single-valued. The function €g(x, y) has two branches, denoted
as e;')(x,y) and eé_)(x, y), which match smoothly, with an infinite slope, at the point {y(x), €g(x)}. One has {y.(0.5) =
9.437..., €5(0.5) = —0.865...} and {y.(1.5) = 0.334..., €g(1.5) = —0.163...} (for more precise values of the y.'s and egs,
see Table 2).

2
euley) 1= [y + Wo(—e )P

x [y + Wo(=e)]’

(e [ W)~ [o(e) T o).

(6.51)
2 2
y—>1+0 X 8 X 32
y) ~ 1-2——@F—-1)—-——=(y—1
€u(x, y) X2+2(y ) 3(x2+2)5/2(y )
2 x3(3x% + 6x* + 2x% — 4) ) 5
- — 1+ 0((y — 1)°/?), 6.52
3 12y y—1?+0(y—1y?) (6.52)
- 2 4 8 432 -7
ax,y) < —14 2 ( ) +0(y 7). (6.53)

y ' x2y2 - 3x3y5/2 - 3x4y3
In Egs. (6.48) and (6.51), Wy(z) denotes the principal branch of the Lambert function (the product
logarithm) [14,15].

Using Table 1, one may establish which bound-state energy eigenvalues exist for a given set

of physical parameters characterizing the particle (m) and the potentials (R, x, «). There are two
extremes. The first one occurs if m and R are such that

h
— > X (6.54a)
mcR
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Table 1
The table marks existence (/) or non-existence (-) of the solutions eé’)(x,y) and eg)(x, y) to Eq. (6.46a) and the solution
€u(x,y) to Eq. (6.46b) for various combinations of subdomains that x and y may belong to. For y = y.(x), the equality sign

placed between the second and third columns reminds that eé’)(x, ye(x) = eéﬂ(x, yc(x)) = €gc(x). For the critical value

of x = x. = 1.198076..., one has y = y.(x.) = 1 and €} (x., 1) = e\ (xc, 1) = €ge(x.) = —0.379162...

Range of y & y) &Py aulx,y)
0 <X <X

—oo<y<-—1
—1<y<1

1<y <yx)
y:.YC(X)
Ye(x) <y <00

X =Xx. = 1.198 076...
—oo<y<—1
—1<y<yelx)=1
y=Yclx)=1
1=yc(x)<y<oo

ECCEN
e
et

G
I
PR
L

X <X <00

—o<y<-—1
1<y <yelx)
Y =Ye(x)
Yel) <y <1
1<y<ox

P
I
PR

I
I
S

[here and then in Egs. (6.55a) and (6.57a), X, = 1.198 076... is the root to the equation y.(x.) = 1]
and if simultaneously R, » and « are such that

h

Ve (—) <(x—k)R<(x+x)R<1. (6.54b)
mcR

Then the discrete part of the particle’s energy spectrum is seen to be empty. The other extreme

occurs if m and R are such that

h
— < X (6.55a)
mcR

and if simultaneously R, » and « are such that

h
1<(e—x)R<(x+ k)R <y <—> (6.55b)
mcR
Then the bound-state part of the particle’s energy spectrum consists of six eigenenergies
h
() _ 2. (4)
E:Eg =mc Eg <M’ (}f + K)R) s (6563)
h
(=) _ 2 ()
Ej:g = mc Gg (ﬁ’ (}( + K)R) (656'))
and
2 h
Eiy =mcey | —, (x £ «)R (6.56¢)
mcR

(for k = 0 the degeneracies E(f; = E(j;, E([g) = E(fg) and E,, = E_, are seen to occur). For the
remaining possible combinations of i/mcR and (» — « )R < (x + «)R a variety of intermediate cases

arises. For instance, if

h
— > X (6.57a)
mcR
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Table 2

Numerical values of the solutions eé’)(x, y) and eé”(x,y) to Eq. (6.46a) and of the solution €,(x,y) to Eq. (6.46b) for
selected values of x and y. For y = y.(x), corresponding entries in the second and the third columns are identical and
equal to eg(x). For each value of x considered, the corresponding value of y.(x) is displayed with the accuracy necessary
to reproduce the common entry in the second and third columns with the given precision.

y e (% y) e (x,y) ulx,y)
x =0.01
y—> —o0 =1+2/lyl - -
—100 —1+ 1.6054 x 1073 - -
-10 —1+ 1.6080 x 1073 - -
-1 —1+41.6082 x 107> 1 (exact) -
1 —1+4 1.6083 x 10~° 1-8.1723 x 107° 1 (exact)
10 -1+ 1.6086 x 10~° 1—4.9876 x 1073 1—4.9875 x 1073
100 —-14+16112x 10°° 6.0000 x 107! 6.0000 x 107!
1000 —1+41.6381 x 10°° —147.6923 x 102 —147.6923 x 1072
10000 —141.9939 x 10° —147.9219 x 104 —1+48.0687 x 1074
¥:(0.01) = 25401.358 108 598... —1+45.6189 x 10~ —1+5.6189 x 107° —1+1.5048 x 1074
100000 - - —1+2.3836 x 1073
y—> o - - —1+2)y
x=0.5
y—= =0 —1+2/lyl - -
—100 —1+9.6266 x 1073 - -
-10 —1+42.8822 x 1072 - -
-1 —143.9225 x 1072 1 (exact) -
1 —1+44.3115 x 102 7.9970 x 107! 1 (exact)
¥:(0.5) = 9.436 540 350 268... —8.6525 x 107! —8.6525 x 107! —6.2449 x 107!
10 - - —6.5311 x 107!
100 - - —142.1489 x 1072
y—> o0 - - —1+2)y
x=15
y—= - —1+42/ly| - -
—100 —1+ 1.5460 x 1072 - -
—10 —1+49.4260 x 1072 -
-1 —7.0313 x 107! 1 (exact) -
¥(1.5) = 0.333896 179 26... —1.6277 x 107! —1.6277 x 107! -
Ye(15) <y <1 - - -
1 - - 1 (exact)
10 - - —7.8507 x 107"
100 - - —142.0170 x 1072
y—> o0 - - —14+2/y
and
(ee)
Vel— ) <(x—Kk)R<1<(%+«k)R, (6.57b)
mcR
then there is only one bound-state with eigenenergy
o)
E.y=mce, | —,(x+Kk)R). (6.58)
mcR

Next, we shall consider the question of determining the signatures A, of the individual eigen-
states. It appears that A, may be correlated with the sign of the derivative
[0eqa(R/mCR, ¥)/0Y]ly=(:+c)r, 1.€., with the sign of the slope of the corresponding curve €4(x,y) in
Fig. 3. Indeed, it follows from Eqgs. (6.41) that

h mc2 + E ch e~/ (me?)2—E2(R/ch)
La(E) = Aq(E, ( £ )R) = (e £6)R ——— —1+0e—F——————, (659)
2mcR mc* —E R (mc2)? — E2
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with o, = +1 for the g states and o, = —1 for the u states. Now, it is an exercise in elementary
calculus to prove that if x = xg(b) is a root to the algebraic equation F(x, b) = 0, in which x is a
variable and b is a parameter, then it holds that

[9F(x, b) B 3F(x, b) dxo(b) ]!
'8X] =xo(b) T |: ab ] =xo(b) |: db i| (660)

(notice the minus sign in front of the right-hand side). On employing the lemma (6.60) and Egs.
(6.45), from Eq. (6.59) we deduce that

[ 92a(E, (¢ + ©)R) B h [mc+E, [aea(h/mcR,y)]‘l (661)
OF . 2m2c3R\ mc2 — E, ay J=GEOR '

from which, by virtue of Eq. (4.26), it follows that

0eq(h/mcR, -1
A, = —sgn [M] . (6.62)
ay y=(x+xk)R
In conclusion, one has
+1 for states with ¢, = €\ or ¢, = ¢,
Ag = 0 for states with €, = €g (6.63)

-1 for states with ¢, = el

It remains to comment on the eigenfunctions ¥,(r). If A, = 0 (i.e, if ¢, = €), the corre-
sponding eigenfunction W (r) is an arbitrary nonzero multiple of the Sturmian function displayed
in Eq. (6.43a), with k = kg and & = gg. If A; = %1, the normalized [in the sense of Eq. (3.21)]
eigenfunctions arise after one combines Eqs. (4.21) and (4.25) with Eqs. (6.43) and with the relation

dra(E) 1 kR 5 kR 2ekak
Rt = 1 a 1— oge kak — , 6.64
[ 0E |pp  2chegk, (1 one™) e (1 —oue™ —0u= (6:64)

which follows once Eq. (6.59) is differentiated with respect to E and then the result is simplified
with the aid of Egs. (6.44) and (2.4).

Our considerations would be incomplete without saying a few words about the nonrelativistic
limits of the energy eigenvalues. Mathematically, the nonrelativistic regime is approached by
imposing the constraint

h
— K 1. (6.65)
mcR

Hence, upon retaining two leading terms in each of the truncated series displayed in Egs. (6.48) and
(6.51), one finds the following approximate expressions for these energy levels which are located
in the vicinity of the rest-energy threshold mc?:

hZ
ES) e me? — s [ R+ Wo(e M) [Ge £ 0R > —11, (6.66a)
m
2
—(xEK 2
Esy > mc® — Sz (06 £ KR+ Wo(—e G ] [(¢ £ x)R > 1], (6.66b)

where, we recall, Wy(z) is the principal branch of the Lambert function. We have verified that the
above formulas agree with those we would get if our considerations were nonrelativistic from the
beginning.

7. Conclusions

In the previous pages, we have presented the basics of the mathematical model for a Dirac
particle bound by a set of spatially distributed zero-range potentials. Although the applications
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presented in Section 6 have been limited to only the simplest one- and two-center systems, the
developed formalism may find applications in modeling Dirac fermions interacting with multicenter
systems such as large biomolecules, chains, lattices, and crystals, either perfect or with structural
defects.

There are several directions in which the model might be further developed. To study systems
subjected to external static electric or magnetic fields, a suitable variant of the Rayleigh-Schrddinger
perturbation theory should be constructed. Another challenge would be to extend the formalism
to systems involving potential centers with internal degrees of freedom. It would be also desir-
able to make it applicable to description of time-dependent processes; for that purpose, a prior
Lorentz-invariant reformulation of the method would be necessary.
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Appendix. A proof of the zero-flux relation (2.12)

On employing Eq. (2.13), the integral that stands on the left-hand side of Eq. (2.12) takes the
form

f d*p, oy - (10 + p)oeWe(rn + py). (A1)
Sn

The meaning of all symbols appearing in Eq. (A.1) is the same as in Egs. (2.12) and (2.13), except
that for convenience we have abbreviated u,(r,+p,) = p,/p to i,. Since the infinitesimal element
d?p, of the spherical surface S, is

d’p, = p*d*p,. (A2)

where d?u, is the infinitesimal solid angle around the direction of the unit vector u,, and with its
apex at rp, and since pu, = p,, the integral (A.1) may be rewritten as

f Pty O+ pr)oy - OWlEn + ). (A3)
4
Fa(pn)

By virtue of Egs. (3.6) and (3.7), the integrand in Eq. (A.3) may be cast into the form

Fa(p,) = 2cIm[p®{(ry + p,)ip, - P Wo(r0 + py)]- (A4)

Now, the matrix zhﬁplcff) + gk 18 is Hermitian (we remind that &, and k, are real), and
consequently it holds that

h
2cIm {p%*(rn +py) [chpfc;“ + sak;lﬂ”)] Wa(rn + m} =0. (A5)
This implies that Eq. (A.4) may be equivalently written as
. h
Fa(p,) = 2cIm {M(rn + o) [mn o ok sak;lﬁ(”] Wy(r, + pn)} . (AS)
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Since the matrix that stands between the square brackets obeys [...] = 8)[...] and since ) is
Hermitian, it is possible to transform Eq. (A.6) into

. n _
Fa(p,) = 2¢Im {[pﬁ”)%(rn +o,)] [mn a4 %pzci,“ + eak; 15“} W(rn + pn)} :

(A7)

It follows from Egs. (2.2) and (2.3a) that the limit of pS™W,(r, + p,) as p — 0 is finite. On the
other hand, by virtue of the constraints (2.7), one has

T h _
l])l_l‘)l‘(l) |:1p" co 4 %MC%” + eqk; 1,3(+):| Wy(ry + p,) = 0. (A.8)

This implies that in the limit o — 0 the integrand in Eq. (A.3) vanishes. Remembering the
equivalence of the integrals in Egs. (A.3) and (A.1), we thus obtain

lim & pp (T + p,) - S (rn + ppao(rn + p,) = 0, (A9)
-0 /s,

which, after being combined with Eq. (2.13), is seen to coincide with Eq. (2.12).
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