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A B S T R A C T

The determination of surface elastic moduli is discussed in the context of a recently proposed
strongly anisotropic surface elasticity model. The aim of the model was to describe deformations
of solids with thin elastic coatings associated with so-called hyperbolic metasurfaces. These
metasurfaces can exhibit a quite unusual behaviour and concurrently a very promising wave
propagation behaviour. In the model of strongly anisotropic surface elasticity, strain energy as
a function of the first and second deformation gradients has been introduced in addition to the
constitutive relations in the bulk. In order to obtain values of surface elastic moduli, we compare
dispersion relations for anti-plane surface waves obtained using the two-dimensional (2D) model
and three-dimensional (3D) straightforward calculations for microstructured coatings of finite
thickness. We show that with derived effective surface moduli, the 2D model can correctly
describe the wave propagation.

. Introduction

Nowadays various models of surface elasticity found wide applications in modelling and design of nanostructured materials, see,
.g., (Duan, Wang, & Karihaloo, 2008; Eremeyev, 2016; Heyden & Bain, 2024; Javili, dell’Isola, & Steinmann, 2013; Javili, McBride, &
teinmann, 2013; Wang et al., 2011). In the framework of the surface elasticity concept one introduces a surface strain energy which
an be treated as a certain extension of the surface tension notion (Adamson & Gast, 1997). The most popular models of surface
lasticity were introduced by Gurtin and Murdoch (1975, 1978) and by Steigmann and Ogden (1997, 1999). This additional surface
onstitutive relation is independent on the constitutive equations in the bulk, in general. As a result, we have additional material
arameters which should be somehow determined. For example, in the case of the linearised Gurtin–Murdoch surface elasticity
ith isotropic properties we have three additional parameters which are the two surface Lamé moduli 𝜆𝑠 and 𝜇𝑠 and initial surface

ension 𝛾, see Duan et al. (2008), Ru (2010) for discussion on possible models. For linearised Steigmann–Ogden model in addition
o aforementioned parameters we have two elastic moduli related to bending stiffness, see, e.g., Dai and Schiavone (2023), Han,
ogilevskaya, and Schillinger (2018), Wang, Yan, et al. (2019), Zemlyanova and Mogilevskaya (2018). Obviously, further extensions

f surface elasticity require even more material parameters.
Let us note that straightforward experimental measurements of surface elastic moduli require rather advanced techniques together

ith proper models such as atom-force microscopy (Cuenot, Frétigny, Demoustier-Champagne, & Nysten, 2004; Jing et al., 2006; Xu,
ensen, Boltyanskiy, Sarfati, Style et al., 2017) or other techniques (Cornelius & Thomas, 2018) which can be applied to specimens
t small scales, so such measurements are quite rare. Another source of material parameters is atomistic models and corresponding
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simulations, see, e.g., Miller and Shenoy (2000), Pourkermani, Azizi, and Pishkenari (2020), Shenoy (2005), Wang, Bian, and Wang
(2019). For example, the relations between linear Gurtin–Murdoch model and lattice dynamics can be established if one choose
proper scaling (Eremeyev & Sharma, 2019; Sharma & Eremeyev, 2019). It is worth to mention also some other techniques resulting
to 2D surface/interface models of thin coatings and interfacial layers (Benveniste & Miloh, 2001, 2007; Brun, Movchan, & Movchan,
2010; Gei, 2008; Kaur, Khurana, & Tomar, 2024; Mishuris, Movchan, & Movchan, 2006, 2010; Mishuris, Öchsner, & Kuhn, 2006;
Movchan & Movchan, 1995; Nobili & Volpini, 2021; Sonato, Piccolroaz, Miszuris, & Mishuris, 2015). Some of these techniques are
closely related to the surface elasticity, see the discussion in Eremeyev, Rosi, and Naili (2020).

Summarising, we underline that the problem of experimental and/or theoretical determination of a surface elastic parameters
is quite complex even in the case of infinitesimal deformations of isotropic solids. At the same time, surface moduli may change
significantly effective properties of materials (Duan et al., 2008; Eremeyev, 2016; Han et al., 2018; Wang et al., 2011; Wang &
Schiavone, 2013; Wang, Yan, et al., 2019; Zemlyanova & Mogilevskaya, 2018) and affect stress singularity in vicinity of crack tips,
see e.g. the discussion in Gorbushin, Eremeyev, and Mishuris (2020). Moreover, surface elasticity essentially enriched a picture of
surface waves, see Eremeyev (2024), Eremeyev, Rosi, and Naili (2016), Eremeyev et al. (2020), Jia, Zhang, Zhang, Feng, and Gu
(2018), Mikhasev, Botogova, and Eremeyev (2021, 2022), Mikhasev, Erbaş, and Eremeyev (2023), Rosi, Placidi, Nguyen, and Naili
(2017), Steigmann and Ogden (2007) and the references therein. The problem becomes more complex for thin microstructured
anisotropic coatings such ones used for manufacturing of metasurfaces of different kind. In fact, such coatings as self-cleaned and
super oleo- and hydrophobic surfaces have rather complicated microstructure (Bhushan, Jung, & Koch, 2009; Chen, Taylor, & Yu,
2016; Holloway, Kuester, Gordon, O’Hara, Booth et al., 2012). Considering microstructured thin coatings one can use a boundary
homogenisation technique similar to homogenisation in 3D. In other words, one can replace a thin surface/interface layer of finite
thickness by 2D constitutive equations of the surface elasticity. Some examples of such a technique can be found in Eremeyev
(2016), where the Gurtin–Murdoch model was used as the effective medium. Boundary homogenisation techniques have also been
shown to be effective in capturing such complex behaviour in other cases, see Bernoff, Lindsay, and Schmidt (2018), Grebenkov
and Skvortsov (2023), Plunkett and Lawley (2024).

Motivated by hyperbolic metasurfaces the model of strongly anisotropic surface elasticity was proposed recently in Eremeyev
(2019). A hyperbolic metasurface can be considered as a coating made of array of ordered parallel to each other ribs (nanobars)
attached to a solid surface (High et al., 2015; Ji et al., 2014; Li et al., 2018; Schwan & Boutin, 2013). From the physical point
of view the model (Eremeyev, 2019) describes finite deformations of an elastic solid body with attached on its surface an elastic
membrane reinforced by elastic beams. As a result, the introduced surface strain energy inherits bending stiffness of the beams elastic
stiffness of the membrane, so it takes into account stretching and bending. But the latter relates to bending along beams. For small
deformations we have four elastic moduli. Analysing the anti-plane surface waves with this model we derived specific dispersion
relations which are highly sensitive to values of elastic moduli. Let us note that the model (Eremeyev, 2019) was introduced within
so-called direct approach. In fact, motivated by observed microstructure of hyperbolic metasurfaces the form of the surface strain
energy was postulated as a constitutive relation for 2D elastic continuum.

The aim of this paper is discuss the behaviour of solids with microstructured coatings of finite thickness similar to reinforced
elastic membranes and to determine their effective elastic properties. The paper is organised as follows. First, following (Eremeyev,
2019) we briefly recall the basic equations of the strongly anisotropic elasticity in Section 2. For simplicity we restrict ourselves by
infinitesimal deformations. In Section 3 we consider anti-plane deformations. In Section 4 we introduce the corresponding 3D model
of a coating of finite thickness and describe the calculation technique. Here we analyse the dispersion relations for both models.
Comparing these relations we obtain the effective elastic surface moduli.

2. Basic equations of the strongly anisotropic surface elasticity

Following (Eremeyev, 2019), let us briefly recall the basic equations of the model, derived using variational modelling based on
the least action principle (Eremeyev, 2019). This means that the equations of motion and boundary conditions are obtained from
the minimisation of the action functional, i.e. the integral of the difference between the kinetic energy and potential energy. As was
mentioned in Introduction, the strongly anisotropic surface elasticity was motivated by some metasurfaces. Schematic representation
of a solid body with such a surface is given in Fig. 1. It consists of a system of almost parallel interacting ribs (fibres). From the
mechanical point of view, the solid could be treated as a system of elastic beams connected via elastic bonds modelled as elastic
prings. Obviously, there is a preferable direction along beams which can be parameterised using a surface unit vector 𝜏 with 𝜏 ⋅𝑛 = 0,

where 𝑛 is a normal unit vector to the surface. Such a coating could be treated as an elastic membrane reinforced by elastic fibres.
This membrane has no bending stiffness related to the bending in the plane orthogonal to 𝜏.

For simplicity we restrict ourselves by infinitesimal deformations of an isotropic in the bulk elastic solid. So the kinematics is
escribed through a displacement vector field given by

𝑢 = 𝑢(𝑥, 𝑡), (1)

where 𝑥 is the position vector and 𝑡 is time. In the bulk, we have the Hooke law and the second-order tensor of infinitesimal strains
efined by

𝜎 = 𝜆 (Tr 𝑒) 𝐼 + 2𝜇 𝑒, 𝑒 = 1 (

∇𝑢 + (∇𝑢)𝑇
)

, (2)
2

2
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Fig. 1. Illustration of a microstructured coating (metasurface).

where 𝜆 and 𝜇 are the Lamé moduli, Tr is the trace operator, 𝐼 is the 3D unit second-order tensor, 𝜎 and 𝑒 are the second-order
tensors of stress and strain, respectively. The 3D nabla-operator ∇ allows to define the gradient and divergence operators denoted

and ∇⋅ respectively. The equation of motion takes the form

𝜇∇ ⋅ ∇𝑢 + (𝜆 + 𝜇)∇∇ ⋅ 𝑢 = 𝜌 𝑢̈, (3)

where 𝜌 is mass density of the solid and the overdot stands for the derivative with respect to 𝑡.
In addition to constitutive relations in the bulk, we introduce the surface strain energy density 𝑊𝑠 as follows (Eremeyev, 2019)

𝑊𝑠 =𝐾1 Tr(𝜖2) +
1
2
𝐾2(Tr 𝜖)2 +

1
2
𝐾3(𝜏 ⋅ 𝜖 ⋅ 𝜏)2 +

1
2
𝐾4(𝜏 ⋅ 𝜖 ⋅ 𝜏)(Tr 𝜖)

+ 1
2
𝐾𝑏

[

𝜏 × (𝜏 ⋅ ∇𝑠)(𝜏 ⋅ ∇𝑠)𝑢
]

⋅
[

𝜏 × (𝜏 ⋅ ∇𝑠)(𝜏 ⋅ ∇𝑠)𝑢
]

, (4)

where 𝐾1 and 𝐾2 are the surface Lamé moduli as in the linear Gurtin–Murdoch surface elasticity, 𝐾3 and 𝐾3 relate to fibre
reinforcement, 𝐾𝑏 is the higher order elastic modulus related to bending stiffness of fibres, and × is the cross product. In addition,
𝜖 is the second-order tensor of surface strain given by

𝜖 = 1
2

(

∇𝑠𝑢 ⋅ 𝐴 + 𝐴 ⋅ (∇𝑠𝑢)𝑇
)

,

where 𝐴 = 𝐼 − 𝑛 ⊗ 𝑛 is the second-order tensor of perpendicular projection onto the tangent plan to the surface, ∇𝑠 = 𝐴 ⋅ ∇ is the
surface gradient operator, and ⊗ is the dyadic product. The first line of Eq. (4) coincides with two-dimensional constitutive relations
of fibre reinforced materials, see Smith (1994), Spencer (1984), whereas the last term describes bending energy contribution.

Eq. (4) results in the following surface stresses and hyperstresses respectively:

𝑆 =
𝜕𝑊𝑠
𝜕𝜖

= 2𝐾1 𝜖 +
(

𝐾2 (Tr 𝜖) +𝐾4 𝜏 ⋅ 𝜖 ⋅ 𝜏
)

𝐴

+
(

𝐾3 𝜏 ⋅ 𝜖 ⋅ 𝜏 +𝐾4(Tr 𝜖)
)

𝜏 ⊗ 𝜏, (5)

𝑀 =
𝜕𝑊𝑠

𝜕∇𝑠∇𝑠𝑢
= 𝐾𝑏 𝜏 ⊗ 𝜏 ⊗

(

𝜏 ×
[

(𝜏 ⊗ 𝜏) ∶ ∇𝑠∇𝑠𝑢
])

× 𝜏. (6)

The corresponding boundary conditions for a smooth surface, they are given by the formula

𝜎 ⋅ 𝑛 = ∇𝑠 ⋅ 𝑆 − ∇𝑠 ⋅ (∇𝑠 ⋅𝑀) − 2𝐻 𝑛 ⋅ (∇𝑠 ⋅𝑀) − 𝑚𝑥̈, (7)

where 𝑚 is surface mass density and the scalar 𝐻 = −1∕2∇𝑠 ⋅ 𝑛 is the mean curvature of the surface where the surface stresses
act. Eq. (7) plays a role of the generalised Laplace–Young equation. These boundary conditions represent the coupling between the
bulk substrate and the coating. The right hand of Eq. (7) is composed by four terms: the first one includes the contribution from
membrane-like behaviour (both in shear and traction), the second and third one include the bending-like behaviour induced mainly
by the stiff fibres, while the last one is an inertial term.

Note that (4) is an example of so-called surface strain gradient elasticity with a surface strain energy also dependent of gradient
of strain:

𝑊𝑠 = 𝑊𝑠(𝜖,∇𝑠∇𝑠𝑢). (8)

Even more complex cases were discussed in Eremeyev, Lebedev, and Cloud (2021), Rodriguez (2024).

3. Anti-plane motions

The basic equations discussed previously can be significantly simplified in the case of anti-plane deformations. Here, the motions
are assumed in the following form (Achenbach, 1973)

𝑢 = 𝑢(𝑥 , 𝑥 , 𝑡) 𝑒 , (9)
3

1 3 2
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where (𝑥1, 𝑥2, 𝑥3) are Cartesian coordinates in the orthonormal basis (𝑒1, 𝑒2, 𝑒3). In the following, we consider the half-space 𝑥3 ≤ 0,
o the external normal 𝑛 coincides with 𝑒3 whereas 𝜏 = 𝑒2.

Hereinafter, for brevity, we use the following notations for spatial derivatives: 𝜕1 = 𝜕∕𝜕𝑥1, 𝜕3 = 𝜕∕𝜕𝑥3. From Eq. (9), we have
hat

∇𝑢 =
(

𝜕1𝑢 𝑒1 + 𝜕3𝑢 𝑒3
)

⊗ 𝑒2, ∇𝑠𝑢 = 𝜕1(𝑢2 𝑒1 ⊗ 𝑒2),

∇𝑠∇𝑠𝑢 = 𝜕21𝑢 (𝑒1 ⊗ 𝑒1 ⊗ 𝑒2),

𝜎 = 𝜇
[

𝜕1𝑢 (𝑒1 ⊗ 𝑒2 + 𝑒2 ⊗ 𝑒1) + 𝜕3𝑢 (𝑒2 ⊗ 𝑒3 + 𝑒3 ⊗ 𝑒2)
]

,

𝑆 = 𝐾1 𝜕1𝑢 (𝑒1 ⊗ 𝑒2 + 𝑒2 ⊗ 𝑒1), 𝑀 = 𝐾𝑏 𝜕
2
1𝑢 (𝑒1 ⊗ 𝑒1 ⊗ 𝑒2).

(10)

Using (9) and (10), the equation of motion (3) reduces to the wave equation given by

𝜇 (𝜕21 + 𝜕23 ) 𝑢 = 𝜌 𝑢̈, (11)

whereas the boundary conditions (7) take the form (Eremeyev, 2019)

𝜇 𝜕3𝑢 = −𝑚 𝑢̈ +𝐾1 𝜕
2
1𝑢 −𝐾𝑏 𝜕

4
1𝑢. (12)

Assuming a steady state condition and looking for solution of (11) in the form

𝑢 = 𝑈 (𝑥1, 𝑥3) exp(𝑖𝜔𝑡), (13)

here 𝜔 is a circular frequency, 𝑖 is the imaginary unit, and 𝑈 is an amplitude, we obtain that Eremeyev (2019)

𝑈 = 𝑈0 exp(𝜘𝑥3) exp(𝑖𝑘𝑥1), (14)

where

𝜘 = 𝜘(𝑘, 𝜔) ≡
√

𝑘2 − 𝜔2

𝑐2𝑇
, 𝑐𝑇 =

√

𝜇
𝜌
,

𝑘 is a wavenumber, 𝑐𝑇 is the phase velocity of transverse waves in the bulk, and 𝑈0 is a constant. Here, 𝑘 and 𝜔 are related to each
other through the dispersion relation

𝜇 𝜘(𝑘, 𝜔) = 𝑚𝜔2 −𝐾1 𝑘
2 +𝐾𝑏 𝑘

4. (15)

We transform Eq. (15) into

𝑐2 = 𝑐2𝑠 + 𝑐2𝑏𝑘
2 +

𝜇
𝑚

1
|𝑘|

√

1 − 𝑐2

𝑐2𝑇
, (16)

where 𝑐𝑠 =
√

𝐾1∕𝑚 is the surface shear wave velocity within the Gurtin–Murdoch model (Eremeyev et al., 2016), 𝑐𝑏 =
√

𝐾𝑏∕𝑚 is a
bending phase velocity coefficient (bending phase velocity is 𝑘 𝑐𝑏) and 𝑐 = 𝜔∕𝑘 the phase velocity of the surface wave.

4. 3D finite element numerical validation

In order to evaluate the dispersion for surface waves in a material with fibre coating, a 3D numerical calculation using the
finite element method has been developed. The geometry is illustrated in Fig. 2. Given the periodicity of the structure, only a
representative unit cell is used in the numerical simulations. Bloch–Floquet periodic boundary conditions have been imposed on the
lateral boundaries, free conditions on the upper boundary while the lower boundary is fixed.

The stiffer fibres have a width of ℎ𝑓 , a thickness of 𝐻𝑓 and are separated by a layer of filling material of with ℎ𝑠. This means that
the width 𝐿 = ℎ𝑓+ℎ𝑠 of the unit cell is imposed by the periodicity of the fibre arrangement. As the wave propagates towards direction
𝑒1, the length 𝑎 is related to the maximum achievable wavenumber, defined as 𝑘𝑚𝑎𝑥 = 2𝜋∕𝑎. The thickness 𝐻 of the substrate is
chosen sufficiently large to ensure a proper exponential decay of the solution, which has the form of Eq. (14), thus matching the fixed
boundary condition. The problem is solved using the commercial software Comsol Multiphysics. A wavenumber 𝑘𝑖 with 𝑖 ∈ [1, 𝑁𝑝]
is imposed and the eigenfrequencies of the system are calculated, where 𝑁𝑝 is positive integer. Among all the computed modes,
nti-plane surface modes are selected by taking into only the eigenvectors in the form of Eq. (14) and the corresponding frequency
s noted 𝜔𝑖. Finally, the phase velocity of the surface wave is computed considering that

𝑐𝐹𝐸𝑀 (𝑘𝑖) =
𝜔𝑖
𝑘𝑖

.

In terms of material properties, three different materials are used (see Table 1):
The geometric features of the solid are ℎ𝑓 = 50 μm, ℎ𝑠 = 50 μm, 𝑎 = 25 μm. The phase velocity of shear waves in the substrate is

𝑇 = 3121.95 m∕s. For the considered geometry features and material properties, the surface mass density 𝑚 can me computed as

𝑚 =
𝜌1ℎ𝑓 + 𝜌2ℎ𝑠𝐻𝑓 .
4

ℎ𝑓 + ℎ𝑠
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Fig. 2. Illustration of the 3D model.

Table 1
Material properties of the considered coated half-space for 𝑗 = 1, 3.
Material Young’s Poisson’s Mass density

modulus (𝐸𝑗 [GPa]) ratio (𝜈𝑗 [–]) (𝜌𝑗 [kg/m3])

Fibre (Material 1) 105 0.33 4900
Filling (Material 2) 50 0.3 2000
Substrate (Material 3) 70 0.33 2700

Table 2
Material properties of the surface elasticity model.
𝐻𝑓 [μm] 𝑚 [kg/m2] 𝐾𝑏 [Pa m4] 𝐾1 [MPa m] 𝑐𝑏 [m2/s] 𝑐𝑠 [m/s]

50 0.175 3.679 × 10−6 1.273 4.618 × 10−3 2716.44
100 0.345 12.14 × 10−6 2.522 5.931 × 10−3 2703.75
300 1.035 46.34 × 10−6 7.593 6.691 × 10−3 2708.61
500 1.725 76.56 × 10−6 12.73 6.662 × 10−3 2716.23

The other parameters of the surface model have been computed by solving the following minimisation problem:

(𝑐𝑠, 𝑐𝑏) = argmin
𝑐𝑠 ,𝑐𝑏

𝑓 (𝑐𝑠, 𝑐𝑏) = argmin
𝑐𝑠 ,𝑐𝑏

𝑁𝑝
∑

𝑖=1

(

𝑐(𝑘𝑖) − 𝑐𝐹𝐸𝑀 (𝑘𝑖)
)2 ,

where argmin is defined as the set of values of {𝑐𝑠, 𝑐𝑏} for which the minimum of 𝑓 (𝑐𝑠, 𝑐𝑏) is attained.
In order to test the robustness of the model, a parametric study with respect to the thickness 𝐻𝑓 has been performed, and the

minimisation procedure leads to the following parameters for the surface model (see Table 2):
In Fig. 3, the results for phase velocity are presented. The markers are related to the numerical solution, the solid line corresponds

to the solutions computed with the proposed surface model, while the dashed lines correspond to the classic Gurtin–Murdoch model.
It can be remarked that the proposed model fits very well the numerical solution for all the considered values of 𝐻𝑓 , and as expected,
the model is slightly less accurate when the thickness of the coating increases.

For each value of 𝐻𝑓 , the solutions share the same behaviour. For low values of the wavenumber, phase velocity tends to 𝑐𝑇 ,
i.e. phase velocity in the bulk material of the half-space. As expected, when wavenumber increases, the phase velocity decreases
following the solution provided by the Gurtin–Murdoch model. However, instead of converging to the asymptotic value 𝑐𝑠, it starts
increasing and tends to the asymptotic value 𝑘 𝑐𝑏 up to the value 𝑐𝑇 , as shown in Eremeyev (2019). This can be explained by the
dispersive behaviour of the architectured coating that becomes dominant as the penetration of the wave inside the material gets
smaller. Indeed, for high values of frequency the waves as almost confined within the coating, and the bending behaviour becomes
dominant.

5. Conclusions

We have demonstrated that microstructured coatings of finite thickness can be modelled using properly modified surface
elasticity, i.e. replacing 3D surface layer by a material surface. Let us note that for anti-plane motions there is no difference between
5
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Fig. 3. Normalised phase velocity 𝑐∕𝑐𝑇 as function of the normalised wavenumber 𝑘 𝑎.

the Gurtin–Murdoch and Steigmann–Ogden models. When comparing to a FEM simulation (see Fig. 3), these models have been
shown to capture correctly the behaviour up to a certain value of the normalised wavenumber. When this value increases, the
solution phase velocity of surface waves starts increasing, due to the dispersive behaviour of the coating, while the solution given
by Gurtin–Murdoch and Steigmann–Ogden models converges to the value of the shear wave velocity in the bulk. In this regime, the
model proposed in Eremeyev (2019), that includes a more general form of constitutive surface strain energy, correctly fits the FEM
solution. It is worth to underline that the model (Eremeyev, 2019) includes rather simple form of the surface kinetic energy. In fact,
there the rotary inertia or microinertia was not taken into account, see the recent discussion about microinertia by Eremeyev and
Elishakoff (2024). Despite of its relative simplicity this 2D model fits quite good the results of exact 3D calculations. To correctly
capture wave propagation in a more general context, further studies involving strain gradient surface elasticity with more complex
constitutive Eqs. (8) could be necessary.

The obtained values of an surface elastic moduli can be also implemented for further modelling within finite element method of
solids with surface stresses as in He and Park (2018), Javili and Steinmann (2010), Yvonnet, Quang, and He (2008).
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