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Abstract

This paper presents a comprehensive exploration of semi-definite programming
(SDP) techniques within the context of quantum information. It examines the
mathematical foundations of convex optimization, duality, and SDP formu-
lations, providing a solid theoretical framework for addressing optimization
challenges in quantum systems. By leveraging these tools, researchers and
practitioners can characterize classical and quantum correlations, optimize
quantum states, and design efficient quantum algorithms and protocols. The
paper also discusses implementational aspects, such as solvers for SDP and
modeling tools, enabling the effective employment of optimization techniques
in quantum information processing. The insights and methodologies presen-
ted in this paper have proven instrumental in advancing the field of quantum
information, facilitating the development of novel communication protocols,
self-testing methods, and a deeper understanding of quantum entanglement.
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Optimization, in its various forms, has been a cornerstone of scientific and technological
advancements across numerous disciplines. From engineering and economics to machine
learning and operations research, optimization techniques have played a crucial role in solving
complex problems and driving innovation. Over the years, different variants of optimization
methods have emerged, each tailored to address specific problem structures and objectives [15,
24, 36, 40, 103, 232]. In recent decades, SDP has emerged as a powerful variant of con-
vex optimization, offering a versatile framework for solving optimization problems involving
PSD matrices. SDP has found applications in diverse fields, including control theory, signal
processing, combinatorial optimization, and quantum information theory [41, 116, 233, 303].
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Particularly, in the field of quantum information, SDP has proven to be an indispensable tool for
characterizing and manipulating quantum correlations and probabilities [28, 326]. Quantum
information theory deals with the fundamental principles governing the representation, trans-
mission, and processing of information in quantum systems. It explores the unique properties
of quantum mechanics to develop new paradigms for computation, communication, and cryp-
tography. Quantum correlations, such as entanglement, and the manipulation of probabilities
in quantum systems are essential components in designing quantum algorithms and protocols.

This paper aims to provide a comprehensive study of SDP in the context of quantum inform-
ation. The outline of the paper is as follows. We present first a mathematical framework for
convex optimization, covering the necessary preliminaries and notation, and provide a soft-
ware overview useful for implementing techniques discussed in this work. To aid researchers
in the practical implementation of SDP, the paper provides an overview of software tools,
solvers, and modeling techniques in section 1.3. It discusses the different solvers available for
solving SDP problems, as well as the modeling tools used to formulate and represent optimiz-
ation problems. Section 1.4 contains a brief overview of the topic of probability distributions
occurring in quantum mechanics and other important problems of the theory which can be
effectively treated with SDP. The terms introduced there will be used in section 4.

The further discussion in section 2 encompasses sets, spaces, cones, and functions, includ-
ing important concepts like Fenchel conjugate and subgradient. Duality, a fundamental aspect
of optimization, is explored extensively, shedding light on its role in problem formulations
and solution methods. The theory of SDP is a focal point of this paper, as it enables the
optimization of PSD matrices, which are fundamental objects in quantum information the-
ory. Next, in section 3, the work delves into the definition and characterization of positive
semi-definiteness, presenting various formulations of SDP problems, such as the canonical
form, the Vandenberghe and Boyd form, the so-called SDP algorithm (SDPA) form, and the
Watrous symmetric form. It also discusses the duality of SDP, the treatment of complex vari-
ables in semidefinite problems imposing equality and inequality constraints, and the topic
of the Schur complement and submatrices. Next, we concentrate on implementing SDPs, to
provide a general understanding of the involved numerical methods. The paper also explores
how solvers employ IPMs, highlighting their internal mechanisms, such as predictor—corrector
methods, warm start strategies, and exploitation of the problem structure.

In the following section 4, the paper introduces basic tools and techniques in SDP that
are specifically relevant to quantum information. These tools include semidefinite representa-
tions, separability criteria, Choi—Jamiotkowski isomorphism (state-channel duality), the sum
of squares decomposition, and Lovasz theta. Understanding and utilizing these tools are crucial
for solving optimization problems involving quantum states, correlations, and probabilities.
A significant portion of the paper focuses on the application of moment matrices in quantum
information. Moment matrices play a vital role in capturing the correlations present in quantum
systems. The paper explores correlation matrices and moment matrices, their mathematical
properties, and their significance in optimization problems involving non-commuting vari-
ables. Hierarchical methods, such as the NPA hierarchy, the so-called MLP hierarchy, and the
NV hierarchy, are discussed in detail for optimizing probability distributions without or with
dimension constraints. Additionally, the SWAP method for self-testing in quantum informa-
tion is presented.
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1.1. Historical notes on optimization

The historical development of LP, can be traced back to the times of a critical need for optimal
resource management during World War II. Soon after, in 1947, George Dantzig introduced the
simplex method [80], marking a significant milestone in this field. The simplex method oper-
ates by starting at a vertex of a convex polytope representing feasible solutions and gradually
moving toward its extreme point. It is important to note that although the simplex method
algorithm exhibits exponential worst-case complexity, it has demonstrated remarkable effi-
ciency in practical problem-solving scenarios. To understand the underlying reason for the high
complexity of the simplex method, it is necessary to examine the specific instances where the
algorithm visits every vertex of the feasible region, leading to exponential worst-case complex-
ity. The Klee—Minty problem, formulated in 1970 [170], serves as an illustrative example of
such instances. During the 1960s and 1970s, there was an increasing recognition of the signific-
ance of computational complexity, fueling the pursuit of efficient algorithms with polynomial
time complexity.

In the 1960s, in the realm of nonlinear programming, it became a common practice to trans-
form constrained problems into unconstrained ones through the utilization of the so-called
barrier methods [103]. By introducing a specialized barrier function, it became possible to
delineate a trajectory within the space of optimization variables known as the central path,
which could be traversed using the well-established Newton’s method. However, the preval-
ence of barrier methods experienced a temporary decline in the 1970s. Meanwhile, in 1979,
Khachian introduced the ellipsoid method, the first algorithm for LP with polynomial worst-
case complexity [168]. Surprisingly, despite its favorable theoretical complexity, the ellipsoid
method proved to be exceedingly slow when applied to most practical problems. Consequently,
before 1984, two primary methods for LP existed:

e The simplex method, which possessed exponential worst-case complexity but demonstrated
practical efficiency.

e The ellipsoid method, exhibited polynomial complexity but was notably inefficient in prac-
tice.

The field of optimization has undergone a significant transformation with the introduction
of IPMs. Before 1984, IPMs did not hold a prominent position until Karmarkar’s ground-
breaking paper, a new polynomial-time algorithm for LP [165], was published. Notably, it
was demonstrated that [PMs were no less efficient than the simplex method for solving prac-
tical LP problems. This revelation of IPM’s potential sparked what is often referred to as a
revolution in optimization [334], leading IPMs to be recognized as one of the most significant
algorithms of all time. Before 1984, there existed only minimal connections between LP and
nonlinear programming. However, it was soon discovered [118] that the IPM was equivalent
to a logarithmic barrier method applied to LP. This equivalence enabled the development of a
unified framework, based on barrier function methods, for analyzing both linear and nonlinear
problems [234].

The next significant advancement in the field of IPM came with the independent work of
Alizadeh [8], Nesterov, and Nemirovskii [233, 234] in the late 1980s. They expanded the
applicability of IPM to various convex optimization problems. Nesterov and Nemirovskii dis-
covered that the key to utilizing IPM for convex problems lies in knowing a specific bar-
rier function known as a self-concordant barrier [230]. For practical implementation, it is
essential that the first and second derivatives of the barrier function can be computed eas-
ily. Vandenberghe and Boyd [314] utilized the theory developed by Nesterov and Nemirovskii

5
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to apply the LP method given by Gonzaga and Todd [126] to SDPs. A self-concordant barrier
refers to a smooth convex function defined within the interior of a given set. It diverges toward
infinity as it approaches the boundary and, along with its derivatives, satisfies certain Lipschitz
continuity conditions. Nesterov and Nemirovskii demonstrated that IPM can be applied to any
set where such a barrier function can be formulated. Fortunately, a relatively computationally
tractable self-concordant barrier is known for SDPs, viz. F(X) = —IndetX. For a comprehens-
ive historical overview of the development and significance of SDP, detailed information can
be found in several notable references such as [105, 125, 303, 334]. These works provide an
in-depth exploration of SDPs, shedding light on their emergence as a powerful tool in mod-
ern optimization. The key property of SDP problems is the fact that they may be efficiently
solved numerically using IPM, as sketched further in section 3.8, and at the same time, they
can express or approximate a tremendous range of scientific and engineering problems.

1.2. Preliminaries and notation

We now briefly specify the notation used in this work. In some places, the notation used is
overloaded, with the same symbols having different meanings. The reason is that the paper
covers a variety of different fairy-specialized topics. We decided to keep the established nota-
tion characteristic for each of the specializations. We made an effort to ensure that this does
not lead to any ambiguity.

1.2.1. Spaces and sets notation.  In this work, we denote by N the set of natural numbers
(including 0), N, is the set of natural numbers (excluding 0), R is the set of real number, and C
is the set of complex numbers. The sets of vectors composed of real numbers, non-negative real
numbers, and complex numbers, with k elements, are denoted by R¥, R% , and C*, respectively.
The set of real k x [ matrices is denoted by R¥*/ and the set of real n X n symmetric matrices
by S". The set of real n x n symmetric matrices that are PSD or PD (see section 3.1 for the
definitions) we denote with S or §" |, §% | C §% C §". Similarly, the set of complex k x [
matrices is denoted by C¥*/, the set of Hermitian n x n matrices by H", and its subset of PSD
or PD matrices by H’ or H |, H? , C H C H". We refer to the pair of values k and / (for
matrices of arbitrary size) or n (for square matrices) as the size of the matrix. For n € N} we
denote [n] ={1,...,n}. The relation = denotes the so-called Lowner’s partial order of PSD
matrices [181, 197]. For two symmetric or Hermitian matrices A and B, we have A > B when
A — Bis PSD.

Banach spaces, i.e. vector spaces which are complete with respect to a given norm ||- ||,
are denoted with letters X, Y, .. .. Their continuous dual spaces, as defined below, are denoted
with starred letters, X*, Y*,.... The real and complex Hilbert spaces, i.e. vector spaces with an
inner (scalar) product (-|-) that are Banach spaces with the norm induced by the inner product,
are denoted with calligraphic letters, X', ), Z,.... Their continuous dual spaces are denoted
by A*, V*, Z*,.... Usually, we consider vector spaces of real or complex matrices with the
Frobenius product, defined below in (3), as the inner product; thus the spaces R¥>1 and Ck*1
are the ordinary k dimensional real or complex Euclidean spaces, i.e. finite-dimensional Hilbert
spaces.

In some cases we use finite sets of symbols as indices of vectors or matrices; this will be
particularly useful in the context of moment matrices, see section 4.6. For a set of symbols
¥ we use the standard convention of set theory to denote C* (R¥) the set of all functions
from ¥ to C (R). Since there exists a natural isomorphism between C* and C/*| (R* and
RI*®1), all operations defined for the latter can be easily mapped to relevant operations on the

6
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former, with an arbitrary ordering of the symbols in X, that will be treated here as implicit.
For a metric space (X, d) we denote by Bx(x, r) the closed ball centered at x € X with radius r;
Bx = Bx(0, 1) is the unit closed ball.

Consider a Banach space X over the field F. For a linear functional x* : X — F we define
its norm as ||x || = sup,c .| x ;<1 [¥* () |- We define X* as the continuous dual space, or the
topological dual space, or simply the dual space, i.e. the space of all linear continuous func-
tionals on X with this norm. The weak topology of X is the weakest topology in X in that all
elements of X* are continuous. For X* we consider also the weak” topology, defined as the
weakest topology on X* for that every element x € X corresponds to a continuous functional
on X*. We denote the bidual spaces X** = (X*)*. Spaces for that X = X** are called reflexive.
It can be seen that every finite-dimensional normed space is reflexive.

The action of a conjugate element x* on an element x, i.e. x*(x), is further denoted as (x*, x)
to make the linearity explicit. This is to be contrasted with the inner (scalar) product (-|-) for
Hilbert spaces. The Riesz—Fréchet representation theorem [288, p 182][138, p 31] states that
every linear continuous functional x* on a Hilbert space X’ can be represented by the inner
product with a certain unique element x of X', in the sense that Vs (x*,x") = (x|x’).

To provide the most explicit formulations, we usually denote the elements of a conjugate
space with the star symbol *, e.g. x* € XA*. The symbol is barely a notation suggesting an ele-
ment of a conjugate space and has no algebraic meaning. Similarly, we optionally (with no
special mathematical meaning) denote with - (dot) a matrix multiplication in places where it
allows us to avoid ambiguity, especially to stress the presence of a scalar product of two vec-
tors. Due to the specificity of our topic closely mixing the explicit numerical representation
of operators as arrays of (numerical) real values with the abstract complex Hilbert formal-
ism of quantum mechanics, we decided to use both this ‘dot’ notation of the scalar product,
and the bra-ket notation, with the latter used in cases not directly related to the computer
implementations.

We denote by L [X', )] the set of all linear operators from the Hilbert space X’ to the Hilbert
space V. For X = C" and ) = C™ this set is isomorphic to the set of complex m x n matrices,
C™*", We use the latter whenever our considerations are directly related to computer imple-
mentations. For A € L[, )] we define the adjoint operator, AT € L[Y, X] as the unique oper-
ator satisfying the scalar product relation

yhax=(aty)'x, 1)

or, in the bra-ket notation, (y|Ax) = (ATy|x), for all x € X and y € ). We use the abbreviation
L[X] = L[X,X]. For real matrix space, the adjoint is the transposition denoted by T; and for
complex matrices, it is the Hermitian conjugate denoted by T. Thus we denote by x' € X* the
unique linear operator x' : X — F : x’ — (x|x’), where F = C for complex Hilbert spaces; or
by T with F = R for real Hilbert spaces. The symbol of T used for real spaces is equivalent to
T. We define the set of all Hermitian operators acting on a complex Euclidean vector space X
as Herm [X] = {X e L[X] : X = X}.

1.2.2. Matrix conventions and the Frobenius product. In this work, we use the MATLAB
notation for elements of matrices. We recall a few examples. In this notation the expression
M, 1.,» means a submatrix consisting of the elements of the matrix M within the row k and with
column indices in {/,/+ 1,...,m}. The expression M. ; means the vector consisting of the kth
column of the matrix M. My ; refers to the element in kth row and /th column. For a vector
v its kth element is v;. Vectors are represented by one-column matrices. Matrix elements are

7
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numbered from 1. The identity matrix of size d by d is denoted by 1,; in some cases, instead
of the size we specify a space X and then 1y denotes the identity operator on X. The zero
operator and zero matrix for all spaces are denoted with 0. The Kronecker delta is denoted by
d;; and is equal 1 for i =j and 0 otherwise. Trace operation is denoted as Tr[-], and partial trace
by Try,3,[], where {s;}; enumerates the subsystems which are traced out. Similarly, the partial
transposition of subsystems {s;}; is denoted as Tt}

The function vec(+) defines a vector containing the elements of the given matrix in column-
wise order. Mat(+) is the inverse of this function. For example, we have

(& )-

We also use the following standard convention in which upper-case letters denote matrices,
and lower-case letters denote vectors of elements of the matrices, e.g. x = vec(X) € R" and
X = Mat(x) € R"*". For two matrices A, B € R"*" we define the relation A < B to hold if and
onlyif Vi . V=1, »Ai; < Bi;. Wedefine relations A < B,A > Band A > B in an analogous
way. Diag((d;);c[,] is an n by n diagonal matrix with diagonal entries d;.

The Frobenius product of two complex (or real) matrices, A,B € C**/ (or A,B € R**) is
defined as Tr(ATB) (or Tr(ATB)). We follow the convention common in the literature close to
implementation issues and usually denote the Frobenius product as Ae B [10, 111, 169, 216,
293, 305, 307, 319]. It can be easily shown that

2

QUL O T

AeB=Tr(A'B)=Tr(AB") = Y > A;Bij=vec(A) vecB, (3)
l

i=1,.. kj=1,...,

and similarly for real matrices. Thus, for real matrices, the Frobenius product is the sum of the
elements of the element-wise product of entries of two matrices. One can also show that for real
symmetric A and real antisymmetric B we have Tr(ATB) = Tr(AB) = 0. For real symmetric A
we have A @ B =Tr(A'B) = Tr(ATB) = Tr(AB). The Frobenius product induces a Frobenius
norm of a matrix, ||-||; defined as ||A||p = /Tr(ATA). This norm is called also a Hilbert—
Schmidt norm. The Frobenius product is a direct generalization of the vector Euclidean
product, as it can be seen from (3), and the C**! (R¥*/) with Frobenius inner product is iso-

morphic with the Euclidean space CX (R¥). For A = [A“ A12] and B = E“ 212} , where
21 b2

A Ax
Ap,Bj € C*™M A, By € C"*" Ay, By € C*™ and Ay, By, € C"*™ for some ny and
n,, we have

Tr (ATB) = Tr (ALB“) +Tr (AEBH) +Tr (A;BM) +Tr (AZZBZZ) @

This equality easily generalizes to matrices A = (A,.), and B = (B,..), . divided into arbitrary
number of blocks, viz. AeB=73" (A, ®B,).

1.3. Software overview, usage, and implementation

The basic tool used to find solutions to SDP is SDP solvers. Modeling languages are use-

ful supporting software aiding in formulating SDPs to be passed to a solver. We refer read-

ers to [214] for a comprehensive overview. From the experience of the author, most of the

analysis involving SDPs in quantum information is conducted using either Python or Matlab
8


http://mostwiedzy.pl

A\ MOST

J. Phys. A: Math. Theor. 57 (2024) 163002 Topical Review

language. The latter language has two major implementations, viz. the software MATLAB
from MathWorks [2] and its open-source alternative OCTAVE [90].

A standard choice for an SDP solver among the NPA community (see section 4.6)
using Matlab seems to be the SeDuMi solver [291, 292] created by J F Sturm, currently
developed and maintained by Imre P6lik and Oleksandr Romanko under the direction of Tamés
Terlaky [290]. This solver implements self-dual embedding IPM [66] and was used for instance
in [226-228] and other works implementing NPA. Another SDP solver of particular interest in
Matlab is SDPT3 solver [310, 312] implemented by Toh, Todd, and Tiitiincii. It uses infeasible
primal-dual IPM with so-called Nesterov-Todd (NT) and Helmberg-Kojima-Monteiro (HKM)
search directions (see section 3.8 for the definition of the search directions). Other examples
of SDP solvers include C library for semidefinite programming (CSDP) [35] by Borchers,
DSDP [29], and SDPA [112]. The mentioned solvers are freely available, in most cases in
open-source form. A very efficient commercial SDP solver is Mosek [1], possible to be used
in Python and MATLAB, with a free license for academia. The solver particularly relevant
for large problems is semidefinite programming Newton-CG augmented Lagrangian method
(SDPNAL) [294, 338] that is implementing a Newton-conjugate gradient (CG) augmented
Lagrangian method for SDP [346].

A popular family of solvers is the mentioned SDPA solvers by Fujisawa et al [112, 113,
222, 336, 337]. The SDPA solvers are using the so-called Vandenberghe and Boyd form, or
the SDPA form, of SDPs, see section 3.2.2. The variants cover Matlab interface (SDPA-M),
parallel implementation for large SDPs Semidefinite programming algorithm parallel version
(SDPARA), higher precision arithmetics GNU multiple precision arithmetic library (SDPA-
GMP), quad-double library (SDPA-QD) and double-double (SDPA-DD) structural sparsity
Semidefinite programming algorithm with the positive definite matrix Completion (SDPA-
C), see [335] of an overview. Semidefinite programming algorithm (SDPA) solver imple-
ments primal-dual IPM with Mehrotra type predictor—corrector, see section 3.9. When decid-
ing solver to use, a performance benchmark should be consulted [210].

Plenty of papers [6, 19, 31, 46, 50, 63-65, 104, 191, 257, 286] uses the Python package
NCPOL2SPDA [332] by Peter Wittek, currently under maintenance by Peter J Brown [333].
NCPOL2SDPA implements a framework for global polynomial optimization problems with
SDP relaxations. The functionality of particular interest covers the NPA [226, 227, 254] hier-
archy for non-commuting operators; Lasserre’s hierarchy for commutative polynomials [184];
the more randomness from the same data technique [22, 239]; a hierarchy for bilevel polyno-
mial optimization problem [159]; the Moroder’s hierarchy [221]; and a hierarchy of sufficient
conditions for the steerability of bipartite quantum states [177]. Note that NCPOL2SDPA is
not an SDP solver but a modeling toolbox, used to reduce the human effort when formulat-
ing SDPs, and it requires a solver to be included separately. Other popular modeling tools for
Python are python interface to conic optimization solvers (PICOS) [275] and CVX Python
(CVXPY) [5, 84].

Popular modeling toolboxes to be used with Matlab language are yet another linear mat-
rix inequalities processor (YALMIP) [193] and CVX [127, 128, 132]. They allow the use of
various solvers, including SeDuMi, SDPT3, and Mosek. YALMIP can be supported with a
package QDimSum (symmetric SDP relaxations for qudits systems) [272] that implements
the hierarchy [228] using the symmetrization methods [7, 302] to enhance the performance.
In appendix B.1 a sample simple execution is given with YALMIP.

An alternative to the mentioned modeling tools for Matlab and Python is the JuMP pack-
age (‘Julia for Mathematical Programming’) [89], which is an open-source modeling language
integrated within the Julia programming environment [32]. It allows users to express a wide
range of optimization problems, including linear, mixed-integer, quadratic, conic quadratic,
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semidefinite, and nonlinear, in a clear and intuitive code format. JuMP allows these formu-
lated problems to be solved using open-source and commercial solvers including CSDP [35],
Mosek [1], SCS [241], and SDPA [112].

At this stage, we mention that models in YALMIP and many other modeling languages
are interpreted as so-called dual problems [194], discussed in section 3.2. The dual form of
SDP is given in (81), where the SDP variable Z is in a disaggregated form, i.e. it is a matrix
composed of linear combinations of scalar variables. This is to be contrasted with the primal
form of SDP (80), where the SDP variable X is treated as a single matrix variable. There are
two reasons, why modeling languages prefer the dual form over the primal form. The major
reason is that symbolic manipulations are much easier when the variables are disaggregated.
The other reason is that it was observed that in many different fields, the dual form is more
natural to formulate the problems occurring in them, see e.g. table 1 in section 4.6.

1.4. Basic problems of quantum information

Many useful functions that occur in quantum information belong to the family of the so-called
semi-algebraic functions. These functions can be represented using SDP constraints, and thus
are particularly relevant for this review. On the other hand, many other functions are not semi-
algebraic, like the logarithm function used e.g. in the definitions of such quantities as entropies,
including Shannon, quantum, or their relative or conditional variants. It would be beneficial
to be able to express them, or at least their approximations as SDPs. It revealed that it is pos-
sible when the non-semi-algebraic function is approximated with a polynomial function, for
instance with the support of one of the Gauss quadratures, e.g. the Radau quadrature. Recent
results allowed the use of SDP to approximate the matrix logarithm function [100], and as a
result, the use of SDP to efficiently optimize expressions on various entropies [98]. One recent
article [47] used these methods to determine the lower bounds of the conditional von Neumann
entropy certified in a device-independent approach using an extended NPA method [254] using
the NCPOL2SDPA tool [332]. We provide a brief overview of the theory of semidefinite rep-
resentations of semi-algebraic functions in section 4.1.

An important problem in the investigation of the properties of quantum states is to determine
whether they are separable or not. An N-partite state p is called separable when it is written as
a convex combination of product states, viz. [327]:

p=>_pipi @@ pl. )

Determining whether a given state is separable or entangled based solely on the definition
is a challenging task in practice. Thus, the so-called separability problem emerges as one of
the fundamental issues in the study of entanglement. The famous Peres—Horodecki PPT cri-
terion [151, 250] provided a necessary condition for separability of states and says that if a
bipartite state p 45 is separable, then pTA’*B > 0. Another attempt at this issue was [188], where
a constructive algorithm that enables the identification of the optimal separable approxima-
tion for any density matrix associated with a finite-dimensional composite quantum system
was presented. The method established a condition for separability and provided a measure
of entanglement. An important connection of the separability problem with SDP was the so-
called DPS method given in [86, 87], which may be considered as a direct development of the
PPT criterion, providing a hierarchy of SDP approximations discussed in section 4.2.
Another notion is that of quantum channels [329]. A quantum channel is a communication
channel that transmits quantum information. Quantum channels describe any form of state
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evolution either in time or space governed by quantum mechanics. There are multiple dif-
ferent issues to be studied regarding quantum channels. One of the main research problems
related to them is the characterization and classification of different types of channels, like
depolarizing or amplitude-damping channels. Another research problem related to quantum
channels is the development of methods for channel estimation and tomography, or the study
of noisy and imperfect channels. In practice, all communication channels are subject to noise
and imperfections that can degrade the quality of transmitted quantum states. Therefore, it is
essential to develop methods for mitigating the effects of noise and imperfections on quantum
communication. A basic tool used in modeling quantum channels, or more general maps linear
L[, H,], for Hilbert spaces H; and H», is the Choi—Jamiotkowski isomorphism discussed
in section 4.3.

The Tsirelson bound also referred to as the Cirel’son bound, is a concept in quantum
mechanics that holds significance in the investigation of quantum non-locality. In essence, the
Tsirelson bound establishes a maximum level of correlation achievable between two or more
distant quantum systems. The first examples of such bounds were derived by Boris Tsirelson
in 1980 [72]. Tsirelson bounds carry profound implications for our comprehension of quantum
mechanics and its practical applications. In particular, if the correlations violate the Tsirelson
bound, it implies that quantum physics cannot reproduce them. This observation significantly
contributes to our understanding of entanglement. The Tsirelson bound finds practical utility
in various applications of quantum information theory, including quantum cryptography and
quantum teleportation. For instance, it enables the quantification of the requisite and attainable
level of entanglement for secure communication through quantum cryptography. In section 4.4
we briefly describe the SoS technique and then show an example of how can it be applied to
the derivation of the Tsirelson bound.

A fundamental concept, closely related to the Tsirelson bound is quantum contextuality. It
refers to the property of quantum systems where the outcome of a measurement depends on
the context in which it is measured. In other words, the value of a quantum property is not
determined by the property itself, but by the other properties with which it is measured. This
means that the same quantum system can exhibit different properties depending on how it is
measured, and this property has been shown to be essential for many quantum information
processing tasks. One of the approaches to the analysis of contextuality was given in [57, 58]
where a relationship with the so-called Lovész theta has been established. The method revealed
to be very profound [56, 133, 152, 186, 268, 304]. Here, in section 4.5 we describe the SDP
methods for Lovasz theta and show how to relate it to contextuality.

We will now briefly review the topic of Bell inequalities and Bell functionals [25], as this
will be needed in many places in this work, especially for section 4.6. Bell inequalities are
mathematical expressions that set a limit on certain probabilities, which cannot be violated in
a classical physics framework but can be exceeded in quantum mechanics. The violation of
Bell inequalities can be observed through experimental measurements, providing conclusive
evidence that the behavior of the world cannot be explained solely by classical physics. Such
groundbreaking experiments were conducted in the 1980s by Aspect et al [16—18]. A Bell
experiment involves two or more separate parties who share a quantum state and perform
measurements with different settings, without any form of communication between them. By
conducting a series of such measurements and analyzing the collected data, it becomes possible
to estimate the set of joint conditional probability distributions, or behaviors, {P(a,b|x,y)} of
the outcomes conditioned on the settings. A bipartite Bell functional is a linear functional that
operates on behaviors over two parties or subsystems of the form 3, ,  aqxyP(a,blx,y),
where o5,y € R.
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Classical devices can be described using the following elements. The class £ represents
local behaviors that are in accordance with classical physics. The statistical description, i.e. the
behavior, of the pair of devices is of the form

(a,blx,y) = ZP “Papa (@, ) - Py o (bly, A). 6)

Here, P()) represents the probability of observing the hidden state A, and P|x 4 (a|x,\) and
Pgjy,a(bly,\) correspond to the conditional probabilities of obtaining results a for Alice and
b for Bob, respectively, given their respective settings x and y, and the hidden state . Px ()
refers to the probability distribution of hidden internal states, where A represents a specific
state and ) _, -, Pa()) = 1 ensures normalization.

Next, the non-signaling devices can be characterized as follows. The class 91 denotes
non-signaling behaviors, which align with the principles of relativistic physics. Pyx(alx)
and Pg|y(b|y) represent the marginal conditional probability distributions of Alice and Bob,
respectively. These distributions are derived from the behavior {P(a, b|x,y)}, and they satisfy
the conditions

Zp(aab‘xay) = PA|X,Y (a|x?y) = PA|X (a|x), and (7(1)
beB
S P (a,blx,y) = Pay (blx,y) = Py (Bly). (7b)
acA

These conditions ensure the consistency of the marginal distributions regardless of the set-
tings of the other party. Non-signaling property implies that the settings chosen by one party
do not have any influence on the marginal distribution observed by the other party. By consid-
ering these elements and properties, we can analyze the behavior of non-signaling devices in
the context of bipartite systems. Optimization over these sets can be performed using LP.

The class £ contains all behaviors that adhere to the fundamental principles of quantum
physics. It is noteworthy that the class of local behaviors £, forms a subset of quantum behavi-
ors,i.e. £ C 9,and Q C M. A Bell functional Z can exhibit a characteristic where its maximum
value allowed on the set £, denoted as I, is strictly greater than its maximum value on the set
£, denoted as ;.. The existence of such functionals is a consequence of Bell’s theorem [26].
A Bell inequality is a statement Z < I that sets a limit on the value of this operator within the
framework of local theories. We say that a Bell inequality is violated if, for a given behavior
{P(a,blx,y)}, we have Z > I1.. The task of optimization over £, in particular Bell functionals,
is NP-hard, as shown by Kempe et al in 2008 at FOCS [166].

The statement {P(a,b|x,y)} € £ is true if and only if the following conditions are satisfied,
involving the existence of a (finite or infinite dimensional) Hilbert space 7, a state (vector)
|4)) on H, and a set of operators (measurements) {E%, F’,},, ., on H such that:

(i) The operators E% and F?, are projectors. From this property, it follows that the operators
correspond to observable quantities with non-negative probabilities.

(i1) Different results with the same setting, represented by E¢ and Ejj/, are orthogonal to each
other, given by EE¢" = 0; similarly for Bob’s measurements F”, and F fl . This orthogon-
ality condition signifies that different measurement outcomes are mutually exclusive.

(iii) The sum of all operators EY for a fixed x equals the identity operator 1, denoted as ) E% =
1. Similarly, the sum of all operators F®, for a fixed y is equal to 1, expressed as > W F b, =
1. These normalization conditions ensure that the probabilities of all possible outcomes
sum up to 1.
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(iv) The operators representing measurements for Alice, EY, and those for Bob, F b y, commute
with each other, denoted as [E¢, F ”y] = 0. This commutation property indicates that the
order of measurements performed by Alice and Bob does not affect the results.

(v) The joint probability distribution P(a, b|x,y) can be expressed as the expectation value of
the operators EY and F/ ”y acting on the state |t ), given by

P(a,blx,y) = (1 |ELF?y| ). (8)

This equation illustrates that the probabilities arise from performing measurements on the
quantum state | ).

We note that the quantum measurements can be represented not necessarily by project-
ors as in the above condition (i), but by a more general set of operators called POVMs.
A POVM {M“}, satisfies the PSD condition V,M® > 0 and the normalization condition
>-oM® =1. Since the vector | 1)) can be of arbitrarily high, possibly infinite, dimension, and
by Stinespring’s dilation theorem [289] any POVM on a specific Hilbert space can be repres-
ented by a projective measurement within a sufficiently highly dimensional Hilbert space and
any mixed state can be represented as a subsystem originating from a system in a pure state
in that Hilbert space, the restriction to projectors in (i) and pure states do not lead to a loss in
generality.

From the normalization conditions (iii) we see that for any fixed x (y) any of the operators
{E} . ({F®}b.,), can be expressed using the rest of them and the identity operator. Thus
instead of the full set {E¢, F by}(hh,x,y we can equivalently require existence of the so-called

reduced set of operators {1,E%,F’}_ ; ,» Where the index a (b) covers all values excluding
the last one. For instance, consider a scenario involving two parties, each with two settings from
the set {1,2}, and obtaining two outcomes from the set {0, 1}. The reduced set of operators in

this case is
{1,E0,E5, R}, F9}. 9

The schoolbook formulation of quantum mechanics involves the notion of Hilbert spaces
and the properties of operators acting over them. In contrast, an effort was made to derive, at
least partially, equivalent physical consequences from a direct axiomatics [51, 69, 74, 136, 137,
148, 156, 201], or principles explicitly basing on information theory. The prominent examples
of such information-theoretic principles include the non-signaling [255], the non-trivial com-
munication complexity [43], the no advantage for nonlocal computation [192], the information
causality [249], the local orthogonality [106], the information content of systems [79]. Of par-
ticular interest in this work are the macroscopic locality [229] and the almost quantum set of
behaviors discussed in section 4.6.1.

Now, we provide a concise overview of the key aspects pertaining to dimension-bounded
scenarios [53, 114, 190, 248]. We will discuss them in detail in sections 4.7 and 4.8. Alice and
Bob are assigned random inputs, x and y. Subsequently, Alice sends a message to Bob based
on her input, where the message takes the form of a quantum state p, of a specific dimension
d. Bob receives the quantum state and performs a measurement {Mﬁ}b on it, yielding a result
b. This leads to a behavior {P4(b|x,y)} within a prepare-and-measure scheme, Py(b|x,y) =
Tr (pM?). We assume the absence of entanglement between Alice and Bob in this context.
Let Py = {{Pa(blx,y)} {p.1..(4 MY}y } be the set of all probabilities of the discussed for in the
given dimension d. We note that we have P; C P4y, since increasing the dimension of the
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communicated state we can send at most the same amount of data. A dimension witness W is
a linear function of behaviors, i.e. it has the following form:

> BoxyP(blx,y). (10)

b,x,y

The key property of dimension witnesses is that they allow us to distinguish the dimensions
for which inclusion is strict. Using the definition of probability distributions in the prepare-
and-measure scheme, we may introduce a notion of dimension witnesses which is analogous
to the concept of Bell functionals.

2. Mathematical framework of optimization

A general static optimization problem [200], or optimization in finite-dimensional spaces, is a
task of determining the values of a certain variable x € 7 C R”, called the decision variable,
for which a given function f; : 7 — R, called target, attains its minimum; these points are
called minimizers, and their set is called the optimal set [24]. The whole set F is called the
feasible set (and other names like feasible region, or solution space, or search space, are often
used) [23]. A point xy € F with the property that for all x; € F it holds f(x;) > f(xo) is called
a global minimum. A point xo € F for which there exists a neighborhood (in metric space
sense) N such that x; € NNF = fo(x1) = fo(xo) is called a local minimum. Every global
minimum is also a local minimum.

The further part of this section covers the crucial topic of duality in optimization. In
section 2.4 we discuss general optimization in Banach spaces, covering essential techniques
and concepts. Next, in section 2.5 we explore the Fenchel-Rockafellar scheme, delving into
strong duality and constraint qualification, which are fundamental principles in optimization.
Then, in section 2.6 we discuss an alternative, but less general, way of construction of dual
problems, viz. the Lagrangian scheme. Lastly, in section 2.7 we delve into the more specific
case of convex cone optimization and show how both dualization schemes apply to it.

2.1. Convex and linear programming

Now, let us specify what we mean by convex optimization problems. In simple words, these
are tasks of minimization of a convex function over a convex set [24, 41]. To be more specific,
the so-called functional form of convex problems is defined as follows. Let m,n € N. The
commonly used general form of convex problems is the following:

minimize fj (x)

11
subject to f; (x) < b;,i = 1,...,m, (i

where fo, . .., fin : R” — R are convex function, i.e. for any xo,x; € R" and A € [0, 1] they satisfy
the so-called Jensen’s inequality:

Ji (o + (1= A)x1) < Mi(xo) + (1 = A)fi (x1) - (12)

If we replace < with < in (12), we say that f; is strictly convex. The set of points satisfying the
constraints of (11), i.e. the feasible set F =()/_,{x € R": fi(x) < b;} CR", is a convex set.
A crucial property of convex programs is that all their local minimum points are also global
minimum points. What is more, the optimal set for a convex problem is also a convex set.
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If fo is strictly convex then there exists at most one global minimum. The optimal value or,
when there is no ambiguity, simply the value, of an optimization problem corresponds to the
optimal objective function value, representing the optimal outcome attainable for the objective
function while adhering to all constraints. The solution to an optimization problem refers to the
collection of decision variables that yield the optimal objective function value. This solution
must satisfy all constraints imposed by the problem. It is worth noting that in certain scenarios,
multiple optimal solutions can exist, indicating that various sets of decision variables yield the
same optimal objective function value.

The terms optimization and optimization problem are often used interchangeably in the liter-
ature to refer to the task of finding the optimal (usually minimal, as above) value of an objective
function. However, the terms have a subtle difference in their meaning. Optimization typically
refers to the act of determining the optimal value itself. The optimization problem encompasses
not only finding the optimal value but also the associated decision variables or parameters that
achieve that optimal value, i.e. the solution. Thus, we distinguish the minimization problems
where the task is to find both the value min,c #[fy(x)] and the solution argmin, . »[fo(x)], from
the minimization, i.e. the task of finding the infimum inf,¢c £ [fy (x)]. Note that the infimum may
not even be attained, whereas for the minimum there always exists a solution attaining it.

Particular examples of convex optimization problems are LPs and SDPs, being the main
topic of this Review. We start with the formulation of LP. Let m,n € N, and m < n. The so-
called primal canonical form of LP is the following optimization task in variable x:

minimize ¢! - x

. (13)
subject to Ax =b,x > 0,
where A € R, b € R™, x,c € R". The dual problem of LP is
maximize b" - y
subject to c —ATy =z, (14)

z20.

In the above problems, the variable x is called the primal variable, y the dual variable, z the
dual slack variable, A is the linear constraint matrix, b is the right-hand side (RHS) of the
linear constraint, and c is the linear coefficient.

2.2. Sets and cones definitions

Let X be a Banach space over an ordered field F.
Consider a set C C X. The core of C is the set of all points in C such that for any direction
d in X there exist T, > 0 such that for all ¢ € [0, T,] we have x + td € C, viz.:

core C = {x €C:V aex, Ir,>0Vepo,r,) (x+1d) € C}. (15)
1

Contrast it with the interior of C defined as:

int C= {x € C:3r>0V dex, Vie,n) (X +1d) € C} . (16)
lldl|=1

It is easy to see that intC C coreC.
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C is convex if
Vxl)&ecv)\e [0,1]/\X1+(1 —/\)XZEC. (17)

In particular, @ is a convex set. C is absorbing [36, p 244] if it is convex and X = U,>OIC.
Obviously, 0 € coreC for absorbing C.
A subset K C X is called a cone, or nonnegative homogeneous, if and only if [342]:

xeK NeF, = M€Kk, (18)

where F, is the set of all non-negative scalars of F. Thus, the cone is simply the set invariant
under multiplication by non-negative scalars. The cone K is convex if and only if [41]

X1, €K = x1+x €K, (19)

that can be intuitively understood as K + K C K.
For an arbitrary, not necessarily being a cone, subset K C X, the fopological dual cone, or
simply the dual cone, is defined as [39, p 16]:

K={x"eX :x' e K = (x",x') >0}. (20)

The set K* defined by (20) is always a convex cone. If X is also a Hilbert space, then by the
Riesz—Fréchet representation theorem, the definition (20) is equivalent to:

K'={xeX:x' e K = (x[x') >0}. (1)

If K= K*, then K is called a self-dual cone. Examples of a self-dual cone for m € N are: the
positive orthant cone of X = R™:

K?={xeR":x; >20,...,x, >0} =R, (22)
the Lorentz (or second order, or quadratic) cone:
K= {(x,0) e R"": [|x]|, <1}, (23)

and the PSD cone S| discussed further in section 3.1.

A set S CR" is called a basic closed semialgebraic set if and only if there exist a set of
polynomials {f;}; e, fi : R" — R, such that S = {x € R" : V;¢pfi(x) = 0}. Similarly, it is
called a basic open semialgebraic set if and only if S = {x ER": Vigpmfi(x) > 0}. Compare
this with algebraic sets which have the form S = {x € R" : V;¢[,,yfi(x) = 0}. A set S is called
semi-algebraic if there exists a set {S;;}icp, el for some k,r; € Ny such that each S; is
a basic closed semialgebraic set or a basic open semialgebraic set or an algebraic set and
S= Uie[k] N e[ Sij- Any algebraic set is obviously semialgebraic. A consequence of the
famous Tarski—Seidenberg principle [282, 297] is the fact that the set of semialgebraic sets
is closed under projections, i.e. if § € R"* is a semialgebraic set, then also its projection
onto the first n; coordinates is a semialgebraic set. We refer to chapter 2 of [34] for a detailed
discussion of semialgebraic sets. The positive orthant, Lorentz, and PSD cone are basic closed
semialgebraic sets; the same holds for polyhedra and spectrahedra discussed in section 4.1.
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2.3. Convex analysis: functions, convex conjugate, and Fenchel-Rockafellar theorem

Consider an arbitrary function f: X — R U {—o00,+00}. The function is defined to be proper
if it never takes the value —oo, and is not identically equal to +oco. The epigraph of f is
defined as

epi f={(x,r) eXxR:r=f(x)}, 24)

so it is the set of all points above the graph of the function. The hypograph of f is hypf=
{(x,r) € X xR : f(x) > r}. One usually formulates the definition of a convex function in terms
of Jensen’s inequality (12); this is the convexity in analytical sense. Alternatively, epigraph
allows to provide a geometric sense of convexity, viz. f is defined to be convex if epifis convex,
and concave if —f is convex; see [198, p 12] for a discussion. The effective domain of f is
defined as

domf={xeX:f(x) < +oo}. (25)

f is defined to be lower semi-continuous (Isc) if epi fis a closed subset of X x R. The set cont f
is the set of all points where f is finite and continuous.

Let F: X x Y — RU{—o00,+00}, with Y a linear spaces, be convex in both parameters. Let
C C X be a non-empty convex set. Then [41, p 88], the function

0(y) = inf F (x,y) (26)
xeC
is convex in y, as long as

yert (v) # —oo. 27)

The epigraph of 6 is epi 0 = {(x,7) : 3,ey(x,y,?) € epi F}, and is convex, as a projection of a
convex set epi F. Indeed, let yp,y; € dom 6. Then

Ves0Tx,meck (x0,0) < 6 (yo) +eand F(x,y1) <6(y1)+e, (28)
and for any X € [0, 1] we have
0 (Ao + (1= A)y1) = InfF (x, Ayo + (1 = A)y1)

< F(Axo + (1= A)xi, Ayo + (1 = A)y1) < AF (x0,50) + (1 = A) F(x1,1) (29)
<A (o) +(1=XN)0(n)+e

Since € can be arbitrarily small, Jensen’s inequality (12) for 6 follows.

A well-known operation of the holomorphic functional calculus is the extension of a func-
tion defined on real values to Hermitian matrices. This extension allows for the evaluation of
functions that are not originally defined on matrices but can be extended to them through
the use of complex analysis techniques. Any Hermitian matrix H € H" can be diagonal-
ized by a unitary matrix U, so that H = U - Diag[(d;);c[,] - U'. A function f : R — R can be
applied to the eigenvalues, and thus the function can then be extended to the entire matrix as
f(H) = U-Diag[(f(d;));epn)] - U'. We say that f is an operator monotone (or matrix monotone)
when for any My, M, € H", from M, = M, it follows that f(M;) = f(M,). Next, we say that f
is operator convex (or matrix convex) if it satisfies Jensen’s inequality (12) in Léwner’s partial
order, i.e. M(M1) + (1 —N)f(M2) = fF(AM; + (1 — A\)M,) for all A € [0, 1] [134]. Finally, we
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say that f is operator concave (or matrix concave) when —f is operator convex [4, 60]. The
matrix epigraph of f is epi f= {(X,R) € H". , x H": R = f(X) }, and the matrix hypograph of
fishypf={(X,R) e H, x H":f(X) = R}.

The (commutative) perspective of a function f: R" — R is the function P;: R R
defined as Py(x,7) = tf(x-t~!) with dom P;= {(x,7) : x/t € dom f,¢ > 0}. The operation of
perspective preserves the convexity, i.e. if f is convex then Py is convex [41, p 89]. If
M, M, € H" commute, then P¢(M,,M,) is well-defined by extending Py to matrices [93]. To
cover also the non-commutative case, the non-commutative perspective of an operator convex
function is defined as the unique extension of the corresponding (commutative) perspective that
preserves homogeneity and convexity [92]. The formula for non-commutative perspective is
PyMy, M) = My f (M2 b My %) MY, with dom Py = Y x B [91]. For instance,
the non-commutative perspective of the negative logarithm function is the operator relative
entropy [107-110], viz.

S(My|Ma) = MY - [M;VZM]M;”Z] M2 =P o M, My)]
(30)

=M 10g (M PMaMy ) MY = Py Mo M)

for n(x) = —xlogx and invertible M and M, [109].

In [14, 261] the notion of the matrix geometric mean M\#M,=M }/ 2.
[Mfl/ 2Mszl/ 2]1/ 2 ~Mi/ *, which satisfy certain general properties [182], was introduced
for PD M, and M,. Its direct generalization is the so-called 7-weighted matrix geometric
mean

t
MytMs = P M1, M) = M2 - [ oty ]2, 31

and thus M #M, = M4, /M, [33, 274]. It can be shown that #-weighted matrix geometric
mean is operator concave for ¢ € [0, 1], and operator convex for ¢t € [—1,0] U [1,2] [33].
The indicator function of C is defined as

ICME{O if xeC, a2

+o00 otherwise.

The indicator function I¢[x] is convex if and only if, the set C is convex. It can also be shown
that the indicator function is lower (upper) semi-continuous if and only if, C is closed (open).

The mean value of a random variable x we denote as (x), and the standard deviation as
o [x]. The covariance between random variables x; and x; is defined as cov[x;,x;] = ((x; —
(x;)) - (xi — (x;))), and their correlation is defined as corr[x;,x;] = cov[x;,x;]/(o [xi] - o [x]]).
The variance of x is the covariance of the variable with itself, var[x] = cov[x,x] > 0.

2.3.1 Fenchel conjugate.  For an arbitrary functionf: X — R U {400}, where X is a Banach
space, the Fenchel conjugate [102], or convex conjugate, or Legendre transform, or Legendre—
Fenchel transform, or simply the conjugate, being the basic operation in convex analysis, is
defined as

X" > RU{—00,400} : x* = sup {{(x",x) —f(x)}. (33)
xeX
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*

The conjugate operation can be applied multiple times. For instance the function (f*)* is
defined on X**. With an abuse of notation by f** we denote the restriction of (f*)* to X, so
that [198, p 83]:

T X—>RU{-00,+00} :x+— sup {{(x",x) —f" (x*)}. (34)
x*ex*
It holds
epi f* = (") epi{(-,x) —f(x)}. (39)
xeX

Since for any x € X the set epi{(-,x) — f(x)} is convex and closed in weak topology on X* x R
(and the natural topology on R), we have that f* is always a convex and Isc function in that
topology, no matter on the form of f. It is trivial to see that fi <o, = ff > f; and f*(0) =
—inf,exf(x) [198, p 82].

A direct consequence of the definition (33) is forany f: X — RU {—00,+00} it holds [138,
p 184]:

f=E+0 < ff=-00 <= —-0ef (X), (36)

and, in particular if f* is proper, then also f is proper. From V,exV = cx=f(x) = (x*,x) — f*(x*)
taking supremum over x* we get Vyexf**(x) < flx), i.e.

VAN (37

The inequality (37), together with the convexity and Isc properties of the Fenchel conjugate,
motivate to call f** a regularization, or a convex Isc relaxation. If f itself is convex and Isc,
and there exist x* € X* and « € R such that f > (x*,-) + « then the Fenchel-Moreau theorem
states the equality,

f=r (38)
see [198, p 84] for the proof.

2.3.2. Subgradient and Fenchel-Rockafellar theorem.  Consider an arbitrary function f:
X — RU{+400}. An element x* € X* is called a subgradient of f at x € dom f when

Verexf(x) =f(x) = (", x" —x). (39

The (possibly empty) set of all subgradients of f at x € domf is called subdifferential and
denoted by 9f(x). Directly from the definitions of subgradient and convex conjugate, it fol-
lows that

VredomsexVarex=x" € O0f(x) <= fx) +f7 (x") = (x",x) = x € Of" (x"). (40)
If f{x) = f**(x), e.g. for f proper convex Isc by the Fenchel-Moreau theorem, then the implic-
ation in (40) becomes equivalence. Note that a part of (40), the so-called Fenchel-Young
inequality,

VeexVe exf(x) +/7(x") = (&%), D
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always holds [36, p 51]. The notion of the subgradient does not require the function f to be
convex. Nonetheless, it uses global properties of f and is most useful in the context of convex
functions.

The Fenchel-Rockafellar theorem provides sufficient conditions for the subdifferential of
a convex function f : X — R U {+oco} to be non-empty at x, i.e. df (x) # 0 [37, p 121], viz.:

(@) f is 1sc and x € core(dom f), or
(ii) x € cont f.

2.4. Optimization in Banach spaces

For the rest of this section, let X and Y be Banach spaces. The duality between product space
X x Y and X* x Y* is given by {(x*,y*), (x,y)) = (x*,x) + (y*,y).

Now, we provide a discussion of the basic concept of duality in optimization. The treatment
we provide is relatively extensive, yet we find this topic to be of particular importance, and,
additionally, often quite confusing. We discuss the two major duality schemes of Fenchel-
Rockafellar and Lagrangian. For SDP the two schemes lead to the same results, but since most
of the works refer to either of those two, it is useful to recognize and understand both. We
consider the general approach, not limited to convex optimization unless explicitly stated. As
we will show, for an optimization problem formulated as a minimization task, we can formulate
a related maximization task with the property of the so-called duality meaning that the value
of any feasible solution of the former is at least as large as the value of any feasible solution
of the latter. The former optimization task is called a primal problem, and the latter a dual
problem.

For both Fenchel-Rockafellar and Lagrangian schemes, we consider a single, possibly non-
convex, function F : X x ¥ — RU {+o0}. The primal problem is defined as

minimize F (x,0)

. (42)
subject to x € X,

and the primal optimization is inf,cx{F(x,0)}; its value is called the primal value and denoted
by p. A value of x € X for that the primal value p is attained, if exists, is called a primal solution.
The primal function, or the target function is

f(x) =F(x,0). (43)

Actually, in most of the cases, one is interested in some, domain-specific, target function f, and
in this sense, F is secondary to f. For a given f there exist many different possible functions F
that satisfy (43). For this reason, F is called a perturbation function of f.

The dual problem is defined as

maximize — F* (0,y")

44
subject to y* € Y*, )

and the dual optimization is sup,. cy. { —F*(0,y") }, where F* : X* x Y* — R U {~o00, +oo} is
the Fenchel conjugate with respect to both variables, i.e.

F*(x*,y" )= sup  {{(x",y"),(x,y)) —F(x,y)}. (45)
(x,y)EXXY
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Its value is called the dual value and denoted by d; a value of y € Y* for that the value d is
attained, if exists, is called the dual solution. The dual function is [41, p 216]:

gy =—-F(0,y"). (46)
The value function is defined as

9:Y—>RU{—OO,—|—OO}I)H—>ilg‘(F(x,y). 47)

The duality property is called weak when the value p of the optimal solution of the primal
problem is greater or equal to the value d of the optimal solution of the dual problem, i.e.
p > d. This property can be obtained directly from the definition of the Fenchel conjugate
giving:

F(x,0)+F(0,y") = ((0,5%), (x,0)) = 0. (48)

The duality is called strong, if the equality of the optimal primal and dual solution holds, i.e.
p =d. The difference p — d > 0 is called the duality gap. The duality gap A is defined as

A= {0 if p=de{—o00,+00} 49)

" |p—d otherwise.

For the strong duality to hold, we need equality in (48). Since ((0,y*), (x,0)) = 0, from (40)
it follows that the strong duality for (%,y*) € X x Y* is equivalent to [198, pp 101-2]:

(0,y%) € 9F (x,0), (50
and if F(x,0) = F**(x,0), then also to [198, p 103]:
(x,0) € OF" (0,5"). (5D

If the perturbation functions F is proper and is both convex and Isc in the second parameter,
then it is called a dualizing parametrization [271] of the minimization inf,cx{F(x,0)}, resp.
of the primal problem (42). Thus, F provides a family of optimizations inf,cx{F(x,y)}, resp.
problems, parameterized by the so-called parameter variable y [198, pp 100-1]. We stress that
the same primal problem (42) is obtained with any other function F’': X x ¥ = RU {400}
satisfying F(-,0) = F'(-,0), but a different function F’ # F may lead to a different dual prob-
lem (44).

2.5. Fenchel-Rockafellar dualization scheme

First, for the Fenchel-Rockafellar duality [36, 37, 41, 138], consider a bounded linear map A :
X — Y, and two, possibly non-convex, functions, f: X - RU {400} and g: ¥ — RU{+o0}.
For the triple (A,f, g) define

F(x,y) =f(x) +g(Ax+y). (52)
The primal problem (42) is thus

minimize f(x) + g (Ax)

. (53)
subject to x € X.
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The value function (47) is equal
9:Y—>RU{—OO,—|—00}:yHig)f((f(x)—I—g(Ax—i—y)) (54)
X
with 6(0) = p. We have [198, p 106]:

Fr(xy ) = sup {((x"y7), (x,y) —f(x) —g(Ax+y)}

(x,y)EXXY
= sup {<X* +A*y*7x>+<_A*y*7x>+<y*vy> —f(X)—g(AX-l-y)}
(x,y)EXXY
= sup  {(x"+ATY LX)+ ()" Ax+y) —f(x) — g (Ax+y)}
(x,y)EXXY (55)
- sup{()f* + A"y, x) — f(x) +sup ((—y",Ax +y) —g(AX+y))}
xeX yey
=sup{(x" +A"y",x) —f(x) +&" (=)}
xeX
=T (" +ATY) + 8" (—y").
The dual problem (44) is thus equal
maximize —f* (A*y*) — g* (—y*) 56)

subject to y* € Y*.

The weak duality, viz. p > d, can be derived directly from the Fenchel-Young inequality (41).
Indeed from the adjoint operator definition (1) we get

ViexVyser- (f(x) +/7 (A7) + (g (Ax) + &7 (=y")) 57)
> (A*y* x) + (—y*, Ax) = (y",Ax) — (y",Ax) = 0.
2.5.1. Strong duality.  Knowing that the weak duality p > d holds, to show the strong duality,
we need to establish when p < d. Suppose that the subdifferential 90 is non-empty at 0. We
will show that this suffices for the strong duality, and in section 2.5.2 provide the so-called
constraint qualification conditions that ensure this. Let y* € 96(0) C Y*. From the definition

of subgradient for any x € X we have V,cyf(y — Ax) — 0(0) > (y*,y — Ax), and thus, from the
definition of the value function (54) we get

Hy*EY*Vxerere (O> < 0 (y _Ax) - <y*7y _Ax>
<f(x) +g () — 0y —Ax) = (f(x) + (A", x) + (g (v) — O, ¥)-

Since the inequality holds for all x € X and y € Y, taking the infimum of these variables by
the definition of the convex conjugate (33) we get Jy-cy-60(0) < —f*(—A*y*) —g*(y*) or,
equivalently by negating the sign of y* (as also —y* € Y*), we get

Fyer0(0) < =" (A"y") — g" (—y"). (59)
This, by (56), shows that p = 6(0) < d, and thus

(58)

90(0)#0 = p<d, (60)
and the strong duality holds.
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2.5.2. The decoupling lemma. Now, we will discuss the so-called decoupling lemma [37,
38] providing a sufficient criterion, viz. certain constraint qualification condition, for the strong
duality of the Fenchel-Rockafellar scheme. Since this topic is crucial for duality in convex
optimization, for the sake of completeness, we provide in this work in appendix A a summary
of the proof of the theorem, following [37, p 127nn].

Let us assume that f: X — R and g : Y — R are both convex and that the map A : X — Y'is
linear and bounded. We provide sufficient conditions for 6 as defined in (54) to have non-empty
subdifferential at 0, i.e. 90(0) # (). We use the Fenchel-Rockafellar theorem, see section 2.3.2.
One can directly check that # when f and g are convex, then 8 given by (54) is a convex function
with domf = domg — Adomf, where the set difference is the Minkowski difference. Indeed,
F(x,y) defined as (52) is convex as a sum of convex f and g is of the form (26), and satisfies
the condition (27). The decoupling lemma states that under the condition that both f and g are
Isc and

0 € core (dom 6), (61)

the function 6 defined as in (54) is continuous at 0. Then, from the Fenchel-Rockafellar the-
orem stated in section 2.3.2, it follows that 06 is non-empty at 0, as required for the proof of
strong duality as given in section 2.5.1.

2.6. Lagrangian dualization scheme

Next, for the Lagrangian duality [138, 198], consider a single, again possibly non-convex,
function F. Nonetheless, again, if F' is convex in both parameters, then 6 is of the form (26)
and satisfies (27), thus 6 is convex in this case. The Lagrangian of F is defined as [138, 198,
271]

L:Xx Y = RU{—00,+00}: (x,y°) = —sup{(y*",y) — F(x,y)}, (62)
yey

where one can easily recognize the Fenchel conjugate with respect to the parameter (i.e. the
second) variable.

The Lagrangian allows reformulating the primal problem (42). From the definition (62) it
follows that

vxGXVy*EY”‘V)'EYF()CO’) = E(x,y*) + <y*uy>‘ (63)

When F is a dualizing parametrization, then by the Fenchel-Moreau theorem, see (38), the
equality in (63) holds. From (63) we have for the primal optimization, see (42):

. > . *
;g}ff{F(x,O)} > m)f( sup L (x,y"). (64)

xE€ y*EY*

Also the dual optimization, see (44), can be easily expressed with the Lagrangian, viz. [198, p
109]:

yrer* y*er* xeX,yeYy

sup {—F"(0,y")} = sup { sup {<(0,y*)7(x7y)>F(x,y)}}
(65)

yrers xeX yey y*ey=x€X

= sup {—supsup{<y*,y>—F(x,y)}} = sup inf £(x,y").
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The inner infimum of the last expression is sometimes used as an alternative definition [41, p
216] of the dual function (46):

g(v") = inf £(x,y"). (66)
A direct consequence of (64) and (65) is another proof of the weak duality:

inf {F(x,0)} > inf sup L (x,y*) > sup inf £ (x,y*) = sup {—F"(0,y")}. (67)
xeX XGX},* cy* y*ey* xeX y*EY*

The second inequality follows from the well-known max—-min inequality [313]. A value
(x,¥*) € X x Y* is defined to be a saddle point of L when

ViexVyeer-L(%y") < L(%,Y") < L(x,5"), (68)
i.e. in other words, when

sup L(x,y")=L(x,y") = inf L (x,5"). (69)
y* cy* xeEX

From (67) we also directly get that for F being a dualizing parametrization the strong duality
for (%,y*) is equivalent to saying that (¥,7*) is a saddle point of L, see e.g. [198, p 110] for a
proof.

2.7 Convex cone optimization and duality

We have introduced the general framework for optimization and discussed its duality. Now, we
concentrate on a particular problem of convex cone programming, i.e. the optimization over
variables belonging to a convex cone [41, 81, 214, 235]. We write convex cone optimization
problems as:

minimize ¢x
subject to Ax = b, (70)
xeKCX,

in the primal form, see (42), and in the dual form, see (44), as:

maximize (y*,b)
subject to ¢! — ATy* = z*, (71)
FeK CX*,

where K is a nonempty, closed convex cone in an Euclidean space X, see (19), 4: X — R™ is
a linear operator, the operator A : (R”)* — X* is its adjoint, b € R, y* € (R™)" and ¢ € X.
Note, that the spaces R™ and (R™)" are isomorphic with the transposition operation as the
isomorphism.

To derive (71) from (70) we need a parametrization of the family of problems [198, pp
111-2]. One of the possibilities is to introduce a variable y used as the parameter for the linear
constraints and take

F(x, ) _ {CTX+I{szx—b—y} [x} if)CGI'(, (72)
400 otherwise
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where we used the indicator function (32). We stress that this is only one of the multiple
examples of a dualizing parametrization (note that the indicator is over a convex closed set,
and thus is convex and lsc): the most direct and simple, but yet arbitrary. To get the dual
problem (44) we calculate

—F*(0,y") == sup {(y*,))=F(xy)}=inf {clx+Ipeaepmyy b= 0"}
XEX,yEY xeK,yeY (73)

_ T — (v* _ — T ATy *
= Inf {cTx— (", Ax—=b) } = inf {{c! — ATy",x) + (", ) } .

The term (cf — ATy* x) is non-negative for all x € K if and only if ¢! — ATy* belongs to the
dual cone K*; and if a negative value can be attained for some x € K, then the infimum is —oo.
Thus

. (74)
—00 otherwise.

L y*, by if ¢f — Afy* e K*,
P (05") = {< >
The problem (71) is derived as supy..y.{—F*(0,y")}, see (44), by introducing z* = et —
Afy*,
The same result can be equivalently achieved, but more step by step, with the approach
using the Lagrangian (62), which if x € K for F given by (72) is [41, p 266]:

L(xy") = *ilelryv{@*,y) —F(ny)} = b {F(xy) = (70}

(75)
= inf Tx— *7 = (- AT *a *7b
e inf A= (T = (=AY )+ 07 b)
and L(x,y*) = +oo if x ¢ K. The dual is derived as, see (65) and (73):
Sup nfL(6y) = sup inf£(xy"). (76
In particular, we see that the dual function (66) is the same as in (74):
o o . o y*, by if ¢t — Aly* € K*,
g (") = inf £(x,y") = inf £(x,y7) = —F* (0,y7) = { ¥ 7! | an
x€X x€K —00 otherwise.

3. Theory of SDP

In this section, we delve into the foundational concepts and principles underlying the field
of SDP. The section 3.1 elucidates the fundamental properties and criteria for positive semi-
definiteness of matrices, which form the basis for semidefinite optimization problems. In
section 3.2 we investigate various primal and dual formulations present in the literature. Next,
section 3.3 explores the duality theory associated with SDP, highlighting the relationships
between primal and dual problems, and section 3.4 discusses how a solution of a dual prob-
lem can provide a useful linear (affine) bound on a range of parameterized primal problems.
Finally, sections 3.5 and 3.6 cover specialized topics, shedding light on the utilization of com-
plex variables, the incorporation of slack and surplus variables, and the treatment of mixed
problems and equalities in the context of SDP. In section 3.7 we discuss simple tricks related
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to the Schur complement. Then, in section 3.8 we briefly discuss implementations of SDP
solvers, and in section 3.9 we outline selected internal solver mechanisms that may impact the
performance.

The following overview can be supplemented with numerous other applications and con-
structions. These include the famous MAX-CUT and MAX-k-SAT relaxations by Goemans
and Williamson [123], finding maximum eigenvalues, matrix norms optimizations, and com-
binatorial optimization problems [8, 9, 30, 121, 130, 140, 215, 240, 323, 325].

3.1. Definition and characterization of positive semidefiniteness

Discussion of SDP requires us to introduce the concept of PD or simply positive matrices,
as well as PSD or simply semi-definite matrices. We denote a positive (or semi-positive)
matrix M by M > 0 (or M = 0). PSD matrices are also referred to as non-negative definite
or simply non-negative. Several equivalent definitions or characterizations of such matrices
can be found in the literature, and here we present three of them. Thus, a symmetric mat-
rix M € R™" is considered positive (or non-negative) if all its eigenvalues are positive (or
non-negative). Alternatively, M is positive (or non-negative) if and only if for all x € R" with
x# 0, it holds that xTMx > 0 (or xTMx > 0). Similarly, for a Hermitian matrix M € C"*", it
is PD (or PSD) if and only if for all x € C" with x# 0, we have x'Mx > 0 (or xTMx > 0).
The former definition based on eigenvalues seems to offer a greater intuitive understanding,
while the latter is more prevalent in the existing literature on the subject. A more compre-
hensive exploration of the properties of PD and PSD matrices can be found in [150, 209]. It
should be noted that a real PD (PSD) matrix satisfies the conditions for Hermitian matrices,
making it a complex PD (PSD) matrix as well. Conversely, for a complex PD (PSD) mat-
rix M = MR +iM" (where MR and M! are real symmetric and antisymmetric matrices), we
observe that Ve xz0x! 3 (M + M )x = xTMRx > 0, implying that the matrix M® is a real PD
(PSD) matrix. It is evident that PSD matrices of size n form a convex cone S% , as indicated in
equation (19), and this cone is self-dual.

Now we state two very important properties characterizing PSD matrices by their possible
decompositions [209, 316]. It can be shown that for a Hermitian (symmetric) matrix M € C"*"
(M € R"™") we have that M > 0 is equivalent to each of the following statements:

(i) There exists L € C™" (L € R"™ ") such, that M = L'L (M = L"L), and L is a lower trian-
gular matrix.

(i) There exists a set of vectors {vi};c[,. vi € C" (v; € R"), such that M;; = v}L v (M, =
viv).

In the first of these characterizations, a non-unique matrix L is called the Cholesky decom-
position of M. The second characterization is equivalent to the existence of a matrix B € C"*"
(B € R™™™), such that M = B'B (M = BB), so, in other words, M is a multiplication table of
vectors {v; }; being columns of B. Some authors [324, 326] existence of such matrix B use as
the definition of positive semi-definiteness. We say that M is a Gram matrix, or a Gramian.
The relation between the existence of a set of vectors and PSD property can be generalized
to infinite-dimensional spaces [206]. Trivially, the set of vectors is linearly independent if and
only if the determinant of its corresponding Gram matrix is non-zero.

The notion of PD and PSD is also characterized by the Sylvester criteria, formulated as fol-
lows. Let M be an m x n matrix, and consider sets / C [m] and J C [n] of equal sizes. Let (M), ;
be a submatrix with elements contained in rows from / and columns from J. The determin-
ant of (M), or, in other words, the determinant of a square submatrix obtained by removing
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some rows and columns of a larger matrix, is called a minor of the matrix. If / =J, then the
minor is called principal. If I = J = [k], for k < n,m, then the principal minor is called leading.
Sylvester’s criteria provide necessary and sufficient conditions for positive definiteness and
semi-definiteness of a Hermitian matrix [117]. Sylvester’s criterion for positive definiteness
states that a Hermitian matrix is PD if and only if, all its leading principal minors are posit-
ive. Sylvester’s criterion for positive semi-definiteness states that a Hermitian matrix is PSD if

and only if, all principal minors are non-negative. For example an SDP constraint [)lc ﬂ =0
implies by the second Sylvester’s criterion that |x| < 1.

For the Lowner’s partial order > it can be easily shown that if A;B > 0, then A+ B > 0. If
we multiply a PSD matrix by a non-negative constant, we get another PSD matrix. Thus the
set of PSD matrices forms a pointed convex cone. It also follows for A, B = 0 that Tr(AB) > 0

and A~ exists and is PSD.

3.2. Formulations of semidefinite optimization problems

In the literature there exist a couple of equivalent formulations of SDPs, each has both primal
and dual forms. The author prefers the so-called standard or canonical form of SDP given
below in (80) and (81) in section 3.2.1, and used in many of the classical textbooks [15, 36,
116], reviews [231, 306], SDP fundamental papers [10, 216, 293, 305, 307] and implement-
ations [214, 292, 309, 310, 312], sometimes with slight changes in labeling [27], different
notations for the Frobenius product (3), and more general form of conic formulations [66,
236]. Another important formulation is the one used by Vandenberghe and Boyd [41, 315],
which we provide in section 3.2.2. This form seems to be preferred in many quantum inform-
ation papers [42, 95, 160, 227] with direct influence of [315], which is apparently the default
reference to the SDPs. The third important formulation was given by Watrous in his lecture
notes [324] and textbook [326], see section 3.2.3 below. It has an elegant symmetric form and
also is used in many quantum information books and papers [61, 311], especially involving
quantum channels [54, 183, 199, 207, 251].
The paradigmatic part of all the formulations are LMIs, i.e. expressions of the form [40]:

F(x) = 0,where (78a)
F(x)=Fo+ Y _xiF, (78b)
i€[m]
x € R™is avariable, and F;, fori = 0, ..., m, are symmetric constant matrices R"*". The origin

of LMIs is in control theory including solving Lyapunov stability problems, and their inter-
connection with convex optimization has been noted e.g. by Pyatnitskii and Skorodinskii [40,
262]. In fact, SDPs can be intuitively viewed as optimization problems with linear target func-
tions and LMIs as constraints. Any SDP can be formulated as either a primal or dual problem
of the formulations given below. From the form of constraints (78a) it directly follows that
they are convex:

FOw+(1=N)x") = AF(x) + (1= A\ F(x') =0 (79)

for A € [0, 1]. The linear target function is obviously also convex. Thus the SDP problems are
convex, so we can use the methods of section 2. We also note that any number of LMIs can be
reformulated as a single LMI involving block-diagonal matrices, with each block referring to
a relevant LMI. We refer to [68] for an overview of applications of LMIs.
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3.2.1. The canonical or standard form.  Again, let m,n € N, m < @ An SDP problem in
a canonical, or standard, primal form is the following optimization task in a variable X € S":

minimize C e X

subject to A; @ X = b;,for i € [m] (80)
X =0,
where C € S" and Ay,...,A,, € S" are symmetric matrices. The matrices A;, C, and vector

b € R™ define the SDP problem. Note that the fact that these matrices are symmetric is not
restrictive. For a symmetric matrix X and a matrix C we have CeX = Tr(%(C+ CT)X),
and thus we may always take a symmetric matrix %(C + CT) instead of C. We assume that
Ay,...,A, are linearly independent (otherwise we can reduce this set). Obviously, LP prob-
lem (13) may be written in the form of SDP (80), if X is constrained to be a diagonal matrix,
with the diagonal entries used as the x variable. Thus, LP can be considered as a particular
case of SDP. The goal expression C ¢ X = Tr(CX), but the former notation is more often used;
similarly A; ¢ X = Tr(A; X).

A canonical dual SDP problem for (80) is the optimization task in variables y € R and
Z € S" of the following form

maximize b -y

subjectto C— Y yiA; =Z 1)
i€[m]
Z-0.

Some authors [45, pp 39—40] rewrite the canonical form (80) and (81) with substitutions F;
instead of A;, —C instead of C, and — ), instead of y;, turning the primal problem to maximiz-
ation, and the dual problem to minimization.

Similarly as in LP, X is called the primal variable, y the dual variable, Z the dual slack
variable, {A;} are linear constraint matrices, b is the RHS of the linear constraint, and C is
the linear coefficient. If X, Z € R"*" and y € R™ satisfies conditions specified by (80) and (81),
then they are called a feasible solution. A feasible variable X is called a primal solution, and
feasible variables Z and y constitute the dual solution. An optimal solution is required to be
feasible. The values of C e X and b7 - y are called the values of the primal and dual solutions, or
values of the problem, respectively. We have C e X > b" - y. Usually, an SDP solver is expected
to find both primal and dual solutions. If either C = 0 € R**" or b =0, then such a problem
is called feasibility problem and refers to finding whether any solution of given, the primal or
dual, problem exists. As the dual form is often delivered from the Lagrange duality 2.6, and y,
in that case, plays the role of Lagrange multipliers, this name is also usually attributed to the
dual variable y [41].

The fact that primal formulation refers to minimization and dual to maximization problems,
is not restrictive. We can always change the sign of the matrix C or the vector b to get the desired
optimization problem fitting into the standard form in (80) and (81). What is more, a problem
formulated in one of the forms given by (80) and (81) may be reformulated in the other one. The
issue of choosing the proper formulation is not always obvious and can have a very significant
impact on the difficulty of the problem to a solver [194]. This can be illustrated by the example
in table 1 showing the sizes of some SDP problems in dual and primal formulations. Generally,
one should choose the formulation which leads to a smaller number of constraints, given by
the number m unless some special properties of the structure of the formulation can be used
to further simplify the process of solving the problem, see e.g. section 3.9.
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3.2.2. The Vandenberghe and Boyd and the SDPA forms.  In the formulation popularized
by [41, 315] the primal optimization task is:

minimize ¢’ - x

82
subject to F(x) = 0, (82)

where F(x) is given by (78D). As stated in [315] the aim of this formulation is to make the
primal formulation ‘as explicit as possible’. The dual of (82) is

maximize — Tr[FZ]
subject to Tr[F; Z] = ¢;,for i € [m], (83)
Zz0,

where the variable is a symmetric matrix Z € R"*".

The form where F, takes an opposite sign is often referred to as the SDPA, see section 1.3
for a discussion. Stated explicitly, keeping the original notation and naming of the variables
(note using the label Y instead of Z in the dual), the SDPA primal form is [113]:

minimize E CiXi,
i €[m]

(84)
subject to X = —Fy + Z Fix; =0,
i€[m]
and the SDPA dual form is:
maximize Tr[FyY]
subject to Tr [F; Y] = ¢;,for i € [m], (85)

Y>0.

3.2.3. The Watrous symmetric form.  The third common form of SDPs is given by
Watrous [324, 326]. This form is designed to show the symmetry between the primal and
dual problems and is particularly convenient for quantum channel analysis. For two com-
plex Euclidean spaces X and ), a semidefinite program in the Watrous form is defined as
a triple (®,A,B), where @ : L[X,X] — L[),)] is a Hermitian and trace-preserving map,
A € HermX', and B € Herm()). The primal problem in the Watrous form is:

maximize (A,X)
subject to ® (X) = B, (86)
X >0,

and the dual is:
minimize (B,Y)

subject to @ (¥) = A, (87)
Y€ Herm(Y),
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with a remark that in the original notation of [324, 326] Watrous uses * instead of t to denote
the Hermitian conjugate, > instead of > to denote the Lowner’s partial order, and X € Pos(X)
instead of X > 0.

3.2.4. The Kronecker-canonical form for convex cones.  Here we briefly show the method-
ology that offers an alternative way of expressing the canonical formulation of (80) and (81),
resembling the LP formulations in (13) and (14). This formalism, in fact, is more encompassing
and applicable to a wide range of conic optimization problems, as discussed in section 2.7. The
general formulation (70) and (71) is highly convenient and valuable, as it facilitates a seam-
less transition between primal and dual formulations for any convex cone by establishing the
corresponding dual cone.

It can be easily verified that for any real matrices A, B, and C, the relationship (A ®
B)vec(C) = vec(BCAT) holds. We define a matrix A= [a1;-- ;a,) € R7 XM where a; =
vec(4;), referring to the matrices in (80). Hence, a; represents the ith column of A.
Consequently, we have vec(}_, 1, vidi) = Ay and A; e X = (ATx);, where (ATx); denotes
the ith element of the vector ATx, ¢ = vec(C), and x = vec(X). When K represents the self-
dual cone of real or convex PSD n by n matrices, substituting these expressions into (70)
and (71) yields an alternative and equivalent formulation for the canonical SDP, commonly
used, for instance, in [214, 236, 291, 309], as illustrated in (111a) and (111b).

3.3. Duality of SDP

Recall that an important property of primal and dual formulations is that any feasible solution
to a primal problem provides an upper bound on all feasible solutions to the dual problem. The
weak duality property of SDP, viz. Ce X > b' -y is derived as follows:

CeX—b' y= Z+Z}’iAi oX—b"-y
i€m] (88)
=Tr(ZX)+ Y yi-Tr(4;X)—b" -y ="Tr(XZ) > 0.
i€[m]

In LP, the value of the primal and dual problems are always equal meaning the strong duality.
Now, we provide a sufficient condition for strong duality to occur in SDP, as it is observed in
many cases. Let p* be the optimal value of the primal SDP problem, and d* be the optimal value
of the dual SDP problem. One can show that it holds p* = d* if at least one of the conditions
is satisfied [9, 140]:

(i) There existy € R”, suchthat C — )", e viA; > 0,1i.e. the dual problem is strictly feasible
(then also the value d* is attained).

(i) There exists X > 0, such that A; e X = b;, i.e. the primal problem is strictly feasible (then
also the value p* is attained).

These statements are called the Slater conditions [285].
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One of the most confusing and intriguing questions in the theory of SDP is asking whether
the dual of the dual form is the primal form. The affirmative answer can be derived in the
following way:

Sgp{bT'yi C—Z (Aiyi) EO} ISI;P)}Q%{I?T-)’-F <C—Z (Aiyz')) 'X}

i i

<§ggsgp{c-X+Zyi (b — Ay -X)} = Jjnf {CeX}.

L A; .7(=b;
(39)
Indeed:
by ifZ>=0

inf {pT-y+XeZ} = — 7 ,and 90a
X0 { Y } { —oo  otherwise (%)

CeX if V[Ai.X:bi
sups Ce X+ (b —A; eX) 3 = . . 90b
yp{ * zi:y ( * )} {+oo otherwise (506)

3.4. Affine bounds from dual problems

We will now show how by solving a dual problem one can get a linear bound on the solution of
a parameterized family of primal problems. For the sake of illustration, we will use the SDPA
form (84) and (85) with additional linear variables (see section 3.6 for further discussion), but
similar reasoning can be applied to pairs of primal and dual problems of any other form.

Suppose that for given k,m,n € N, and c € R", {F;}/L, C S" and {g;};epy C R™ we want
to find a lower bound on a function S : R¥ — R defined as:

S(v) = inf z[:]c[xi:Vje[k]qj~x—vj:0;—Fo+%:]F,'x,->O N CI))
i€m i€lm

For fixed value of v € R¥ the value of S(v) is given by the solution of the following SDP,
see (84):

minimize Z CiXi,
i€[m]
subject to X = —Fy + Z Fix; > 0, 92)
i€[m]

gj-x—vj=0forj € [k].
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Following the Lagrangian dualization scheme from section 2.6, we get

S(v) leer]lRf sup Z CiXj — Zﬁk gi-x—vj)| = | —Fo+ Z Fix; | oY
BER™ | ie[m) JE[K] i€[m]
Yes?

>su£kxieri§fm FooYJrZﬁ]vj Zx, cifZﬂjqj,-—F,-oY

5 eesq j€lk i€[m] JEK]
= sup F00Y+ZBJVJ Viemci — Zb’]q],— ;eY=073= sup 5’5,1/(\1)7
BeR! i€l jel (ner

93)

where F = {(B,Y) eRF@S™ Viem ng[k] Biqji +Fi oY= ci} is the feasible set of the
problem, and Sg y(v) = Fye Y+ >_jc Bvi- Thus, the dual of (92) is:

maximize Tr[FoY] + Z Bvj
jelk]
subject to Tr [F; Y] + Z Biqji = ci,fori € [m], %94)
JElK]
Y > 0.

In consequence, by taking any feasible pair (/3,Y) one obtains an affine lower bound S(v) >
Sg,y(v). From the strong duality, it follows that the bound is tight for (3,Y) being the optimal
solution of (94).

3.5. Complex variables in semidefinite problems

In section 3.2.1 we considered SDPs where the problems were defined by real matrices and
vectors, and the optimization was carried over real-valued variables. One of the first works
showing how to reduce a problem where some of the elements of the problem involve complex
numbers was [122].

Let B € C"™" be a Hermitian matrix, BR and B! its real and imaginary parts, respectively,
i.e. B=BR +iB"and B' = —B'. Then B = 0 if and only if

|:BR _BI

BB } =0, (95)

Indeed, for any complex vector w = u+iv € C" we have

wiBw = (u" =iv") (BX+iB") (u+iv) = (u"Bju+v'B*v —u"B'v+v'B'u)
T pR T pR Tpl Tpl ©6)
+i(u BYvV—v' B u4+u Bu-+v Bv) >0
BR  —B!

. . T T
if and only if [u” V'] [ B BR

vIBRy. Thus any SDP problem defined in terms of complex vectors and Hermitian matrices

} [ } > 0. This is because uTB'u = vIB'v = 0 and uTBRv =
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can be stated as a problem involving only real vectors with symmetric matrices. For instance,
let us consider the case when both the linear coefficient C and the primal variable X are com-
plex matrices, C = CR 4 iC', with CR,C' € R™" and X € C"*". When we reframe this as a

R _ Al
real-valued SDP, then the target function takes the form of {Eﬂ CC]; } , see (95), and the
. . (R) _ X1 X2 . .. .
primal real-valued variable X'\ = Y. X does not require explicit constraints. Instead,
21 422

the resulting complex variable X is retrieved as X = 2X1; +i (Xj2 — X],).

We now briefly discuss the formulation of complex SDP problems for which the target
is given by real linear coefficient C. Consider C € S”, and X € H". Let X = X® +iX!, where
XR € S" and X! € R"*". We have:

Tr(CX) =Tr (CX®) +iTr (CX') = Tr (CX¥). (97)

Since X! is antisymmetric, the Frobenius product of symmetric and antisymmetric matrix is
always equal to 0. Thus if C is real and we are interested only in finding the value of the
solution, then we can ignore the imaginary part occurring in the problem.

3.6. Slack and surplus variables, mixed problems and equalities

Slackness and complementary slackness are both concepts used in optimization theory, par-
ticularly in convex optimization. Slackness refers to the idea that in an optimal solution, some
of the inequality constraints are satisfied with equality, i.e. there is no slack or excess capa-
city in the system. The extent to which they diverge from the equality can be expressed as a
new PSD variable, which then can be introduced to convert inequality constraints to equality
constraints, as elucidated below. The concept of slack variables is commonly used in LP and
SDP. Recall that in LP and SDP formulations, the objective function is optimized subject to a
set of constraints, where the constraints can be in the form of equalities or inequalities. In the
case of linear constraints of the form Ax < b, where A is an m X n matrix and b is a column
vector of length m, introducing a slack variable x; for each constraint i allows us to convert
the inequality constraint into an equality constraint. The idea is to add a non-negative variable
X; to the left-hand side of the ith constraint so that the resulting expression becomes equality.
Specifically, if the ith constraint is:

ajxy + - Xy < b; (98)

then we can add a slack variable X; > 0 to obtain an expression that is equivalent to the previous
constraint:

aj Xy + - AinXy +X; = b;. 99)

The new variable ; is called a slack variable because it measures the amount by which the
left-hand side of the ith constraint falls short of the RHS b;. If the left-hand side is already
equal to b;, then X; is zero.

On the other hand, if we have inequality constraints of the form Ax > b, then we introduce
a surplus variable X; that measures the amount by which the left-hand side of the ith constraint
exceeds the RHS b;. Specifically, we add a non-negative variable X; to the left-hand side of the
ith constraint, so that the resulting expression becomes an equality:

a1 X +-- *AinXn —56,' = b,‘. (100)
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Therefore, we can see that the use of slack and surplus variables allows us to convert any
inequality constraint into an equality constraint, which makes it easier to fit into the canonical
form.

On the contrary, complementary slackness, refers to the idea that for an optimal solution,
the primal variables and the corresponding dual variables are complementary, in the sense that
their product is zero. In other words, slackness is a condition that holds between the primal
variables (e.g. the decision variables in an LP) and the primal constraints, while complement-
ary slackness is a condition that holds between the primal solution and the dual solution in a
convex optimization problem. For instance, when the strong duality of SDP holds, we have
p*=d*,ie.CeX=b"-y=A;0X-y. Thus0= (C— > icm ViAi) @ X = Tr[ZX]. This means
that if the solutions of primal and dual SDP problems exist, then strong duality is equival-
ent to complementary slackness. Summing up, whereas slackness conditions tell us which
constraints are active in the optimal solution (i.e. satisfied with equality), the complementary
slackness conditions tell us which constraints are binding (i.e. have nonzero dual variables)
and which are nonbinding (i.e. have zero dual variables). Both conditions are important for
understanding and characterizing optimal solutions in optimization problems.

One often considers the so-called mixed LP-SDP cone. The primal mixed problem in vari-
ables (xr,Xs) € R"™ x §"*"s jg of the following form:

minimize cE -xp + Cs o Xg

subject to (A[), -xL+As; @ Xs = b;,fori € [m] (101)

2

x=20Xs>=0

where A € R™>" bp e R, x,cp € R, Cs € S and Agy,...,As,, € S"*"s, The dual
mixed problem in variables (y,zr,Zs) € R" x R™ x §"*"s is given by the formula:

maximize b" -y

subject to cp —ALy = z1,,Cs — Z yidsi =Zs, (102)
i€[m]

L > O,Zs = 0.

We note that as any LP can be reformulated as SDP, the mixed problems are not more general
than the SDP problems. One can see that to embed an LP in SDP it is sufficient to place the
nt, linear variables on the diagonal of a new SDP variable of size iy, + ng, where ng is the size
of the SDP original variable. On the other hand, mixed problems are useful for efficient solver
implementations, as the numerical methods needed to solve SDP are more expensive in terms
of computational effort than LP. Thus, when stating the problem in the mixed form, one may
obtain a reduction of the computational cost of the solver.

We now discuss, how equality constraints are expressed in the canonical form of SDP.
Recall that in the primal canonical SDP (80), equalities have the form A; e X = b; for i € [m],
where m is one of the two parameters describing the size of the problem. Thus, to add a linear
constraint on variables within X we add a new matrix A; increasing size of the problem to
m—+ 1. On the other hand, if we add a linear constraint in the dual form (81), we can do one
of the following. The first possibility is to eliminate one of the variables y;, e.g. with lower—
upper decomposition (LU) or QR decomposition, and thus reduce size of the problem tom — 1.
This simplifies the SDP but requires an additional effort of variable elimination, which itself
requires some computational resources and is not always implemented. For instance, the elim-
ination is performed in YALMIP when the user passes an option 'removeequalities' to
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the model, as discussed in appendix B.1. The second possibility is to reframe the optimiz-
ation problem over (xp,Xs) € R™ x §"s*"s for some ng,ns € N in a form different than the
canonical form, see (101), viz.

minimize c}T; -xp+ Cs o Xs

subject to (Af), - xp +As; ® Xs = b, fori € [m] (103)
Xs >~ 0.
where Ag € R"*™ b € R™, xg,cg € R, Cg € S™*" and Agy,...,As,, € S"*"s, and there is

no constraint on xg. The dual problem of (103) in variables (y,zr,Zs) € R™ x {0} x Ss*"s
is of the following form:

maximize bT - y
subject to cgp — Apy = zp,

Cs— > viAs; = Zs,Zs = 0.

i€[m]

(104)

The forms (103) and (104) are sometimes called the standard form with free variables [135].
Note that the trivial cone {0} appearing in (104) is the dual cone of R"F appearing in (103).
Since this implies zg = 0, the first condition in (104) is equivalent to Agy = cp, providing a way
to express equality constraints on the dual variable y. This possibility of treating the equality
constraint requires the solver to be able to deal with free variables in the primal problem.
This is beyond the capabilities of the usual IPMs as discussed in section 3.8, see also [208].
The standard way of dealing with free variables, implemented in SeDuMi and SDPT3, is to
represent a vector xg € R™ as a difference of two vectors x4y, x(—) € R as xp = x(1) —x(_).
This guides us to the third possibility of representing equality constrain (Ag); . - y = cp;, as two
inequalities:

(AF>i,: "y
(AF)i,: ' y
for some small e. In consequence, equalities even in the dual form are increasing the complex-
ity. For instance, YALMIP allows the user to specify, how to treat the explicitly stated equality
constraints with the mentioned option 'removeequalities', or, in case the chosen solver
requires it, YALMIP does it automatically with the function solveequalities. A detailed

discussion of conversion the problems (103) and (104) to the canonical form (80) and (81) is
provided in [175].

CF; — €,
(105)

VAN

Cr; T €

3.7 Schur complement and submatrices
. ., . (n +n7)><(n +n7) . . A B

Consider a partition of a square matrix M € CV"1 "2 17"2) to submatrices, viz. M = c bl
where A € C">*™ and D € C™*" are square matrices. Recall that the principal submatrix of a
square matrix is the special case of a submatrix where the same rows and columns are removed.
Thus A and D are principal submatrices. It is easy to see that a principal submatrix of a PSD
matrix is also PSD. For instance consider an arbitrary vector v € C"'" with non-zero entries
only in the first n; positions, and a vector v/ € C™ with entries equal to the first n; entries of
v. Obviously, since viMv > 0 it also holds that v/TAv’ > 0.
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Assume the submatrix D to be invertible. For numerical implementations, it would also be
desirable for D to be well-conditioned to give accurate results under finite-precision arithmetic
upon inverting it. The Schur complement of block D is given by A — BD~!C and denoted M/D.
Similarly, M/A =D — CA~'B [41, 115, 158, 281]. We have M = 0 — M/D = 0; and for
symmetric M (i.e. B= C"):

M>0 < A,M/A>0, and (106a)
A0 = [M>0 < M/A*x0]. (106b)

Obviously, the same holds for D. The Schur complement method [343] allows redu-
cing a large system of equations to a smaller one, involving only a subset of variables, e.g.
M [il] = Bl], by solving two simpler equations, namely (A — BD~'C)x; = y; — BD™ 'y,

2 2
and then Cx; + Dx, = y,. The reason why this method is useful is that one usually needs O(n?)
operations to solve linear equations with n variables, and thus it is profitable to decompose the
initial equation into two smaller equations.

Schur complement is also a tool for introducing the following useful trick. Consider an
LMI:

[ ! C(x)]zo, (107)

where x € R for some k, F(x) € R™*™ is a linear matrix expression of the form (78b) for some
m, ¢ : R¥ — R™ is a linear function, and ¢ is a positive number. From (106b) it follows

t>c(x)-F ' (x)-cT(x). (108)

The expression (108) allows for expression fairy generic non-linear constraints as LMIs,
2

e.g. taking k=2, m=1 with ¢(x) = x; and F(x) = x, we get the constraint # > % Similarly,

from Schur lemma it follows that for A,B,R € H":

A R
R B

1/2
] 0= B-RAT'Re [A’I/ZBA’I/Z = A"V2RAT? & A#B—R >0, (109)
where the 1/2-weighted matrix geometric mean is given by (31).

3.8. How does a solver use IPMs?

Even though the topic of implementation of IPM is not specific to quantum information, from
our experience, it is useful to have at least a general understanding of how actually a solver
is deriving its results. This helps to identify potential problems, estimate the difficulties, and
interpret the outputs of the solver. An important concept in path-following IPMs is the central
path, which consists of a set of feasible solutions (X,y,Z) parameterized by a non-negative
variable v [124, 178, 179, 218, 219, 256, 345]. The central path is defined by the following
conditions:

X,Z >0 (PSD matrices), (110a)
A; eX=b; fori € [m] (linear constraints), (110b)
C— > yiAi=Z (dual feasibility), (110c)
i€[m]
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XZ=v1 (approx. complementary slackness), (110d)

where {A;}, b;, and C are problem-specific matrices for the canonical formulation described
in section 3.2.1. The central path captures a family of solutions that gradually approaches
the optimal solution as v increases. By following this path, usually employing the concept of
the Newton steps, IPMs efficiently navigate the feasible region of the SDP problem toward
the optimal solution. Equivalently (110) can be written in Kronecker-canonical form, see
section 3.2.4:

ATx=b (111a)
c— Ay =z, (111b)
XZ=u1, (111¢)

together with X,Z > 0. Further in the text, the expression Tr(ZX) is referred to as the gap.
Note that the strong duality of an SDP problem implies the complementary slackness, see
section 3.6, stating that the optimal primal and dual variables are orthogonal, i.e.

Tr(ZX) =0, (112)

meaning that the gap is equal to 0. On the other hand, it should be stressed that the gap (112)
and the duality gap are closely related but different terms. The former is defined in terms
of the primal and dual variables X and Z, even if they do not provide a feasible solution,
i.e. even if they do not satisfy the conditions in (80) and (81). The latter is defined as (49)
and expresses the difference between the optimal primal and dual solutions of the problem.
We note here that practical implementations of SDP solvers usually find solutions that are not
feasible in a strict sense. Instead, the solutions satisfy the condition from (80) and (81) only
with some accuracy. Here we discuss the expressions we use further in this work to evaluate
primal and dual infeasibility. See [214] for more details on the issue of infeasibility norms. Let
¢ = vec(C), x = vec(X) and z = vec(Z), as in the Kronecker-canonical form, see section 3.2.4.
Let us define the following terms, viz. the residuals for feasibility conditions in (80) and (81),
see (111a) and (111b):

r,=b—ATxeR", (113a)
rdEc—.Ay—zeR”Z. (113b)

Using the above conditions (111) we get that the Newton step (AX, Ay, AZ) is supposed
to satisfy the following formulae:

ATAx =1,

(114)
AAy+ Az=r,.

If the method assumes that both 7, and r,4 are zero, r, = rg = 0, it is referred to as a feasible
IPM. Otherwise, it is considered an infeasible IPM. The conditions (114) are supposed to
iteratively bring the variables (X,y,Z) closer to the feasibility constraints, (111a) and (1115).
On the other hand, note that those two equations do not determine fully the solution; yet we
still need to consider (111c¢) somehow. At the same time, from the strong duality, we get that
the optimal solution, (X*,y*,Z*) has the property that it is on the central path at the point
with v =0, i.e. the gap is 0, see section 3.3. Thus, the Newton step should not only ensure
feasibility but also reduce the gap between primal and dual solutions. Actually, the condition
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imposed on the Newton step from the condition (111c¢) is most problematic for another reason.
The problem arises from the fact that the matrices X () and Z([), where i stands for the current
iteration, possibly do not commute. For this reason, the following form of conditions on the
target of the Newton step is imposed:

0, (X,Z) = vl e R™, (115)

where ©,(X,Z) is a symmetrization of XZ; we discuss a couple of symmetrizations below.
The algorithm stops when residual norms and the gap |Tr(XZ)|, are all less than the spe-
cified threshold. Examples of the primal and dual residual norms used e.g. in [211] are
%‘blk‘ ‘b — ATx - and ﬁ |c — Ay — z|, respectively, where we recognize normalized
norms of the expressions (113a) and (113b).

The problem of efficiently solving the Newton system (111) numerically is discussed in
detail in chapter 5 of [211]. It is worth noting that by employing the Schur complement method,
see section 3.7, we can reduce the system of equations to a smaller size. Solving a linear system
of k equations typically requires O(k*) floating point operations (FlOps). In the initial system,
we have k = 2n® + m equations, where n > m. Consequently, obtaining the solution requires
O(n®) FlOps. However, the Schur complement equation has a size of m and only requires
O(m?) FlOps.

Now let us examine the search directions discussed earlier. Consider the condition stated
in (111¢), namely XZ = v1. When we take a step, we have the equation (X + AX)(Z+ AZ) =
v1, or, neglecting the second-order term AXAZ, we have AXZ+XAZ=v1 —XZ. 1t is
required that the steps AX and AZ be symmetric. The second equation in (114) reveals that
AZ is always symmetric, given the numerical precision. However, the same cannot be said for
AX, which may not be symmetric. Consequently, there is a necessity to symmetrize (111c¢). For
instance, in 1998 the following natural symmetrization of (111c¢), called AHO, was introduced
by Alizadeh et al [10]:

040 (x,7) = <; (XZ+2X) = y]1> . (116)

While the search direction defined by this symmetrization holds historical significance, it is no
longer widely utilized by the majority of SDP solvers. For instance, recent implementations
of SDPT3 [310] have omitted this particular search direction. Another search direction, called
HKM, has been introduced independently by Helmberg e al [141], Kojima et al [180] and
Monteiro [216], and is used by many modern solvers. The HKM has the following primal
form:

(__)I:KM,primal (X7Z) = (Z%XZ% = y]l) , (117)

and the dual form @HKM.dual(x 7) — (X3 7X> = 1). A third important search direction is the
Nesterov and Todd [235, 236], or NT, direction. Its definition is more involved than in the cases
of AHO and HKM. To define it, we consider a matrix W satisfying W—'XW~! = Z. With the aid
of the matrix W, the symmetrization of (111c) can be formulated as %( ~1XZ+ ZXW_%) =
vW—L

The work of Monteiro and Zhang (MZ) from 1998 [217, 220, 344], introduced the following
family of search directions, which includes the three mentioned directions, viz. AHO, HKM,
and NT. The linear transformation of MZ is given by the following formula

Hp (M) =~ (PMP~'+ P "M'P"), (118)

N =
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with P being an invertible matrix. Next, we define ©,(X,Z) = (Hp(XZ) = v1). By selecting
different invertible matrices P, we can observe that each of the search directions discussed
can be obtained. Specifically, when P = 1, we obtain the AHO search direction. On the other
hand, choosing P = Z2 and P = X7 leads to the primal and dual HKM search directions,
respectively. Furthermore, if we consider an invertible matrix P satisfying the condition PTP =
W~!, we obtain the NT search direction.

Once the search direction has been determined, the next step in an IPM is to select the
appropriate step length in that direction. This step length is crucial for ensuring the feasibility
of the iterates. Specifically, the IPM chooses a step-length, represented by a pair of constants
« and f in the range (0, 1], such that the following conditions are satisfied:

X4 aAX >0, (119a)
Z+ BAZ > 0. (119b)

It is important to note that while Newton’s method is used to determine the direction, the
iterative solver does not necessarily take the full Newton step. To provide further clarity, it is
worth mentioning the following points. According to [308], the value of 7 that solves the optim-
ization problem defined by M and AM can be obtained in the following way. The objective is
to maximize f subject to the constraint M + tAM > 0. The formula to compute this step length
is given by max (eig(CiTAMC ’1)), where C represents the Cholesky decomposition of M.
By using this formula, we can determine the appropriate step lengths « and S for the IPM. It
is important to note that convergence proofs of IPM algorithms often necessitate that at each
step, the current solution is in close proximity (in some defined sense) to the central path. This
requirement imposes additional constraints on the step length. However, for the sake of effi-
ciency, these constraints may be relaxed, at the cost of losing the guarantee of convergence.
Furthermore, it is worth highlighting that a common cause of failure in IPM algorithms arises
during the Schur complement matrix decomposition. This issue tends to occur when the iter-
ates approach the optimal solution and the primal variable and dual slack variables become
nearly orthogonal, resulting in Tr(XZ) = 0. In such cases, the Schur complement matrix may
become ill-conditioned, leading to numerical instability or inaccurate results.

3.9. Solver internal mechanisms: predictor—-corrector, warm start, problem structure

Now, we will discuss several internal mechanisms employed by solvers to provide a deeper
understanding of their functionality and potential challenges or performance gains. We begin
by introducing the concept of predictor—corrector, shedding light on its significance and usage
within solvers. Additionally, we explore the application of perturbations to iterates, which
can prove beneficial when tackling numerical issues while solving complex problems with
stringent constraints. Furthermore, we emphasize the importance of leveraging the structure
of specific problems to unlock potential solver optimizations and fine-tune performance. By
highlighting these aspects, we aim to provide insights into the diverse approaches and strategies
that can be employed in solver implementations.

As we mentioned above, when discussing the constraint (111¢), we expect an SDP solver to
approach the value v = 0. But here a question arises: should this be done immediately or gradu-
ally? And in the latter case: how gradually? One of the most popular answers has been given by
Mehrotra [205], who introduced the so-called predictor—corrector mechanism. The predictor—
corrector method is a powerful numerical technique widely used in solvers for solving com-
plex mathematical problems efficiently. This iterative algorithm combines two essential steps:
prediction and correction. In the prediction step, an approximate solution is computed based
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on the available information. This predicted solution is then refined in the correction step by
incorporating additional calculations or adjustments to improve its accuracy and convergence
toward the proper solution.

The first step of the predictor—corrector mechanism is the calculation of the predictor direc-
tion, sometimes referred to as an affine scaling direction [292], which employs an aggressive
strategy to advance along the central path. In this approach, the target for the Newton step is set
to v =01n (115), indicating that the predictor step aims to approach the optimal solution. Let
(0X,0y,0Z) represent the predictor step, with the step-length determined by ap and [3p. These
quantities are subsequently used to compute the value of v that will serve as the objective for
the Newton step direction in the subsequent iteration of the SDP solver. The predictor step
itself is not taken but rather employed to derive a second-order correction for the corrector, or
centering, direction. The actual procedure of calculation of the new value of v is quite com-
plicated. We refer reader to section 6.5 of [211] for more details. Just to provide some taste of
the method we mention that e.g. in SDPT3 solver the value ap is upper bounded by a certain
user-specified parameter gam, and the following formula for the corrector step [307, 310]:

expon_used
1 (Tr((x+ap6X) (z+ ,BpéZ))) 7 (120)

p rX2) Tr (X2)

where expon_used is a variable whose value is either a constant or is determined with some
other algorithm based on another user-specified parameter expon. Next, in the corrector part
of the iteration, one sets the new value of v and calculates the Newton step (AX, Ay, AZ) for
the second time, with a different RHS. Often, to the goal 1 in (111c), an additional term
F(X,Z,6X,6Z) with a second order correction is added. Finally, the step-lengths ac and Sc
for the corrector step are computed to ensure the preservation of positivity. In the subsequent
iteration, the IPM algorithm sets the following:

X=X+ acAX, (121a)
y=y+BcAy, (121b)
Z=7+ BcAZ. (121¢)

The concept of warm start in solvers plays a crucial role in optimizing computational effi-
ciency and reducing solution times for various optimization problems. Warm start refers to
the technique of providing an initial feasible solution to a solver, obtained as a guess, or some
generic scheme, or has been calculated from an already solved similar or related problem.
Rather than starting the solver from scratch, the warm start approach utilizes the information
from a previously solved problem to accelerate the convergence of subsequent iterations. By
leveraging this initial solution, warm start techniques can significantly improve the overall
performance of solvers. We will only briefly overview the warm start in solvers, and refer
to section 6.3 of [211] for a detailed discussion. It has been observed that it is desirable
for the initial iterate to have the magnitude of at least the same order as the optimal solu-
tion. The following method of cold-start is used in SDPT3 [310]: X(O) = ¢1, Z(O =51, and
y(©) is the zero vector of the relevant dimension, where ¢ = max(10, V1, AMax; ¢y ;Illzi ‘Ii )
and 7 = max(10,/n,|C|r, max; [, |Ailr). In [211] we proposed and analyzed warm start
strategies for NPA problems.

Another mechanism used in SDP solvers, which proved to be advantageous to certain scen-
arios, is the utilization of perturbations during iterations. Perturbations involve introducing
slight modifications to the current iterates under specific conditions. The primary purpose of
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employing perturbation strategies is to prevent solvers from becoming stuck near the bound-
ary of e.g. the PSD cone. While the primary objective of perturbations is not to reduce the
number of iterations or CPU time, but rather to circumvent failures, it has been observed that
in instances where the solver does not encounter failures, the most efficient solution tends to
be one without perturbations [211]. By incorporating perturbations into the iterative process,
the solver can navigate away from critical regions and explore a wider solution space, poten-
tially avoiding numerical instabilities or convergence issues. While we will not delve into the
details of perturbation strategies, we present a simple example in algorithm 1 to illustrate their
form. The purpose of this strategy is to strike a balance between improving the duality gap
and ensuring feasibility. In our observations of SDPs occurring in NPA [211], we have found
that the reduction of the size of the gap often presents the greatest challenge. Specifically, the
iterates tend to reach the feasibility threshold relatively quickly, and the majority of iterations
are dedicated to reducing the gap. It is important to note that the efficiency and effectiveness
of perturbation strategies may vary depending on the problem and solver being employed. In
cases where the solver encounters failures, perturbations can provide a crucial mechanism to
overcome such issues and continue the iterative process. However, it is worth noting that in
scenarios where the solver operates smoothly without failures, perturbations may introduce
additional computational overhead without providing substantial benefits in terms of solution
quality or convergence speed. Overall, the use of perturbations in iterations offers a valuable
approach to enhance the robustness and reliability of solvers when tackling problems involving
the PSD cone. Nevertheless, the decision to incorporate perturbations should be made con-
sidering the specific problem characteristics, solver behavior, and desired trade-offs between
reliability and computational efficiency.

Algorithm 1. Example of a perturbation of the iteratively improved solution in an SDP solver.

if gap > 100-¢p then
X+ X+001-2-1

end if

if ep > 100 ep then
Z+—7Z+01-1,-1

end if

The last mechanism we mention is exploiting the specific structure of the problem by a
solver to enhance its performance. It allows for tailored solver optimizations that can signific-
antly enhance performance. By exploiting the problem structure, solvers can take advantage
of inherent characteristics such as symmetry, sparsity, or specific constraints to reduce com-
putational complexity. This approach enables the solver to focus computational resources on
the most relevant parts of the problem, leading to faster convergence and more efficient solu-
tions. Additionally, by understanding the problem structure, solvers can employ specialized
algorithms and techniques that are specifically designed to leverage the problem’s unique prop-
erties, further improving solution quality and computational efficiency. For instance, in [211]
we have proposed a special data format to improve the performance of operations taken by a
solver dedicated to the problems occurring in the dual formulation of NPA problems, where
such properties as the sparsity and entries pattern was taken into account.

One of the first generic approaches exploiting sparsity patterns was given by Fujisawa
et al [111], where the methods to leverage the sparsity of the problem matrices to improve
efficiency were explored. The computation of the Schur complement matrix, as discussed in
section 3.7, is often recognized as the most computationally intensive step in solving an SDP
problem. One strategy they employ to support the Schur complement calculations is reordering
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the matrices {A;};. They demonstrate that the most effective reordering is one that arranges the
matrices in a non-increasing order based on the number of nonzero elements f;. Additionally,
due to the symmetry of the Schur complement B, only entries B;; with j > i need to be dir-
ectly evaluated. Fujisawa et al presented three different methods for computing the element
B;;, with the choice depending on the sparsity patterns of matrices A; and A;. For highly
sparse matrices, they utilize the formula B;; = Za’b’q deln] (Ai)e,aWe,aWab(Aj)ap to compute
the Schur complement. The calculation of this quantity requires (2f; + 1)f; multiplications.
The work [318] introduces the so-called correlative sparsity pattern graph, which relates to
a certain sparse structure in the objective and constraint polynomials of unconstrained and
inequality-constrained sparse polynomial optimization problems. The graph is used to obtain
sets of the supports for SoS polynomials and get the improved performance of relevant SDPs.
Sparsity patterns that are more specific to non-commutative polynomial optimization, particu-
larly relevant to quantum information problems, were investigated in [172]. The method sug-
gested partitioning the input variables into cliques based on the so-called correlative sparsity
pattern exhibited by the polynomials present in the objective function and constraints. In [320]
another particular type of sparsity occurring in the input data for large-scale sparse noncom-
mutative polynomial optimization problems, called term sparsity is introduced.

4. Constructions of SDP useful for quantum information

In this section, we provide an overview of popular constructions which are used as build-
ing blocks for more complicated optimization problems used in quantum information. In
section 4.1 we discuss semidefinite representations of semialgebraic functions which allow
e.g. to express approximations of various types of quantum entropies as SDPs. In section 4.2
we provide an overview of the separability criteria of quantum states originating from the
famous PPT criterion. Next, in section 4.3 we describe the Choi—Jamiotkowski isomorph-
ism and highlight its relation to PSD constraints. Then, in section 4.4 the SoSs decomposi-
tion important for polynomial optimization is discussed, and in section 4.5 we describe the
famous Lovasz 6 function. Afterward, we will discuss the application of moment matrices in
the realm of quantum information and explore different aspects of their use. These include
section 4.6 which discusses the relationship between correlation matrices and the so-called
moment matrices, together with the NPA hierarchy which is a method for optimization over
non-commuting variables; sections 4.7 and 4.8, which investigates three distinct methods for
optimizing probability distributions or behaviors subject to dimension constraints.

4.1. Semidefinite representations of semialgebraic sets

Spectrahedron is defined as a geometric object that can be characterized as a solution set of an
LMI (78a) or, in other words, it is an intersection of the PSD cone with a linear affine subspace.
This representation allows spectrahedra to capture the feasible regions of SDPs. When spec-
trahedra are subjected to linear or affine transformations, the resulting shapes are referred to
as projected spectrahedra, or spectrahedral shadows, or SDP representable sets [145]. These
projected spectrahedra retain the convexity property and also belong to the class of semialgeb-
raic sets. It is worth noting that while every spectrahedral shadow is a convex semialgebraic
set, but the converse statement, which was posed as a question by Nemirovski in [231], previ-
ously conjectured [145] to be true until 2017 [280], does not hold in general. This means that
not all convex semialgebraic sets can be represented as spectrahedra. The notion of spectra-
hedra was introduced in [267]; see [317] for an overview, and [28] for a detailed discussion of
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their relation to the geometry of quantum states. An example of a spectrahedron of particular
interest to quantum information is the spectraplex, which is the set of all PSD matrices in a
given dimension with trace 1, i.e. the normalized quantum states.

To be more specific, we say that a set S C R” is LMI representable or has an LMI repres-
entation [147] if there exists a set of n 4 1 symmetric #n X n matrices {Ai}ie{o}u[n] C S" such
that

S={xeR":Ag+ > Aix; =07, (122)
i €[n]

The question of which closed convex sets can be SDP represented for n =2 was first posed
by Parrilo and Sturmfels in [247]. Suppose that for some N € N there exist the following
two sets of symmetric n x n matrices: {A;};eoyup C S" and {B;};en C S”, such that Sis a
projection to R” of the set

S=S (ru) eR™™: Ag+ > Aix; + Y B =0, (123)
i€ln] JE[N]

so that S = {x ER": I crn(x,u) € S } Then, we say that S is SDP representable, or has

an SDP representation or a lifted LMI representation, or is a spectrahedral shadow [280]. For
instance, from (109) it follows that the hypograph of the matrix geometric mean, viz. hyp[#] =
{(X,Y,R) e H" | x H" | x H" : X#Y — R = 0}, has an SDP representation. As shown in [99,
prop. 1], foraodd p € Ny, and / € Ny, withp < 2! it holds that

X#.,.Y R;
hyp[#,,2] = {(X’ Y,Ri): (), oyl Viel { ii' Ril:l =0,Ry = Y}, (124)

where (m;); [y is the binary expansion of p/2',i.e. p/2' = 37, . ;ym; /277! and mg = 0. Thus,
there exist an SDP representation of hyp[#,,,] consisting of / LMI, each of size 2n by 2n.

A necessary condition for a set to be LMI representable is to be convex and basic closed
semialgebraic. If a set is SDP representable, then it might not be basic closed semialgebraic, but
it must be convex semialgebraic. In [145, 146] sufficient conditions for SDP representability
were given. It was also shown that the set of all SDP representable sets is closed under taking
linear images or preimages, finite intersections, or convex hulls of finite unions [145, 238].
In [237] it was shown that the interior of an SDP representable set is again an SDP representable
set. The result of [279] was that closed convex hulls of one-dimensional semialgebraic sets are
also SDP representable. The seminal work [245] showed how to construct a complete family
of SDPs of polynomial size, which can be used to prove the infeasibility of a finite set of
polynomial constraints.

Since the feasible set of SDP is a semialgebraic set, SDPs cannot be directly used to model
non-semialgebraic sets and functions, even if they are convex. The work [100] provided a
method to approximate certain useful non-semialgebraic sets with SDP representations of
relatively small size. Consider a non-semialgebraic concave function g : R — R. Suppose it
has an integral representation g(x) = fol fi(x)dt, and that the integral can be approximated,
e.g. using one of the Gauss quadratures [263], and then g(x) ~ 1, (x) = >, im) Wiy, (%), Where
the weights w; and nodes #; depend on the quadrature. The quantity m that defines how many
terms occur in the quadrature is called the order of the quadrature. The order of the quad-
rature determines the accuracy of the approximation, with higher orders resulting in more
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accurate approximations For a function of particular interest, the logarithm, we have log( )=

fo - (x ]) —7dr. For any fixed 7, the hypograph of the concave function filx) = has

an SDP representation, viz. f;(x) > r if and only if [ \lﬁ—r r 1— lﬂ; ’;] > 0. One can show
that the matrix hypograph of f; for any ¢ € [0, 1] has the following SDP representation [100,

proposition 2]:

t(x 1)+l

hyp f, = {(X,R) €M, xH':(X—1)-[t-(X—1)+1] ' =R

B (125)
\ . [X-1-R iR
:{(X,R)€H++XH :{ _ /iR H\CR}>O}

The approximation logx & r,,(x) is most accurate for small values of x. Since we
have log(x) = ; log(x"), it is often beneficial to use another approximation, viz. ry,x(x) =

2 r, (x1/2°). 1t can be shown that "', is operator concave [100, proposition 3] and P, , [Y,X] =

2kP, [X#,-+Y,X] [100, equation (18)]. What is more, consider V,X € H" , and R € H".

It holds [100, p 272] R' = P_,, [V,X] if and only if there exist (R/);c[,y C H" such that
Y—X+R/ ViR

R =3 cpm R and Vigp) VAR X+1tR! = 0.

From (30) and logx = 1,  (x) we can expect S(X|Y) ~ P(_,, ,[¥,X] and thus is some sense:

epiS(X|Y) ~ K}, , = {(X,Y,R") e H} xH xH":R" =P, ,[V.X]}

={(X,Y,R") e, xH" x H":R" = —2"P,, [X#,-+Y,X]} (126)
- s 4y + + . - I 2—kIL, .

This, together with the SDP representation (124), shows that the set K, , has an SDP represent-
ation [ 100, theorem 3]. This, in consequence, allows optimizations over quantum entropies [46,
98] using SDP.

4.2. DPS conditions of separability

The DPS [86, 87] method is a powerful technique used to determine the separability of multi-
partite quantum states, by providing a hierarchy of SDP relaxations that approximate the separ-
ability conditions. To be more specific, DPS introduces a hierarchy of conditions involving par-
tial transpositions allowing for a test of separability, with strength increasing with the hierarchy
level. This approach is relevant also for studying the separability of multipartite quantum sys-
tems with more than two parties. The DPS method utilizes a series of SDP relaxations, where
each relaxation, pertaining to higher levels, introduces additional variables and constraints.
Thus, at each level of the hierarchy, the DPS method formulates an SDP. The PSD conditions
play a crucial role in these relaxations, as they express the constraint that the obtained solutions
are physically valid quantum states. Roughly speaking, in the DPS method for a given state
pa one asks whether there exist a hierarchy of symmetric extensions, i.e. a family of states
pAB,.-By defined for any N, such that V; (v p.as = Tt5,;ji[p.A5,..5y]- It happens that the state
pAB 1s separable if and only if such a hierarchy exists for each natural N. The state p 45 is
separable if and only if a hierarchy of symmetric extensions exists for every natural number
N. For a given fixed value of N, the task of verifying the existence of a symmetric extension is
equivalent to an SDP. Consequently, an algorithm can be devised by incrementally examining
the extendability condition for increasing values of N. This algorithm is guaranteed to termin-
ate if the initial state p 45 is entangled, thus it detects the non-separability. However, if the
state is separable, the algorithm will continue indefinitely without termination.
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Let us provide a more detailed overview of the concept of DPS. Consider a state p 45 resid-
ing in the composite Hilbert space A ® 15, which exhibits separability, meaning that it can be
expressed as a convex combination of pure product states:

pas =Y Mo (dila® @) (i, (27

where the coefficients ); satisfy the conditions > ;Ai = land )\; > 0. Consider a Hilbert space
AF® B!, and let / be a state on that space. If / satisfies the condition:

Tr_Ak—IBI—I [ﬁ]zﬂAB, (128)

where the partial trace is taken over all but the first copy of each space, then p is called an
extension [97, 264] of p. Let S 4 represent the set of all permutation operators among copies
of the space A, and the same applies to B. The state extension g is considered symmetric if,
for every P € S 4 ® S, the following condition holds:

p = PpP. (129)

On the other hand, the state extension p is classified as PPT if p remains positive after applying
any partial transposition on the subsystems. When p 45 is separable, it is guaranteed that for
any values of k and /, there exists an extension p that is a PPT symmetric extension of p 45.
The fundamental principle behind the DPS hierarchy is to examine whether a PPT symmetric
extension of p 45 exists for fixed values of k and /, and if not, this implies that p 45 is not
separable. As the constraints of PPT symmetric extension can be expressed as SDPs, the DPS
method enables optimization over a relaxation of the set of separable states on the given spaces.
As the values of k and [ increase, the relaxation approaches the actual set of all separable states
more closely. Therefore, starting from a PPT symmetric extension state p, it is possible to
construct a state ¢ on A ® B that is, in a certain sense, close to being separable.

The method can be applied analogously to more than two parties, as in the following
example involving three subsystems. We will now demonstrate an application of DPS, which
involves a method for representing quantum states and measurements using a single SDP vari-
able. Consider three unit vectors: | &%) = 37, 1y 1 > e 1) Gisl i) 55 [0Y) = 30 g 12 ]1) 45
and W) = dje ldg] uj)‘ |7 )5 Here, A represents a global hidden variable with an arbitrary prob-
ability distribution p*. Next, we define the following operator

Wapas =Y _p*- [| @@ ap @ ) (@ |4 @ V) (A [5/]. (130)
A

For two subsystems Sy, S», both of dimension ds, the SWAP operator is defined in the following
way:

SWAP(S1,8:) = Y |if){jils,s.- (131)
ij €[ds]

The idea that a tensor product of the density matrix p and measurements {M} contain all
elements necessary to express the probabilities of the form Tr(pM) was formulated in [327].
In [223], where the so-called Navascués—de la Torre—Vértesi (NTV) SDP hierarchy was intro-
duced, it was recognized that this idea in combination with DPS hierarchy allows approx-
imating the probabilities Tr(pM) as entries in SDP variables. NTV provided one of the
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methods to approximate the set of quantum correlations with dimension constraints; other
such methods are discussed in section 4.7. A similar approach was used in [341, equation
(4)] to express a constraint of purity of the state, and in consequence to develop a method
of providing rank constraints on the considered operators. Direct calculations show that
Tr[Wapa s (SWAP(A, A") @ SWAP(5,B"))] is equal to:

ZPA -Tr [W.TLXB.A’B’] = ZPA' Z Z ¢1111 lzlz'ul)guil\g< 1)2\ J)l\*

A A i1,i2€ld Al j1,2€dB] (132)
=Y PN Tr[| N s (|ut) (4@ V) (P [)]
A

where Wﬁ“g 4 18 defined as:

M A A%
Z Z O Oty i Vv * livjriajs) (infaiajalisjsicie) iadoisis | aparsr. (133)
i1,i2,13, J13243,
is,is,ic €[d a] ja s o €[dB]
The resulting expression is the probability of projection of the state on some projective meas-
urements. With similar calculations, we also obtain:

TI‘[WABAIB/ (SWAP(A,A/) ®]155/)] = ZpA -Tr U (I))\><<I>/\ |AB (‘ M)\><M)\ |_,4 ®]IB)} .
A
(134)

We see that operators created in a similar way like (130) contain entries expressing Frobenius
products (3) of a state and measurements, and SWAP operators provide a tool to extract them
to obtain quantum probabilities. It is easy to generalize the above formulae to cover cases
involving e.g. more projective measurements and more parties. Obviously, the operator (130)
is separable, and this constraint is imposed with the discussed DPS method.

The DPS method implementation is given in appendix B.4, together with an example of a
Tsirelson bound calculation using NTV method.

4.3. Choi-Jamiotkowski isomorphism and quantum channels

The Choi—Jamiotkowski isomorphism introduced in 1972 by Jamiotkowski in [155] and, inde-
pendently in 1975 by Choi in [70] is a fundamental concept in quantum information theory that
establishes a correspondence between quantum states and quantum channels, see [161] for a
detailed discussion and historical remarks. The isomorphism also called a state-channel dual-
ity, provides a mathematical framework to represent quantum channels as density matrices,
enabling the study and manipulation of quantum processes using tools from quantum state
theory. We say that a map is PSD when it is transforming PSD matrices to PSD matrices; it is
completely positive if £ @ 1 is PSD for 1 acting over arbitrary space; a linear map is a trace pre-
serving when the trace of the input matrix is equal to the trace of the output matrix. The Choi—
Jamiotkowski isomorphism is defined as follows. Given a linear PSD map & : C4%4 — C4"xd’

ie.£el [(Cdx‘i, cd Xd/} , that transforms input states on Cd%d 1o output states on (Cd/x‘i/, its
corresponding Choi matrix J(€) € C4'*4" @ C4*4 is the PSD matrix defined in the following
way:

=Y elliyilleli)jl=d (ol [|[oh)(@"]], (135)

ij€ld]
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where |®1) = \}3 Yicla 1) ®|i) is the maximally entangled state.
Given a PSD matrix, 1t is possible to reconstruct the corresponding quantum channel. This
reconstruction process allows us to extract useful information about the properties and beha-

vior of the quantum channel. Let us consider a state p = >, jc (4 Px1| k) (1] € C%*4_ Then

1y @pt = Z |m)(m| | ® Zpk,1|l><k| Z Zpk1|m (m| @ |1){kl,

meld’] k,l€[d] meld’] k,l€[d]
(136)
and we have
JE)-(Mar@p") =7 3" > pe- (ENDNG @) ) - (Im)(m| @ 1) (k])
ijEld kl€ldme[d’]
= > > pa- ENDNG N [mym) @ (1) |- |1) (k])
ij,k,l€[d]me[d’] (137)
= > D e ENDNG N Imy(m]) @ i) (k]|
ij,k€ldlmeld’]
=" pEllidilleli)k =
ij,keld]

Then, we take the partial trace of Y over the second subspace, removing the input space:

Too¥ = (Y1) = Y pes-ENi)G (Ui KD

1€[d] i,k l€[d]
(138)
= Z pi€lDGN=€| D puilhGl| =€ o).
ijeld i,j €[d]
Thus we have the following crucial property:
Tr, [J(€)- (Lar @ p") ] =E ). (139)

A direct consequence of (139) is that for a POVM {M’}, on C? >4  we have
Tr [J(E) - (M" ® p")] = Tr [£[p] M], which is the probability of the outcome b of the POVM
applied to the output state of the channel.

It can be shown, that any linear map £ is completely PSD if and only if its Choi matrix (135)
J(€) is PSD. Similarly, the Choi-Jamiotkowski isomorphism captures the property of trace
preserving with the constraint that the Choi matrix after tracing out the output subsystem is
equal to the identity operator on the input subsystem, i.e.:

Tr [J(8)] = 1g4. (140)

Trivially, for J(£) defined in (135) and trace preserving £ we have Tr [€ [| ) ] ="Tr[|i) (] =
6;; and thus Tr[J(€)] = 1. Conversely, consider a matrix X’ € C4'*¢" @ C4*4 satistying
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Tr[X] =14 LetX' =3 ®|i)(j |. Then since Tr(|i){j || = d:;, we have V; / Tr[X];] =

zde[d i
d; j, and thus for any p it holds that
Tr (X" (1p ®p")] =Tr ZTrl (1Y |- p")] | =Tr Z|i><i|~,oT =Tr[p].

ijeld i€ld]
(141)

It is possible to employ the Choi—Jamiotkowski isomorphism to express other properties
of quantum channels. Consider a channel £4/p/, 4p transforming states states on C"*" ®
Crs>xns to states on C"a’ %"’ @ C"s’*"s’ for some ny, na:, ng, and ng., with the Choi mat-
tix J(Eqrprap) € CMa XMar x Cs’ ¥ @ C"a*M @ C"*" One usually interprets A and B as
inputs and A’ and B’ as outputs of Alice and Bob, respectively. For instance, one can show that
the marginal output state of Alice is a result of a fixed operation on the marginal input state
of Alice, or, in other words, the channel is non-signaling from Bob to Alice [78] if and only if
Trg: [J(Earprnp)] = Trpp [J(Earprap)] @ 15 [187, equation (22)]; similar relation holds for
channels non-signaling from Alice to Bob. Suppose that Alice and Bob are controlling ancil-
lary subsystems, A and B, respectively. A Channel is called PPT-preserving when it transforms

abipartite PPT state p, 555, 1.€. a state satisfying p AZ’};B > 0, to a biparitites PPT state [265, 266].

In [266] it was shown that 45/, 4p is PPT-preserving if and only if [J(EA/B/FAB)]TBB/ = 0.
We refer to [187] for a detailed discussion of other properties of quantum channels possible to
be expressed with constraints in SDPs.

In summary, the PSD condition is essential in the Choi—Jamiotkowski isomorphism as it
ensures the validity of the represented quantum channels. It provides a mathematical frame-
work to analyze and manipulate quantum processes, allowing for the exploration of various
properties and applications in quantum information theory. The discussed methods are, in par-
ticular, used to express bounds on various types of channel capacities as SDPs [96, 296, 322]
or for channels discrimination [330].

4.4. SoS decomposition of polynomials

The SoS technique is a powerful tool used in SDP to represent nonnegative polynomials as
sums of squares of other polynomials. Recall that in SDP, the goal is to optimize a linear
objective function subject to LMI constraints. However, many optimization problems involve
nonnegative polynomials, and checking the nonnegativity of a polynomial can be challenging.
The SoS technique provides a way to approximate these nonnegative polynomials using sums
of squares, which can be readily handled in SDP. This technique is useful in many areas of
mathematics, including optimization, control theory, and signal processing. One application
of the SoS decomposition is in optimization problems. In particular, it can be used to determine
whether a polynomial is non-negative over a given domain. This is important in optimization
because many optimization problems involve minimizing or maximizing a polynomial subject
to certain constraints. By using the SoS decomposition, one can determine whether the poly-
nomial is non-negative over the feasible region, which can help in finding the optimal solution.
The method found various applications in multiple areas of science and is particularly useful
for polynomial optimization, robust control, and polynomial system analysis, as it allows for
tractable representation and computation of nonnegative polynomials in SDP frameworks [67,
157, 195, 243-246, 258].

The main idea behind the SoS technique is to express a nonnegative polynomial as an SoSs
of lower-degree polynomials. This is achieved by introducing additional variables and using
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semidefinite constraints. Specifically, the nonnegative polynomial is decomposed into a SoSs
of polynomials, where each polynomial is multiplied by a semidefinite matrix. The positivity
of the original polynomial is then guaranteed by the positivity of the semidefinite matrices.
Let us consider a homogeneous polynomial A(x), where x € R”, and all terms of /(x) have a
degree of 2m. We say that h(x) is a SoS polynomial if and only if, for some k there exists a set
{gi}iep, where each g; is a polynomial of degree m and h(x) = 3, ¢y gi(x)?. Obviously, any
SoS polynomial is always positive. Moreover, the interesting property of the SoS polynomials
is that any real non-negative polynomial can be approximated arbitrarily closely by a sequence
of SoS polynomials, known as the SoS hierarchy [185]. For any polynomial g;(x), we can
express it as the inner product of a vector v; and the basis of monomials x") of degree m.
Mathematically, this can be written as g;(x) = v} - x("). The basis x(") consists of monomials
of degree m, and the dimension of this basis is given by d = ("Jrz 1), thus v; € RY. If SoS
exist, then a set S = {v; }¥_, also exist and:

2

=l =3 () = 3 () (o7 )

i€kl i €[k] i €[k]
(142)
= Z X m)T v v 1) = x(mT Z vivi ) = x(mTpgx(m)
i€k i€k

Hence, even if the set S is not explicitly known, it is evident that M = Zie[k} Vi v,-T =0, Me
S?<d_This observation implies that verifying whether a polynomial /(x) is SoS is equivalent to
determining the existence of a PSD matrix M > 0 that satisfies the relation /(x) = x"TMx(")

Now, let us consider a symmetric matrix H € S9, not necessarily PSD, such that h(x) =
xU"THx(™)  Constructing such a matrix is straightforward, as it suffices to assign the relevant
coefficients from /A(x) onto the diagonal elements of H. Let {Ni}ie[D], for some D, V;N; € ¢,
be a basis of the space of all symmetric d by d matrices satisfying the equation x(")TN; x(") = 0.
The dimension of this space depends on m, i.e. the degree of the polynomial /(x), as well as
n, the number of variables. The objective now is to verify the feasibility of the so-called Gram
representation of the SoS polynomial. This representation is expressed as H+ . y; N; = 0,
where y; are coefficients. Finally, the feasibility of the Gram representation of the SoS poly-
nomial is examined by checking if the matrix H 4 ), y; N; is PSD. This assessment allows for
the determination of whether the given polynomial can be represented as an SoS.

The non-commutative analog of SoS called sum of Hermitian squares or non-commutative
SoS [204] was introduced in [144]. We say that a Hermitian polynomial p(X) in non-
commutative variables X = (X;); is a non- commutative SoS (or, simply, SoS) when there exist
polynomials (r;(X)); such that p(X) = Zj -+ rj. For operators used as non-commuting variables,
being SoS means that the polynomial of the operators is PSD, meaning, in particular, that its
expectation value is non-negative for all quantum states. The non-commutative polynomial is
weighted SoS (WSoS) generated by a collection of Hermitian polynomials in non-commutative
variables P when it is of the form [85]:

Do Y sk (143)
j k 1

J
N—— -
SoS weighted term

for p; € P, and some polynomials (rj(X)); and (si;(X))k,;. An algorithm for finding a sum
of Hermitian squares decompositions for Hermitian polynomials in non-commuting variables
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based on SDP was given in [173]. The SoS decompositions were used to provide the so-called
self-testing of quantum states and measurements in [21, 202, 339], see [295] for a review and
discussion.

As a direct example of the application of SoS in quantum information, we will analyze the
so-called quantum moment problem. In this problem, we ask whether, for a given probability
distribution, there exists a quantum state and measurements that produce such distribution (see
section 1.4). A complementary problem is to decide whether a given instance of the quantum
moment problem is unsatisfiable. A crucial tool for this purpose is one of the versions of the
Positivstellensatz. Positivstellensatze are theorems in real algebraic geometry that provide a
way to determine whether a polynomial is positive on a semi-algebraic set, or if it can be
written as an SoS; see [34, chapter 4] of an introduction for the commutative variables case,
and [143, 278] for the non-commutative variables case.

Suppose that the quantum setup of interest involves the measurement operators X = (X;);.
We briefly show that many of the desired properties of measurements can be expressed as a
requirement that certain polynomials of these operators vanish. One of the requirements is
that the measurements over different subsystems commute. Indeed, the condition [X;,X;] = 0
is equivalent to statement the Hermitian polynomial i [X;,X;| is equal zero. If for a certain
set M the operators {X;};c a4 are constituting a projective measurement, then the normaliz-
ation condition is expressed as the requirement that the Hermitian polynomial 1 — 3, -\ X;
is equal zero; similarly the idempotency condition of X; is expressed as X? — X; is equal zero.
Another simple constraint possible to be expressed with vanishing Hermitian polynomials is
the requirement that X has eigenvalues in {41, —1}; this is equivalent to the requirement that
1 — X? is equal zero. Let us define P to be the set of all Hermitian polynomials of one of these
forms, as well as their negatives, where each of the polynomials imposes a constraint that is
desired in a given scenario.

Consider an expression G =), \ aa|xPajx|X]. We are interested in finding the Tsirelson
bound [72] of such an expression. If for any quantum state |®) and measure-
ment operators X it holds (® |G[X]|®) <q for some g€ R, then trivially ¢-1 —
G>0. In [85, theorem 4.3] the following form of Positivstellensatz was given: if
[Vx (Vperp[X] =0 = V|4)(® |(g- 1 —G)|®) >0)], then v-1—G is WSoS. In other
words, if the Hermitian polynomial ¢ - 1 — G in non-commuting variables X is a PD operator
(expressed as V|3 (P |(g-1 — G)|®) > 0) under the assumption that X are quantum meas-
urements (expressed as V,cpp[X]| = 0), then it can be written in the WSoS form. Thus, this
Positivstellensatz says that if there exists no quantum state and measurements attaining the
value ¢, then g - 1 — G is WSoS.

Now, the question is, how to derive the value of g using SDP. We do not have informa-
tion regarding the degree of polynomials (r;(X)); and (sx;(X))x occurring in (143). The res-
ult of [85, section 5] is a hierarchy of relaxations allowing to get a sequence g, such that
lim,_, g, = g, with g,, > q. For the level n of the relaxation, we require that 7; and s ; are of
degree at most n and n — 1, respectively.

Consider the first level, n =1 in the CHSH scenario [73], with G =AB; + A1 B, + A2B| —
AyB;, where EY{ and F "y are commuting projective measurement operators of Alice and Bob,
respectively, see section 1.4, and A, = E? —E! and B, = F°, — F',. The basis of polyno-
mials of degree 1 in variables occurring in G is e.g. x(1) = [A1;A2;By; B;]. The SoS part of
WSoS (143) is thus 37,7/ = x(VTMx(D, see (142), for some M = 0. The only constraint
expressed in P are those imposing that A, and B, have eigenvalues in {+1, —1}; let us denote
the relevant constraint polynomials as p)(CA) =(1-A?) ePand pﬁB) =(1- Bﬁ) € P, respect-

ively. Indeed, the polynomials p,((A) and pﬁ.B) vanish if and only if these eigenvalue constraints
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on A, and B, are satisfied. Since sy ; are at this level all of degree n — 1 =0, they are real
numbers; let us denote them as %SA) € R and 'y)(,B) € R, respectively. The WSoS decomposi-

tion (143) is now of the form:

q1-1— (A\B +A By +ArB) — AyBy) = xVTMx() + 3 " /WA, + "1 B)p, (144)
x€[2] =0

To find the value g; we can solve the problem of minimizing g; subject to (144) and M > 0;
this clearly is an SDP. The result is

2vV2-1 — (A\B) +A By +A2B; — AyBy)

1 Lrw, ), B, & (145)
REW:) (ﬁrﬁrlrz) +ﬁ (PE " p 4+ p® 4 pl )),

where r; =A; + A, — V2B and r, = A, — Ay — V/2B,. The Tsirelson bound is thus 2v/2.

4.5. Lovasz theta and contextuality

The concept of zero-error capacity plays a significant role in information theory as it pertains
to the flawless transmission of information through a communication channel. This notion
is of utmost importance as it guarantees the reliability and precision of data transfer, which
holds immense significance in diverse domains, including telecommunications, computer net-
working, and cryptography. The notion of a zero-error capacity of a channel represented by
a graph was introduced by Shannon in 1956 in the paper The zero error capacity of a noisy
channel [283], as defined below. The calculation of this entity, unfortunately, poses signi-
ficant challenges. Lovasz addressed this problem in [196] by formulating an SDP relaxation
known as the Lovdsz 6 function, or Lovasz number. The introduction of this function had a
profound influence not only in classical and quantum information theories [71, 76, 88] but also
in related fields such as graph theory [164, 171]. Its impact transcends disciplinary boundaries,
highlighting its importance and wide-ranging implications.

Consider an alphabet consisting of n letters that need to be communicated through an erro-
neous channel. We can represent this communication scenario using a graph G, where each
vertex corresponds to a letter from the alphabet. The edges of the graph indicate the possible
confusion between letters, based on the communication model being considered. It is evident
that the count of one-letter messages that are guaranteed not to be confused is equivalent to
the size of the largest independent set in the graph, denoted as «(G).

In the context of zero-error communication in the asymptotic limit, where multiple uses of
the communication channel and non-trivial coding schemes are allowed, it often becomes pos-
sible to transmit a higher average number of letters per channel use. To illustrate this concept,
let us consider the number of k-letter messages that can be transmitted without confusion,
denoted as a(GX). It is observed that a(G*) > a(G)*, indicating that the size of the largest
independent set, a(G), raised to the power of k provides a lower bound on the number of dis-
tinct messages that can be encoded without the risk of confusion. For instance, if a single-letter
message allows for [ = a(G) different messages without confusion, then with & letters, we can
encode at least /* distinct messages without the risk of confusion. As an example, consider the
cycle graph Cs with five vertices, where a(Cs) =2 and o(C%) = 5.

The Shannon capacity of a graph G is a measure defined as follows. It is denoted by ©(G)
and is given by the supremum over all values of k of the expression a(Gk)f, i.e. over all
possible lengths of messages encoding a chunk of information:
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0 (G) = supa (Gk)% ) (146)
k

Here, o (G*) represents the size of the largest independent set in the graph G, which is obtained
by taking the strong product of G with itself k times. The Shannon capacity provides an
important characterization of the graph’s ability to transmit information without errors, and
it is widely used in the field of information theory.

To provide the formulation of SDP relaxation of the Shannon capacity, and thus also of the
independence number of a graph, introduce the concept of the strong product of two graphs.
Let us consider a pair of graphs, G and H, and define their strong product as G X H. The vertex
set of G H, denoted as V(GX H), is the Cartesian product of the vertex sets of G and H,
i.e. V(GRH) = V(G) x V(H). In this construction, a vertex (x;,y;) in GX H is adjacent to
another vertex (x,y,) if and only if one of the following conditions holds:

e vertex x; is adjacent to vertex x, in G, and vertex y; is adjacent to vertex y, in H;
e vertex x; is equal to vertex x;, and vertex y; is adjacent to vertex y, in H; or
e vertex x; is adjacent to vertex x, in G, and vertex y; is equal to vertex y;.

This construction is known as the strong product of graphs. To extend this notion, we define
G' = G, and for k + 1, we have G*T! = GFK G.

An orthonormal representation (OR) of G in R? for some d is a set of vectors
{|ui)}ievic) C R satisfying (u; ,u;) = 0 for all pairs of non-adjacent vertices i,j € V(G). We
denote by OR(G) the set of all OR of G in any dimension. The value of the OR is

1
min = max ————. (147)
W))eR"l,fewG) (W) |
T)=1

Any ¥ for that the minimum in (147) is attained, is called a handle of OR. If {|u;) };cy(c) and
{Ivi)}jev(m) are OR of graphs G and H, then {|u;) ® |v;) }icv(c)jev(m) is an OR of the graph
G X H [196, p 2]. If the vectors are in C instead of RY, then the term orthogonal embedding is
used instead of OR. The orthogonal rank of G, denoted £(G) is the smallest positive integer d
such that there exists an orthogonal embedding [44, 59]. Lovész’s function, denoted as 0(G),
is defined as the minimum of (147) over OR(G).

Lovész’s 6(G) plays an important role in the study of the Shannon capacity. It possesses
the property that the Shannon capacity ©(G), is bounded from above by 6(G), ©(G) < 6(G).
To provide an SDP formulation of 8(G), let us consider a set A consisting of all symmetric
matrices {A;}; that satisfy the following conditions: for any two nodes i and j in the graph
G, if i=j or if i and j are not adjacent in G, then the entry Aj; is set to 1. The remaining
entries of these matrices are left unconstrained. The value of 6(G) is equal to the minimum
of the largest eigenvalue among all matrices in the set A [196, theorem 3]. This relaxation
technique provides an effective approach to approximate the Shannon capacity of a graph and is
possible to be expressed as an SDP. Indeed, the constraints defining the set .A are linear, and the
SDP is

minimize A
subjectto X € A (148)
A-1—-X>0.
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Alternatively, it can be shown [196, theorem 5] that

0(G)= ~ max max > |[(¥.u)l, (149)
{lu:)},€OR(G) |‘|‘I:p>ﬁﬂidfiev(c)

where G is the complementary graph of G.

In [129] Grotschel, Lovasz and Schrijver introduced the weighted version of 6 func-
tion, intending to derive the maximum weight independent sets in perfect graphs. Let w =
(Wi)iev(c) be weights of nodes in a weighted graph G. The generalization of the ¢ func-
tion (147) to weighted graphs is defined as [131, p 4]:

0(G,w) = min min max Lz (150)
{lui)}; €OR(G) | w)eRr!,i€V(G) |(U,u;) |
[1¥)|=1
A direct generalization of (149) is [131, theorem 2.3]:
0(G,w) = max max Z wi (U, u;) \2. (151)
7 d
{lu)}; €OR(G) ‘H\I\Ip>)€|ﬂil7iev(G)

The value of (151) can also be expressed as SDP [129].

The fundamental role of the Lovasz 6 for quantum correlations and contextuality was recog-
nized in [57] and developed in [58]. The results state that the maximal value of correlations
allowed by quantum mechanics is given by the Lovasz number of the so-called exclusivity
graph. Here we briefly sketch the results, and we refer to [3] for a discussion and further
advancements.

The exclusivity graph of a multi-partite correlation experiment represents the possible
events with vertices and the exclusion of pairs of events by edges. We say that the events
e; and e, are exclusive if and only if there exist two jointly measurable observables (tests) ;
and y; that distinguish between them. The experiments with space-like separated tests are Bell
inequalities [25, 73] as discussed in section 1.4. More general scenarios are non-contextual
inequalities, which distinguish between theories in which outcomes are predefined from con-
textual theories, including quantum mechanics [120, 176, 287]. For instance, in the CHSH
Bell experiment [73] there are four tests, each providing binary results, viz. two measurements
performed by Alice, and two measurements performed by Bob.

Consider a positive linear combination of events, or positive non-contextual game expres-
sion, of the form . w; P(e;), with all w; > 0. The CHSH Bell inequality [73] can be rewritten
in this form as

Z P(a,al0,0) + P(a,al0,1) + P(a,a|1,0) + P(a,—a|l,1) < 3. (152)
ac{0,1}

The exclusivity graph of the positive non-contextual game expression is the induced subgraph
of the exclusivity graph of the experiment, see figure 1. In [58] it was shown that from (151)
it follows that the attainable upper bound on the positive non-contextual game expression in
quantum mechanics is exactly 0(G,w), where G is the exclusivity graph of the positive non-
contextual game expression [273].

The work [82] reveals another association between the Lovasz number and fundamental
quantum phenomena, viz. the uncertainty relations [139, 167, 270], which characterize the
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Figure 1. Exclusivity graph for the two-partite Bell scenario with two settings and two
outcomes for each of the parties. The events are labeled as ab|xy, with the settings of
Alice and Bob denoted as x and y, and their outcomes as a and b. Sets of pairwise
exclusive events are those lying on the same line or in the same circle. The exclusivity
graph for the positive non-contextual game expression (152) is the induced subgraph
containing only the black nodes.

limitations in precisely predicting outcomes of simultaneous measurements in quantum mech-
anics. The findings have practical implications and can be applied to formulate entropic uncer-
tainty relations, separability criteria, and entanglement witnesses.

The mentioned above orthogonal rank £(G) has a direct relation to the one-round quantum
communication complexity of calculation of a function f(x, y), which is equal to [log, (£(G))],
with the promise that the joint input (x,y) € D C V(G) x ). The vertices i and j in G are
connected if and only if 3,cy (i,y) € DA (j,y) € D [83, theorem 8.5.2]. As discussed in [225],
the so-called almost quantum or ;4,5 SDP relaxation of the set of quantum behaviors, see
section 4.6, is also closely related to the Lovasz 6.

4.6. Correlation matrices, moment matrices, and optimization over non-commuting variables

Consider a sequence of real-valued random variables S = (xi,...x,). The covariance matrix of
S is defined as the matrix whose entries are given by relevant covariations of pairs of variables,
Cov[S] = [COV[xi7xiji,x,-€ s € RS*S, The rows and columns, in this case, could be indexed
with the numbers of the variables, and thus belong to [1] and then it would be Cov[S] € R"*".
Instead, we take a more generic approach and index the rows and columns with the variables
themselves. Such matrices, indexed by labels or other expressions are called moment matrices.
Now, consider a vector of constant coefficients v = (vy,...v,) € RS*!. We have

vICov [S]v= Z Vi - coV [x;,x;] - v; = cov Zx,-, xj| = var Zx,- >0, (153)
ij€n] i€n] j€E€n] i€[n]
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and thus the covariance matrix is PSD. The correlation matrix corr(S) is the mat-

rix whose entries are given by relevant correlation of pairs of variables, i.e. Corr[S]=

[corrxi, ], cs..cs € R®*S. Equivalently, the correlation matrix is equal to the covari-
1 "]

ance matrix of all variables rescaled to have variance 1, Corr[S] = Cov|[S], for S =
(x1/o [x1],...x, /0 [x4]). In consequence, all diagonal values of the correlation matrix are 1 and
the matrix is also PSD. If variables are linearly independent, then it is PD. A sample numer-
ical calculation with a correlation matrix is given in appendix B.2. The concept of moment
matrices is used in the methods discussed further in this section.

The methods discussed in this work using moment matrices find a major application in
optimizing linear functions of probabilities in various quantum scenarios, such as entangled
parties with separated sharing or communication of a quantum system with a given dimension.
These methods have gained significant popularity due to their effectiveness and applicabil-
ity in quantum optimization tasks. It is worth noting that earlier studies in 2004 focused on
optimizing success probabilities without utilizing moment matrices [94]. Instead, they relied
on the formalism of Lagrangian in close connection with the concept of convex optimization.
Particularly, researchers explored the problem of determining optimal success probabilities
for static linear optics quantum gates, and intriguingly, it was found to be related to convex
optimization theory. Through this connection, they successfully derived upper bounds for the
success probability of networks implementing single-mode gates. Moreover, the concept of
Lagrange duality played a crucial role in providing rigorous proofs for these derived bounds.

4.6.1. The NPA hierarchy. ~Now, we provide a brief introduction to the optimization over non-
commuting variables, with a concentration on the so-called NPA method. The NPA method
is based on SDP, as presented in the paper Bounding the set of quantum correlations by
Navascués et al (2007) [226, 227]. Moment matrices are a basic element of the technique.
The concept was inspired by the seminal work by Lasserre [184].

The problem at hand is to find a way to characterize, at least approximately, the class of all
quantum behaviors 9 without resorting to the formalism of quantum theory. To this end, the
NPA method introduces a hierarchy of SDP problems {Q}.= . Each level of the hierarchy
corresponds to a specific SDP problem, where higher levels yield more accurate solutions.
In other words, as we increase the level k, the set £, becomes a subset of Qy, Q1 C
4, providing a progressively better approximation of £. However, as the level increases, the
SDPs become more complex and computationally demanding. It is important to note that the
hierarchy of SDP problems converges to the quantum set £, meaning that the intersection
of all sets in the hierarchy is equal to 9, viz. N2, = Q. By considering all levels of the
hierarchy, we can accurately capture the entire quantum set £ without explicit involvement
of the formalism of Hilbert spaces, and when we restrict considerations to a particular level,
then we can effectively approximate the optimization over the set of all quantum behaviors
using SDP.

A sequence of operators, which is formed by concatenating projective measurement operat-
ors, plays a crucial role in the context of quantum systems. Consider an illustrative example of
such a sequence, denoted as E}E3F? | E}, consisting of four operators. The operators associated
with Alice, denoted as EY, commute with the operators corresponding to Bob, denoted as F b ).
This allows us to rearrange the sequence without altering the original action of the operators.
Thus, we can rewrite the sequence as EJESE} F?; by interchanging the operators while respect-
ing the commutation relationship between Alice’s and Bob’s measurements. This reordering is
made possible by the commutativity property exhibited by the operators belonging to Alice’s
and Bob’s measurements.
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In a sequence of operators, we can exploit the orthogonality property E)‘?E)‘?/ =0 and
F ”),F;’ "=0 for a #a’ and b#b’. Applying this property and utilizing the commutation
property, we can rearrange operators within the sequence. For instance, let us consider the
expression E%F 3E 1. By utilizing the commutation property, we can rearrange the operators
as E2E}F33, which equals zero due to the orthogonality between E? and E!. Additionally,
it is worth noting that since E¢ and F?, are projectors, we have the property (E%)* = E¢ for
any k > 1, and the same holds for F ”y. This property further aids in simplifying the expres-
sions involving repeated application of the projectors. To characterize the length of a sequence
of operators, we define it as the minimum number of projectors required to represent the
sequence. In this context, we consider the identity operator 1 as the null sequence, denot-
ing no projectors, and its length is defined to be zero. This notion of length provides a measure
of the complexity or number of steps involved in a sequence of operators.

We will now be considering sets of sequences of operators from the reduced set of operators
discussed in section 1.4. Using the NPA method, we can construct a hierarchy of relaxations
by choosing different sets of sequences. Specifically, we define a set Sy to be the set of all
sequences of operators {E%, Ff, }a,é,x,v of the length at most k (including the sequence of length
0, i.e. 1), with the indices @ and b covering all values excluding the last one. We also define
the so-called intermediate sets of sequences, where only specific sequences are included, for
instance
(154)

a,b,x.y

Sieap =SIU{EF"} ;= {11,E;,Ff,,E;;Ff,}~
The hierarchy of level £, means that the set S consists of all sequences of measurement
operators of length 2, whereas in level ;1 45, S is a set of all sequences of length 1 and
sequences with one operator of Alice and one of Bob. ;45 revealed to be so efficient that it
is called an almost quantum set of behaviors [225].

The key idea of the NPA method can be summarized as follows. Consider a behavior
{P(a,blx,y)} and suppose that it is quantum. This means that there exists a specific realiz-
ation involving a quantum state | ) and projective measurements {E, F®,} such that, for all
settings x and y, and outcomes a and b, the relation (8) holds, and expresses the probability of
obtaining outcomes a and b when measurements x and y are performed on the quantum state
[4). In the context of the NPA method, the notion of moment matrices is used as follows. For
any operators O; and O; belonging to the set S of size n, we define the element of the moment
matrix as:

To,0,= (¥ 0] 0| ¥). (155)

This equation establishes a connection between certain elements of the moment matrix and
joint probability distributions. Specifically, we have

Ty s = P(abhr.y), (156)

which demonstrates that the elements of the moment matrix correspond to the probabilit-
ies of obtaining outcomes a and b for the measurements x and y. Additionally, we have
the element I'y 4 = 1, which represents the identity operator, indicating that its contribu-
tion to the moment matrix is unity, and |t) is normalized. This definition results in an
n X n moment matrix, where the rows and columns are indexed by the elements of the
set S. Hence, the moment matrix serves as a representation of the moments associated
with the considered behavior. For instance, the sequence of operators with a length of
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at most 1 in the case of the reduced set (9) is represented by S; = {1,E% ES,F),F9} =
{01,0,,03,04,05}. From (155) and (156) we have P,(0|0) = FLEOO =y, P4(0[1) = FLE? =
y2, Pp(0[0) =Ty o, =4, Pp(0]1) =Ty o =y7, P(0,00,0) =T'go o, = ys, P(0,0[1,0) =
L'z po, = Y6, P(0,0[0,1) =0 po = ys, and P(0,0[1,1) = I'jo yo = yo. This leads to the fol-
lowing formula for the I" matrix, which is in this case a 5 x 5 real matrix:

Ly y»2 ya »m
YooY y3 Ys ¥s
Y2 ¥ Y2 Yo Y- (157)
Ya Ys Y6 Y4 Y10
Y7 Y8 Yo Yo Y7

The probabilities not occurring directly in the matrix can be derived from the non-signaling
constraints (7). For instance, from the matrix (157) we have P(0,1]0,1) = P4(0]0) —
P(070|07 1) =Y1—)s-

We can observe that the elements of the moment matrix I are subject to the following linear
constraints. For any indices i, j, k, and [, the equality I'p, o, = T'g, 0, holds whenever the cor-
responding operators satisfy 0,-T 0= 01 O ie. 0,-T 0;= 0,101 = To,,0, =T'0,,0,- This con-
straint ensures that the inner products of identical operator sequences yield equal moments.
Similarly, if OI.TOj results in the zero operator, then it implies that Fo,-,oj = 0. This condition
ensures that the moments associated with operator sequences resulting in the null operator are
also zero. These linear constraints provide necessary relations between the elements of the
moment matrix, allowing us to impose consistency and capture important properties of the
behavior. Positive semi-definiteness of I is a direct consequence of (155). Indeed, let v € C".
For V= .v;0; we have

ViD= "ViTo, 0= vi(W |0[0)]4)v; = ( |[VIV|g) = [V]$) [ >0, (158)
ij ij

and thus I" > 0. To summarize, we observe the following:

e The sets S| C S, -+ C S form an increasing sequence, where each set contains longer
sequences of measurement operators.

e The hierarchy levels Q| D £, --- D Q form a decreasing sequence, indicating a refinement
of the approximation to the quantum set.

e The quantum set £ is equal to the intersection of all levels Oy, i.e. Q = (2, Ok

The final equality, which pertains to convergence to the quantum set, has been proven in [227].
The sizes of the sets S; and, consequently, the sizes of the I' matrices, grow exponentially,
specifically as O ((|A|-[X|+ |B] - |Y])¥). In practice, sets beyond 9 are rarely utilized, and
due to finite precision arithmetics large matrices may cause numerical issues. The set Q1 4p
is generally sufficient for most purposes and is often referred to as the almost quantum set.
The set £, is often called the macroscopic locality set [229]. A comparison of the primal and
dual approaches for imposing the aforementioned operator constraints is presented in table 1.
A comprehensive discussion on this topic can be found in section 2.3.1 of [211]. It is worth
noting that when expressing the constraint of NPA optimizations, the parameter m representing
the size of the canonical SDP form in (80) and (81) is significantly smaller if we opt for the
latter approach. It can be seen that the above example (157) is written in the form C— ), y;A;
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Table 1. Comparison of sizes of SDP formulations of the levels of the NPA in a scenario
with two parties, each with two binary measurements, when the constraints are expressed
in terms of primal or dual canonical SDP forms.

Hierarchy level n m-dual Average density (dual) m-primal
2 13 31 0.183 137

Q3 25 61 0.098 563

Q4 41 101 0.060 1579
Qs 61 151 0.041 3569
Q6 85 211 0.029 7013
7 113 281 0.022 12487
Qs 145 361 0.017 20663
Qo 181 451 0.014 32309
Qio 221 551 0.011 48289
Qi 265 661 0.009 69563
Qn 313 781 0.008 97 187
Q13 365 911 0.007 132313
D 421 1051 0.006 176 189
Qis 481 1201 0.005 230159

of the canonical dual formulation (81), and can be easily expressed in other forms discussed
in section 3.2.

There are multiple variants and extensions of NPA. In [254] the inventors of NPA showed
how to apply their techniques to the general problem of polynomial optimization over non-
commuting variables. In [163] it was shown how to use NPA to analyze the so-called extended
non-local games. These games involve three parties, viz. Alice, Bob, and a referee. Initially,
Alice and Bob share a tripartite quantum state with the referee. In these games, the conditions
for Alice and Bob to win may depend not only on their answers to randomly selected ques-
tions but also on the outcomes of measurements performed by the referee on its portion of the
shared quantum state. In a recent work [257] a method for analysis of classical and quantum
correlations in networks with causally independent parties was introduced, providing a way to
use NPA in complex quantum networks. Another work analyzing generalizations of NPA for
characterization of the quantum network correlations, together with convergence results was
given in [269], see [301] for an overview.

The almost quantum correlations are applied and discussed in [149, 277]. Their great theor-
etical importance stems from their role in axiomatics of quantum mechanics [225]. In [225] it
was proposed to consider the set of behaviors allowed in the almost quantum relaxation level
of NPA as a physical theory and hypothesized that the actual physics of the real world is not the
quantum theory but the newly proposed almost quantum theory. It was shown that non-trivial
communication complexity, no advantage for non-local computation, and local orthogonality
are weaker in determining which behaviors are physical than the almost quantum theory. It was
also shown that the almost quantum set is closed under various classical operations, including
post-selection, composition, grouping of parties, and so-called wiring operation [11]. In [191]
a quantitative comparison of several sets of super-quantum behaviors is given.

In [277, appendix A] the NPA method has been modified to express a relaxation of the set of
quantum assemblages [62], i.e. sets of unnormalized states toward which a multipartite state
can be steered to [331]. In this method, the I' matrix’ entries are not numbers but matrices
themselves allowing for introduction in particular the so-called almost quantum assemblages,
see [276] for a physical definition and discussion for its applications. A hierarchy for analysis
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of quantum steering was also given in [177]. The proposed method enables the derivation of
steering witnesses for arbitrary families of quantum states. A framework for the analytical
derivation of non-linear steering criteria was also presented.

The work [221] introduces the so-called Moroder’s hierarchy, where in addition to the NPA
constraints, more restrictions of a certain form regarding entanglement can be imposed on the
quantum state. From Moroder’s hierarchy a further variant, allowing to imposing of constraints
on Bob’s measuring devices was given in [260].

A prominent application of NPA is in device-independent quantum cryptography, in partic-
ular in quantum randomness certification. The initial methods used a single parameter, the Bell
inequality violation, as the certificate for this task [101, 252, 253]. In [22, 239] it was shown
how to modify NPA so that the full experimental statistics can be imposed as SDP constraints
with the method called more randomness from the same data or the Nieto—Silleras hierarchy.
What is more, the method allows to use of the dual optimization task to derive a new Bell func-
tional suited to provide the most randomness from the particular experimental realization. To
this end, the method described in section 3.4 is used, where the variable 3 provides the coef-
ficients of the Bell functional, and the equations v; = g; - x express the behavior constraints.

An alternative approach to optimization over non-commutative polynomials is given in [55].
In that work, the problem of minimization of a trace of a given polynomial function in non-
commuting variables using SDP is considered. Next, in [174] a method for constrained trace
and eigenvalue optimization of noncommutative polynomials was introduced. The results were
used in [298] to characterize the classical and quantum correlations that arise in prepare-and-
measure experiments when communication is informationally restricted.

4.6.2. Optimization of von Neumann entropy.  In particular, the NPA method can be used to
calculate the lower bound of the von Neumann conditional entropy given any kind of know-
ledge (classical or quantum) that an eavesdropper may possess if is subject to the laws of
quantum mechanics. The method uses the SDP representations of the logarithm function dis-
cussed in section 4.1 together with the Gauss—Radau quadrature rule for the lower bound.
Let w; and #; be the nodes and weights defined by this quadrature. Specifically, this method
can be employed to compute a lower bound on the von Neumann conditional entropy under
the presence of an eavesdropper, considering both classical and quantum knowledge, while
adhering to the principles of quantum mechanics. Let A, B, and £ denote the Hilbert spaces
corresponding to Alice’s, Bob’s, and the eavesdropper’s devices, respectively. The quadrature
rule provides a set of nodes, {#,};, and weights, {w;},, that are utilized in the computation. The
lower bound formula for the settings selection x* and y* is given as [49]:

. 3 b . A
2oa| 2 gl (HHolB P Zunt]) | (159)
! a,b=0,1 cond(P)

where ¢[E% ,F?y« Z, 1] is defined as
Tr | pase (Bt @ F'ye @ (Zap + 270, + (1= 1) ZasZl ) + 1 (Las 0202t ) )| (160)

The expression cond(P) means that the behavior {P(a,b|x,y)} satisfies a set of linear con-
straints defined by the protocol, and c; are coefficients calculated from Gauss—Radau quad-
rature as ¢; = w; /(t;1og(2)). The i index in the sum (159) assumes values that index nodes
in quadrature, skipping the last one. An example of the implementation of a method is given
in [48] and described in detail in [47].

59


http://mostwiedzy.pl

A\ MOST

J. Phys. A: Math. Theor. 57 (2024) 163002 Topical Review

4.6.3. Self-testing with SWAP method.  The phenomenon of self-testing is characterized by
the ability to assess both states and measurements of certain quantum devices in a black-
box setting, relying solely on observed statistics without the need for prior device calibration.
However, before the work [340] the existing examples of self-testing are limited in their applic-
ability, as they only provide meaningful assessments for devices that closely resemble the ideal
case. In [340] these limitations were overcome by adopting a novel approach to self-testing,
utilizing an SDP hierarchy for the characterization of quantum correlations. This approach
allows for a more comprehensive and robust assessment of quantum devices, enabling mean-
ingful evaluations even in scenarios where the devices deviate from the ideal case.

We illustrate the method with a bi-partite Bell scenario. Suppose we have gathered an exper-
imental description of the behavior of a device {P(a,b|x,y)}, and that we expect that these
statistics should have been obtained using a particular quantum state |1)) 45 and projective
measurements {E¢, F' ;’ }. We would like to have a quantitative way of estimating, how close is
the actual state that was prepared in the laboratory, considered as a black box described only by
the statistics, to the theoretical one | @ AB- The work [340] proposed a method to perform such
self-testing where the content of the black box is hypothesized to be swapped with a trusted
system in a thought experiment; the method itself is called SWAP. Suppose that it is possible
to formulate four linear functions F¢ o, F 0., FF.o,» and Fr. 5., such that Fg , [{E?}] = oy,
Feo {ESD] = 02 Fr o [{F2}] = 0y, and Fr o [{F}}] = 0. Recall the SWAP operator given
in (131). For dg = 2 it takes the form

1 0 00O
0 o ol = Ul Vied UL, (161)
00 0 1
where
UlX] = 1,©]0)(0] + X |1)(1],and (162a)
VX = %((nz +X) @1+ (1r—X) @ 0). (162b)

The black box is possibly using some other quantum state |¢) 45 and measurements
{E2,F®,} to implement P(a,blx,y), but if the considered scenario possesses the self-testing
property, then one can expect that the state and measurements will be not very far from the
theoretical ones 1)) and {EY, F’y’}. Now, let us perform a thought experiment with hypothes-
ized swapping of the black-box state |1 ) 455 with trusted ancillary states |¢;)4- and | ¢2)s5-
using the black-box measurements {E¢, F®,} together with trusted operations on the ancillas,
where we denote by A and B their black-box subsystems, and by A’ and B’ the subsystems
of their trusted ancillas. Let us consider the ancillas to be qubits, so that we can apply (161)
to each party, Alice and Bob. Since the operations {E%} on the black-box subsystem of Alice
are expected to approximate to some extent {E%}, we may expect that Fr , [{E¢}] ~ o, and
Fe.0.[{E¢}] ~ 0; and similarly for Bob, viz. Fr » [{F’,}] ~ o, and Fr .. [{F®}] ~ 0. Thus
for:

Saar =Unar [Feo, {EH] - Vaar [Feo {ED] - Unar [Feo, [{EH], (163a)
Sppr = Ups [Fro [{F'y}]] Vas: [Fro [{F'y}]] - Uss [Fro [{F"}]],  (163D)
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we have SWAP(A, A') =S4 and SWAP(B,B’) =~ Sgp'. Define Sapap =S4 ®
S+ (with proper ordering of the subsystems), and consider the hypothetical state:

pswar = Trag [Saars: - (|00 [as ©161)(61 |4 @62 (2ls) - Shgarsr | (164)

Knowing the explicit form of the trusted ancillas | ¢;) 4+ and |$,)5/ and applying algebraic
calculations with (163) on |¢) 45 we can derive that the formula for pswap depending on the
elements possible to be retrieved from the NPA moment matrix, see section 4.6. This way
e.g. the fidelity of the state or other linear functions of its element can be optimized with the
same technique as NPA, as proposed in the seminal paper [340], or NV (see section 4.7.2) as
shown in [299].

Without loss of generality, we can assume that the functions . . are acting on the reduced
set of operators {]l,EfLF;’ }&,fz,x,y‘ To illustrate the above concept, we hypothesize that for a
particular behavior certain linear combinations of the operators of Alice and Bob express their
operators o, and o, i.e.:

Ay = Fg 0. [{E}}] = 0,
A = Fio, [{E}] = o,
By = Fr.o. H _é ] =0, (165)
b= {6

Using the formulae (162) and (163) we get the following expression for Alice:

Saar =UlA]- V[A] - U[A] = %(11®|0><0|+A1 Q[ 1)(1])-

((1+A) @1+ (1 —Ag) ®ox)- (LR[0)(0] +A; @[ 1)(1]) (166)
1 14A A A

2 Alfgogl 1+A1AOA1 ’

and similarly for Bob. Let us take the ancillas |$;)4/ = | ¢2)5- = |0)(0|. Then, from (164)
we have

|D) (a0 0 0
pswap = Trap | (Saar ®Spp)- 8 8 8 8 '(SLA/®SZSB’)
0 0 0 0
(L1 +A4o) (L +Bo)[9)(|as 0 0 O
_ly (L+Ao) (B —BoB1)[9)(¢|as 0 0 0 167
474B (A —AA)) (L+By) [9)(hlas 0 0 0
(A1 —AoA1) (B1 — BoB1) |[¢)(¢|as 0 0 0
(1 +Ao) (1 +By) !
(1 +Ao) (B — B1By)
(A1 —A1Ap) (1 + By) ’
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where we omitted the unnecessary terms in the last matrix. One can easily see that pswap is
represented by a 4 x 4 matrix and acts on A’ ® B’. Direct calculations show that for instance:

(Pswap)y | = %<7Z|.AB (1 +;\o)2 (L+Bo) (B — BoBy) %) as. (168)

To be more specific, let us focus on the so-called elegant Bell expression [119] which
has a property that whenever its Tsirelson bound is attained, then Alice’s operators satisfy
o,=—1+2E)=Apand o, = —1 +2E9 = A; (x = 1,2,3), and another linear functional can
express o, and o, using the operators of Bob from the reduced set. This allows us to calculate
e.g. lower bound on the fidelity of pswap When the value of the Bell expression is slightly less
than the Tsirelson bound [286].

The SWAP method has found multiple applications, in particular in the analysis of experi-
mental data. The work [75] used the SWAP method to show that for every bipartite entangled
quantum state in arbitrary dimension, there exists a behavior {P(a,b|x,y)} (see section 1.4)
allowing for self-testing of the state. In [321] the method was applied to self-test arbitrary
qutrit states of the form (2 +~2)~2(]00) +~|11) 4]22)) and used for the analysis of a large
scale quantum optical circuitry.

4.7 Non-commuting variables with dimension constraints

In this section, we will explore two distinct approaches that leverage moment matrices for
optimizing over states and operators of a fixed dimension. The first approach, discussed in
section 4.7.1, builds directly upon the NPA method and incorporates the dimension con-
straint as additional linear constraints. On the other hand, the second technique, presented
in section 4.7.2, shares a similar structure with NPA but adopts a randomized approach to
construct the basis of the space of SDP variables.

4.71. Dimension constraints imposed on NPA hierarchy. ~ We present our method, which was
introduced and developed in our previous works [189, 212], and is referred to as MLP hier-
archy. This method enables the analysis of semi-device-independent [248] scenarios using the
powerful techniques of SDP by reducing the problem to a device-independent [203] frame-
work modeled in the NPA hierarchy.

To introduce the SDP relaxation, we first consider a device D0, consisting of two distinct
black boxes assigned to Alice and Bob, respectively. We know the dimension of the messages
exchanged between the two parts. The box of Alices generates and emits quantum states from
some {pyx }.cx. Bob is provided with a separate device that includes settings corresponding to
measurement choices involving measurements denoted as {{M’; YoeB }ye 5 We denote the con-

ditional probability of obtaining an outcome b when settings x and y are selected as Ppg(b|x,y).
Suppose we are provided with a dimension witness W in the form presented in (10) earlier.
Assume this dimension witness yields an average value of Wy in experiments conducted on
the DO device.

Although we do not know the specification of the device D0, we can consider an alternative
device denoted as D1, as follows. The device D1 comprises two components, each equipped
with buttons labeled the same way as in D0. In D1 we assume that both parts share a singlet
state of dimension d. Alice’s component performs a projective measurement with outcomes
0 (indicating successful projection) or 1 (otherwise), depending on the chosen input x. This
measurement projects Alice’s part of the singlet onto the state p,, which corresponds to the
relevant state in the device DQ. If the projection succeeds, which occurs with a probability of
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5, the device returns a = 0 and transforms Alice’s side into the state p,. Otherwise, it returns
a=1. Since the shared state is a singlet, this measurement prepares the same d-dimensional
state on Bob’s side. Bob subsequently performs the same measurements {Mf}b as the device
D0 would perform, and he returns the outcome b. Let us denote the probability that Alice
obtains outcome a with setting x, while Bob obtains outcome b with setting y, as Pp1(a, b|x,y).
The case where a =1 giving the probabilities Pp1(1,b|x,y) are not utilized in our relaxation.
Trivially, we have:

Ppy (b|x,y) = d - Pp1 (0,b|x,y). (169)

Let us now turn our attention to a third device, denoted as D2, which shares the same inter-
face as D1. In contrast to the previous devices, the internal workings of D2 are unrestricted,
meaning that we make no assumptions about the measurements performed. Both Alice’s and
Bob’s parts are now allowed to be in an arbitrary state p of any dimension. For this device, we
give an additional constraint

Y, Pp2 (0]x) (170)

1
==
where Pp;(alx) is the probability of getting the outcome a by Alice with the setting x with
the device D2. It is important to highlight that the description of this device falls under the
category of device-independent scenarios. Consequently, we can utilize the NPA method to
mathematically represent its behavior, specifically the behavior exhibited by device D2. In the
case of the third device, we can represent the probability of obtaining outcomes a and b for a
given combination of settings x and y for Alice and Bob, respectively, as Ppz(a,b|x,y).

It is evident that all the behaviors achievable by the device D1, and equivalently by device
DO, can also be obtained by device D2. Furthermore, as device D2 is a relaxed variant of
the original device DO0. It is important to note that one of the key characteristics of the set
of behaviors is its efficient approximation using the NPA hierarchy. An advantageous aspect
of this method is that it provides a bound for any dimension of the communicated system,
with the linear bound being the only parameter that needs adjustment. We conclude that using
the relation P(b|x,y) =d- P(0,b|x,y), we can impose a dimension constraint to an existing
implementation of the NPA as in (170), i.e. P(0|x) = 1/d.

4.72. NV hierarchy. ~Navascués and Vertesi (2014) proposed [224, 228] a hierarchy of SDPs
aimed at upper bounding quantum correlation and behaviors in scenarios with dimension con-
straint, where similarly as in NPA, the improved accuracy is obtained when increasing the hier-
archy level. The NV hierarchy is particularly useful in dimension-bounded scenarios, where
the number of dimensions of the quantum systems involved is limited. In such scenarios, the
full characterization of quantum correlations becomes computationally challenging due to the
exponential growth of the dimension. NV provides a systematic and tractable approach to
approximate and quantify quantum correlations in these scenarios.

Consider a sequence of operators representing states and measurements, denoted as S =
(Oy,...,0,), where each operator corresponds to a specific quantum state or measurement or
their polynomial function, for some N. For instance, we can have a sequence that includes
identity operator 1, pure states poo, o1, P10, P11, and measurement projectors P, P}, P3, P3. Tt
is important to note that all states in the sequence are pure and all measurements are project-
ors with fixed rank. In the NV method, a crucial component is a moment matrix denoted as
M = [M]s,s. This matrix is indexed by the sequence S and is defined similarly to the moment
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matrix used in the NPA. The entries of the moment matrix are given by the inner products of
the operators in the sequence, specifically Mo, o, = Tr(0;r 0;). It is worth noting that when the
sequence S contains both states and measurements, the moment matrix will have entries that
correspond to the probabilities P(b|x,y) of obtaining outcome b when performing measure-
ment M;, on the state p,. This allows the moment matrix to capture the statistical information of
the correlations between states and measurements, providing a framework for characterizing
and quantifying the quantum correlations present in the system.

The implementation of the NV method involves a randomized approach to construct a set
of moment matrices. The first step is to randomize the moment matrices, which will define the
optimization problem in the SDP framework. The goal is to optimize a linear combination G
of the entries P(b|x,y), G=3_, . | Bb,yP(b|x,y) for some fixed {5y} C R, which may, for
instance, correspond to the average success probability of a quantum random access code. To
provide more detailed steps, the implementation begins with an initialization phase where a
basis of moment matrices is created:

(i) The set M is initialized as an empty set to store the moment matrices, M = (.
(ii) Operators in the sequence, specific to the given hierarchy level, are randomized to form
the sequence S. ~
(iii) The moment matrix I" is constructed by evaluating the inner products of the operators in
the randomized sequence S, I = [Tr(OZr Oj)}
s,8

(iv) The matrix I'" is obtained by projecting I onto the subspace orthogonal to the span of
the moment matrices in M.

(v) If T is a zero matrix, the process of extending the basis of moment matrices M is ter-
minated.

(vi) Otherwise, the orthogonalized moment matrix I'l is added to the set M, M = MU
{fl}. The process returns to step 2 to generate the next randomized sequence.

By iteratively adding orthogonalized moment matrices to M, the NV implementation con-
structs a basis of moment matrices that captures the possible correlations in the considered
system. These moment matrices form the foundation for the subsequent SDP optimization,
where the objective is to find the optimal values for the entries P(b|x,y) in order to maximize
the value of G. The optimization has the form:

maximize Tr [BF]
subject to I'' € span (M),

(F)IL,IL =1
r>=o,

(171)

where we call B the game matrix of the expression G, and construct it to select from I the
relevant values Tr[p,M; ] with coefficients defined by probability functional we are considering.

The hierarchy can get a significant boost of performance when symmetries of G are
exploited [7, 302].
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4.8. The see-saw iterative non-linear optimization

The see-saw method is an iterative optimization technique used in SDP to find approximate
solutions for certain optimization problems [242, 328]. It is particularly effective for prob-
lems involving quantum states and measurements. The method involves alternating optimiza-
tion over states and measurements, refining the solutions at each iteration until convergence is
achieved. In the see-saw method, the optimization problem is first formulated as an SDP, where
the objective function and constraints are expressed in terms of quantum states and measure-
ments. The method starts with an initial guess for either the states or the measurements, which
is usually a simple randomization. In each iteration, the method optimizes over the states while
keeping the measurements fixed, and then optimizes over the measurements while keeping the
states fixed. This alternating optimization continues until a convergence criterion is met, such
as a small change in the objective function or constraints. The see-saw method leverages the
interplay between states and measurements in quantum systems. By iteratively optimizing over
states and measurements, the method explores different combinations that lead to improved
solutions. When a set of states is given, the expression (10) can be optimized using a similar
approach as in QSD [20, 142, 153] by employing SDPs, see appendix B.3. Similarly, if meas-
urements are provided, SDP can be utilized with states as variables to optimize the expression.
In cases where neither states nor measurements are known, SDP can be employed to simultan-
eously find optimal solutions for both. The see-saw method operates based on the following
outline:

(1) Initially, a set of states is chosen randomly as an initial guess.

(ii) Using SDP, the method optimizes over measurements while keeping the states fixed. The
objective is to find measurements that maximize the target expression.

(ii1) Next, the method optimizes over states while keeping the measurements fixed. It uses
SDP to find states that maximize the target expression.

(iv) The process iterates by returning to step 2 if certain stopping criteria are not satisfied.
The stopping criteria could be based on the convergence of the objective function or other
specified conditions.

It is important to note that the see-saw method does not guarantee finding the global
optimum of the optimization problem. Instead, it provides an approximate solution that can
be improved iteratively. To enhance the chances of finding better solutions, the method sug-
gests restarting the process multiple times with different initial states. By repeating the see-
saw method with various initial states, the hope is to explore different regions of the solution
space and potentially find better solutions. Although the method may not guarantee the global
optimum, it offers a practical approach for approximating the optimal solution to the optimiz-
ation problem at hand.

In a related results [259] a toolbox designed to determine the optimal discrimination of
optical modes in two distinct scenarios has been introduced. The first scenario, typical of met-
rology, involves the verifier controlling the light source and establishing a reference frame
for the phase. The second scenario, more relevant to cryptography, considers cases where the
verifier only observes states diagonal in the photon-number basis. The toolbox utilizes LP and
SDP methods to deliver rigorous bounds for the discrimination process, enhancing the under-
standing and practicality of the methods in both applications.

An example of a see-saw implementation in Matlab is given in appendix B.5.
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5. Conclusions

In conclusion, this paper has delved into the realm of SDP within the context of quantum
information, offering a comprehensive exploration of their mathematical foundations and prac-
tical applications. By elucidating the concepts of convex optimization, duality, and SDP for-
mulations, the study has equipped researchers and practitioners with powerful tools to address
optimization challenges in quantum systems. The insights gained from the research of SDP
have proven invaluable in advancing the field of quantum information, enabling the character-
ization and manipulation of quantum correlations, optimization of quantum states, and design
of efficient quantum algorithms and protocols. The practical implementation of SDP discussed
in the paper, has empowered researchers to effectively formulate and solve optimization prob-
lems in quantum systems, fostering the development of more efficient quantum communica-
tion protocols, self-testing methods, and a deeper understanding of quantum entanglement.

Data availability statement

No new data were created or analyzed in this study.

Acknowledgments

The work on this review started in 2019. The current support from the Knut and Alice
Wallenberg Foundation through the Wallenberg Centre for Quantum Technology, the Swedish
Research Council, and NCBiR QUANTERA/2/2020 (www.quantera.eu) an ERA-Net co-fund
in Quantum Technologies under the project eDICT is acknowledged. In the period 2019-2022
the work was partially conducted at the Department of Algorithms and System Modeling at
Gdansk University of Technology and was also supported by the Foundation for Polish Science
(IRAP project, ICTQT, Contract No. 2018/MAB/S, co-financed by EU within Smart Growth
Operational Programme).

Recently we learned about other two independent works about SDP in quantum informa-
tion [284, 300]. The content of these works and the current work are to a large extent compli-
mentary. The current review concentrates on providing the mathematical and implementation
background, by a detailed presentation of the general optimization framework, it covers the
discussion of implementations of solvers and is intended primarily for active researchers in
quantum information looking for the answer to the question why the methods work.

Appendix A. Proof of the decoupling lemma

We will now provide a proof of the decoupling lemma used in section 2.5. We follow the line
of [37, 38]. The lemma is used as a constraint qualification condition, i.e. it provides the strong
duality sufficient criteria of the Fenchel-Rockafellar scheme. To this end, we first introduce
the concept of convex series.

A.1. Convex series

The notion of convex series was introduced in [154]; see [37, p 113nn] for a detailed discussion.
Convex series of C are series of the form ZLOIO Aix; withVix; € C,V;\; > 0and j;olo A =1.
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C is defined to be convex series closed if the sum of every convergent convex series of C is
contained in C. One can check that if C is convex series closed, then [37, p 116]:

int C = core C. (A.1)

C is defined to be convex series compact if every convex series of C converges to an element
of C. It can be shown that C is convex series compact if and only if, it is convex series closed
and bounded. Thus, By is convex series compact.

A.2. Preliminary comment

F defined as (52) is also Isc, since A is continuous. Without loss of generality, we also assume
that f{0) = g(0) = 0, since if it is not the case, we can trivially transform the primal prob-
lem (53) shifting it by a constant value. From this it follows F(0,0) = 0 and

VYA€ [0,1],x € X,y € YF(Ax, \y) < AF(x,). (A.2)

A.3. Step 1: define the convex set S
Let us define [37, p 127]

S=|J{ver:Flxy) <1} (A3)

XEBx

Let yg,y; € S. Then there exist xo,x; € Bx such that F(x;,y;) < 1fori =0,1.Forany A € [0, 1]
from the convexity of F we have F(Axg+ (1 — XN)x1, Ayo+ (1 — X)y1) < AF(x0,¥0) + (1 —
A)F(x1,y1) < 1 and thus Ayp+ (1 — \)y; € S implying convexity of S.

A.4. Step 2: show that 0 € core S

From the definition (15) and the assumption given in (61) we get V,cy3r,~0(7T,y) € domf =
domg — Adomf. Consider arbitrary y € Y and take any x, € domf such that T,y + Ax, € domg.
Then ky = F(x,,T,y) < +00. We want to ensure that 3, ~oa,y € S so that S is absorbing.
Indeed, let oty = min(1/ky,1/||x,|[|). This implies that F(ayx,,ayy) <1 (by (A.2)) and that
ayXy, € By, and thus o,y € S. Since y represents arbitrary direction in ¥, so 0 € coreS (and,
what is more, S is an absorbing set).

A.5. Step 3: show that core S = int S

We will use (A.1). To this end, we check that S is convex series closed. Indeed, consider any
convergent convex series of S, ;of A y; with V;y; € S, summing to some y. It suffices to
show that y € S. From (A.3) it follows that V;3,, cg, F(x;,y;) < 1. The series Zf:lo \iX; con-
verges to some x since By is convex series compact. We have F(x,y) = ;OT F(\ixi, \iyi) <

N F(xi,y:) < 3°5°° A = 1, where for the first inequality we used the assumption that
F is Isc and (A.2). Thus, y € §, and any convergent convex series of S has sum y contained
in S meaning that S is convex series closed. Using (A.1) we conclude that for S we have
core S =int S.
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A.6. Step 4: show that 6 is continuous in the neighborhood of 0

It can be shown [37, p 112] that for a Banach space Z a convex function f: Z — RU {+o0},
locally bounded above at z € int(domy) is also locally Lipschitz at z. Thus it is also a fortiori
continuous at z. From (54) and (A.3) it follows that Vycs6(y) < 1, so @ is continuous at 0 € intS.

Appendix B. Code samples in Matlab

B.1. lllustration of simple problem formulations using YALMIP

We start code discussions with a trivial example of SDP finding the largest eigenvalue of a
matrix. The purpose of this example is to provide a short overview of the syntax characteristic
of usage of the YALMIP modeling toolbox [193]. To install it one should follow the instruc-
tions from the repository and also install one of the supported solvers, e.g. SDPT3 [309] or
SeDuMi [290, 291].

We start with randomizing a Hermitian 3 by 3 matrix X using the ordinary Matlab syn-
tax. We see in listing 1 that in this instance the eigenvalues were —0.086472, 0.68428, and
3.227.

Next, we define a 3 by 3 Hermitian variable in listing 2. The function sdpvar is used for this
purpose. The first two parameters are the number of rows n, and columns 7, of the matrix. The
third parameter specifies the structure of the variable. One of the possibilities includes ' full'
when all entries of the matrix are parameterized independently, meaning n.n. parameters for
real, and 2n.n. parameters for complex matrices. Another possibility for the parametrization
when n, =n, =nis 'symmetric' meaning that the element at ith row and jth column is
exactly equal to the one at jth row and ith column, using n(n + 1)/2 parameters for real, and
n* parameters for complex matrices. A third possibility is 'hermitian' meaning that the
element at ith row and jth column is equal to the complex conjugate of the element at jrow and
ith column. Other possible structures are 'diagonal' for diagonal matrices, 'toeplitz' for
symmetric Toeplitz matrices, 'hankel' for unsymmetric Hankel matrices, 'rhankel' for
symmetric Hankel matrices, and 'skew' for skew-symmetric matrices. When a real square
matrix variable is to be created, an abbreviated form sdpvar (n) can be used to create n by n
real symmetric matrix.

We can notice that the coefficient range is {1}, meaning that all coefficients in the variable
S are equal to 1. It is possible to use the parameterized variables of the type sdpvar with
various coefficient ranges. Usually, if the coefficients are spread by several orders of mag-
nitude, meaning that the program is mixing large and small coefficients, this leads a solver to
get into numerical problems. Similar problems may happen if the coefficients are very large
or very small. The variables that occur with very small coefficients usually do not influence
significantly the value of the solution and can be removed using the clean function from the
YALMIP, as shown in listing 3.

Now, we will execute the optimization with the command optimize(F = [S > = 0;
trace(S) = = 1], target = -trace(X * S)). The first argument of this function spe-
cifies the constraints of the optimization, and the second is the target of the optimization.
We assigned the constraints to the variable F. Let us investigate this variable as shown in
listing 4. We have specified the positive semi-definiteness constraint S > = 0 on the com-
plex 3 by 3 matrix S, i.e. S > = 0. This is described as Matrix inequality (complex)
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>> X =rand(3) + 1i x rand(3); X =X + X’;
>> eig(X)
ans =
—0.086472
0.68428
3.227

Listing 1. Random matrix for the YALMIP example.

>> S = sdpvar (3,3, hermitian’, complex’)

Linear matrix variable 3x3 (hermitian, complex, 9 variables)
Coeffiecient range: 1 to 1

Listing 2. Creation of a 3 by 3 Hermitian variable in YALMIP.

>> % large and small coefficients example
>> x = le9 * sdpvar(1l) + le—9 % sdpvar(1)
Linear scalar (real, 2 variables)
Coefficients range: 1le—09 to 1000000000

>> clean (x,1e—9)

Linear scalar (real, 1 variable)
Coefficients range: 1000000000 to 1000000000

Listing 3. sdpvar with large range of coefficients, and removing small coefficients with
clean function.

>> % constraints of a sample SDP

>> F
R
| ID | Constraint | Coefficient range|
\ #1] Matrix inequality (complex) 3x3| 1 to 1]
| #2| Equality constraint 1x1| 1 to 1
L

Listing 4. Investigation of a sample constraint in SDP: positive semi-definiteness of S,
i.e. S > = 0, and trace normalization, i.e. trace(S) = = 1.

3x3. The second imposed constraint of trace normalization, trace(S) = = 1, is described
as Equality constraint 1x1.

An optional third argument to optimize can specify additional optimization parameters,
like the selection of the solver, specification of how much information during the execu-
tion of the optimization should be printed to the screen, the maximal number of iterations
(if the solver allows for it). For instance, to specify that from all available solvers, YALMIP
should use SDPT3, not print any information, and limit the number of iterations to 20 one
can provide a setting sdpsettings('solver', 'sdpt3', 'verbose', 0, 'sdpt3.maxit’,
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Solver chosen : SDPT3—4
Converting to real constraints

Processing constraints

+
+
+ Processing objective function
+
+ Calling SDPT3—4

Listing 5. Stages of YALMIP processing in the discussed example.

num. of constraints = 9
dim. of sdp var = 6, num. of sdp blk = 1
dim. of free var = 1

Listing 6. Sample information about size of the problem to be passed to the solver as
printed by SDPT3.

20). Another useful option ' showprogress' allows us to see the progress of YALMIP, which
is useful for debugging purposes for very large problems. Recall that with a modeling tool,
before the optimization the problem is being converted to the form suitable for the solver,
usually the canonical form discussed section 3.2.1, or SDPA form discussed in section 3.2.2.
This formulation in some cases may take more time than the actual solver time. The option
'removeequalities' specifies how constraints of the equalities should be preprocessed
before passing to the solver, as discussed in section 3.6. The option 'dualize' tells YALMIP
to fit the problem formulation to the primal instead of the dual form. If multiple optimizations
are to be executed we recommend storing the settings in a separate variable and providing it as
the third optional argument to optimize, especially for smaller problems. The reason for this
is the fact that if this argument is not provided explicitly, then YALMIP will re-create its con-
tent for each execution of optimize, which requires additional computational time. Turning
on the option 'showprogress' shows that the stages with the default settings (with YALMIP
version 20210331) are as shown in listing 5.

At this stage, the control is passed to the specified solver. Recall from the discussion in
section 1.3 that YALMIP provides to the solver the problem framed in the dual form (81). The
solver usually prints the values describing the size parameters of the problem passed to the
solver, as shown in listing 6 for the case of the solver SDPT3. The listing 6 shows that the
dimension of the SDP variable is 6. This stems from the fact, that in the stage Converting
to real constraints YALMIP has reformulated the n by n complex variable to 2n by 2n
real variable, as discussed in section 3.5; in the considered example n = 3. This reformulation
as a real variables problem, requires stating a requirement that the dual SDP variable Z has the
form (95). It is easy to see that this requires @ matrices A; to express that the two blocks
containing BR, and @ matrices A; to express the relation B! = —B! in the off-diagonal
block. This gives in total n*> matrices A;, what yields 9 in this case, displayed as number of
constraints = 9. Each of the problem’s constraints framed in the dual form corresponds
to an additional free variable in the primal problem, as discussed in section 3.6. The fact that
there is only one equality trace(S) = = 1 in the case, is expressed as dim. of free var
= 1in listing 6.

We will briefly analyze the two of the settings, viz. ' removeequalities' and 'dualize’.
Their default values are both 0, and this is the case analyzed in the previous paragraph. If
we set 'removeequalities' to 1, then the discussed stages will result in output given in
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>> optimize (F = [S >= 0; trace(S) = 1], target = —trace(X % S), settings
= sdpsettings(’solver’, ’sdpt3’, ’showprogress’, 1, 'removeequalities’,
1, ’dualize’, 0))
+ Solver chosen : SDPT3—4
+ Converting to real constraints
+ Processing objective function
+ Processing constraints
+ Solving equalities
+ Converting problem to new basis
+ Calling SDPT3—4
num. of constraints = 8
dim. of sdp var = 6, num. of sdp blk = 1
Listing 7 Size of the sample problem modelled with YALMIP with
'removeequalities' setto 1 framed in the canonical dual form.
>> optimize (F = [S >= 0; trace(S) = 1], target = —trace(X * S), settings
= sdpsettings(’solver’, ’sdpt3’, ’'dualize’, 1))
num. of constraints = 1
dim. of sdp var = 6, num. of sdp blk = 1

Listing 8. Size of the sample problem modeled with YALMIP with 'dualize' set to
1 in order to frame the optimization problem in the canonical primal form.

listing 7. We notice that before calling the solver, two additional stages of YALMIP pro-
cessing are taken, viz. Solving equalities and Converting problem to new basis,
both responsible for the reduction of the number of variables and reformulation of the dual
form, as discussed in section 3.6. Comparing with listing 6 we see that the effect is the reduc-
tion of the number of matrices A; from m =9 to 8 = m — ng and, at the same time, removal
of the np = 1 free variables. On the test platform, the problem size reduction resulted in a
drop of the solver time from 0.48s to 0.24s, at the cost of additional YALMIP processing time
increased to 0.14 s from 0.10s. If we set 'dualize' to 1, then the problem will be framed
in the primal form (80) instead. Again, the complex SDP of size n will be expressed as a real
SDP of size 2n, as explained above and in section 3.5. From listing 8 we see that indeed the
size of the SDP variable is 6, and there is only one constraint {A;} to express the requirement
trace(S) = = 1.

The SDPT3 solver will provide also information about the chosen algorithm, as shown in
listing 9. In this case, the algorithm uses the HKM search direction, see (117). Other input
parameters of SDPT3 are gam and expon, and they are used to calculate the value of the step-
length ap and expon_used in (120) for the predictor—corrector mechanism, as discussed in
section 3.9.

The core part of solving an SDP is an iterative procedure of gradual improvement of the
solution (X, y( 7)), with a sample progress report shown in listing 10. The first column is
the iteration number, here the solver finished after the 14th iteration. The second and the third
are primal and dual step-lengths, see (119), taken in each iteration. When the step-lengths
are close to 1, it means that the search direction allowed for a large change in the values of
(X y(® 7)), what usually indicates a significant improvement of the solution in the iteration.
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xxx convert ublk to linear blk
sk ok ok ok ok ok ok ok ok ok ok stk ok ok ok ok ok ok ok stk ok ok ok sk ok ok sk ok ok ok stk sk ok ok ok ok K ok ok ok ok ok ok sk ok sk ok ok sk ok ok sk ok sk ok ok ok sk ok ok ok ok ok ok ok ok

SDPT3: homogeneous self—dual path—following algorithms
ok ok ok ok ok ok ok ok K o K ok oK ok Kk ok K K ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok o sk ok ok ok ok ok ok ok ok ok o K ok ok ok ok ok ok K ok ok ok K ok ok K ok kK K K|

version predcorr gam expon
HKM 1 0.000 1

Listing 9. Sample information about size of the parameters of the algorithm used by

SDPT3.
it pstep dstep pinfeas dinfeas gap mean (obj) cputime kap  tau theta
0]0.000[0.000|1.1e-+01|1.2e+01[6.1e+02| 4.323372e—02| 0:0:00[6.1e+02[1.0e+00|1.0e+00| chol 1 1
1[1.000[1.000[9.5e¢+00|1.0e+01|7.3e+02| 9.283979e—01| 0:0:00|4.2¢+02[1.0e4+00[8.1e—01| chol 1 1
2[1.000[1.000[1.5¢-+00[1.7e+00[7.5e¢4+01| 5.926998¢e+00| 0:0:00[8.7e+01[1.1e+00|1.5¢—01| chol 1 1
3/0.881[0.881|2.5¢—01[2.8¢—01[9.0e+00| 3.744834¢+00| 0:0:00[8.7¢—01[1.4e+00|3.2¢—02| chol 1 1
4]0.885(0.885[4.2¢—02[4.7¢—02|1.1¢+00| 2.992843¢+00| 0:0:00[1.3¢+00[1.6e+00[6.2¢—03| chol 1 1
5/1.000[1.000[5.0e—03|7.5¢—03|1.3¢—01| 3.231258e+00| 0:0:00]|2.7e—01|1.7e¢+00|7.7e—04| chol 1 1
6]/0.862[0.862|1.2¢—03[4.6e—03[2.6¢—02| 3.233302e+00| 0:0:00]8.1e—02|1.8¢+00|1.9e—04| chol 1 1
7/0.994[0.994|1.4e—04|1.6e—03[4.6e—04| 3.230829e+00| 0:0:00|1.4e—02|1.8e+00|2.2e—05| chol 1 1
8[1.000[1.000[1.6e—05[6.1e—04[2.8e—05| 3.228448e+00| 0:0:00|1.7e—03|1.8e+00|2.5¢—06| chol 1 1
9/1.000[1.000|1.8¢—06|2.4e—04[3.7e—06| 3.227543e+00| 0:0:00|1.9e—04[1.8¢+00]|2.9¢—07| chol 1 1
10[1.000[1.000|2.1e—07|9.6e—05[5.0e—07| 3.227187e+00| 0:0:00[2.2e—05[1.8e¢+00|3.3¢—08| chol 1 1
11[1.000[1.000|2.5e—08|1.9e—05|6.1e—08| 3.226998e+00| 0:0:00|2.6e—06|1.8e+00|3.8e—09| chol 1 1
12[1.000[1.000|5.2e—09]3.9¢—06|1.6e—07| 3.226960e+00| 0:0:00]3.0e—07|1.8e+00|8.2e—10| chol 1 1
13[1.000[1.000|1.1e—09|7.7e—07|3.7e—08| 3.226953e+00| 0:0:00]6.5¢—08[1.8e+00|1.8e—10| chol 1 1
14(1.000[/1.000|2.5e—10|7.7e—08|8.1e—09| 3.226951e+00| 0:0:00|1.4e—08|1.8e+00[|4.0e—11
Stop: max(relative gap,infeasibilities) < 1.00e—07

Listing 10. Iterations of interior-point method in SDPT3.

The fourth and fifth columns are residuals norms of the primal and dual solutions, as discussed
in section 3.8. The residual norms are expected to be close to 0 when the solution is feasible,
i.e. satisfies all the imposed constraints. The sixth column is proportional to the gap (112) and
also should be close to 0 when the iterates approach the solution. Due to numerical inaccuracy,
one usually considers values of the gap and the residual norms close to 10~ as satisfactory. The
7th columns mean (obj) is the mean value of the primal Tr(CX()) and dual 5" - y) solutions
of the current iterate. The 8th column provides the time passed til the current iteration (in
the example it passed less than one second). The following three columns, kap, tau, theta
provide information about specific parameters used in the determination of the step-length, and
the last column provides information about the Cholesky factorization taken in calculation of
the search direction; these information are beyond the scope of this work.

The SDPT3 solver provides a brief summary of its execution, as shown in listing 11. The
data include the number of iterations, the value of the primal solution Tr(CX' (® ), and the value
of the dual solution 5T - y() the value of the gap (112), and the relative gap (i.e. the gap divided
by 1 plus the mean value of the primal and dual solutions), the parameters measuring infeasib-
ility (which should be close to 0), the norms of the solution in the last iteration (X, y(), Z()),
the norms of the matrices defining the problem {A;};, b, and C, the total CPU time, and the
CPU time per iteration, the termination code. The successful termination code is 0. The val-
ues —1,—5, and —9 indicate a lack of progress, when the improvements are too slow; 1 and
2 indicate dual or primal infeasibility of the solution, —6 indicates that the maximal number
of iteration has been reached before the desired quality of the solution was obtained; there is
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number of iterations = 14

primal objective value = 3.22695066¢+00

dual objective value = 3.22695103e+00

gap := trace (XZ) = 8.06e—09

relative gap = 1.91e—09

actual relative gap = —4.99e¢—08

rel. primal infeas = 2.45e¢—10

rel. dual infeas 7.73e—08

norm(X), norm(y), norm(Z) = 4.4e+00, 8.3e—01, 1.4e+00

norm (A), norm(b), norm(C) = 2.5e+01, 4.1e+00, 1.4e+00

Total CPU time (secs) = 0.40

CPU time per iteration = 0.03

termination code = 0

DIMACS: 2.5e—10 0.0e+00 7.7e—08 0.0e+00 —5.0e—08 1.1e—09

Listing 11. Summary of SDPT3 execution.

corr = sdpvar (3,3, symmetric’, real’”)

F = [corr(1,1)==1; corr(2,2)==1; corr(3,3)==1; corr(1,2) >= 0.67; corr
(1,2) <= 0.73; corr(1,3) >= 0.79; corr(1,3) <= 0.81; corr >= 0];

optimize (F, —corr(2,3)); corrMax = double(corr);

optimize (F, corr(2,3)); corrMin = double(corr);

Listing 12. Correlation matrix example in YALMIP.

also a couple of value indicating various numerical problems. The last information contains
the so-called DIMACS statistics for standardized benchmarking purposes [213].

B.2. Correlation matrix

Now, we provide an illustration of the concept of SDP optimization over correlation matrices,
as discussed in section 4.6. Let us consider a set S = {x;,x2,x3 }. Suppose we have obtained
information, possibly from experimental data, that corr(x;,x;) = 0.7 & 0.03 and corr(x,x3) =
0.8 £0.01. The question of interest is: what is the range of possible values for corr(x,,x3)? To
answer this, we construct a real 3 by 3 correlation matrix with diagonal elements equal to 1 and
impose constraints on its entries based on the specified ranges. We then perform maximization
and minimization of the entry corresponding to corr(x;,x3) to determine its possible range in
listing 12. The results, as shown in listing 13, indicate that corr(x,,x3) lies within the interval
[0.074153,0.99573].

B.3. Quantum state discrimination

In the task of discriminating N non-orthogonal quantum states, the goal is to employ a meas-
urement strategy using operators M, M,, ..., My in order to maximize the average success of
the discrimination. This average success is quantified by the expression %Zie[l\,] Tr(piM;),
where p; represents the quantum state and M; corresponds to the measurement operator for
the ith state. By optimizing this expression, one can effectively differentiate between the given
non-orthogonal states.
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>> corrMax

corrMax =
1 0.73 0.79
0.73 1 0.99573

0.79 0.99573 1
>> corrMin

corrMin =
1 0.67 0.79
0.67 1 0.074153

0.79 0.074153 1

Listing 13. Results of the correlation matrix example calculations.

>> statel = RandomState(3);
>> state2 = RandomState(3);
>> state3 = RandomState(3);

>> measl = sdpvar (3,3, hermitian’, complex’);

>> meas2 = sdpvar (3,3, hermitian’, complex’);

>> meas3 = sdpvar (3,3, hermitian’, complex’);

>> optimize ([measl >= 0; meas2 >= 0; meas3 >= 0; measl+meas2+meas3 =— eye
(3)], —trace(statelsxmeasl + state2xmeas2 + state3smeas3)/3)

Listing 14. Quantum state discrimination in YALMIP

The Matlab code provided in listing 14 demonstrates quantum state discrimination using the
YALMIP optimization toolbox. The code begins by generating three random quantum states
of dimension 3: statel, state2, and state3. These states represent the quantum systems
to be discriminated. Next, the code declares three measurement variables, meas1, meas2, and
meas3, using the sdpvar function from YALMIP. These variables are Hermitian matrices of
size 3 by 3, representing the measurement operators corresponding to each state. The optimiz-
ation problem is formulated using the optimize function, which takes an objective function
and a set of constraints as inputs. The objective function aims to maximize the average success
rate of discrimination, given by the expression ~trace (statel*measl + state2*meas2 +
state3+*meas3) /3. This expression calculates the average trace of the product of the state and
measurement operators. The division by three accounts for the number of states being discrim-
inated. The constraints include ensuring that each measurement operator is PSD (meas1 > =
0, meas2 > = 0, meas3 > = 0) and that the sum of all measurement operators equals
the identity matrix (measl + meas2 + meas3 = = eye(3)). These constraints guarantee
that the measurement operators are valid and form a valid measurement scheme. The output
of the optimization will provide the optimal measurement operators that achieve the highest
discrimination performance.

We note that in the discrimination process, it is sometimes useful to consider scenarios
where the weights of the different states are specified. By assigning specific weights to
each state, the discrimination problem can be formulated in a more structured manner. This
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function [rho, F, rhoSymExt] = GetDPS(dims, nCopies, PPTs, bNormalize)

% [rho, F, rhoSymExt]| = GetDPS(dims, nCopies, PPTs, bNormalize = true)

% This function creates a variable rho of the type sdpvar for YALMIP.

% rho will satisfy the relaxed separability criteria of the Doherty—
Parillo—Spedalieri method.

% The variable can be later used in optimization problems involving
separable states.

%  Inputs:

% dims specifies dimensions of subsystems

% nCopies specifies how many copies of each subsystem use

% PPTs specifies over which copies perform the PPT (number of columns
should be equal to total number of copies of subsystems)

% If bNormalize = true then trace is 1; else trace is <= 1.

%  Outputs:

% rho is the approximately system with subsystems given by dims (
YALMIP variable)

% F are constraints for YALMIP

% rhoSymExt is the symmetric extension (YALMIP variable)

%

%  Example of execution: [rho, F, rhoSymExt] = GetDPS([8 2], [1 2], [1 O
0; 01 0; 00 1]);

Listing 15. The header of the function creating variable with DPS constraints.

approach allows for a more targeted optimization of the average success metric, leading to
enhanced discrimination capabilities. By leveraging knowledge about the weights of the states,
researchers can design measurement schemes and strategies that are tailored to maximize the
overall success rate in discriminating the non-orthogonal quantum states.

B.4. Implementation of the Doherty—Parillo-Spedalieri method

The code from listing 15 defines a header of a function called GetDPS, which is designed
to create YALMIP variables for quantum states, along with associated constraints, specific-
ally tailored for applying the relaxed separability criteria of the DPS method discussed in
section 4.2. These variables and constraints can be used for conducting optimizations involving
separable quantum states. The function takes inputs such as the dimensions of subsystems, the
number of copies, and the configuration of PPT tests. The bNormalize parameter allows to
choose whether the trace of the resulting state should be exactly 1 or not greater than 1. The
function outputs the YALMIP variable rho, the corresponding YALMIP constraints F, and the
symmetric extension variable rhoSymExt.

The part of the code from listing 16 performs some initial calculations and checks based
on the provided input. It ensures that the boolean variable bNormalize is set to true if not
explicitly specified, confirming that trace normalization is the default behavior. The code then
asserts that the dimensions of subsystems and the number of copies match and that the total
number of copies aligns with the number of columns in the provided PPTs matrix. The number
of subspaces is determined, considering the input dimensions and the number of copies. The
dimensions of the symmetric extension are computed, including those for subsystem copies,
which are identified. Finally, the total dimension of the symmetric extension is calculated by
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if nargin < 4

bNormalize = true;

end

assert (size (dims) = size (nCopies))

assert (sum(nCopies) = size (PPTs, 2))

nSubspaces = length (dims); % number of subspaces of the resulting
product state

dimSymExt = []; % dimensions of subsystems (including copies)

subsystemsPos = [1 cumsum(nCopies)+1](1:nSubspaces); % where each

subsystem has its first copy
subsystemsCopiesPos = setdiff (1:sum(nCopies), subsystemsPos); % which
subsystems are copies
for ii = l:nSubspaces % dimensions of copies of each subspace
dimSymExt = [dimSymExt dims(ii) * ones(1l, nCopies(ii))];
end

totalDim = prod(dimSymExt); % total dimension of symmetric extension

Listing 16. Initialization of variables and input validation for the function creating vari-
able with DPS constraints.

% create basis of symmetric extension matrices

basis = [1]; % this will contain all vectors spanning symmetric
extension subspace

for ii = 1:nSubspaces
[vv, dd] = eig(full (SymmetricProjection(dims(ii), nCopies(ii))));
basis = kron(basis, vv(:, find(diag(dd) > 0.5)) ); % find those
eigenvalues that are equal 1 (knowing they are either 0 or 1)

end

nBasis = size(basis, 2);

Listing 17. Calculation of the basis of symmetric extension matrices in the function
creating variable with DPS constraints.

taking the product of the individual dimensions. These preliminary steps ensure the consist-
ency and validity of the input.

The code given in listing 17 focuses on creating a basis for the symmetric extension
matrices. It begins with an initial basis vector [1], which will accumulate the vectors span-
ning the symmetric extension subspace. For each subspace specified in the input, it computes
the eigenvalues and eigenvectors of a symmetric projection matrix constructed based on the
dimensions and the number of copies using a relevant subroutine SymmetricProjection
from the package QETLAB [162]. Note that the eigenvalues of the symmetric projection are
either O or 1, and thus the symmetric subspace can be determined by selecting the eigenvectors
corresponding to eigenvalues greater than, for instance, 0.5. The basis of all vectors spanning
symmetric extension subspace stored in the variable basis is updated accordingly using the
Kronecker product. This process continues for all subspaces, ultimately generating a basis with
vectors that span the symmetric extension space. The variable nBasis records the number of
basis vectors.
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% create rhoSymExt variable

rhoSymBasis = sdpvar (nBasis, nBasis, ’'hermitian’, ’complex’);
rhoSymExt = basis % rhoSymBasis % basis ’;
rhoSymExt = clean (rhoSymExt, le—9); % avoid small terms occuring in

numerical eigen—decomposition

rhoSymExt = 0.5 * (rhoSymExt + rhoSymExt’); % correct small numerical
inaccuracies to restore the Hermicity of the matrix

F = [(rhoSymBasis >= 0): ’GetDPS, rhoSymBasis >= 0']; % F is the variable
for storing the constraints

if bNormalize

F = [F; (trace(rhoSymExt) =— 1): GetDPS, trace (rhoSymExt) — 17];
else

F = [F; (trace(rhoSymExt) <= 1):’GetDPS, trace (rhoSymExt) <= 17];
end

Listing 18. Creation of a variable containing a symmetric extension of the function
creating variable with DPS constraints.

% create rho variable

rho = TrX(rhoSymExt, subsystemsCopiesPos, dimSymExt);

% apply PPTs to subsystems

for PPT = PPTs’
F = [F; (Tx(rhoSymExt, find (PPT), dimSymExt) >= 0):[ GetDPS, one of
PPTs: > num2str (PPT’) ]]; % add all selected PPT constraints

end

Listing 19. Application of the PPT constraints on the approximately separable quantum
state in the function creating variable with DPS constraints.

The code from listing 18 is responsible for creating the rhoSymExt variable, which rep-
resents the symmetric extension of a quantum state. It starts by defining rhoSymBasis,
which is an nBasis by nBasis Hermitian complex matrix. The symmetric extension matrix
rhoSymExt is then constructed by performing matrix operations involving the basis vectors.
After constructing rhoSymExt, a cleaning operation is applied to remove small numerical
artifacts that could affect the numerical calculations during SDP optimizations. The variable
F is used to store constraints associated with rhoSymBasis. If the bNormalize flag is set,
the trace constraint enforces that the trace of rhoSymExt equals 1, indicating a normalized
quantum state.

The part of the code from listing 19 is responsible for creating the rho variable, which
represents the quantum state constrained to satisfy the selected DPS criteria. It is derived from
its previously created symmetric extension rhoSymExt by tracing out the copies of subsystems
(as specified by the variable subsystemsCopiesPos). Following that, the code iterates over
the specified on the input PPT checks (passed to the function in the variable PPTs). Each
PPT check corresponds to a constraint that enforces the partial transpose of the symmetric
extension of the state to be PSD. The partial transposition is performed using the function Tx
from the package Quantinf [77]. The constraints are added to the variable F, which collects all
the constraints to be used in later optimization problems.

Let us now use the defined function to the example from section VIL.B from the paper by
Dobherty et al [87]. We define auxiliary lambda functions ket and bra that are creating vectors

77


http://mostwiedzy.pl

A\ MOST

J. Phys. A: Math. Theor. 57 (2024) 163002 Topical Review

ket = @Q(ii,jj) VersorD(ii+4xjj+1, 16);

bra = @(ii,jj) ket(ii,jj) '

W= (ket(2,2)—ket (0,0))*(bra(2,2)—bra(0,0)) + (ket(2,2)—ket(1,1))x*(bra
(2,2)—bra(1,1)) + (ket(3,3)—ket(0,1))=(bra(3,3)—bra(0,1)) + (ket(3,3)—
ket (1,0))*(bra(3,3)—bra(1,0)) + ket (2,3)*bra(2,3) + ket(3,2)*bra(3,2) —
ket (2,2)*bra(2,2) — ket (3,3)*bra(3,3);

[thoAB, F, rhoABB] = GetDPS([4 4], [1 2], [1 0 0; 0 1 0]); % two copies of
the second system

target = trace (W x rhoAB);

optimize (F, target, sdpsettings(’solver’, ’sdpt3’, ’'verbose’, 0));

assert (norm(value(target)) < le—8)

Listing 20. Illustration of working of the function creating variable with DPS con-
straints applied on a separability witness .

|i) ®|j) and (i | ® (j | in two ququart spaces. Next, we use them to express the witness W which
is non-negative on all product states, as derived in [87]. Next, we use the function GetDPS to
create a variable under DPS constraints, where the second subsystem has two copies and two
PPT constraints are imposed: for partial transposition of the second and third subsystems. The
optimization shows that the maximal value of the witness possible to be obtained by states
satisfying these constraints is 0, as expected. A unit testing example is shown in listing 20.

The second example involves the NTV method discussed in section 4.2, as shown in the
unit test from listing 21. We use the Bell functional P(0,0|1,1) + P(0,0|1,2) + P(0,0/2,1) —
P(0,0[2,2) — P4(0|1) — Pg(0|1) with the Tsirelson bound \Lﬁ — 1 [52]. This Bell functional
is a form of the CHSH functional [73]. The GetDPS function is used to prepare a variable W
that satisfies the relaxed separability criteria DPS method. The dimensions of the four subsys-
tems are specified as [4 2 2]. The first two subsystems are passed jointly as a four dimen-
sional subsystem to reflect that they represent an entangled two-qubit state. The remaining two
subsystems represent single qubit measurements. This code creates operators for performing
measurements on the entangled state in the following way. The PA1 operator represents SWAP
operators between Alice’s qubit and Alice’s first measurement stored in the third subsystem.
Similarly PB1 is the SWAP between Bob’s qubit and Bob’s measurement contained in the
fourth subsystem of W. They are created using the sysexchange function from the mentioned
Quantinf package. PA2 and PB2 are the computational basis measurements for Alice and Bob,
respectively. The target variable is calculated as the trace of the operator W times the CHSH
operator. The code uses YALMIP’s optimize function to solve the SDP problem, with con-
straints defined in F, and the goal is to maximize the target value. Finally, it asserts that the
computed value of the target is close to the expected value.

B.5. Implementation of the see-saw method

We will demonstrate a simple implementation of the see-saw technique discussed in
section 4.8.

To this end, let us now delve into the concept of a random access code (RAC), which aims
to compress a uniformly randomized n-digit string into a single digit, allowing Bob to recover
any of the n digits with a high probability [12, 13]. In this scenario, Alice receives a uniformly
distributed random input string X comprising n digits. She computes the value a using the func-
tion f[x] and transmits it to Bob. Upon receiving a and another uniformly distributed input y,
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W, F] = GetDPS([4 2 2], [1 1 1], [1 0 0; 0 1 0; 00 1]); % the first two
subsystems of W contain the two qubit state (dimension 4), the
remaining two are storing representations of measurements

% select measurement results

swapOp = kron (SwapOperator (2), eye(4));

PAl1 = sysexchange (swapOp, [2 3], [2 2 2 2]); % SWAP operator between 1st
and 3rd subsystems

PA2 = kron([1 0; 0 0], eye(8)); % computational basis measurement of Alice

PB1 = sysexchange (swapOp, [1 4], [2 2 2 2]); % SWAP operator between 2nd
and 4th subsystems

PB2 = kron(eye(2), [1 0; 0 0], eye(4)); % computational basis measurement
of Bob

% solve SDP

CHSH = PA1xPB1 + PA1xPB2 + PA2+«PB1 — PA2xPB2 — PA1 — PB1; % arXiv:0702130
v2 eq. (1): P(0,0]1,1) + P(0,0|1,2) + P(0,0(2,1) — P(0,0]/2,2) — P_A
(0]1) — P_B(0]1)

target = trace (W x CHSH) ;

optimize (F, —target, sdpsettings(’solver’, ’sdpt3’, ’verbose’, 0));

% check
assert (norm(value (target) — (sqrt(2)—1)/2) < le—8)

Listing 21. Illustration of working of the function creating variable with DPS constraints
for implementation of the Navascués-de la Torre-Vértesi (NTV) method to find the
Tsirelson bound of a variant of the CHSH Bell functional.

Bob employs the function g(a,y) to compute the value b. The protocol is considered successful
if b is equal to the yth digit of x.

Let us explore a specific case of a 2> — 1 RAC. Here, Alice aims to encode two bits into a
single bit. The mappings providing the optimal success probability of the task are as follows:
A(00) =0,f(01) =0,£/(10) = 1,/{11) = 1. On Bob’s side, the decoding is defined as follows:
gla,1) = a and g(a,2) = 0. The success probability of this classical RAC is %.

In the quantum scenario, Alice tries to encode two bits into a qubit system. Here an encoding
allowing to get the optimal quantum value is as follows. Take

_ cos g _ cos g _ sin § _ sin g
100 =[S 8] rion = [ 55| oy = [ ]y = [ 05, . .1
Bob performs his decoding using the projectors
1 0 0 0 11 1
P'=[ ],P‘z[ ],Pzz[% %},PZ:[% 12] (B.2)
S (Y N (U R R R

The optimal success probability is % (1 + %) ~ 0.85355.

The first step in the implementation of see-saw in Matlab with the YALMIP toolbox is to
provide a proper definition of the variables used to express the quantum states for the encoding,
see (B.1). We provide such code in listing 22. Frho is a critical component in the formulation of
constraints that guarantee the validity of the operators stored within the cell-type data structure
rhoCellVar as quantum qubit states. These constraints collectively ensure that the stored

79


http://mostwiedzy.pl

A\ MOST

J. Phys. A: Math. Theor. 57 (2024) 163002 Topical Review

% variables for states
Frho = []; % we will place constraints for quantum states here
rhoCellVar = cell(2,2); % we will store quantum states here
for x1 = 1:2
for x2 = 1:2
rhoCellVar{x1l,x2} = sdpvar (2,2, hermitian’, ’complex’);
Frho = [Frho; trace(rhoCellVar{xl,x2}) = 1; rhoCellVar{xl,x2} >= 0];
end
end

Listing 22. Preparation of SDP variables to store the optimized quantum states in the
22 — 1 quantum RAC for see-saw implementation with YALMIP.

% variables for measurements

mCellVar = cell(2,2); % row indicates which measurement, column which
output
Fmeas = [];
for y = 1:2
for b = 1:2
mCellVar{y,b} = sdpvar (2,2, hermitian’, complex’);
Fmeas = [Fmeas; mCellVar{y,b} >= 0];

end
end
Fmeas = [Fmeas; mCellVar{1l,1}+mCellVar{1,2} = eye(2); mCellVar{2,1}+
mCellVar{2,2} = eye(2)]; % measurements sum to identity

Listing 23. Preparation of SDP variables to store the optimized quantum measurements
in the 22 — 1 quantum RAC for see-saw implementation with YALMIP.

density matrices meet the essential criteria for a valid quantum state: they are Hermitian, PSD,
and normalized. Note that even though the optimal states in (B.1) are pure, the form of SDP
constraints allows for expressing them only as density matrices.

The next code segment from listing 23 focuses on defining variables and constraints related
to measurements. The mCellVar cell array is employed to store measurement operators, and
the Fmeas set of constraints is used to ensure the validity of these operators. The constraints
stipulate that the measurement operators must be Hermitian, PSD, and sum to the identity
matrix, i.e. form a POVM. The nested loops over y and b create these measurement operators
and add the corresponding constraints to the Fmeas list variable. The constraint of summation
to the identity in this example is given outside the loops.

The code snippet from listing 24 is setting up the remaining initialization for the see-saw
optimization. The Succ variable is defined as a success probability function for the QRAC.
This function is defined as the so-called lambda expression taking two parameters, and it com-
putes the success probability based on input density matrices rhoCellIn and measurement
operators mCel1In for the given quantum states and measurements. The nested loops initialize
quantum states, i.e. rhoCell with random density matrices using a RandomState function,
ensuring that the dimension is set to 2. Additionally, an empty cell array mCell is created
to store the current measurement operators in the ‘saw’ step. Finally, we choose the solver
settings, with SDPT3 solver in this example.

The major element of the see-saw is shown in listing 25 which represents the process
involving three iterations. The objective of every step is to maximize the success probability of
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% other initialization

Succ = @Q(rhoCellln ,mCellIn) trace(rhoCellIn{1,1}*(mCellIn{1,1}+mCellIn
{2,1}) + rhoCellIn{1,2}*(mCellIn{1,1}4+mCellIn{2,2}) + rhoCellIn {2,1}x(
mCellIn{1,2}+mCellIn{2,1}) + rhoCellIn{2,2}*(mCellIn{1,2}+mCellIn{2,2})
) / 8; % success function

% seed with random states
rhoCell = cell(2,2);
for x1 = 1:2
for x2 = 1:2
rhoCell{x1,x2} = RandomState(2);

end

end

mCell = cell (2,2); % to store measurements

settings = sdpsettings(’solver’, ’sdpt3’); % choose SDPT3 as the solver
Listing 24. Initialization of values of the encoding states with random values, and defin-
ition of the success probability in the 2> — 1 quantum RAC for see-saw implementation
with YALMIP.

for iter = 1:3 % stopping criterion: just three iterations

% the "SEE" step
optimize (Fmeas, —Succ(rhoCell , mCellVar), settings); % optimize
measurements for given states
for x1 = 1:2
for x2 = 1:2
mCell{x1,x2} = double(mCellVar{xl,x2}); % store measurements as
constants
end
end
progressTab (1, iter) = Succ(rhoCell, mCell); % "see" progress

% the "SAW'" step
optimize (Frho, —Succ(rhoCellVar, mCell), settings); % optimize states
for given measurements
for x1 = 1:2
for x2 = 1:2
rhoCell{x1,x2} = double(rhoCellVar{x1l,x2}); % store states as
constants
end
end
progressTab (2, iter) = Succ(rhoCell, mCell); % "saw"' progress

end

Listing 25. Intertwined ‘see’ and ‘saw’ steps in the 2251 quantum RAC in the see-saw
implementation example with YALMIP.
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the quantum RAC by alternately optimizing measurement operators and quantum states. The
loop consists of two main steps: the ‘see’ step and the ‘saw’ step. In the ‘see’ steps, the code
optimizes the measurement operators mCellVar while keeping the quantum states fixed in
rhoCell. After each optimization, the optimized measurements are stored as constants in the
mCell variable. Then, the success probability with these updated measurements is computed
and recorded in the progressTab array. In the ‘saw’ step, the code optimizes the quantum
states rhoCellVar while keeping the measurements fixed in mCell. Similar to the ‘see’ step,
the optimized states are stored as constants in the rhoCell variable. The success probability
with these updated states is again computed and recorded in the progressTab array. The pro-
cess continues for just three iterations as specified. The stopping criteria for the process can be
customized based e.g. on progress in optimizing the target value. Already the second iteration
provides the optimal result in this simple case.
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