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A Jeffreys heat conduction problem for coupled semispaces subjected to the action of an interfacial
heat source was defined. An analytical solution of the problem was derived for a polynomial
specific power of the heat source using the Laplace transform approach. The asymptotic and
parametric analysis was performed for different ratios of thermal conductivities K; ,, thermal
diffusivities k4 ,, thermal relaxation times 7, , and coefficients a; , indicating the relative
contribution of Fourier heat conduction. It was found that Jeffreys heat conduction results in
continuous variation of the contact temperature, whilst its particular case — Cattaneo heat

conduction — is accompanied by a step change of the contact temperature at the initial time.
Another finding is that the initial heat partition occurs due to the ratio of K;+/a;/k; and K,/ a,/k,

under Jeffreys heat conduction and due to the different ratio of Kl/\/m and Kz/\/@ under
Cattaneo heat conduction. The solution applicability was demonstrated on the simulation example
of ultrashort laser pulse welding. The type of heat conduction was revealed to have qualitative and
quantitative impacts on the contact temperature and heat fluxes.
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Notation
c, | volumetric heat capacity, J/(m? °C)
k | thermal diffusivity, k = K/c,, m?/s
heat flux, W/m?
g | heat flux vector, W/m?
90 maximum value of specific power g5, W/m?
qs specific power of heat source, W/m?
s Laplace transform parameter
t time variable, s
ts heating duration, s
X spatial coordinate, m
I,(-) | modified Bessel function of first kind and zero order
K thermal conductivity, W/(m °C)
Q dimensionless heat flux, Q = q/q,
Qs | dimensionless specific power of heat source, Qs = qs/qo
T temperature, °C
To initial temperature, °C
a relative contribution of Fourier heat conduction
&(-) | Dirac delta function
n dimensionless time variable, n = t/1,
9 | dimensionless temperature, 9 = K; (T — To)/(qo+/k171)
§ | dimensionless spatial coordinate, & = x//k;7;
T thermal relaxation time, s
X thermal diffusivity ratio, y = k,/k;
I'() | gamma function
I'(-,) | upper incomplete gamma function
0 thermal relaxation time ratio, © = 7, /1,
A thermal conductivity ratio, A = K, /K;
L[] | Laplace transform operator
\Y operator nabla
u Laplace transform image
m, |related to semispace 1
m, | related to semispace 2
m,, | related to semispaces 1 and 2
m. | related to contact region x = 0
m. | related to Cattaneo heat conduction
m; | related to Fourier heat conduction
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1. Introduction

Heat conduction is one of the basic mechanisms of transfer of heat energy between bodies
being in mechanical contact. The problems of contact heat conduction represent an important class
of heat transfer problems often met in different branches of science, engineering and technology.
Analysis of heat conduction in coupled bodies presents serious difficulties compared to that for a
single body due to the necessity of taking account of the properties of both bodies and contact
conditions.

The classical law of heat flux introduced by Fourier [1] states that heat flux gg in a
conductive medium is proportional in its magnitude to the gradient of temperature T and has the
opposite direction, i.e.

gr = —KgVT
1)
Here V is the operator nabla; K is the Fourier thermal conductivity. The statement of heat energy
conservation and Eq.(1) lead to the parabolic heat conduction equation (diffusion equation) in the
form

aT—kVZT
ot F

)
where t is the time variable; kg is the Fourier thermal diffusivity. Eq.(2) has served as the basis for
a great number of contact heat conduction studies. Some of the earliest studies were published in
the first half of the 20th century, e.g. Carslaw [2], Mersman [3] and Schaaf [4].

In accordance with the Fourier heat flux law of Eq.(1), heat propagates in a medium at
infinite speed. If the temperature at some point undergoes a sudden change, there will be an
instantaneous temperature response at any finite distance from this point. This, however, contradicts
the experiments revealing finiteness of the heat propagation speed for liquid helium (Peshkov [5])
and dielectric crystals (Ackerman et al. [6]) at low temperatures.

Based on the studies by Maxwell [7], Landau [8], Cattaneo [9], Vernotte [10] and others, an
alternative concept was proposed introducing the heat flux inertia effect and stating that heat is
transmitted by waves at finite speeds. The corresponding heat flux equation is represented in the
form

T% +qc = —KcVT
©)
where 7 is the thermal relaxation time. The statement of heat energy conservation and Eq.(3) imply

the hyperbolic heat conduction equation (damped wave equation) as follows:
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0T adT
erey + P kcV2AT
(4)
Following Joseph and Preziosi [11], Eq.(4) is referred to as ‘Cattaneo heat conduction equation’ in
the present study, without meaning to downplay the contributions of the other scientists. The related
quantities have subscript ‘C’.

Cattaneo heat conduction in coupled bodies has been studied for different boundary and
initial conditions, as reviewed next. Kazimi and Erdman [12] investigated the influence of initial
temperature difference of coupled semispaces on their contact temperature behaviour. Frankel et al.
[13] investigated temperatures and heat fluxes in a system of layers affected by volumetric heat
sources. Tzou [14] performed harmonic analysis of the reflection and refraction of thermal waves
from the interface between dissimilar materials. Lor and Chu [15, 16] investigated the influence of a
pulsed external heat source on temperatures and heat fluxes in two layers coupled with a radiation
contact condition. Duhamel [17] investigated heat conduction in heterogeneous media using a finite
integral transform technique. Khadrawi et al. [18] investigated temperatures in two layers in
imperfect thermal contact subjected to a rapid temperature change at an external surface. Tsai and
Hung [19] investigated the thermal behaviour of a bi-layered sphere due to a rapid temperature
change at the external surface. Dai and Niu [20, 21] developed finite difference schemes for
studying temperatures in two coupled layers with temperature-dependent properties exposed to a
volumetric heat source. Ordonez-Miranda and Alvarado-Gil [22] investigated thermal waves in
coupled layer and semispace excited by a modulated external heat source. Nosko [23] investigated
contact temperature and heat fluxes in coupled semispaces subjected to an interfacial heat source.

The experimental results related to the detection of second sound and ballistic transport in
solids at low temperatures (Ackerman and Guyer [24], McNelly et al. [25]) and extremely fast
heating of solids by laser pulses at room temperature (Li et al. [26], Jiang [27], Banerjee et al. [28])
call for non-Fourier models generalising the parabolic and hyperbolic types of heat conduction. A
mathematically simple approach is to assume that the Fourier heat flux gg obeys Eq.(1) as

Gr = —KgVT = —aKVT
whilst the Cattaneo heat flux g obeys Eq.(3) as
ot
and, in addition, the total heat flux g is the sum of gg and qc, i.e. § = qg + qc- Here K = Ky + K¢

+ e = —KcVT = —(1 — a)KVT

is the total thermal conductivity and @ = K/ (K + K¢) is the coefficient indicating the relative
contribution of Fourier heat conduction. Then the relationship between the total heat flux g and

temperature T is described by the Jeffreys heat flux equation in the form (Tamma and Zhou [29])
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ra—ct’+q= —KVT — a K@
(%)
Combination of Eq.(5) and the statement of heat energy conservation
T
Cvof +V-g=0
leads to the heat conduction equation
o°T oT . d(V2T)
Ta_t2+E: kV-T + atk T
(6)

where ¢, is the volumetric heat capacity; k = K/c, is the total thermal diffusivity. Apparently, the
particular cases of Eq.(6) include Fourier heat conduction of Eq.(2) at K; = 0 and Cattaneo heat
conduction of Eq.(4) at Kz = 0.

It is important to note that the one-dimensional representation of Eq.(6) is practically
equivalent to the Guyer-Krumhansl equation

0T dT  9°T 3T
rToR T roR erT

developed from the linearised phonon Boltzmann equation [30], under the condition that the

dissipation parameter [? related to the mean free path equals atk. The Guyer-Krumhansl equation
is consistent with the kinetic theory and second law of thermodynamics if the parameters k, T and (2
take positive values (Fehér and Kovacs [31], Ramos et al. [32]), which, in fact, does not impose
extra limitations on the parameters k, = and « incorporated in Eq.(6). Moreover, the experimental
studies by Both et al. [33] and Van et al. [34] claim that the Guyer-Krumhansl equation allows more
accurate temperature simulations compared to Fourier heat conduction of Eq.(2) for the case of
heterogeneous materials like rocks and foams at room temperature.
Another important remark is that Eq.(6) can be considered as the first-order approximation
of a dual-phase-lag model by Tzou [35] formulated with respect to T as
T aT  9°T 23T
TW + FTr ™) + ktp FICET:
under the condition that the temperature gradient phase lag 7 equals at. The dual-phase-lag model
gained popularity in the heat conduction literature, despite the criticism of violating basic physical
principles (Fabrizio and Lazzari [36], Rukolaine [37], Awad [38]).
The contact heat conduction problems based on the dual-phase-lag and Jeffreys models have
been reported. Ho et al. [39] performed a numerical study of heat conduction in a system of layers
using a lattice Boltzmann method. Al-Nimr et al. [40] investigated temperature responses in two

layers due to harmonic excitation in the form of a volumetric heat source in one of the layers or
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temperature variation at an external surface. Al-Huniti and Al-Nimr [41] investigated the
thermoelastic behaviour of two layers subjected to a rapid temperature change at an external surface
using the Laplace transform technique along with a numerical procedure based on a Riemann-sum
approximation. A similar approach was applied by Lee and Tsai [42] who investigated the pulsed
volumetric heating of a layer and a semispace in imperfect thermal contact and Ramadan [43] who
investigated the pulsed heating of a multi-layer system by an external heat flux. Ramadan and Al-
Nimr [44] performed numerical simulations of the thermal behaviour of two layers in imperfect
thermal contact with different initial temperatures. Akbarzadeh and Pasini [45] investigated the
thermal response of a system of layers in imperfect thermal contact to temperature variations at the
external surfaces using the Laplace transform and fast inverse Laplace transform techniques. Yeoh
et al. [46] applied a finite difference method with high-order total variation diminishing schemes to
simulate temperatures in a multi-layer system. Xue et al. [47, 48] investigated heat conduction in
two layers in imperfect thermal contact using an original differential-algebraic equation time
integration framework.

Analysis shows that the studies mentioned above do not cover the Jeffreys heat conduction
problem for two coupled bodies heated by an interfacial heat source. This problem may arise in
practically important applications, such as laser processing of materials (Ma et al. [49]), simulations
of heat transfer in biological tissues (Xu et al. [50]), simulations of microscopic frictional processes
(Nosko [51]) and other applications involving instantaneous interactions of mechanical,
electromagnetic or chemical nature. Moreover, the majority of the studies employ numerical or
semi-analytical methods to find temperature and heat flux solutions and, therefore, these solutions
are unsuitable for accurate asymptotic and parametric analysis. The purpose of the present study
was to find an analytical solution of the Jeffreys heat conduction problem for coupled semispaces
subjected to the action of an interfacial heat source of variable specific power and analyse the

solution in terms of asymptotic behaviour, parametric sensitivity and potential applications.

2. Problem definition and governing equations
A schematic of the studied contact heat conduction problem is presented in Fig.1. Consider
the semispaces 1 and 2 which occupy the respective domains x > 0 and x < 0. Assume that

temperatures T; , (x, t) in the semispaces satisfy Eq.(6), implying the following heat conduction

equations:
0%T, 0T, 0%T, 03T,
Tl atz + at = 1 axz + allel ax26t, X > O, t > O;
0%T, 0T, B 0°T, 23T,

+a2T2k2F x <0, t>0

22 T T 242 20t
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(7)
where k; , are the thermal diffusivities; 7, , are the thermal relaxation times; a; , are the
coefficients indicating the relative contribution of Fourier heat conduction.

At the initial time t = 0, the temperatures T , are uniformly distributed and equal between
each other, i.e.
Tilt=0 = T2lt=0 =T

(8)
and their derivatives with respect to the time variable t equal zero:
0Ty oT,
Btleco” Otlog
9)
where T, is the initial temperature.
Temperature continuity is assumed in the contact region x = 0 between the semispaces:
Tilx=0 = T2lx=0 = T¢
(10)
Here T.(t) denotes the contact temperature.
Heat fluxes g4, (x, t) in the semispaces are coupled via the interfacial heat source acting
with variable specific power g(t) in the form of a polynomial
n
G1lx=0 = G2lx=0 = qs = QOZpiti
i=0
(11)

where q, is the maximum value of g in the considered time interval from zero to ¢tg; n is the degree

of the polynomial; p; is the i-th coefficient of the polynomial. The contact heat fluxes are further
denoted by qe12(t) = qu2] _,-
The relationship between q, , and T, , is defined by Eq.(5) as follows:

0q, oT, 02T,
g Y= —Kgr—ankig o

an BTZ aZTZ

Tz?"‘ q; = Kza_ aszsz
(12)
where K, , are the thermal conductivities.
The problem definition becomes complete by specifying the conditions of zero disturbance
at infinite distance from the contact region:

oT,
0x

T,

X—+00 ox X——o00


http://mostwiedzy.pl

A\ MOST

(13)
The problem of Egs.(7)—(13) should be represented in the dimensionless form to decrease
the number of parameters and simplify analysis. Dimensionless spatial coordinate &, time variable
n, temperatures 9, ,, contact temperature 9., heat fluxes Q; ,, contact heat fluxes Q. , and heat

source specific power Q are introduced as follows:

K- KT

V1, = ) c= T /—
9oV kity qov k174
q1,2 qc1,2 q

12 = c12 = . ’ Qs=_s

qo ' qo do
The dimensionless parameters include the coefficients «;, , and thermal conductivity ratio A,

thermal diffusivity ratio y, thermal relaxation time ratio ® given by
K k; _ T2

== == @==
K X kq T

A
and polynomial coefficients
u; = pits, i=0,..,n
Finally, the dimensionless variables and parameters above lead to the problem definition

incorporating the heat conduction equations

%9, a9, 9%, 039,
+ = + aq ;
on* ~ on 087 a§2an
662192 N 09, 929, N 0 239,
oz ong X aez T M5z,
(14)
initial conditions
191|n=0 = l92|n=o =0;
094 09,
1 == =0
aT] n=0 an n=0
(15)
temperature continuity condition
191|§=0 = 192|¢’=0 =9
(16)

heat source condition

n
Q1le=0 — Qz2l¢=0 = Qs = Z uin'
i=0
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keeping in mind that
00, 0, 029,
W*‘ Q1 = 3% “105677’
20, B a9, 029,
GW + QZ = _Aa_f - aZA@afan
(18)
and conditions of zero disturbance at infinity
09, _ 09, _ 0
af Eo+00 af -0
(19)

The problem of Eqgs.(14)—(19) is solved and analysed in the following sections.

3. Problem solution using the Laplace transform approach
Apply the Laplace transform g(s) = L[g(n)] with respect to the time variable n (Doetsch
[52]). Here s is the transform parameter. The temperature images 9, , (¢, s) are then found from

Eq.(14) with account of zero initial conditions of Eq.(15) as follows:

029, .
(a;s + 1)(')_{2 —s(s+1)9, =0;

929,

oEe s(@s+1)9, =0

x(a,0s + 1)

(20)
The solution of Eq.(20) that satisfies the temperature continuity condition of Eq.(16) and
zero disturbance conditions of Eq.(19) is found in the form

s(s+1)
a;s+1

9; = J.exp{ —

)

5 =8 & |s(Bs+1)
2 = Ve €RP Vx| a0s + 1
(21)
where 9.(s) is a yet unknown image of the contact temperature 9.(7).
The heat flux images Q, ,(¢, s) are determined from Eq.(18) and represented as

a,s + 199,
s+1 9¢’

le
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~ a,0s + 199,
Q= _A@S—-l-l¥
(22)
Further, substitute Eqg.(21) and Eq.(22) into Eq.(17) in the space of images and obtain the
contact temperature image
i VxVes + 1Ws +1 =ity
< VxJais + 1V0s + 1+ AJa,0s + 1Vs + 1253/2”

3 Vx (m(s+®_1)\/s+1\/s+a1—1

B a x — aA? (s —ay)(s—ay)

i=0

G —a)G— ) L 537
1=

S+ Vs + 0L /s +as10 1\ ily
_AW_Z( ) Vs +a; )zzul

(23)

where

Y a,\?0 + O — A? N V(ax — a0 + x0 — A2)2 — 40(ay x — a,A2) (x — A2)
v 20(ax — ap0?) T 20(ayx — azA?)

The contact heat flux images Q. ,(s) can be expressed based on Egs.(21)—(23) as

ch =

(s —a)(s —ap)

Vaix ( m(sw-l)(smm

(s —ay)(s —ap) si+t’

Vs +1Vs + 01 /s +a;7l/s + a;101 S
—A\/a—z \/ 1 \/ 2 Z Hi

i=0

~ Ma, A +D(s+ayt0™l)
=—— a
< ayx — aA\? ? (s —a)(s—ay)

— X

Vs +1Vs + 0 1/s + a; 1y/s + az‘l(i)‘l)zn: i

(s —a)(s—ap) sttt

=0
(24)

The property of linearity and known Laplace transforms (Carslaw and Jaeger [53]) yield that

l = ¢(n,b,c) = exp{—b+cn}lo (b_cﬂ);

-1 1
- lmm 2 2
(s+b)(s+c)
(s —a)(s —ay)s
_(a;+b)(ay +¢)
- a}+i(a1 —a)
(ay; + b)(a, +¢)

a3 (a, — a;)

-1

”il =0, i,b,c)

I'(1+1i, am))
i!

-

i!

r(1+i,a ‘
%);7_;

coten1-
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(s+b)(s+c)(s+ad)

L1 -
(5= a) (s — ap)s¥/2

=A(n,i,b,c,d)

3/2+l
a; (a, —ay

_ (a; +b)(a; + c)(a; +d) exp }(

r'(3/2+1i,a:n)
©T(3/2+10) )

(a2+b)(a2+c)(a2+d)ex @ }<1_F(3/2+i,a2n)>
a>**(a, — a, piaat r@/2+1i)
a;+a,+b+c+d i+1/2 1/2+i i—1/2.
r(3/2+1i) r@/2+0)"
4 |G+b)(s+a)s+d)(s+ /)| ,
oG oas | = @bbed )
_(ag+b)(ay +c)(a; +d)(a; + f) xpla }<1_F(i.a1n))
B at*i(a; — ay) Pt I'@)
(a2+b)(a2+c)(a2+d)(a2 +f) (a }<1_F(i'a27])>+ bcdf
+l(a2—a1) Lz Q) ilaia,
sy, i=o0; (87 i=0
i1 !6(77), i=1;
+(a+az+b+c+d+f)]{ 7 i, TN i
G—nrt= e k(zn =23,

(25)
where b, c, d and f are positive real numbers; I, is the modified Bessel function of the first kind

and zero order; I'(+) is the gamma function; I'(+,-) is the upper incomplete gamma function; §(-) is
the Dirac delta function.

The convolution theorem and the transforms given by Eq.(25) allow representing the
original of Eq.(23) in the form

n n
VX z : . - : -1 -
19C = _—AZ (l' .ul)J (V 25V 4 ¢(77 Y 1, aq 1)/1(9 01, a, 1’ 0 1)
a1 X — Ay e 0

— Ao $(7 — 6,07, 2z 07 DA(5,1, 07, @z 071, 1)) dg
(26)
and the originals of Eq.(24) in the form
Qc1 = —a, AZZO 1) < arxo(m,i,07" arh)
-0 [ G
0

<
—¢ 1,07 f d(c—eart,a;'0 k(e i,1,07 a7t a;1071) dedg) ;
0

A\ MOST
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QCZ ax — a, AzZ(l :ul <A\/—Q(77;l 1 a21® 1)

—\/@fo o(

S
-1, 0‘1)f ¢(c—ear',a;'0 Di(e,i,1,07 a7t a;'071) dedc)
0

(27)
Thereby, the contact temperature ¥, and heat fluxes Q. , can be determined using
respective Eq.(26) and Eq.(27). Note that finding the analytical expressions of the temperature
distributions 9, , requires inversion of Eq.(21) which is cumbersome. The relevant mathematical

approaches are discussed in Awad et al. [54].

4. Solution validation

The solution given by Eq.(26) and Eq.(27) is validated by its comparisons to the known
analytical expressions and numerically calculated values. Fig.2 shows an example of such a
comparison for the contact temperature . and heat flux Q.;. In the case of a; = a, = 1, the
Fourier heat flux law of Eq.(1) takes place, and the solution coincides with the expressions for
parabolic heat conduction in coupled semispaces (Carslaw and Jaeger [53]). In the opposite case, at
a, = a, = 0, the heat flux and temperature are related due to the Cattaneo heat flux law of Eq.(3),
and the solution degenerates to that derived by Nosko [23] for the problem of hyperbolic heat
conduction in coupled semispaces. In the general case, when the heat conduction is governed by the
Jeffreys heat flux law of Eq.(5), i.e. the coefficients a, , take arbitrary values in between zero and
unit, the validation is performed using a numerical algorithm.

The algorithm is developed based on the implicit Backward Time Centered Space method
(BTCS). The validation of the algorithm itself includes comparisons of the numerical results to
those obtained by other finite difference approximations, e.g. the Crank-Nicolson implicit method
(CN). Fig.3 shows a small portion of the validation procedure on the example of calculation of the
spatial temperature distributions 9, ,. A perfect match is seen between the values obtained by BTCS
and CN and between these values and the mentioned analytical expressions for the Fourier and
Cattaneo types of heat conduction. It is also seen that the algorithm allows accurate simulation of
the thermal waves with sharp fronts intrinsic to Cattaneo heat conduction of Eq.(4) (Ozisik and
Tzou [55]). An accuracy of 6 significant digits is achieved at the number of spatial and time

discretisation steps of order 10°.
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5. Asymptotic analysis
The asymptotic behaviour of the contact temperature 9. and heat flux Q. is analysed for the
heat source of constant specific power Q; = 1, i.e.n = 0 and u, = 1 are specified in Eq.(17). Since
the image functions given by Eq.(23) and Eq.(24) are substantially simpler compared to the original
functions given by Eq.(26) and EQq.(27), it is reasonable to make use of the relationship between the
limit behaviour of an original function and that of the corresponding image function (Doetsch [52]).
First consider the case of small time variable . The limit expressions of Eq.(23) and Eq.(24)

at real-valued s — oo read

Gz W
T (Wxag + MWaz)svs
(28)
and
~ X
v = 7 + Ava)s
(29)

Of particular interest is Cattaneo heat conduction that takes place at ¢; = a, = 0.
Simplification of Eq.(21) and Eq.(22) and their substitution into Eq.(17) in the space of images lead

to the image functions

5 - JxOVs + TVs + 01 _
° sVs(AVs + 1+ [x0Vs +6°1)

Ous = \/)(_G)\/s +0°1
C s(MWsF I+ x0Vs +00)

which at real-valued s — oo are asymptotically equivalent to

J7®

B.20,=—Y"—
(30)
Finally, inversion of Egs.(28)—(30) results in the limit expressions for n — 0 as follows:
( 2\x
, a, # 0ora, #0;
, ~J\/E(\/_Xa1+/\\/a_z)\/— : :
cC — ,XG
L—; a, = a, = 0
A+/x0
(31)

and
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XAq
| Vxa + A\/a_z’
Qc = \/)E
LA+ %8’

a; #0ora, #0;

a1=a2=0

(32)
It is remarkable that under Cattaneo heat conduction at @; = a, = 0, the initial rise of 9. is equal to
that of Q.
Represent Eq.(31) and Eq.(32) in the dimensional form

2
J 90Vt a; #0ora, #0;
T —

‘/_(Kn/ a1/k1 + K3/ az/kz)
k K1/\/ k1T1 + Kz/\/ szz

(33)
and

( Ko/l

4| K1m + K az/k; o
Ki/\kity

L K/t + Ko/ ey

a; #0ora, #0;

IIZ

a1=a2=0

(34)
In accordance with Eq.(33) and Eq.(34), under Jeffreys heat conduction at a; # 0 or a, #

0, the relative contact temperature (T, — T,) increases continuously as v/t, whilst the generated heat

is partitioned between the semispaces due to the ratio of K;+/a; /k; and K,+/a,/k,. Note that the
expressions of T, and q., are independent of t, and 7,. Thereby, the Fourier component of heat
conduction predominates over the Cattaneo component as regards the qualitative behaviour of T,
and g.,, which is in line with the discussions by Tamma and Zhou [29].

Cattaneo heat conduction at a; = a, = 0 is characterised by a step change of T, that
depends on the parameters K; ,, k; , and 7, ,. Fig.4 illustrates the dimensionless dependence of the
initial rise of 9, on the parameter A and product y® due to Eq.(31). It is seen that 99, decreases with

an increase in A, whereas it increases with an increase in y©. The partition of the generated heat

occurs due to the ratio of Kl/\/m and Kz/\/@. These results agree with those obtained by
Nosko [23].

Bring into consideration the ‘mixed’ heat conduction when one of the semispaces conducts
heat due to the Fourier heat flux law of Eq.(1), whilst the other one conducts heat due to the
Cattaneo heat flux law of Eq.(3), i.e. it holds that a; = 1 and a, = 0 or, inversely, a; = 0 and

a, = 1. As yields from Eq.(34), under the mixed heat conduction, the total generated heat passes to


http://mostwiedzy.pl

A\ MOST

15

the Fourier heat conduction semispace at the initial time. Thereby, a Cattaneo heat conduction
material coupled with a Fourier heat conduction material exhibits perfect insulating property for
ultrashort interfacial heating.
Now it is turn to consider the case of large time variable n. The limit expressions of Eq.(23)

and Eq.(24) at real-valued s — 0 take the form

O, = L;

(A +V)sVs

__Vx__
(A+))s

which correspond to the limit expressions of the corresponding original functions at n — oo as

ch =

follows:
~ 2vx .
Oe = V(A + ) "

VX
A+

Qc =

S

(35)
The dimensional form of Eq.(35) reads
2qoV't ]
Vi(Ky/\ky + Ky /kz)
qc1 = Kl/\/k—l qo
K1/\/k_1 + Kz/\/k_z

R

Te

(36)
The asymptotic expressions of Eq.(36) suggest that the influence of the parameters a;, , and
71, Weakens with increasing time variable ¢, and the behaviour of T, and g, , becomes equivalent
to that solely governed by Fourier heat conduction as t — oo.
Table 1 summarises the expressions of the heat partition coefficient q.,/q, given by Eq.(34)
and Eq.(36). Note that for a; = a, # 0, i.e. for equal relative contributions of Fourier heat

conduction in the semispaces, the initial rise of g, (at t — 0) coincides with its limit value at t —

00,

6. Parametric analysis

The expressions of Eq.(26) for the contact temperature 9. and Eq.(27) for the contact heat
fluxes Q.1 » incorporate the parameters a, 5, A, x and ©. The influence of each of the parameters is
analysed in this section for different types of heat conduction. For simplicity, the specific power is

assumed to be constant and equal to Q5 = 1.
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Fig.5 illustrates the influence of the thermal conductivity ratio A = K, /K;. It is seen that
both 9. and Q. decrease with an increase in A. This result is explained by the fact that an increase
in A implies an increase in K,, i.e. an increased ability of the semispace 2 to remove heat from the
contact region. Jeffreys heat conduction (e.g. @; = a, = 1/2) leads to 9. which is above the value
for Fourier heat conduction (a; = a, = 1) and below the value for Cattaneo heat conduction (a; =
a, = 0). With increasing n, regardless of the heat conduction type, 9, tends to the asymptotic
expression of Eq.(35) that corresponds to Fourier heat conduction.

Fig.6 shows the influence of the thermal diffusivity ratio y = k,/k,. An increase in y, i.e.
an increase in k,, leads to the thermal process intensification in the semispace 2 which is
accompanied by an increase in both 9. and Q.. It is remarkable that in Fig.5 and Fig.6, Q. (and,
accordingly, Q.,) is constant with time, which is due to equal relative contributions of Fourier heat
conduction in the semispaces at a; = a, and equal thermal relaxation times r; , at ® = 1.

Further, Fig.7 presents the influence of the thermal relaxation time ratio ® = 7, /7,. As 0 #
1, i.e. T, # 14, the character of Q., (and, accordingly, Q.,) becomes variable. An increase in 0, i.e.
an increase in 1, yields an increase in both 9. and Q.. This looks natural since the increase in 7,
implies a slower thermal wave propagation in the semispace 2 and, therefore, a less intensive heat
removal from the contact region. With increasing n, Q.; tends to its limit value of Eq.(35) which is
independent of © and «a; ,.

Finally, Fig.8 shows the sensitivity of the behaviour of 9. and Q. to variation of the
coefficients a4 ,. The curves of 9. corresponding to Jeffreys heat conduction (e.g. a; = a, = 1/2)
and the mixed heat conduction (¢; = 1 and a, = 0 or, inversely, @; = 0 and a, = 1) lie above the
curve for Fourier heat conduction and below that for Cattaneo heat conduction. As regards Q.,
under the mixed heat conduction, the initial rise of Q., equals unit at a; = 1 and a, = 0, whereas it
equals zero in the opposite case, as a; = 0 and a, = 1. This result agrees with those obtained in
Section 5 and summarised in Table 1.

Of particular interest is the thermal behaviour under the conditionof A = y =0 = 1 and
a; = a,. The semispaces exhibit the same thermal properties, which leads to the spatial
distributions of I, , that are symmetrical with respect to the contact plane & = 0 for all considered
types of heat conduction. The generated heat is partitioned equally between the semispaces, i.e.

Q.1 = |Qq| = 1/2, as shown in Figs.5-8.

7. Solution application
Apply the obtained solution given by Eq.(26) and Eq.(27) to the simulation problem of

ultrashort laser pulse welding. The properties of the welded pieces 1 and 2 are as follows: thermal
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conductivities K; = 10 W/(m °C) and K, = 1 W/(m °C); thermal diffusivities k; = 10~> m?%/s and
k, = 107° m?/s; thermal relaxation times 7, = 1 ps and t, = 10 ps. By order of magnitude, the
properties of the piece 1 are typical for metals, whilst those of the piece 2 are typical for dielectric
materials (Guillemet and Bardon [56]). The initial temperature of the pieces equals T, = 20 °C. The
contact region between the pieces is heated by a laser with variable specific power g5 in the time
interval from zero to t; = 1 ps. Two regimes of heating, namely, linear and quadratic, are
considered, as illustrated in Fig.9. The linear regime is described by the specific power g5 =

qo(1 —t/ty),i.e.n=1,p, =1and p, = —t; ! are specified in Eq.(11), which represents a ramp-
down pulse shaping used to improve the welding characteristics (Zhang et al. [57]). As regards the
quadratic regime, here the specific power is given by the function g5 = 4q,t/ts (1 — t/t,), i.e.
n=2p,=0,p, =4/tsand p, = —4/t? are specified in Eq.(11). This function looks to be a
good approximation of a single ultrashort laser pulse (Ullsperger et al. [58]). The maximum value
of the specific power g is set equal to g, = 102 W/m? for both regimes.

The linear regime is characterised by a step change of g, at the initial time (see Fig.9). This
step change results in a qualitatively different behaviour of the contact temperature T, depending on
the heat conduction type, as shown in Fig.10. Under Fourier heat conduction, the maximum value
of T, is 148 °C at exactly 0.5 ps. Under Jeffreys heat conduction at a; = a, = 1/2, T, reaches its
maximum of 181°C at 0.43 ps. Cattaneo heat conduction results in a step increase in T, to the value
of 307 °C at the initial time and subsequent decrease in T.. A qualitatively different behaviour can
be also noticed for the contact heat flux g.,; under the mixed heat conduction at ¢; = 0 and a, = 1.

In contrast to the linear regime considered above, the quadratic regime provides continuous
and symmetric variation of g5 (see Fig.9). The behaviour of T, and g, is not affected qualitatively
by the heat conduction type. Both relative contact temperature (T, — T,) and q., Start increasing
from zero at the initial time, as shown in Fig.11. There is, however, a significant difference in the
maximum value of T. It varies from 208 °C at 0.74 ps for Fourier heat conduction to 352 °C at 0.55
ps for Cattaneo heat conduction.

It is noteworthy that under Fourier heat conduction, the contact heat flux g., obeys the
following equation (Carslaw and Jaeger [53]):

Ge1 = Kk as
Kl/\/k—l + K; /\/k_z

Accordingly, g, turns zero at the final time t = t¢ for both regimes. On the other hand, under

Jeffreys heat conduction or its non-Fourier particular case, q., takes a non-zero value at the final

time (see Fig.10 and Fig.11), which suggests a residual heat transfer through the contact region.
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As mentioned in Section 1, for geometrically one-dimensional space, Jeffreys heat
conduction due to Eq.(6) is equivalent to the Guyer-Krumhansl equation as the dissipation
parameter [2 = atk. This implies that the temperature solutions based on Eq.(6) can be potentially
applied to investigating the Guyer-Krumhansl heat conduction problems by adjusting the coefficient
a which is not bounded above by unit anymore. For example, Fig.10 and Fig.11 show the curves
‘Guyer-Krumhansl’ determined by Eq.(26) and Eq.(27) at «; = a, = 2. It is seen that the Guyer-
Krumhansl curve T. lies noticeably lower compared to that for Fourier heat conduction, whilst the
difference in the respective curves of g, is small. Note that the presented Guyer-Krumhansl curves
correspond to the contact conditions of Eqgs.(10)—(12) based on the Jeffreys heat flux law of Eq.(5)
and, therefore, do not simulate pure Guyer-Krumhansl heat conduction. A more detailed analysis of
the relationship between the Jeffreys and Guyer-Krumhansl types of heat conduction may be the
subject of further studies.

Thereby, the simulations above illustrate the applicability of the solution given by Eq.(26)
and Eq.(27). The obtained results highlight the importance of choosing the adequate type of heat

conduction.

8. Conclusions

The problem of Jeffreys heat conduction in coupled semispaces subjected to the action of an
interfacial heat source was defined. The analytical expressions of the contact temperature T, and
heat fluxes g, , were derived in the dimensionless form of Eq.(26) and Eq.(27) for a polynomial
specific power of the heat source using the Laplace transform approach. They were validated by
comparisons to the known analytical expressions and numerically calculated values. The asymptotic
behaviour of the contact temperature T, and heat flux g., was analysed for Jeffreys, Cattaneo,

Fourier and mixed types of heat conduction. The parametric analysis was performed for different

ratios of thermal conductivities K ,, thermal diffusivities k; ,, thermal relaxation times 7, , and

coefficients a , indicating the relative contribution of Fourier heat conduction. The solution was
shown to be applicable on the simulation example of ultrashort laser pulse welding. The key
findings can be formulated as follows:

e Jeffreys heat conduction results in continuous variation of the contact temperature T, whilst its
particular case — Cattaneo heat conduction — is accompanied by a step change of T at the
initial time, as described by Eq.(33).

o The initial heat partition occurs due to the ratio of K;/a;/k; and K,\/a,/k, under Jeffreys

heat conduction and due to the different ratio of K, /+/k,7; and K, /+/ k,T, under Cattaneo heat
conduction, as described by Eq.(34).
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e Under the contact of a Fourier heat conduction material and a Cattaneo heat conduction

material, the total generated heat passes to the Fourier heat conduction material at the initial

time.

e The influence of the heat conduction type on the contact temperature T, and heat fluxes g, , is

crucial in the start interval of time. The behaviour of T, and q.; , tends to that solely governed

by Fourier heat conduction with time.
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Table 1. Asymptotic expressions of the heat partition coefficient q.1/q,

Heat conduction type

Asymptoticatt — 0

Asymptoticat t —» oo

Fourierata; = a, =1

Ky/ ks
Ki/\ky + Ko /K,

Jeffreysata; # 0ora, #0

Ki+/ ay/kq
K1+ a/ky + K>+ ay/k;

Jeffreysata; = a, # 0

Ki/ ks
Ki/\ky + Ko /K,

Cattaneoata; = a, =0

K1/\/ kqty
K1/\/ kyty + Kz/\/ k,t,

Mixedata; =1land a, =0

1

Mixedata; =0and a, = 1

0

K1/ ks
Ki/ ki + Ko /K,
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Fig.1. Schematic of the contact heat conduction problem
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Fig.10. Contact temperature T. and heat flux g, under different types of heat conduction and linear

specific power g5 = qo(1 — t/ts)
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Fig.11. Contact temperature T. and heat flux g.; under different types of heat conduction and

quadratic specific power qs = 4q, t/ts (1 — t/ts)
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