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Partial hyperbolicity and central shadowing

SERGEY KRYZHEVICH AND SERGEY TIKHOMIROV

Abstract. We study shadowing property for a partially hyperbolic dif-
feomorphism f. It is proved that if f is dynamically coherent then any pseu-
dotrajectory can be shadowed by a pseudotrajectory with “jumps” along the
central foliation. The proof is based on the Tikhonov-Shauder fixed point
theorem.
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1 Introduction

The theory of shadowing of approximate trajectories (pseudotrajectories)
of dynamical systems is now a well developed part of the global theory of
dynamical systems (see, for example, monographs [12], [I3]). This theory is
of special importance for numerical simulations and the classical theory of
structural stability.

It is well known that a diffeomorphism has the shadowing property in a
neighborhood of a hyperbolic set [2], [4] and a structurally stable diffeomor-
phism has the shadowing property on the whole manifold [I1], [I7], [19].

There are a lot of examples of non-hyperbolic diffeomorphisms, which
have shadowing property (see for instance [14], [21]) at the same time this
phenomena is not frequent. More precisely the following statements are cor-
rect. Diffeomophisms with C'-robust shadowing property are structurally
stable [I8]. In [1] Abdenur and Diaz conjectured that C'-generically shad-
owing is equivalent to structural stability, and proved this statement for so-
called tame diffeomorphisms. Lipschitz shadowing is equivalent to structural
stability [15] (see [21] for some generalizations).

In present article we study shadowing property for partially hyperbolic
diffeomorphisms. Note that due to [7] one cannot expect that in general
shadowing holds for partially hyperbolic diffeomorphisms. We use notion of
central pseudotrajectory and prove that any pseudotrajectory of a partially
hyperbolic diffeomorphism can be shadowed by a central pseudotrajectory.
This result might be considered as a generalization of a classical shadowing
lemma for the case of partially hyperbolic diffeomorphisms.
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2 Definitions and the main result

Let M be a compact n — dimensional C'*° smooth manifold, with a Rieman-
nian metric dist. Let |-| be the Euclidean norm at R™ and the induced norm
on the leaves of the tangent bundle T'M. For any x € M, € > 0 we denote

B.(z) = {y € M : dist(x,y) < e}.

Below in the text we use the following definition of partial hyperbolicity
(see for example [6]).

Definition 1. A diffeomorphism f € Diff'(M) is called partially hyper-
bolic if there exists m € N such that the mapping f™ satisfies the following
property. There exists a continuous invariant bundle

T,M = E°(z) @ E°(z) ® E*(x), reM

and continuous positive functions v, , v,y : M — R such that

v, v <1, v<y<Ay<vt

and for all z € M, v e R, |v| =1

|Df™(z)v| <v(z), ve E(v);
v(z) < [Df™(x)v] < A(x), v e E(x); (1)
|Dfm(x)v| > 07 Yx), ve E%x).

Denote
E®(x) = E*(z) ® E°(x),  E™(z) = E°(z) ® E"().
For further considerations we need the notion of dynamical coherence.

Definition 2. We say that a & — dimensional distribution E over T'M is
uniquely integrable if there exists a k — dimensional continuous foliation W
of the manifold M, whose leaves are tangent to F at every point. Also, any
C! — smooth path tangent to £ is embedded to a unique leaf of .

Definition 3. A partially hyperbolic diffeomorphism f is dynamically co-
herent if both the distributions £° and E* are uniquely integrable.
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If f is dynamically coherent then distribution E¢ is also uniquely inte-
grable and corresponding foliation W¢ is a subfoliation of both W< and
W<€t For a discussion how often partially hyperbolic diffeomorphisms are
dynamically coherent see [5], [9].

In the text below we always assume that f is dynamically coherent.

For 7 € {s,c,u,cs,cu} and y € W7(x) let dist,(x, y) be the inner distance
on W7 (z) from x to y. Note that

dist(z,y) < dist-(z,y), y€ W(x). (2)

Denote
Wi(x) ={y € W(x), dist,(z,y) < e}.

Let us recall the definition of the shadowing property.

Definition 4. A sequence {zy : k € Z} is called d - pseudotrajectory (d > 0)
if dist(f(zx), zx11) < d for all k € Z.

Definition 5. Diffeomorphism f satisfies the shadowing property if for any
e > 0 there exists d > 0 such that for any d-pseudotrajectory {zy, : k € Z}
there exists a trajectory {y;} of the diffeomorphism f such that

dist(zg, yx) <e, keZ. (3)

Definition 6. Diffeomorphism f satisfies the Lipschitz shadowing property if
there exist £, dy > 0 such that for any d € (0, dy), and any d-pseudotrajectory
{z), : k € Z} there exists a trajectory {y} of the diffeomorphism f, satisfying
(3) with e = Ld.

As was mentioned before in a neighborhood of a hyperbolic set diffeomor-
phism satisfies the Lipschitz shadowing property [2], [4], [13].

We suggest the following generalization of the shadowing property for
partially hyperbolic dynamically coherent diffeomorphisms.

Definition 7 (see for example [10]). An e-pseudotrajectory {yx} is called
central if for any k € Z the inclusion f(yx) € WE(yx+1) holds (see Fig. [I).

Definition 8. A partially hyperbolic dynamically coherent diffeomorphism
f satisfies the central shadowing property if for any € > 0 there exists d > 0
such that for any d-pseudotrajectory {xy : k € Z} there exists an e-central
pseudotrajectory {y;} of the diffeomorphism f, satisfying (3).
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Figure 1: Central pseudotrajectory

Definition 9. A partially hyperbolic dynamically coherent diffeomorphism
f satisfies the Lipschitz central shadowing property if there exist do, L > 0
such that for any d € (0,dy) and any d-pseudotrajectory {xy : k € Z} there
exists an e-central pseudotrajectory {y}, satisfying (B) with ¢ = Ld.

Note that the Lipschitz central shadowing property implies the central
shadowing property.

We prove the following analogue of the shadowing lemma for partially
hyperbolic diffeomorphisms.

Theorem 1. Let diffeomorphism f € C* be partially hyperbolic and dynam-
ically coherent. Then f satisfies the Lipschitz central shadowing property.

Note that for Anosov diffeomorphisms any central pseudotrajectory is a
true trajectory.
Let us also mention the following related notion [10].

Definition 10. Partially hyperbolic, dynamically coherent diffeomorphism
f is called plaque expansive if there exists € > 0 such that for any e-central
pseudotrajectories {yx}, {2}, satisfying

dist(yg, 2x) <&, k€Z

hold inclusions
20 € Wi(yo), keZ

In the theory of partially hyperbolic diffeomorphisms the following con-
jecture plays important role [3], [10].

Conjecture 1 (Plague Expansivity Conjecture). Any partially hyperbolic,
dynamically coherent diffeomorphism is plaque expansive.
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Let us note that if the diffeomorphism f in Theorem [ is additionally
plaque expansive then leaves W¢(y;) are uniquely defined (see Remark [I]
below).

Among results related to Theorem [I] we would like to mention that par-
tially hyperbolic dynamically coherent diffeomorphisms, satisfying plaque ex-
pansivity property are leaf stable (see [10, Chapter 7], [16] for details).

3 Proof of Theorem [1]

In what follows below we will use the following statement, which is conse-
quence of transversality and continuity of foliations W*, W,

Statement 1. There exists &g > 0, Lo > 1 such that for any 6 € (0, do]
such that for any x,y € M satisfying dist(x,y) < 0 there exists unique point
z=W2(x) N W y) for e = Lyd.

Note that for a fixed diffeomorphism f, satisfying the assumptions of the
theorem, it suffices to prove that its fixed power f™ satisfies the Lipschitz
central shadowing property. Since foliations W7, 7 € {s,u,c,cs,cu} of f™
coincide with the corresponding foliations of the initial diffeomorphism f we
can assume without loss of generality that conditions () hold for m = 1.
Note that a similar claim can be done using adapted metric, see [8].

Denote

A= ;Iéiﬁ(min(ﬁ_l(x), v (z))) > 1.

Let us choose [ so big that
A > 2.

Arguing similarly to previous paragraph it is sufficient to prove that f! has
the Lipschitz central shadowing property and hence, we can assume without
loss of generality that [ = 1.

Decreasing 9, if necessarily we conclude from inequalities that

dista(£(2), ) <y disty(r.9). y € W3 () (4)

and

dist, (f(2), f(y)) = Adistu(z,y), y € W (z).
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Denote
IT(x) ={z" € E"(x), |27| <r}, 7€{s,uccscu}, r>0,

I(z)={2€ T, M, |z| <r}, r>0.

Consider standard exponential mappings exp, : T, M — M and exp] :
T.WT™(x) = W7 (x), for T € {s, ¢, u, cs, cu}. Standard properties of exponen-
tial mappings imply that there exists g9 > 0, such that for all x € M maps
exp,, exp;, are well defined on I, (z) and I7 () respectively and D exp,(0) =
Id, DexpZ(0) = Id. Those equalities imply the following.

Statement 2. For p > 0 there ezists ¢ € (0,g9) such that for any point
x € M, the following holds.

A1 Foranyy,z € B.(x) and vy, vy € I.(x) the following inequalities hold

T dist(y:2) < lexpg " (y) — expy ' (2)] < (14 p) dist(y, 2),
7

1
1+p

|1 — vo| < dist(exp,(v1), exp,(v2)) < (1 + p)|vy — va.
A2 Conditions similar to A1 hold for expl and dist., 7 € {s,c,u,cs, cu}.
A3 Forye Wl(x), € {s,c,u,cs, cu} the following holds
dist-(z,y) < (14 p) dist(z, y).
A4 IfE<eandy € W (z) NWE(x) then
dist.(z,y) < (1+ p)é.
Consider small enough p € (0, 1) satisfying the following inequality
(1+u)?Lo/\ < 1. (5)
Choose corresponding € > 0 from Statement [2] Let § = min(dg, £/ Lyg).

For a pseudotrajectory {zy} consider maps hj : Uy C E*(zg) = E*(vg11)
defined as the following:

hi(2) = (exps, )~ (p)

6
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Figure 2: Definition of map hj,

where
P = Wigs, (f(exp}, (2))) MW 5 (2r41) (6)
and Uy, is the set of points for which map hj is well-defined (see Fig.[2). Note

that maps hj(z) are continuous. The following lemma plays a central role in
the proof of Theorem

Lemma 1. There exists dg > 0, L > 1 such that for any d < dy and
d-pseudotrajectory {xy} maps hj are well-defined for z € I},(xx) and the
following inequalities hold

() < Ld,  k€Z. (7)
Proof. Inequality (3] implies that there exists L > 0 such that
Lo(1+ L(1 4+ p) /AN (1 +p) < L. (8)

Let us choose dy < dy/2L. Fix d < dy, d-pseudotrajectory {z;}, k € Z and
A Izd(xk.)
Condition A2 of Statement 2]implies that

dist(wg, exp;, (2)) < Ld(1 4 p).
Inequality implies the following
. . 1
dists(f (1), f(exp;, (2))) < XLd(l + ).
Inequalities (2)) and dist(f(zx), x41) < d imply (see Fig. [B] for illustration)
dist(zxr1, fexp, (2))) < dist(zera, f(r) + dist(f (2x), fexp], (2))) <

1
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Figure 3: Illustration of the proof of Lemma [I]

Statement [I] implies that point p from relation (@) is well-defined and
inequality (8) implies the following

. . . 1 Ld
dist(p, 2x41), disteu(p, f(exp;, (2))) < dLo(1 + XL(l +p)) < T
This inequality and Statement [2 imply
diste(f(ex05, (), exps, (5(2) < Ld, (9)

|73 (2)] < Ld,

which completes the proof.
O

Let dy, L > 0 are constants provided by Lemma[ll Let d < dy and {z3}
is a d-pseudotrajectory. Denote

X' = T] L)
k=—00

This set endowed with the Tikhonov product topology is compact and convex.
Let us consider map H : X® — X* defined as following

H({z1}) = {211}, where 2y = hj(2).

By Lemmal[Tlthis map is well-defined. Since 2, depends only on 2z, map H
is continuous. Due to the Tikhonov-Schauder theorem [20], the mapping H
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has a (maybe non-unique) fixed point {z;}. Denote y; = exp (2;). Since
Zeo1 = hi(2;), inequality (@) implies that

Yr € WEa(f(wp)), ke Z. (10)

Since |zf| < Ld we conclude
dist(zg, yp) < dists(zg, y;) < (1 + p)Ld < 2Ld, k € Z.

Similarly (decreasing dy and increasing L if necessarily) one may show
that there exists a sequence {yy € W3" ,(xx)} such that

Y € Wialf (i), ke Z.

Hence dist(y;, yy) < dist(yg, zx) + dist(zx, yp) < 4Ld. Decreasing dy if nec-
essarily we can assume that 4LyLd < dy. Then there exists an unique point
Yk = Wit na(i) N Wi ra(yi) and inclusion (I0) implies that for all & € Z
the following holds

diStcu(yk:Jrh f(yk)) <
distew (Yr+1, Ype1) + diste (Y, f(r)) + distea(f (), fnr)) <

where R = sup,¢,; | D f(z)| and L., > 1 do not depends on d. Similarly for
some constant L., > 1 the following inequalities hold

diStcs(ykJrla f(yk)) < Lcsd; keZ.

Reducing dy if necessarily we can assume that points yxi1, f(yx) satisfy
assumptions of condition A4 of Statement 2] hence

diste(yer1, f(yr)) < (1 + p) max(Les, Ley)d, k € Z
and sequence {y;} is an Lid-central pseudotrajectory with
Ly = (1 + p) max(Les, Ley)-
To complete the proof let us note that
dist(zg, yi) < dist(xg, yy) + dist(y;, yx) < 2Ld +4LoLd, k € Z.

Taking £ = max(L1,2L + 4Lg) we conclude that {yx} is an Ld-central
pseudotrajectory which £d shadows {z;}. O

Remark 1. Note that we do not claim uniqueness of such sequences {y;}
and {y;'}. In fact it is easy to show (we leave details to the reader) that
uniqueness of those sequences is equivalent to the plaque expansivity conjec-
ture.
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