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A B S T R A C T

This paper presents the results of an experimental and numerical study of convective heat transfer from a newly
designed double-sided heated horizontal plate in air. To ensure equal heat transfer from both surfaces, the plate
was equipped with two independently supplied electric heaters and resistance thermometers on each side.
Minimizing the plate's thickness reduced lateral heat loss and improved measurement accuracy.
The study used the balance method for convective heat transfer analysis, and results were validated through

standard numerical calculations for q = const. Additionally, results were compared with experimental literature
for intermediate cases, such as a cuboid, where convection occurs from both horizontal and vertical sides.
Experimental results for the plate showed a 15.5–18.0% difference from numerical ones and a 24.7–29.3%

difference from average extreme cases. These findings, presented as the Nusselt-Rayleigh relationship, were
positively verified by numerical calculations, confirming their reliability. This advancement enables separate
studies of free convection from the upper and lower parts of horizontal plates.

1. Introduction

Free convection in an open space appears to be a very well-studied
case of heat transfer, especially from flat vertical, horizontal and diag-
onal surfaces [1–12], cylinders [13–21,22], cuboids [23–30] and other
solids of complex shapes [31–34]. In the real conditions however, it
turns out that this may not be entirely truth. For example, the results of
free convection tests from flat horizontal surfaces with the heating
surface pointing upwards or downwards differ depending on whether
these surfaces are part of a horizontal plate or a cuboid.

For a typical horizontal Type I plate (heated on one side), the type of
convective heat transfer depends on its orientation, either with the
heated side up [3,4,35,36,37] or down [5,8], which can only be tested
separately. On the other hand, in the case of a Type II plate heated on
both sides and cuboids, convection occurs simultaneously from all theirs
surfaces (Fig. 1a). In the case of an isothermal cuboid, as described in
[25] and [27], the structure of the flow and the shapes of the boundary
layer are transformed as the motion develops: as shown in Fig. 1b the
horizontal flow of fluid (below the bottom), through a vertical flow past
the side walls, there is a change in the direction of fluid motion to the

horizontal over the lateral surface of the cuboid above which a
convective free stream (plume) forms. This complex heat transfer
mechanism is accompanied by the interaction of phenomena occurring
on each surface, which does not happen in the case of unilaterally heated
plates.

Analysis of the reasons for the discrepancies in the experimental
results of free convection from horizontal plates and cuboids should also
take into account another possible reason for their occurrence, namely,
the accuracy of the calculated heating energy balance. In the case of a
cuboid, all of the delivered and measured heating energy is transferred
to the fluid, whereas in the case of a unilaterally heated horizontal plate
of type I (the situation where the plate is heating one side only), the
reverse and lateral heat loss flux Qloss must be subtracted from the
delivered heat flux. Therefore, for a unilaterally heated plate, the ac-
curacy of the results depends strictly on how this flux is eliminated and
estimated.

Although the concept of a thin double-sided heated plate was the
subject of papers [38] and [7] (for constant wall temperature – CWT and
under constant heat flux - CHF condition, respectively), both studies
were based solely on numerical investigations. The aim and novelty of
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this study was to construct and test a newly designed horizontal double-
sided heated plate (called Type II) with minimal thickness to limit heat
loss from its side edges. This allows simultaneous testing of convective
heat transfer from its upper and lower heating surfaces, which also in-
creases the measurement accuracy of the balance method, as it is no
longer necessary to subtract the reverse heat loss flow from the supplied
heat flux. As the heat flux from this plate is entirely transferred to the
fluid under test, as in the case with cuboids and cylinders, spheres and
other heating solids, the planned verification of the results was based
mainly on the results of tests of these configurations. Moreover, the
double-sided heated plated (Type II) used in this work is so thin (2.1
mm) that it does not require its sides to be insulated with thermal
insulation, without which the lateral heat loss (included in the energy
balance), is negligible at only 4.2%.

2. Experimental background

2.1. Theoretical considerations

The intensity of convective heat transfer intensity, described by the
Nusselt-Rayleigh relationship

Nu = C⋅Ran (1)

in which

Nu =
α • lch

λ
=

q • lch
λ • (Tw − T∞)

=
Q • lch

A • λ • (Tw − T∞)
(2)

and

Ra =
g • β • (Tw − T∞)lnch

ν • a
(3)

depends on the components of these numbers, i.e. the temperature dif-

ference between the heating surface and the undisturbed area ΔT= Tw –
T∞, the size of the heat transfer surface, expressed by the characteristic
linear dimension lch, the physical properties of the medium (λ, β, ν, a) at
the temperature of the phenomenon, conventionally taken to be Tav =
(Tw – T∞)/2, and the heat transfer coefficient α and exponent n.

The heat transfer coefficient α from a heating element of any shape,
such as a cuboid, plate, sphere, cylinder, cone, etc. (for which the
methods of calculating the average αtotal are given in the works
[7,23,24,26,29,31,32,30], is related to the heat transfer rate by New-
ton's law:

Q = αtotal • A • (Tw − T∞) (4)

For the cuboid, which is the optimum shape for experimental studies
and theoretical considerations of convective heat transfer from the point
of view of analogy with the horizontal and vertical planar plate, which
are its characteristic cases, the value of the equivalent (total) heat
transfer coefficient, which enables the Nusselt number to be determined,
is described by the relationship:

αtotal =
Q

A • (Tw − T∞)
(5)

in which, in the case of electrical heating, the convective heat rate Q is
equal to:

Q = U • I − Qloss (6)

To determine α, in addition to measuring the voltage U and the
supply current I, it is also necessary to know the heat loss flux to the
surroundings Qloss. In the case of the cuboid illustrated in Fig. 1.a, no
heat loss flux occurs Qloss = 0, because all the energy from it, after
neglecting the energy losses through the supply lines and the slide, is
entirely transferred convectively to the surroundings in the form of
fluxes Qhor,up, Qhor,low and

∑
Qvert,i.

Thus, the accuracy of the balance method for a cuboid, in the absence
of heat loss, is high, as it depends only on the accuracy of the heating
power meters, and on temperature and surface area measurements.

This certainty and high accuracy are important advantages of using
this method in technical applications. However, from a scientific point
of view, it is less useful, especially for the study of mechanisms and local
phenomena in convective heat transfer, but it does work well for the
verification of results obtained numerically [7,39,14], theoretically
[24–26] or experimentally [27] using other methods, e.g. a local
gradient method based on measuring the temperature gradient in the
direction perpendicular to the heating surface.

Fig. 1b shows that convective flow patterns are transformed as the
configuration of the perpendicular surface changes. Under its horizontal
lower surface, a horizontal boundary layer forms, which then splits into
four, pair-symmetrical, vertical boundary layers, which flow over the
horizontal upper surface and over its centre merge to form a single
vertical convection chimney (plume).

Thus, in the case of a cuboid, three contributions of convective heat
transfer can be distinguished: one that is the vertical surfaces (Fig. 1c)
and two others from the horizontal surfaces (upper and lower) (Fig. 1d).

However, in contrast to the cuboid, for which heat loss did not occur
(Qloss = 0), the heat loss fluxes (Qloss ∕= 0) for the separately considered
vertical or horizontal heating plates, which are transferred to the sur-
roundings from the horizontal edges of the vertical plate (Fig. 1c) or
from the vertical edges of the horizontal plate (Fig. 1d), must also be
taken into account.

These fluxes, which are difficult to measure or estimate disturb the
fluid flow in the boundary layers, especially at the points marked by
circles in Fig. 1b where the convective fluxes change direction. Conse-
quently, this can affect the local and final boundary layer thicknesses δ
and thus, according to the relation:

α =
λ
δ

(7)

Fig. 1. An illustrative comparison of the contributions of the convective heat
fluxes Qhor.,i, Qvert.,i and the heat loss fluxes Qloss,i of different shapes: a)
cuboid, c) vertical plate, d) horizontal plate, b) the vertical transverse and
longitudinal cross-sections of the convective boundary layers formed on the
surface of a cuboid.
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reduce the accuracy of the determination of the local heat transfer co-
efficient α.

The magnitude of the heat fluxes, and therefore also the heat losses,
depends, according to (4), on the size of the lateral surface of the heating
plate Aloss. Thus, when its thickness decreases then its lateral surface
area also decreases (Aloss → 0) and thus also the heat loss (Qloss → 0).
What is less obvious is that heat loss also depends on the position of the
plate itself. If it is positioned vertically, heat loss occurs only from its
horizontal sides Aloss, vert.= 2.l.b, whereas in a horizontal orientation the
vertical peripheral side surface of this plate is greater and is Aloss, hor. =

2.(l + b).h. Since these surfaces are not equal (Qloss,vert. ∕= Qloss,hor.), as
can be seen more clearly in Fig. 1, the heat loss from the plate in the
horizontal position is also slightly greater.

These differences are due to the fact that, for a vertical plate, the two
surfaces of the side edges are also vertical and exchange heat in the same
way as the side heating surfaces of the heating plate, according to the
mechanism of free convection heat transfer from a vertical surface. In
this situation, heat lossQloss,vert. Occurs only from the two surfaces of the
horizontal edges of the plate (upper and lower) Aloss,vert. = 2.l.b (Fig. 1.
c). However, for a horizontal plate perpendicular to its heating surfaces
(upper and lower) the heat loss area is greater and is Aloss,hor. = 2.(l +
b).h (Fig. 1d).

For example, for the thinnest experimental plate we were able to
make with two internal heaters and two external resistance thermom-
eters with dimensions 0.150, 0.075 and 0.0021 m [1], the heat loss areas
are Aloss,vert = 2.l.b = 0.00063 m2 and Aloss,hor. = 2. (l + b).h = 0.000945
m2. For Tw = const the proportions of the loss fluxes Qloss to the
convective heat fluxes Q in the case of the vertical position, with heating
area Avert. = 2.h.(l + b) = 0.022815 m2, are Qloss/Qvert. = 0.0276 while
for the horizontal orientation, with area Ahor. = 2.l.b = 0.0225 m2, they
are higher and reach approx. Qloss/Qhor. = 0.042.

The study of this plate, carried out in a vertical configuration

(Fig. 1c) and assuming bilateral symmetry of convective heat transfer in
air, confirmed that, by reducing its thickness to b = 0.0021 m, it was
indeed possible to reduce the heat loss flux to about 3% in relation to the
convective fluxes studied and thus increase the accuracy of the balance
method. The results obtained and their reliability made it possible to
demonstrate the hypothetical possibility of temperature duality of the
Rayleigh number in free convection [2].

Current research focuses on carrying out a similar but much more
difficult experimental study of convective heat transfer in air using the
same plate, but in a horizontal configuration, which would increase the
proportion of heat loss to about 4.2% compared to a vertical plate and
further exclude the possibility of using the symmetry condition of the
phenomenon, which in the case of a vertical plate allowed the
assumption N/2 = Qleft = Qright.

2.2. Construction of the heating plate

A heating plate with minimised heat losses and thus increased ac-
curacy of the individual measurement of heat fluxes from both heating
sides is the most important element of the free convection test using the
balance method. The heating plate used in this research, with di-
mensions l = 150 mm, b = 75 mm and h = 2.1 mm, is improved version
(0.9 mm thinner) of the plate described in paper [1]. It consists of three
layers: a single copper-coated laminate LAM100X160H0.6 of 0.6 mm
thickness with lithographically etched paths of the upper surface resis-
tance thermometer to measure Tw,up (Fig. 2a), two sides of a copper-
coated LAM100X160ED0.6 0.6 mm thick with two etched electrical
resistance heaters (Nup, Nlow) (Fig. 2b) and again from a single copper-
coated laminate LAM100X160H0.6 with etched lower resistance ther-
mometer paths to measure Tw,low (mirror image Fig. 2a).

These elements were glued together under pressure with epoxy resin.
During the bonding process, Kevlar braided fishing line was attached to
the shorter edges of the plate. Thermal bridges were thus avoided by

b

l

Fig. 2. Design drawings of the etched paths in the three heating plate components, with enlarged portions: a) one-sided copper-clad (two resistance thermometers),
b) two-sided copper-clad (two-sided heater), c) view of the completed plate, d) view of the test bench without shields.
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fixing the plate in the test bench (Fig. 2d) in this way, without the aid of
metal brackets or slides.

2.2.1. Heaters
The design of the heaters was preceded by power calculations. For

the assumption that the experimental tests will be carried out for
convective heat transfer in the laminar range (Ra ≤ 107), in air λ (50 ◦C)
= 0.0283 W/(m.K), ΔTmax = 50 K, for plate dimensions l = 0.15 and b =
0.075 m and assuming Nu = 0.71.Ra1/4 [3–5], the convective heat rate
transferred to air, determined from Eq. (3), is:

Q = α • A • ΔTmax =
Nu • λ • A • ΔTmax

l
= 0.71 • Ra

1
4 • λ • b • ΔTmax

= 0.71 •
(
107

)1
4 • 0.0283 • 0.075 • 50 = 4.24 W (8)

After taking into account the convective heat loss flux from one
heater Qloss ≈ 4.2/2% and the radiation flux, in this case also the heat
loss, Qrad. ≈ 1.5.Qconv., the optimum power of one heater is obtained:

Nheaters = U • I = Q = 4.24 • 1.021 • (1+ 1.5) = 10.82 W (9)

To power these heaters, it was decided to use two single DC power
supplies of N = 30 W, voltage U = 0–30 V and current I = 0–3 A, or one
dual power supply.

For the three current voltages U = 10, 20 and 30 V, the resistance of
the heater, calculated from the relation:

R =
U2

Nheaters
Ω (10)

would be R = 9.24 Ω (for 10 V), 36.96 Ω (for 20 V) and 83.16 Ω (for
30 V). It was decided to design a heater with an average of the above
three heater resistances R ≈ 43 Ω, but before taking the final decision, a
check was made to ensure that the corresponding current resistance was
within the operating range of the power supply:

I =
̅̅̅̅̅̅̅̅̅̅̅̅̅
Nheaters

R

√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅
10.82
43.0

√

= 0.50 A (11)

and that the current did not exceed the maximum allowable current that
could melt or burn out the heater paths.

The maximum current for a path of width determined by the suc-
cessive approximation method bCu = 0.45 mm, etched in copper with a
thickness of gCu = 18 μm and a rectangular cross-section F = 0.45 ×

0.018 = 0.0081 mm2, corresponding to a conductor cross-section of
diameter d = 0.10 mm, is Imax = 2.75 A [9].

This check was successful, so for the assumed resistance and path
width, the matrix for the exposure and photolithographic etching of the
heaters on both sides was LAM100X160ED0.6 of thickness 0.6 mm,
made from epoxy resin reinforced with fibre- glass, double-sided with a
copper layer of thickness 18 μm. With the minimum feasible spacing
between the paths s = 0.1 mm and path width bCu = 0.45 mm, the
calculated length of each of the heaters, covering the entire upper and
lower surfaces of the plate evenly with the coils (see enlarged section in
Fig. 2b), was 19.88 m.

After taking into account this length, the cross-sectional area and the
specific resistance of the copper ρ = 1.68.10− 8 Ω (at 0 ◦C) and ρ =

1.72.10− 8 Ω (at 20 ◦C) the resistance of the heater was calculated:

R = ρ l
F
= 1.68 • 10− 8 •

19.88
0.018 • 10− 3 • 0.45 • 10− 3

= 41.2
(
00C

)
, 42.2

(
200C

)
Ω (12)

From a dozen or so etched laminate plates, the one whose resistances
on both sides were most similar to each other was chosen to build the
heating plate. These resistances measured at room temperature, of Rup
= 42.9 Ω and Rlow = 43.0 Ω, differed by only +1.6 and + 1.9% from
those designed and calculated from Eq. (12).

2.2.2. Resistance thermometers
Resistance thermometers etched in copper covering on one side the

epoxy laminate reinforced with glass fibre are an analogue of the Pt100
thermistor with a resistance of 100 Ω made from platinum wire. The
sensitivity of a resistance thermometer depends on the measurement
accuracy of the resistance Rt – R0 and the resistance of the thermometer
at temperature R0. For the assumed accuracy of measurement Rt – R0 =
0.1 Ω, the resistance at the reference temperature R0 = 100 Ω and the
temperature resistance coefficient α (αCu= 3.9.10− 3 K− 1), the sensitivity
is:

Sensitivity =
Rt − R0

α • R0
=

0.1
3.9− 3 • 100

= 0.26 K (13)

As can be seen from Eq. (12), the sensitivity of the thermometer
depends on R0, so at the design stage it was decided to obtain the highest
possible resistance of the thermometers etched in copper, at which their
sensitivity should also be high.

Since the maximum resistance allowed by the LAM100X160E0.6
laminate with a copper layer thickness of gCu = 0.035 mm was already
obtained in the thermometers used in earlier research [1], it was decided
in the present work to use the LAM100X160H0.6 laminate with the
thinnest of manufactured coatings gCu = 0.018 mm.

With the narrowest path of width s = 0.1 mm, obtained in a copper
coating of thickness gCu = 0.018 mm when making the heaters using the
etching technique, and an assumed minimum distance between paths,
also bCu = 0.1 mm, a thermometer 56.26 m long should theoretically be
formed on the surface of the plate. The shape of its cross-section may
depend on the depth of etching and may change from rectangular for
thin copper layers to trapezoidal for thick ones.

If we have a uniform distribution of paths of width bCu= 0.1 mm and
a spacing s = 0.1 mm (enlarged section in Fig. 2a), after taking into
account the specific resistance of the copper ρCu = 1.68.10− 8 Ω (0 ◦C)
and ρCu = 1.72.10− 8 Ω (20 ◦C) and assuming a rectangular cross-section
of paths, the theoretical resistance of the thermometer should be:

R = 1.68 • 10− 8 •
56.26

0.1 • 10− 3 • 0.018 • 10− 3 = 525.1 (0oC),

= 537.6(20oC) Ω (14)

As with the etching of the heaters, a dozen thermometers were also
made in an attempt to keep the exposure and etching times of the plates
the same. Those thermometers with the highest resistance were chosen
in the first step, from which, in turn, the two with the most similar re-
sistances were selected: Rup= 408 Ω and Rlow= 398 Ω. The resistance of
the thermometers selected to build the hot plate is approximately 4
times higher than that of the Pt100, which, according to Eq. (13),
translates into an increase in their sensitivity to 0.06 K.

3. Experimental study

3.1. Calibrating the resistance thermometers of the heating plate

In the horizontal position with different free convective mechanisms
and heat fluxes on the upper and lower heating surfaces, the results of a
calibration carried out for the whole plate would be unreliable. The
calibration was therefore carried out with the heating plate in the ver-
tical position, in the knowledge that the heat fluxes from both its sur-
faces were the same.

3.2. Experimental investigation of a horizontal plate in air

The study of convective heat transfer from an isothermal horizontal
surface in air was carried out in the standard way. For a given heating
power, which was the same for the upper and lower surfaces, Nup= Nlow
= Iup. Uup= Ilow. Ulow, after thermodynamic equilibriumwas established, i.
e. constant temperatures Tw,uper = const and Tw,low = const and the
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averaged ambient temperature T∞ = const, the results were recorded, i.
e. Tw,up, Tw,low, T∞, Iup, Uup, Ilow, Ulow. Thereafter, the measurement for
the next set power was started.

The ambient temperature was measured with thermocouples at a
distance of 1.5 m from the plate at three levels: - 0.5 m, 0 m (plate level)
and+ 0.5m. In order to counteract air movements disrupting convective
heat transfer in a multifunctional and continuously operated laboratory,
the test bench was isolated with a shield of a shape similar to that shown
in Fig. 3. The dimensions of this shield, made from plaster board of
thickness g = 10 mm, did not coincide with those adopted for the nu-
merical calculations: height H = 1.6 m, width B = 1.0 m and length L =

1.2 m.
Because of the method of heating, with resistive heaters distributed

evenly over the upper and lower surfaces in the form of a single etched
copper path, it is very likely that the UHF (Uniform Heat Flux) condition
is met. Fulfilment of this condition is more realistic than in the case of
heating with the resistive foil that is usually used for this purpose. The
parallel flow of current through the foil, which depends on local varia-
tions in its thickness, can cause local overheating. This does not happen
when a series current flows through the resistive path.

The surface resistance thermometers make it possible to measure
accurately, with a resolution of 0.06 K, but only the average surface
temperatures Tw,up and Tw,low. It should be noted, however, that case,
where Tw,up = Tw,low, does not prove that the CWTtotal (Constant Wall
Temperature) condition is satisfied for both sides of the heated plate.

In contrast, the entire surface of the horizontal plate used in this
study, heated by two surface resistance heaters, can theoretically satisfy
CHF condition. It is expected that occurrence of such situation will be
shown by the results of experimental tests carried out using the balance

method and by the results of numerical calculations.
Theoretically, it is possible to carry out convective heat exchange

with a double-sided heated plate of plate tests, taken as a whole, by
heating them with the same heat flux (CHF). In this work, it was decided
to set the same heating powers of the upper and lower surfaces of the
plate (Qup = Qlow = const.) for each measurement point and, once the
thermodynamic equilibrium was established, to measure Tw,up and Tw,
low. In both cases the Nusselt numbers can be calculated using the
relationships:

Nu =
Q • b

λ • A • (Tw − T∞)
,Nuup/low =

Qup/low

λ • l • (Tw − T∞)
,Nutotal

=
Qtotal

λ • 2 • l • (Tw − T∞)
(15)

To calculate the Rayleigh numbers for the plate, Eq. (3) was used,
taking b as the characteristic linear dimension and the exponent n = 1/5,
which, according to the majority of authors quoted in Table 4, better
describes the convective heat transfer to horizontal surfaces than n = ¼,
used for vertical surfaces.

In the case of q=Q/A= const, the Rayleigh numbers were calculated
from the equation:

Ra* = Ra • Nu =
g • β • Qb4

A • λ • ν • a
,Ra*up/low =

g • β • Qup/low•b3

l • λ • ν • a
and Ra*total

=
g • β • Qtotal•b3

2 • l • λ • ν • a
(16)

The following formulae describing the values of the physical prop-
erties of air (λ, β, ν = μ/ρ and a = λ/(cp. ρ)) (18)–(21) as a function of the
mean temperature tav expressed in Kelvin were used to determine the
Nusselt and Rayleigh numbers:

β = 1/Tav 1/K (17)

ρ = 101,300 [Pa]
/(
287.1 [J/(mol.K) ]⋅Tav

)
kg

/
m3 (18)

λ = − 3.5723023⋅10− 4 +1.2587814⋅10− 4⋅Tav − 2.6237125⋅10− 6⋅Tav1.5

+2.5229349⋅10− 8⋅Tav2 W
/
(m⋅K)

(19)

μ =
(
− 5.375⋅10− 1 +1.811⋅10− 2⋅Tav +11.41⋅ln(Tav)

+1.330⋅104
/
Tav1.5–6.800⋅104

/
Tav2

)
⋅10− 6 kg

/
(m⋅s)

(20)

cp = 6.3869⋅102 +0.4032⋅Tav +1.9951⋅105
/
Tav − 29,124⋅106

/
Tav1.5

+1.2788⋅107
/
Tav2 kJ

/
(kg⋅K)

(21)

The convective heat flux in Eq. (15) is not only related to the heat
energy transferred from the heater, but also takes into account the heat
loss through radiation Qrad and convection from the side edges of the
plate, were estimated to be Qloss= 2.1% for the upper and lower surfaces
or Qloss = 4.2% for whole plate:

Q = N − Qrad − Qloss = U • I • 0.958 − Qrad (22)

where:

Qrad = A • σ • ε •
(
T4

w − T4
∞

)
(23)

and σ = 5.67.10− 8 W/(m2⋅K4) and ε = 0.884 [1].

3.3. Numerical calculations

Apart from verifying the results of the experimental studies carried
out using the balance method, the numerical studies aimed to compare
the results of convective heat transfer from a bilaterally heated

I/OI/O

I/OI/O

H

H

t
u

t u

I/O

u Q

u Q

u
t
n

u
t
n

H
H

H

H

t
u H

Fig. 3. Flow domain with boundary conditions.
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horizontal plate assuming CHF condition.
Steady-state solutions were obtained by means of transient CFD

calculations performed in order to verify the results of the experimental
study. A compressible turbulent airflow without the Boussinesq
approximation was considered. The closed system of equations consists
of the mass conservation equation:

∂ρ
∂τ +∇ • (ρu) = 0 (24)

the Navier-Stokes equation

∂(ρu)
∂τ +∇ • (ρuu) = − ∇prgh − (g • r)∇ρ+∇ • (2μD) − ∇

(
2
3

μ∇ • u
)

(25)

the thermal equation of state

p = ρRT (26)

∂(ρ(h+ K) )
∂τ +∇ • (ρu(h+K) ) =

∂p
∂τ +∇ • (α∇h)+ ρu • g (27)

and the enthalpy equation, where the modified pressure prgh, the gravity
acceleration vector g, the position vector r, the strain rate tensor 2D and
the macroscopic kinetic energy K are:

prgh = p − ρg • r, g = − gj, r = − yj,2D = ∇u+(∇u)T ,K =
1
2
‖u‖2 (28)

Furthermore, the discretised system of equations was solved directly
using the Finite Volume Method [40]. Free convection was therefore
solved as transient, until the pseudo-steady state was reached, which
took up to 25 s, depending on the wall temperature. Moreover, the
discretised system of equations was solved by means of the PISO algo-
rithm [41], where the pressure equation was solved using the GAMG
algorithm. In order to calculate the velocity and enthalpy, precondi-
tioned bi-conjugate gradient solvers together with diagonal-based
incomplete lower upper (DILU) solvers were utilised. The discretised
convection terms were interpolated by means of linear upwind inter-
polation, and the discretised Laplacian terms involving surface normal
gradients made use of orthogonal schemes. The gradients also involved
Gaussian integration and linear interpolation. The fluxes were based on
linear interpolation. The flow domain together with the boundary con-
ditions is shown in Fig. 3. In order to minimise the impact of the envi-
ronment on the results, the test bench was enclosed, which is accurately
reflected in the shape of the computational domain and the boundary
conditions. The horizontal plate is bounded on the sides by screens to
minimise the impact of the surroundings. The no-slip condition was
applied to the walls of the plates, screens and the bottom surface along
with the pressure gradient established in such a way that the boundary
flux follows the velocity boundary condition.

Several surfaces such as the upper and lower sides were regarded as

an inlet/outlet (I/O) in order to ensure air circulation. By I/O conditions
are meant the mixed-type velocity boundary conditions, i.e. for the
inflow, the velocity was calculated from the face normal component of
the internal-cell value and for the outflow a zero-gradient condition was
specified. On the upper and lower walls of the plates, the Neumann
condition was established in the form of a known power Q, while the
lateral surfaces of the plates were treated as adiabatic, i.e. the zero
Neumann condition. The constant values of other parameters adopted
for the calculations were cp = 1004 J/kg/K, Pr = 0.705 and μ =

1.831.10− 5 kg/m/s.
The flow domain was discretised using a Cartesian mesh with a

carefully selected number of nodes.
The effect of the number of nodes on the average temperatures of the

plates is shown in Fig. 4 a). It can be seen from that increasing the
number of nodes beyond 3.105 does not further alter the results in terms
of average temperatures. Therefore, a calculation mesh with a node
count of 3.9.105 was selected for further calculations. The maximum y+

values on the plate walls did not exceed 0.15. An example of the
calculation mesh and example results from the numerical simulation are
shown in Fig. 5.

Fig. 4 b) shows the effect of time step on the results. In the range of
time steps considered, it can be seen that their choice does not affect the
average temperatures. In contrast, longer time steps would be associated
with a loss of stability in the calculations. On the basis of the above
analysis, a time step of 0.005 s was selected, as decreasing it further does
not improve the results, and such a value guaranteed stability for the
entire series of calculations.

4. Results

4.1. Results of experimental studies of a horizontal plate

The experimental studies of free convection from a horizontal plate
in air could be carried out by simultaneously increasing the heating
power of both heaters by the same values, i.e. from the point of view of
the plate achieving the constant power condition of the CHF heat fluxes.
For each surface of this upper and lower plate, considered separately.
The results obtained for free convection heat transfer from a double-
sided horizontal heating plate, referred to as type II, to air are shown
graphically in Fig. 6.

As the experiments were carried out for three heating modes of the
plate, they have been marked in the figures as follows: black circles
when each heating element (upper and lower) was heated indepen-
dently with two power supplies (i), blue diamonds when the heating
elements were connected in series (s) and red squares when they were
connected in parallel with one power supply (p). For each of these
heating modes, up to two selected example test points are given in
Table 1, for which, in addition to the measured parameters, the calcu-
lation results are also given.

From the experimental results carried out for the whole plate, shown

T

, -

T
,

ΔΔττ , s

Fig. 4. Impact of a) mesh size, b) time step on results.
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in Fig. 6, the following Nusselt - Rayleigh relationships could be derived:

Nu = 0.3566⋅Ra∗0.2092 R2 = 0.8651 (29)

or

Nu = 0.181⋅Ra∗0.25 (30)

and

Nu = 0.417⋅Ra∗0.2 (31)

where the subscript ‘total’ has been omitted in the Nusselt figures of
Table 1, as well as in Fig. 6.

The experimental tests could only be carried out in practice by
setting and maintaining the same heating power of the upper and lower
surfaces for each experimental point, i.e. for the CHF condition.

Fig. 5. Example results for case b from Table 2 (left) and discretisation of the flow domain (right).

i
i i

s
s p

p

Ra *, -

Fig. 6. Experimental results of free convection from a horizontal plate heated on both sides with the same heat flux (CHF). The results of calculations for points s, p
and i are listed in Table 1.

Table 1
Documentation of the tests carried out and the work-up of the results, as exemplified by seven randomly selected test points from two series of measurements.

Parameters Unit Point names compatible with Fig. 4

p-1 p-2 s-1 s-2 i-1 i-2 i-3

N=UupIup + Ulow Iup W 2.7014 3.7145 1.0987 2.1240 5.7600 8.7000 26.505
Qrad (23) W 1.6312 2.1497 0.7108 1.3107 3.3001 4.8971 14.754
Q (22) W 1.0253 1.4991 0.3717 0.7791 2.3566 3.6432 11.257
Tw,av = (Tw,up + Tw,low)/2 K 306.70 310.78 299.59 303.55 314.82 324.77 376.51
T∞,av = (

∑
T∞1,2,3)/3 0C 20.17 20.37 20.40 20.40 15.03 13.83 16.23

Tav = (Tw,av + T∞)/2 K 300.01 302.15 296.57 298.98 301.50 305.88 332.95
ΔT = Tw,av –T∞,av K 13.83 17.26 6.04 10.87 26.64 37.79 86.12
β (17) 1/K 3.33.10− 3 3.31.10− 3 3.37.10− 3 3.34.10− 3 3.32.10− 3 3.27.10− 3 3.00.10− 3

ν = μ/ρ (18) and (20) m2/s 1.58.10− 5 1.60.10− 5 1.55.10− 5 1.57.10− 5 1.59.10− 5 1.63.10− 5 1.90.10− 5

λ (19) W/(m.K) 0.02604 0.02620 0.02579 0.02597 0.02615 0.02647 0.02841
a = λ/(cp ρ) (18), (19), (21) m2/s 2.20.10− 5 2.23.10− 5 2.15.10− 5 2.19.10− 5 2.22.10− 5 2.28.10− 5 2.66.10− 5

Nu = Nu total (15) – 9.80 11.05 7.95 9.20 11.28 12.14 15.16
Ra (3) – 5.31.105 6.63.105 2.53.105 4.38.105 1.03.106 1.37.106 2.14.106

Ra* = Nu.Ra (16) – 1.04.107 1.47.107 6.06.106 8.07.106 1.17.107 1.67.107 3.25.107

C* = Nu/Ra* 0.2 – 0.387 0.407 0.380 0.382 0.435 0.436 0.477
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In order to determine more precisely CHF condition it was decided to
carry out additional numerical studies.

4.2. Results of the numerical calculations

Example results of the numerical calculations carried out in the form
of heat transfer ratesQ, which are the averages of the local values q=Q/
A obtained for the average values Tw obtained for the condition q =

const., are listed in Table 2; all the results are shown in Fig. 7.
Table 2 shows the results of the numerical calculations carried out

for six points representing CHF convective heat transfer regime. It also
shows the temperatures Ttotal= (Tw,up+ Tw,low)/2 obtained for the given
heat transfer rates Qtotal. From these calculated values, the Nusselt-
Rayleigh relations were determined for each of the cases studied, ac-
cording to the procedure given in Table 2. The following relationships
were obtained for the

Nu = 0.7801⋅Ra∗0.1677 R2 = 0.996 (32)

or

Nu = 0.210⋅Ra∗0.25 (33)

and

Nu = 0.468⋅Ra∗0.2 (34)

4.3. Comparison of the experimental results and numerical calculations

Comparative analysis of the experimental results obtained and the
numerical calculations, despite some differences, clearly shows their
convergence. This is no coincidence, but a coherent and logical set of
results, from which the following preliminary conclusions can be drawn:

- a horizontal plate heated on both sides exchanges heat convectively
with the air in the laminar region (1.3.106 < Ra* < 7.8.107),

- the lower limits of these ranges, determined by experimental and
numerical investigations, are close to each other, while the upper
limits, according to numerical calculations, do not exceed <Ra* =

2.1.107,
- comparison of the experimental results (30) with the numerical ones
(33) and (31) with (34) shows that they are well correlated, as their
discrepancy is only 13.8 and 10.9% (see Table 4). This tentatively
suggests that this convective heat transfer condition can be used to
describe the experimental and numerical results obtained with the
Type II double-sided heated plate used in this study.

However, before attempting to draw any definitive conclusions

about the plausibility of the results of this study and comparison of
convective heat transfer from single-sided heated plates, it was decided
to verify them against the results of other researchers who almost
exclusively studied such plates.

5. Verification and discussion of the results

5.1. Review of the literature on free laminar convective heat transfer

Since convective heat transfer from a horizontal plate heated on both
sides (Type II) is no longer a homogeneous phenomenon, unlike con-
vection from the same plate in a vertical position, its comparison with
the results of tests on horizontal surfaces with the heating surface facing
upwards or downwards does not substantially meet the criterion of
correct verification. These two different mechanisms of convective heat
transfer were carried out separately on a type I plate heated on one side.
In the case of a vertical plate, if the convective heat transfer mechanism
is homogeneous and symmetrical, the results depend on its measure-
ment accuracy rather than on the type of plate (I or II) [1].

In this situation, in order to verify the results of the tests carried out,
it was decided to choose the relations developed by other authors for the
complex cases of free convection, mainly from cuboids, cylinders and
spheres. In their case, too, there are surfaces with the heating side facing
downwards and upwards, the transformation of which is stepwise (cu-
boids, vertical cylinders) or smooth (horizontal cylinders, spheres).

The results of the literature review on convective heat transfer from
objects with complex heating surface shapes or configurations are given
in Table 3 and in Fig. 8.

5.2. Procedure for determining the average correlation

The results of the literature studies worked up in the form of the
Nusselt-Rayleigh relationship and summarised in Table 3 were
compared qualitatively with the results of the studies carried out in this
work. Although they fall within the scope of other authors' research, this
is only a subjective comparison. For quantitative verification, the results
given in the tables were subjected to optimisation averaging to the form
of the average literature relationship for each MLC case.

The MLC values obtained are the result of optimisation involving the
simultaneous minimisation of the distance (errors) of the mean corre-
lation from all the fi correlations from the individual cases in the Table 3.

The method for the optimal choice of the constant C and the expo-
nent n is to mini-mise the

min
(C,n)∈Ω

f(C, n) (35)

of the error function f, which is defined as follows

f(C, n) =
∑

i

∑

j

⃒
⃒
⃒C • Ranj − fi(C, n)

⃒
⃒
⃒ (36)

whereby the following constraints are imposed on the independent
variables C and n

Ω =
{
(C, n) ∈ ℝ2 : 0.1 ≤ C ≤ 1.3 ,0.15 ≤ n ≤ 0.3

}
(37)

The above optimisation problem was discretised so that the fi cor-
relations from Table 3 are compared for ten evenly distributed Raj
numbers from the range 104⩽Raj⩽108.

Among the many optimisation algorithms [42], global optimisation
algorithms deserve special attention. They are classified as biologically-
inspired metaheuristic or multipoint, derivative-free algorithms. One of
the best performing and state-of-the-art global optimisation algorithms
[43] is Differential Evolution (DE) [44]. The most popular DE variant –
DE/Rand/1/Bin – was chosen to minimise the error function f. A uni-
form random initial population within the search space was considered.
The scale parameter of DE and the crossover probability were 0.7 and

Table 2
Results of the numerical calculations with their scientific work-up in the form of
the Nusselt-Rayleigh relationship exemplified by three selected experimental
points a, b and c from Fig. 7.

Parameters Unit a b c

Qtotal = Qup + Qlow W 1.0* 5.0* 12.0*
Tw,up = Tw,low K 306.20 342.79 394.64
T∞ setpoint K 293.15 293.15 293.15
Tav = (Tw-T∞)/2 K 299.68 317.97 343.90
ΔT = Tw-T∞ K 13.05 49.64 101.49
β (17) 1/K 3.337.10− 3 3.145.10− 3 2.908.10− 3

ν = μ/ρ (18), (20) m2/s 1.196.10− 5 2.447.10− 5 2.819.10− 5

λ (19) W/(m.K) 0.02602 0.02734 0.02918
a = λ/(cp ρ) (21) m2/s 2.196.10− 5 2.447.10− 5 2.819.10− 5

Nu (15) – 9.82 12.28 13.50
Ra* (16) – 3.668.106 1325.107 2075.107

C* = Nu/Ra* 0.2 – 0.478 0.462 0.465

(*) the setpoints for Qup/2 = Qlow/2 are marked. (**) Tw is the average surface
temperature.
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0.9 respectively. The algorithms terminated when 40 generations were
reached. Moreover, the population size was set to 30. The results of the
global optimisation literature relations collected in Table 3 and graph-
ically shown in Fig. 8 are listed below:

Nu = 0.56356⋅Ra∗0.198944 (38)

MLC in Fig. 8,

Nu = 0.256⋅Ra∗0.25 (39)

valid for the experimental and numerical range 6.105 ≤ Ra ≤ 6.107

(accuracy − 10.40% ≤ Nu ≤13.35%),

Nu = 0.554⋅Ra∗0.2 (40)

valid for the experimental and numerical range 6.105 ≤ Ra ≤ 6.107

(accuracy − 0.31% ≤ Nu ≤0.18%).

5.3. Comparison of the literature, experimental and numerical results

The reason for converting the average correlations of the MLC
literature data (38) into equivalent correlations, but with the given
exponent n = 1/4 or n = 1/5 (39) and (40), was to verify the correctness
of the experimental and numerical correlations, which were also
described with the same exponents. A comparison of the experimental
and numerical correlations with the literature using different C con-
stants and n exponents would have been possible but would have been
cumbersome and difficult to interpret.

Since the correlations MLCn=1/4 and MLCn=1/5 differ slightly within
the narrow range of this study, the divergence errors are naturally
comparable (see Table 4). An additional advantage of working with two
exponents in parallel is that the results are comparable not only with the
averages but also with the individual correlations of each author (see
Tables 2 and 3).

The results of the divergence of the correlations obtained experi-
mentally and numerically with the averaged MLC literature values are
summarised in Table 4.

5.4. Discussion

The analysis of the discrepancies in the results listed in Table 4 shows
that the double-sided heated Type II plate tested in the experiments
satisfies the CHF convective heat transfer condition. This is confirmed
both by the slight deviations from the numerical calculation results of
− 10.9% for n= 1/5 and − 13.8% for n= 1/4 and by the − 24.7% (n= 1/
5) and − 29.3% (n = 1/4) averaged deviations from the results of other
researchers (MLC), who investigated both single-sided heated plates and
solids with multiple heat transfer surfaces.

The average of the first two values, i.e. -12.4% is almost half that of
the average of the other two values, i.e. -27%, which is due to the fact
that the numerical calculations reproduce exactly the same double-sided
heated plate (Type II), the actual dimensions of the plate and the test
bench as well as the thermodynamic conditions of the experiments
carried out. The averaged MLC relationships of other researchers were

C n

C n n

C n

*, -

Fig. 7. Results of numerical calculations of convective heat transfer from both sides of a heated horizontal plate according to the CHF regime (blue squares)
compared with experimental results (red circles). The numbers indicate the points described in more detail in Table 2. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

Table 3
A compilation of literature data on the results of free convection studies from
bodies of different shapes in air.

Equation Meth. Range Additional
information

Source

Nu =

0.631.Ra*1/6

(total)
Num.

9.1.105

< Ra* <

1.9.108

Horizontal thin
plate type II of
width b: 5.1, 10.2,
20.4, 40.8 and 102
mm, thickness h =

0.1, 0.2, 0.4, 0.8
and 2.0 mm.

Chambers,
Lee [7]

(Nu =

0.608.Ra*1/6

(up).
Nu =

0.654.Ra*1/
6(lower))

Nu= 1.07.Ra*1/
6 or Nu =

1.08.Ra*0.2

Exp. 2.7.106

≤ Ra* ≤

2.3.107

Horizontal plate, b
= 76.2 mm, l = 254
mm, air

Sparrow,
Carlson
[12]

NuL=

0.164.RaL* 0.32
Exp. 5.106 <

Ra* <

5.108

Rectangular plates
L = 305, 508 mm,
water, horizontal

King [11] a

Nux=

0.563.Rax*
0.199

3.105 <
Ra* <

6.3.1012

vertical, b

NuD=

0.800.RaD*
0.175

Num. 1 < Ra*D
< 107

Horizontal
cylinder, air
D = 43.75 mm, L =

375 mm

Qureshi,
[14]

Exp. 2.106 <
Ra*D <

6.3.106

NuD =

0.744.RaD*
0.25

Exp. 104 <
Ra*D <

1.108

Horizontal
cylinder, air

Churchill
[15]

NuD = 0.6.RaD*
0.2

Exp. 3.108 <
Ra*D <

2.5.1010

Horizontal
cylinder, water
60 ≤ D ≤ 800 mm,

Kitamura
et al. [21]

NuD =

0.47.RaD*0.2
Exp. 1.1.107

< Ra*D
< 8.107

Elliptic horizontal
tube: L = 1 m D =

90 mm, d= 50 mm,
water

Ali [32],
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obtained for convective heat transfer from unilaterally heated plates
(Type I) and from three-dimensional heating elements. In addition, these
researchers used benches of different dimensions and used different test
procedures.

At this point, it should also be emphasized that the research carried
out was not devoted to exploring the phenomena of free convection
occurring during simultaneous heat transfer from the top and bottom
horizontal surfaces, together with their interaction. The aim of the
research was only to test the tool necessary to carry out this type of
research, i.e. the correctness of the operation and the sufficiently high
accuracy of the results of a double-sided heated plate (Type II).

In summary, the typical divergence between the experimental and
numerical results shows that the convective heat transfer in air from a
horizontal double-heated constant heat flux plate Type II in the laminar
range has been clearly and positively verified.

The slightly larger discrepancies with the MLC, the reasons for which
have been explained above, do not undermine this thesis, but suggest
that there are differences in heat transfer between Type I and Type II
plates which require further investigation.

6. Conclusions

The aim of this research was to develop and test a tool for studying
convective heat transfer in air using the balance method, which is not a
very accurate method owing to the problems involved in estimating heat

loss and thus determining the actual value of convective heat flux. For
this purpose, a novel version of the horizontal heating plate was
designed and assembled.

By minimizing heat loss from the sides of the plate, their design
significantly improved the accuracy of heat transfer studies using the
balance method. This is because the convective heat transfer from a
double-sided heated plate resembles the heat transfer from a cuboid
(solid) than from a single-sided heated plate (surface).

The experimental results of convective heat transfer from a hori-
zontal double-heated plate to air led to the development of a relation-
ship: Nu = 0.3566.Ra* 0.2092 for CHF condition, and it is valid in the
Rayleigh number range 6.105< Ra *< 6.107, i.e. for the laminar range.
Approximated by Eqs. (30) and (33) for n= 1/4 and by (31) and (34) for
n = 1/5, the good correlation of these relations with the numerical so-
lution, i.e. -12.4% (mean error for n = 1/4 and n = 1/5), and a slightly
inferior correlation with the results of other researchers, i.e. -27.0%,
provide evidence for the positive verification of this heat transfer study
using a Type II plate.

The experimental investigations carried out in this research, and the
compatibility of the results obtained with numerical calculations and
literature data, open up new possibilities for studying free convection
not only from a horizontal plate as a whole, but also from its upper and
lower surfaces, treated separately and with their interactions.
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Fig. 8. Comparison of the experimental (red circles) and numerical (blue squares) results of convective heat transfer from a horizontal plate heated on both sides
with the results from objects of different shapes by other authors, approximated by the least squares fit (red line) mean correlations (MLC) or for a forced slope: n =

1/4 (black line) and n = 1/5 (blue line). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 4
Comparison of experimental results, numerical calculations and literature av-
erages MLC expressed in the form of Nusselt-Rayleigh relations with n= 1/4 and
n = 1/5 for the CHF condition.

CHF Exp. Num.

(30) n =

1/4
C* =

0.181

(31) n =

1/5
C* =

0.417

(33) n =

1/4
C* =

0.210

(34) n =

1/5
C* =

0.468

MLC (39) C* = 0.256,
n = 1/4

− 29.3% – − 18.0% –

(40) C* = 0.554,
n = 1/5

– − 24.7% – − 15.5%

Num. (33) C* = 0.210,
n = 1/4

− 13.8% – – –

(34) C* = 0.468,
n = 1/5

– − 10.9% – –
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Nomenclature

Symbols
a: coefficient of thermal diffusivity, m2/s
A: surface area, m2

b: width, m
B: width, thickness, m
cp: specific heat, J/(kg⋅K)
C: coefficient in the Rayleigh–Nusselt equation, (1)
CFD: Calculation Fluid Dynamic
CHF: Constant Heat Flux of the plate
CWT: Constant Wall Temperature
d: diameter of the wire, mm
D: diameter of circle plate, m
DE: Differential Evolution
DILU: Diagonal-based Incomplete Lower Upper
f: error function
F: cross-section, m2

F(Pr): Prandtl number function
g: acceleration due to gravity, m/s2

g: thickness, mm
G: component values of the body-gravity function [1]
GAMG: Generalised geometric-Algebraic Multi-Grid
h: height, thickness of the plate, m
H: height, m
I: current, A
I/O: Inlet/Outlet
l: length, m
L: length, m
LAM100X160H0.6: copper-clad epoxy laminate 0.6 mm thick on one side (H) or on two

sides (ED) with dimensions (100x160 mm)
MLC: mean literature correlation
n: exponent
N: heater power, W
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Nu: Nusselt number, dimensionless, (15)
O: perimeter of the plate, m
PISO: Pressure-Implicit with Splitting of Operators
Pr: Prandtl number
R: radius, m
R: resistance, Ω
Ra: Rayleigh number, dimensionless, (3)
Ra*: modified Rayleigh number, dimensionless, (16)
s: width, mm
S: dimensionless shape factor [1], = b.

̅̅̅̅
A

√
/A

T: temperature, oC, K
q: heat flux, W/A
Q: heat transfer rate, W
U: current voltage, V
UHF: Uniform Heat Flux
y: coordinate
x: coordinate
z: coordinate

Greek letters
α: heat-transfer coefficient, W/(m2⋅K)
α: thermal coefficient of resistance, 1/K
β: coefficient of thermal expansion, 1/K
δ: boundary layer thickness, mm
ε: surface emissivity coefficient
σ: Stefan-Boltzmann constant, W/(m2⋅K4)
Δ: difference
λ: thermal conductivity, W/(m⋅K)

μ: dynamic viscosity, kg/(m⋅s)
η: moderate length of the plate = A/O = b.l/(2.b+2.l), m
ρ: density, kg/m3

ρ: specific resistance, Ω.m
ν: kinematic viscosity, m2/s
τ: time, s

Subscripts
air: in air
av: average
bot: abbreviation for lower (bottom) surface
ch: characteristic
conv: convective
Cu: copper
low: abbreviation for facing downwards
hor: horizontal
loss: heat losses
max: maximum
rad: radiative
t: temperature
top: abbreviation for upper (top) surface
total: overall
up: abbreviation for facing upwards
w: wall
vert: vertical
∞: in surroundings
0: reference temperature
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