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Dynamic polarizability of the relativistic hydrogenlike atom: Application of the Sturmian
expansion of the Dirac-Coulomb Green function

Radosław Szmytkowski*
Atomic Physics Division, Department of Atomic Physics and Luminescence, Faculty of Applied Physics and Mathematics

Technical University of Gdan´sk, Narutowicza 11/12, PL 80-952 Gdan´sk, Poland
~Received 25 May 2001; published 11 December 2001!

We utilize the Sturmian expansion of the Dirac-Coulomb Green function@R. Szmytkowski, J. Phys. B30,
825 ~1997!# to obtain components of the dynamic dipole polarizability tensor of the relativistic hydrogenlike
atom in the ground state. It is found that the tensor may be expressed in terms of two independent quantities:
a scalar polarizability and a vector polarizability, the latter being of the relativistic origin. In the static and
nonrelativistic limits the previously known expressions for the scalar polarizability are recovered.
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I. INTRODUCTION

A problem of deriving an analytical expression for a sc
lar dynamic dipole polarizability of a nonrelativistic hydro
genlike atom in a ground state was considered in a numbe
publications@1–20#. Below a one-photon ionization thresh
old, with some effort, all available expressions may be tra
formed to the form

as~v!5as
(1)~v!1as

(2)~v!, ~1.1!

with

as
(6)~v!5

a0
3

Z4

29~jnr
(6)!7

~jnr
(6)11!12 (

n50

` S n13

n D
3

~n1222jnr
(6)!2

n122jnr
(6) S jnr

(6)21

jnr
(6)11

D 2n22

, ~1.2!

whereZ is a nuclear charge~a pointlike and spinless nucleu
is assumed!, a05\2/me2 is the Bohr radius,

jnr
(6)5

Z

lnr
(6)a0

, ~1.3!

and

lnr
(6)5A2

2m~Enr
(0)6\v!

\2
, Enr

(0)52
Z2e2

2a0
. ~1.4!

The representation~1.2! of as
(6)(v) is particularly conve-

nient for computational purposes and approximate manip
tions. It is most easily obtained by utilizing a Sturmian e
pansion of the Schro¨dinger-Coulomb Green function foun
by Hostler@21#.

The validity of the formula~1.2! is restricted to low-Z
hydrogenlike atoms. For multiply charged one-electron
oms this expression should be replaced by its counter
derived within the framework of the relativistic atomic phy
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ics based on the Dirac equation. Relativistic formulas
as

(6)(v) were obtained by Zapryagaev@22#, Florescuet al.
@23#, Pachucki@24,25#, and Le Anh Thuet al. @26# ~who
used an oscillator representation of the Dirac-Coulo
Green function!. However, Zapryagaev’s work is not acce
sible while the formulas presented in Refs.@23–26# seem not
to be direct analogues of Eq.~1.2!. It is the purpose of the
present paper to derive such an analogue. We obtain als
expression for the vector polarizability of the ground state
a relativistic one-electron atom. In calculations, we make
of the Sturmian expansion of the Dirac-Coulomb Gre
function constructed by us some time ago@27,28#.

II. THE RELATIVISTIC HYDROGENLIKE ATOM IN AN
EXTERNAL HARMONICALLY OSCILLATING

ELECTRIC FIELD

Consider a hydrogenlike atom with an infinitely hea
pointlike and spinless nucleus of charge1Ze placed in an
external homogeneous linearly polarized electric field os
lating harmonically with amplitudeF and frequencyv. The
time-dependent Dirac equation describing the dynamics
an atomic electron is

F2 ic\a•“1bmc22
Ze2

r
1er•F cos~vt !2 i\

]

]t GC~r ,t !

50, ~2.1!

with boundary conditions

rC~r ,t ! →
r→0

0, rC~r ,t ! →
r→`

0. ~2.2!

We shall assume that in the remote past, when the field
being switched on, the atom was in its ground state cha
terized by the radial quantum numbern50, the combined
angular momentum and parity quantum numberk521 and
the total angular momentum projection quantum numberM
56 1

2 ~the quantization axis coincides with the direction
F). If the oscillating electric field is weak and causes only
small perturbation of an initial atomic state, we may seek
approximation to an exact solution of the problem~2.1! and
~2.2! in the form
©2001 The American Physical Society03-1
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C~r ,t !.C (0)~r ,t !1C (1)~r ,t !, ~2.3!

whereC (0)(r ,t), obeying

F2 ic\a•“1bmc22
Ze2

r
2 i\

]

]t GC (0)~r ,t !50,

~2.4!

rC (0)~r ,t ! →
r→0

0, rC (0)~r ,t ! →
r→`

0, ~2.5!

is the time-dependent wave function of the ground state
the isolated atom. It is given by

C (0)~r ,t !5c (0)~r !exp~2 iv (0)t ! ~2.6!

with

c (0)~r !5
1

r S P(0)~r !V21M~nr !

iQ (0)~r !V11M~nr !
D , ~2.7!

whereV6km(nr), with nr5r /r , are spherical spinors and th
radial functionsP(0)(r ) andQ(0)(r ) are

P(0)~r !52AZ

a0

11g1

G~2g111!S 2Zr

a0
D g1

exp~2Zr/a0!,

~2.8!

Q(0)~r !5AZ

a0

12g1

G~2g111!S 2Zr

a0
D g1

exp~2Zr/a0!.

~2.9!

Here

\v (0)5mc2g1 , ~2.10!

is the total energy of the ground state of the isolated a
and

gk5Ak22~aZ!2, ~2.11!

wherea5e2/c\ ~not to be confused with the Dirac vecto
matrix a) denotes the Sommerfeld’s fine structure consta

To find the first-order correctionC (1)(r ,t), we substitute
Eq. ~2.3! into the Dirac equation~2.1!. Utilizing then Eq.
~2.4! and retaining only first-order terms, we find the follow
ing differential equation satisfied byC (1)(r ,t)

F2 ic\a•“1bmc22
Ze2

r
2 i\

]

]t GC (1)~r,t !

52er•FC (0)~r ,t !cos~vt !, ~2.12!

and the appropriate boundary conditions

rC (1)~r ,t ! →
r→0

0, rC (1)~r ,t ! →
r→`

0. ~2.13!

On utilizing Eq.~2.6!, Eq. ~2.12! may be equivalently rewrit-
ten as
01250
f

m

t.

F2 ic\a•“1bmc22
Ze2

r
2 i\

]

]t GC (1)~r ,t !

52
1

2
er•Fc (0)~r !exp~2 iv (1)t !

2
1

2
er•Fc (0)~r !exp~2 iv (2)t !, ~2.14!

where

v (6)5v (0)6v. ~2.15!

The particular form of the time-dependence of the right-ha
side of Eq.~2.14! suggests that we should seek solutions
this equation in the form

C (1)~r ,t !5 1
2 c (1)~r !exp~2 iv (1)t !

1 1
2 c (2)~r !exp~2 iv (2)t !, ~2.16!

where the functions c (6)(r ) satisfy inhomogeneous
boundary-value problems

F2 ic\a•“1bmc22
Ze2

r
2E(6)Gc (6)~r !52er•Fc (0)~r !,

~2.17!

rc (6)~r ! →
r→0

0, rc (6)~r ! →
r→`

0. ~2.18!

ProvidedE(6)5\v (6) do not coincide with any of eigenen
ergies of the isolated relativistic hydrogenlike atom, tim
independent boundary-value problems~2.17! and~2.18! may
be solved by using the standard technique of Green funct
@29,30#. One finds

c (6)~r !52eF•E
R3

d3r 8G (6)~r ,r 8!r 8c (0)~r 8!,

~2.19!

with

G (6)~r ,r 8!5G~E(6),r ,r 8!, ~2.20!

whereG(E,r ,r 8) is the Dirac-Coulomb Green function sati
fying the differential equation

F2 ic\a•“1bmc22
Ze2

r
2EGG~E,r ,r 8!

5Id (3)~r2r 8! @ uEu,mc2#, ~2.21!

~hereI is the unit 434 matrix! with the boundary conditions
(r 8 fixed!

rG~E,r ,r 8! →
r→0

0, rG~E,r ,r 8! →
r→`

0. ~2.22!
3-2
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III. THE DYNAMIC POLARIZABILITY TENSOR FOR
THE GROUND STATE OF THE RELATIVISTIC

HYDROGENLIKE ATOM

The dynamic polarizability tensorA(v) is defined
through the relationship

p(1)~ t !5Re$A~v!•F exp~2 ivt !%, ~3.1!

where

p(1)~ t !52 ReE
R3

d3r C (0)†~r ,t !~2er !C (1)~r ,t ! ~3.2!

is an inducedelectric dipole moment of the atom in the pe
turbed state~2.3!. From Eqs.~3.1! and ~3.2!, on making use
of Eqs.~2.6!, ~2.16!, and~2.19!, we obtain

A~v!5A(1)~v!1A(2)* ~v!, ~3.3!

where

A(6)~v!5e2E
R3

d3rE
R3

d3r 8c (0)†~r !rG (6)~r ,r 8!r 8c (0)~r 8!.

~3.4!

From now on, we shall work with components of the tens
A(6)(v) in a complex spherical basis$eq%, q50,61, ortho-
normal in the sense of

eq* •eq85dqq8 , ~3.5!

and related to the Cartesian basis$nQ%, Q5x,y,z, through

eq52
1

A2
q~nx1 iqny!1~12uqu!nz . ~3.6!

With this basis, which, as we shall see soon, is particula
suitable for the present purposes, we have

A(6)~v!5(
qq8

aqq8
(6)

~v!eq* eq8 , ~3.7!

where

aqq8
(6)

~v!5e2E
R3

d3rE
R3

d3r 8c (0)†~r !

3eq•rG (6)~r ,r 8!eq8
* •r 8c (0)~r 8!. ~3.8!

To evaluate the double integral in Eq.~3.8!, we shall em-
ploy the following Sturmian expansion of the Dirac
Coulomb Green function foruEu,mc2 found in Refs.
@27,28#:

G~E,r,r8!5e22 (
n52`

`

(
k52`
(kÞ0)

`

(
m52uku11/2

uku21/2
1

mnk~«!21

3Fnkm~E,r!Fnkm
† ~E,r8!Unk~«!, ~3.9!

where
01250
s

ly

mnk~«!5«
unu1gk1Nnk

aZ
52«

aZ

unu1gk2Nnk
,

~3.10!

and

Fnkm~E,r!5
1

r S Snk~«,2lr !Vkm~nr !

iTnk~«,2lr !V2km~nr !
D , ~3.11!

with

Snk~«,2lr !5A a~ unu12gk!unu!
2«Nnk~Nnk2k!G~ unu12gk!

3~2lr !gke2lrFL unu21
(2gk)

~2lr !

1
k2Nnk

unu12gk
L unu

(2gk)
~2lr !G , ~3.12!

Tnk~«,2lr !5A a«~ unu12gk!unu!
2Nnk~Nnk2k!G~ unu12gk!

3~2lr !gke2lrFL unu21
(2gk)

~2lr !

2
k2Nnk

unu12gk
L unu

(2gk)
~2lr !G . ~3.13!

Heren is a ~positive, negative, or zero! integer radial quan-
tum number,

Nnk56A~ unu1gk!21~aZ!256Aunu212unugk1k2

~3.14!

is the ‘‘apparent principal quantum number’’~notice that it
may assume positive or negative values!,

l[l~E!5
A~mc22E!~mc21E!

c\
, ~3.15!

«[«~E!5Amc22E

mc21E
, ~3.16!

andUnk(«) is a 434 matrix defined as

Unk~«!5S mnk~«!I O

O I D , ~3.17!

where I and O are the 232 unit and null matrices, respec
tively. In Eq. ~3.14! the upper sign should be chosen f
n.0 and the lower one forn,0. For n50 one should
choose the upper sign ifk,0 and the lower one ifk.0.

On substituting the expansion~3.9! to Eq. ~3.8! and uti-
lizing Eqs.~2.7! and ~3.11!, we find

aqq8
(6)

~v!5 (
nkm

d1q~km,21M !d1q8~km,21M !
I nk

(6)Jnk
(6)

mnk
(6)21

,

~3.18!
3-3
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where the real coefficientsdkq(km,k8m8) are defined by

dkq~km,k8m8!

5A 4p

2k11 R
4p

d2nr Vk8m8
†

~nr !Ykq~nr !Vkm~nr !,

~3.19!

and we have designated

mnk
(6)5mnk~« (6)!, ~3.20!

I nk
(6)5E

0

`

dr r @P(0)~r !Snk
(6)~r !1Q(0)~r !Tnk

(6)~r !#,

~3.21!

Jnk
(6)5E

0

`

dr r @mnk
(6)P(0)~r !Snk

(6)~r !1Q(0)~r !Tnk
(6)~r !#,

~3.22!

with

Snk
(6)~r !5Snk~« (6),2l (6)r !, ~3.23!

Tnk
(6)~r !5Tnk~« (6),2l (6)r !, ~3.24!

and

l (6)5l~E(6)!, « (6)5«~E(6)!. ~3.25!

The coefficient ~3.19! may be conveniently expressed
terms of Wigner’s 3j coefficients in the following way:

dkq~km,k8m8!5~21!m811/2A~2 j 11!~2 j 811!

3S j 8 k j

1

2
0 2

1

2
D

3S j 8 k j

2m8 q mDp~ l ,l 8,k!, ~3.26!

where

p~ l ,l 8,k!5H 1 for l 1 l 81k even,

0 for l 1 l 81k odd.
~3.27!

Deriving Eq. ~3.18!, we have made use of the symmet
properties

~21!qdk,2q~k8m8,km!5dkq~km,k8m8!, ~3.28!
01250
dkq~2km,2k8m8!5dkq~km,k8m8!, ~3.29!

which follow immediately from Eq.~3.26!. Due to selection
rules obeyed by the Wigner’s 3j coefficients, we find that

(
m

d1q~km,21M !d1q8~km,21M !;dqq8 , ~3.30!

hence, it follows that in the basis chosen the tensorsA(6)(v)
are diagonal. Their elements are

aqq8
(6)

~v!5@~ 1
9 D11

(6)1 2
9 D22

(6)!

1qM~ 2
9 D11

(6)2 2
9 D22

(6)!#dqq8 , ~3.31!

where

Dk
(6)5 (

n52`

` I nk
(6)Jnk

(6)

mnk
(6)21

. ~3.32!

Having found components ofA(6)(v) in the spherical
basis, we consider their Cartesian components. Becaus
the relation~3.6!, we have

aQQ8
(6)

~v!5as
(6)~v!dQQ81 iM av

(6)~v!«QQ8z ,
~3.33!

where

as
(6)~v!5 1

3 Tr A(6)~v!5 1
9 D11

(6)1 2
9 D22

(6) , ~3.34!

av
(6)~v!5 2

9 D11
(6)2 2

9 D22
(6) , ~3.35!

and « i jk is the Levi-Civita symbol. Hence, for Cartesia
components of the dynamic polarizability tensorA(v) we
obtain

aQQ8~v!5as~v!dQQ81 iM av~v!«QQ8z . ~3.36!

The coefficients

as~v!5as
(1)~v!1as

(2)~v!, ~3.37!

and

av~v!5av
(1)~v!2av

(2)~v!, ~3.38!

are, respectively, the scalar and the vector polarizabilities
the ground state of the one-electron atom.

To proceed further, we have to evaluate the integralsI nk
(6)

andJnk
(6) . On substituting the explicit forms~3.12! and~3.13!

of the radial Sturmians to Eqs.~3.21! and ~3.22!, and per-
forming integrations with the aid of the formula@31#
E
0

`

dx xge2x/tLn
(a)~x!5

G~g11!G~a1n11!

n!G~a11!
t 2
g11 F1~2n,g11;a11;t !, ~3.39!

we obtain
3-4
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I nk
(6)5Aa0

3

Z5

22gk12g121~g111!G~ unu12gk11!@G~gk1g112!#2

a« (6)unu!Nnk~Nnk2k!G~2g111!@G~2gk11!#2

~j (6)!g112

~j (6)11!gk1g112

3@ unu@« (6)~12g1!2aZ#Fk
(6)~2unu11!1~Nnk2k!@« (6)~12g1!1aZ#Fk

(6)~2unu!#, ~3.40!

Jnk
(6)5Aa0

3

Z5

« (6)22gk12g121~g111!G~ unu12gk11!@G~gk1g112!#2

aunu!Nnk~Nnk2k!G~2g111!@G~2gk11!#2

~j (6)!g112

~j (6)11!gk1g112

3@2unu~Nnk1unu1gk1g121!Fk
(6)~2unu11!1~Nnk2k!~Nnk1unu1gk2g111!Fk

(6)~2unu!#, ~3.41!
where

Fk
(6)~2k!5 2F1S 2k,gk1g112;2gk11;

2

j (6)11
D ,

~3.42!

and

j (6)5
Z

l (6)a0

. ~3.43!

In the case ofk511, Eqs. ~3.40! and ~3.41! may be
simplified if one makes use of the contiguous relation@31#
01250
g~g11! 2F1~a,b;g;z!5g~g11! 2F1~a,b;g11;z!

1abz2F1~a11,b11;g12;z!,

~3.44!

and the identity@31#

2F1~2k,a;a;z!5~12z!k @kPN#. ~3.45!

This yields
I n1
(6)5Aa0

3

Z5

24g121~g111!G~ unu12g111!

a« (6)unu!Nn1~Nn121!G~2g111!

~j (6)!g112

~j (6)11!2g114 S j (6)21

j (6)11
D unu22

3$unu@« (6)~12g1!2aZ#~j (6)11!

3@~2g111!j (6)2~2unu12g121!#1~Nn121!@« (6)~12g1!1aZ#~j (6)21!@~2g111!j (6)2~2unu12g111!#%,

~3.46!

Jn1
(6)5Aa0

3

Z5

« (6)24g113unu~g111!G~ unu12g111!

a~ unu21!!Nn1~Nn121!G~2g111!

~j (6)!g112

~j (6)11!2g114 S j (6)21

j (6)11
D unu22

3~Nn11unu12g121!@ unu1g12j (6)~g111!#, ~3.47!

~notice thatJ01
(6)50), hence, collecting terms with the sameunu, one arrives at

D11
(6)5

a0
3

Z4
24g113~g111!~2g111!

aZ

« (6) F12S « (6)~12g1!

aZ D 2G ~j (6)!2g114

~j (6)11!4g118

3 (
n51

` S n12g1

n21 D @n1g12j (6)~g111!#2

n1g12j (6)1aZ« (6) S j (6)21

j (6)11
D 2n24

. ~3.48!
x
re

eri-
-

In principle, on collecting terms with the sameunu, it is
possible to transform the series

D22
(6)5 (

n52`

` I n,22
(6) Jn,22

(6)

mn,22
(6) 21

, ~3.49!
obtained by substituting Eqs.~3.40! and ~3.41! with k5
22 to Eq. ~3.32!, to a series in which a summation inde
runs from 0 to`. We do not present the latter series he
since, due to a complicated form of its summand, in num
cal computations ofD22

(6) it does not offer any actual advan
tages over the series~3.49!.
3-5
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A plot of the scalar dynamic polarizability for a one
electron atom withZ550 is presented in Fig. 1 in a reso
nance region corresponding to the transitions 11/2
→2p1/2,3/2, where relativistic effects are most pronounce
The most distinguished feature of the scalar relativistic

FIG. 1. Plots of relativistic~solid! and nonrelativistic~dashed!
scalar dynamic polarizabilities for a one-electron atom of nucl
chargeZ550. v2p is a resonant frequency for the nonrelativis
transition 1s→2p while v2p1/2

and v2p3/2
are resonant frequencie

for the relativistic transitions 1s1/2→2p1/2 and 1s1/2→2p3/2, respec-
tively. Due to the relativistic shift and the fine-structure splitting
energy levels, it holdsv2p,v2p1/2

,v2p3/2
.

01250
.
-

larizability is an additional~compared with the nonrelativis
tic one! branch located between resonant frequenciesv2p1/2

andv2p3/2
.

IV. THE STATIC AND NONRELATIVISTIC LIMITS

A. The static limit

In the static limit (v→0) that corresponds to

« (6) →
v→0A12g1

11g1
5

aZ

g111
, j (6) →

v→0

1, ~4.1!

one easily finds that only the terms withn51 and n52
contribute to the sum on the right of Eq.~3.48! and conse-
quently

D11
(6) →

v→0a0
3

Z4

g1~g111!~2g111!~4g115!

8
, ~4.2!

that agrees with Eq.~182! of Ref. @27#.
In turn, making use of the Gauss relation@31#

2F1~a,b;g;1!5
G~g!G~g2a2b!

G~g2a!G~g2b!

@Re~g!.Re~a1b!#, ~4.3!

one finds

r

I n,22
(6) →

v→0Aa0
3

Z4

Nn,2212

23unu!Nn,22G~2g111!G~ unu12g211!

G~g21g112!G~ unu1g22g122!

G~g22g121!

3~2g1Nn,221unu1g21g122!, ~4.4!

Jn,22
(6) →

v→0Aa0
3

Z4

Nn,2212

25unu!Nn,22G~2g111!G~ unu12g211!

G~g21g112!G~ unu1g22g122!

G~g22g121!

3@~ unu1g22g122!~Nn,221unu1g22g111!2~Nn,2222!~Nn,221unu1g21g121!#, ~4.5!
and also

mn,22
(6) →

v→0Nn,221unu1g2

g111
, ~4.6!

hence, on utilizing Eqs.~4.4! and ~4.5! in Eq. ~3.49! and
collecting terms corresponding to the sameunu, one arrives at
D22
(6) →

v→0a0
3

Z4

1

23G~2g111!
S G~g21g112!

G~g22g121! D
2

3 (
n50

`
@G~n1g22g122!#2

n! ~n1g22g1!G~n12g211!
f n~g1 ,g2!,

~4.7!

with
3-6
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f n~g1 ,g2!53~12g1
2!~n1g2!21~4g1

318g1
21g1212!

3~n1g2!2~g1
418g1

31g1
2212!, ~4.8!

that agrees with Eqs.~183! and ~184! of Ref. @27#.
Since in the static limitD11

(1) coincides withD11
(2) and

D22
(1) coincides withD22

(2) , one hasav
(1)(0)5av

(2)(0). This
implies @cf. Eq. ~3.38!# that in this limit the vector polariz-
ability av(v) vanishes, i.e.,

av~0!50. ~4.9!

B. The nonrelativistic limit

In the nonrelativistic limit (c→`) one has

g1 →
c→`

1, g2 →
c→`

2, Nn,22 →
c→`

6~ unu12!, ~4.10!

j (6) →
c→`

jnr
(6) , « (6) →

c→` aZ

2jnr
(6)

. ~4.11!

If k511, from Eqs.~3.47!, ~4.10!, and~4.11! one obtains

D11
(6) →

c→`

3
a0

3

Z4

29~jnr
(6)!7

~jnr
(6)11!12 (

n51

` S n12

n21D
3

~n1122jnr
(6)!2

n112jnr
(6) S jnr

(6)21

jnr
(6)11

D 2n24

. ~4.12!

If k522, one finds that forn,0 it holds

Jn,22
(6) →

c→`

0, ~4.13!

~and thus the pertinent nonrelativistic limits ofI n,22
(6) and

mn,22
(6) need not be evaluated!, while for n>0, with the aid of

Eq. ~3.45!, one has

I n,22
(6) →

c→`

2Aa0
3

Z4

28~n13!!

n! ~n12!

~n1222jnr
(6)!~jnr

(6)!7/2

~jnr
(6)11!6

3S jnr
(6)21

jnr
(6)11

D n21

, ~4.14!
01250
Jn,22
(6) →

c→`

2Aa0
3

Z4

28~n12!~n13!!

n!

3
~n1222jnr

(6)!~jnr
(6)!5/2

~jnr
(6)11!6 S jnr

(6)21

jnr
(6)11

D n21

,

~4.15!

mn,22
(6) →

c→`n12

jnr
(6)

, ~4.16!

that leads to

D22
(6) →

c→`

3
a0

3

Z4

29~jnr
(6)!7

~jnr
(6)11!12 (

n50

` S n13

n D
3

~n1222jnr
(6)!2

n122jnr
(6) S jnr

(6)21

jnr
(6)11

D 2n22

. ~4.17!

A glance at Eqs.~4.12! and ~4.17! shows that in the nonrel
ativistic limit D11

(6) and D22
(6) coincide and that, combining

these equations with Eq.~3.34!, one recovers the nonrelativ
istic formula ~1.2!. In addition, one finds

av~v! →
c→`

0. ~4.18!
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