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1. Introduction

For] = [0,1],let0 =tg < t; < +++ <ty < tmy1 = L.Put) = (0,1)\ {t1,t3,..., tn}. Put Ry = [0, c0) and

Jo= (e, tega], k=0,1,....m—=1, J;n = (tm, tmg1)-
Let us consider second order impulsive differential equations of type

X'(O) +hOf (@) =0, te],
AX () = Qe(x(t), k=1,2,...,m, (1)
x(0) = yx(§), Bx(n) =x(1),

where as usual Ax'(ty) = x’(tk+ ) =X (t); x/(tk+ ) and X' (t, ) denote the right and left limits of x’ at t;, respectively.
We assume that:

Hi: f € CRy,Ry), o € C(J,[0,1]), t < a(t) fort € J and if there exists a point t € J such that a(t) € {t1, ty, ..., tm}
thent € {t1, ta, ..., tm},

H/l: feCRi,Ry), ae€C(,[0,1]), a(t) < tfort € J and if there exists a point t € J such that a(t) € {t1, t2, ..., tm},
thent € {t1, &, ..., tm},

Hy: h € C(,Ry) and h does not vanish identically on any subinterval, Qy € C(R,, (—o00,0]) and are bounded for
k=1,2,...,m,
Hy:8,n€(0.1), >0,y >0, y&(A—F+ 1A= pn—y)>0,
Hi: §,ne 0,1, 0<pB <. 0<y <% vEA-H+0-pnA-y)>0.
Let us introduce the space:
PCY(J,R) = {xecCy.R), x|, € C'(i,R), k=0,1,..., mand there exist X (") fork = 1,2, ..., m}
with the norm:

x|l = sup [x(t)], IXllpcr = llxll + IX']].
te
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Then PC'(J, R) is a Banach space. By a positive solution of problem (1) we mean a function x € PC'(J, R) N C2(J’, R) which
is positive on (0, 1) and satisfies (1).

Throughout this paper we assume that a(t) #¢t, t €.

Impulsive differential equations have become more important in recent years; see for example books [1,2] and the
references therein. In the existing literature, there is a lot of papers in which the problem of existence of positive solutions
for differential equations has been investigated. The existence results are obtained by studying problems in the cone of
nonnegative functions in suitable Banach spaces. Recently, we can find papers in which four-point boundary value problems
for differential equations were investigated; see for example [3-8], see also papers [9-12] for three-point boundary value
problems, see also [13,14]. However, only a few papers concern this problem for impulsive differential equations; see for
example [15,16,9,5,6,17,18]. Usually, authors investigate differential equations without deviating arguments. It is important
to indicate that it is a first paper in which the existence of positive solutions to four-point boundary value problems for
impulsive differential equations is investigated by the fixed point index. Note that corresponding results for impulsive
differential equations by using the Leggett-Williams theorem are obtained, for example, in papers [15,5,6].

This paper is organized as follows. In Section 2, we present some lemmas which are useful in our investigation. The main
results of this paper are given in Section 4. Using the fixed point index we formulate sufficient conditions under which
problem (1) has at least one or two positive solutions. Such results are formulated for cases when argument « is delayed
(see Theorems 1-6), and in Theorems 7-12 if « is advanced.

2. Some lemmas

Let us consider the following problem

{u”(t) +y(t)=0, te], @)
AU (L) =Q,, k=1,2,...,m,

u(0) = yu(®), (3)
u(1) = pu(n). (4)

We require the following:

Lemma 1 (See [5]). Assumethat £, n € (0,1), 6 =yE(1—B)+ (1 —-Bn)(1—y) #0andy € C(J, R). Then problem (2)-(4)
has the unique solution given by the following formula

1 T §
u(t) = 8{)/[1 —Bn+t(B-1] [Z QE—t) —/0 (& —s)y(s)ds}
i=1

j , m n 1
vk -ty — 1)][/32 Q-1 -y a1-u-p [ w-syds+ [ a- s)y(s)ds”
0 0

i=1 i=1

k t
/
#3a-0- [@-9yeds (5)

i=1 0
fortefy, k=0,1,...,m, £E€]J;, n e]jandr,jzo,1,...,mwith2f’=q--- =0ifq>s.
Lemma 2 (See [5]). Let Assumption Hs hold. Assume that Q; <0, i=1,2,...,mandy € C(J, Ry). Then the unique solution
u of problem (2)-(4) satisfies the condition u(t) > 0 on [0, 1] provided that
(i)§<nand0<ﬂ<%, 0<y<ﬁ,0r

(ii) £ = 1.

Lemma 3 (See Appendix, [6]). Let Assumption Hy hold and & < 7. Assume that y € C(J, Ry). Then the unique solution u of
problem (2)-(4) satisfies the condition

minu(t) > INllufl and minu(t) > Hlull, (6)
[0,] [n,1]
where
1_
min{ 5y ,( 77))/} fo<y<1, 0<pB <1,
1+y§—y 1-8n
1
I = _sr fo<y<1, 1<8< -,
11+J/%‘—V n
—-n

1
fl<y<——,0<p8<1,
1—Bn 1-§
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) ( &p (1-mp
min s
1+y&—y 1-8n

) fo<y<1, 0<B <1,

1

= _ 5 fo<y<1, 1<B8<-—,

1+y§&~vy U
(1-mp

1
fl<y<——,0<B8<1.
1—8n 1-¢§

Lemma 4 (See Appendix, [6]). Let Assumption Hs hold and n < &. Assume that y € C(J, Ry). Then the unique solution u of
problem (2)-(4) satisfies the condition

minu(t) > I3llull and minu(t) > Lyflull, (7)
[0,n] [£,1]

where

ymin(l—£&,n) if0<y <1, 0<p <1,
y=3yn f0<y <1, 1<§,
1-¢ f1<y, 0<B<1,

Bmin(1—-&,n) f0<y <1, 0<pB <1,
F4={'7 fo<y<1 1=<8,
BA—-&) if1<y, 0<pB<1

Remark 1. Note that max(I, I, I3, I4) < 1.

3. The fixed point index
Let us introduce
Definition 1. Let E be a real Banach space. A nonempty convex closed set P C E is called a cone if it satisfies the following
properties:
(i) ue P, A > 0implies Au € P,
(ii) u € P, —u € P implies u = 0, where 6 denotes the zero element of E.

Every cone P in E defines a partial ordering given by u < v foru,v € Piffv — u € P. Let us define two convex sets
P., P., r > 0byrelations

Pr={ueP: |u|l<r}, P={ueP: |u|=<r}
We need some properties about the fixed point index of compact maps, for example see [13, Chapter 3], [19, Chapter
2], [12, p. 2015]. The index has the following properties.
Lemma 5. Let S be a closed convex set in a Banach space and let D be a bounded open set such that Ds = D NS # . Let
T : Ds — S be a compact map. Suppose that x # Tx for all x € dDs.

(D1) (Existence)If i(T, Ds, S) # 0, then T has a fixed point in Ds. B
(D2) (Normalization) If u € D, then i(i, Ds, S) = 1, where ii(x) = u for x € Ds.
(D3) (Homotopy) Let ¢ : ] x Ds — S be a compact map such that x # ¢ (t, x) for x € dDs and t € J. Then

l(g‘(ov ')a D57 S) = 1(4(17 ')7 D57 S)
(D) (Additivity) If Uy, U, are disjoint open subsets of Ds such that x # Tx for x € Ds \ (U; U Us), then
i(T, Ds, S) = i(T, U, S) +i(T, Uy, S)
where i(T, U;, S) = i(T|Uj, Uuy,S), j=12
Lemma 6. Let P be a cone in a Banach space E. For p > 0, define 2, = {x € P : ||x|| < p}. Assume that T : .(_2,, — Pisa

compact map such that x # Tx for x € 982,.

(@) If x|l < IITx]|| for x € 382, theni(T, £2,, P) = 0.
(ii) If lIx|l > |ITx|| for x € 082, theni(T, §2,,P) = 1.
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4. Existence of positive solutions of problem (1) by the fixed point index

By T, we denote the operator defined by

1 -y §
(Tu)(t) = 8{y[1 — B +t(B - 1)]{2 Q) (E —t) — / G —S)h(S)f(u(a(S)))dS}
i=1 0

J m

+IyE -ty — 1] [ﬁ Y Q) -t > at)( - t)
i=1 i=1

n 1
—ﬁf (n —S)h(S)f(u(a(S)))ds+/ ( —S)h(S)f(u(a(S)))dSH
0 0

k t
+ Z Qi(u(t))(t — &) —f (t = $)h(s)f (u(a(s)))ds
i=1 0

fort ey, k=0,1,...,m, £ €], nejfjandr,j=0,1,...,m.Indeed, T : B— B, where B = C(J, R;).
Theorems 1 until 6 deal with the case when «a(t) < t on]j.

Theorem 1. Let Assumptions H;, H,, Hy hold and & < 1. We assume that there exist constants b, c, Q such that 0 < b <
min[llt, Flz]c, Q > 0, where I'y is defined as in Lemma 3 and

1
u> % [A/ (1 —s)h(s)ds + Q] , A= Hfléy([yé —t(y — 1]
0 €

with § defined as in Lemma 1.
In addition, we assume that:

(A1) —[yE —t(y = DIYI, QuE)(1 - 6) < e, f@(©) < Leforo <um) <c, tel.
(A) f(u(®) = £ forb < u(t) < &, 0 <t <& with

2
Iy

_ _ &
Iy = min(y, 1)%’3@“/ sh(s)ds.
0

Then problem (1) has at least one positive solution.

Proof. We see that problem (1) can be written as the fixed point problem Tu = u. It is easy to show that operator T is
completely continuous. Indeed T is compact. This results from the Ascoli-Arzela theorem.
Let

P={ueB: u(t)>0,te]and {Blisl‘]lu(t) > Ilull}.

Take u € P. Then Lemma 3 and
min(Tu)(t) = minu(t) > I'ljull = || Tull
[0.§] [0,5]
show that TP C P.
First we want to show that
I[{Jligl]l(Tu)(t) > I||Tull, ueP. (8)

Take u € P..Then 0 < u(t) < conJ;so |lu|| < c.Because o € C(J, [0, 1]), then 0 < u(e(t)) < c on]J. Indeed (Tu)(t) > 0,
by Lemma 2. Moreover, in view of Assumption (A;), we have

(ITull = sup [(Tu)(t)| = sup(Tu)(t)
te] te]

tef

1 iy §
sup{s [y[l —Bn+tB— 1)](2 Qu(t)(E —t) — /O (€ — s)h(s)f(u(a(s)))ds>
i=1

j m
+HyE —t(y — 1] (;3 > Q) - - > Q) - t)
i=1 i=1
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n 1
- /3/ (1 — $)h(s)f (u(a(s)))ds +/ (11— S)h(S)f(U(Ot(S)))dS)
0 0

k t
+5<Z Qi(u(t))(t — &) —/ (t— S)h(S)f(u(a(S)))dS>“
i=1 0

1 m 1
Sup{—s[yé —t(y — 1)][2 Qi(u(t) (1 — ;) —/0 a- S)h(S)f(u(a(S)))dS“

te] i—1

1[Q L ]
< - —+—/(1—s)h(s)ds c<c.
O I VA

It proves that T : P. — P,. Hence, in view of Lemma 3, we have relation (8).
Now we want to show that

IA

_ b
min(Tu)(¢) > b foru € Pc with b <u(t) < —, t €[0,§].
0] Iy

Letbh < u(t) < rilz for0 <t <&.Thena(t) <t <&fort € [0, £] and also
b < u(u(t)) < % < %min (l, Ff) <c for0<t<E&.
I Iy n
Moreover
(Tw)"(t) = —h(Of (u(e(t))) <0, te].

Now we consider two cases.
Case(I)Let0 <y <1, 0< B < %.Then

I[gisr]l(TU)(t) = I[gisr]IU(t) = min[u(0), u(§)] = min[yu(&), u(¢)] = yu(®).
We see that
?&ig(Tu)(t) = yu(§)

r , s
: {[1 —&+BE— ) [—Z Qu(t))t + /0 sh(S)f(u(a(S)))dS]
i=1

j m
+ & [— Y Q)1 = B+ 68— 1) = Y Q)1 - t)

i=r+1 i=j+1

n 1
+ /é (1= Bn+s(B — D)h(s)f (u(ee(s)))ds + f (1- S)h(S)f(U(a(S)))dS”
n

\

§
Ph-g+ 86 - n)]/ sh(s)f (u(e(s)))ds

0

%

8
y b ¢
<-[1—=§&+BE —mn] [ sh(s)ds=b,
by Assumption (A;).
Case (2)Let1 <y < ﬁ 0 < 8 < 1.Then
min(Tu)(t) = u(§).
[O‘E]( )(t) = u(é)
Indeed, by Assumption (A,), we obtain

?&iér]l(Tu)(t) = u()
1 13
> 5[1 —&+BE - n)]/0 sh(s)f (u(a(s)))ds

1b §
> ——[1-&+ B¢ —n)]/ sh(s)ds > b;
sl 0

see also the proofin Case (1).

809
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This shows that (9) holds. _
To show the assertion of Theorem 1 we apply Lemma 5. As a closed convex set S (from Lemma 5) we take the set P.. Put

U= {ueb.: minu(t) > b}.
{ e [o,z]() }

We want to show that Tu # u for u € dU. Assume that this relation is not true. It means that there exists uy € dU such that

Tup = up and ming ¢ ug(t) = b. We consider two cases.
Case(a)Letug € {fu e P : |u|| < %2 ming ¢ u(t) = b}. It means that

b
b =minu(t) < |Ju|| < —.
minu(®) < Jul < 75

This and (9) give
b = minug(t) = min(Tuy)(t) > b.
[0,6] [0,6]

This is a contradiction.
Case (b) Let ||uo|| > % In view of (8), we obtain
1

b b
b = minug(t) = min(Tup)(t) > I'1||Tugll = Mllug|| > I'— = — > b.
min o(t) [0,$|( 0)(8) = IlITugll = Illuol| T h

This is a contradiction too. It proves that Tu # u foru € aU. ~
To prove that T has a fixed point in U we need to show that i(T, U, P.) # 0; see condition (D;) of Lemma 5. To do it
we use conditions (D3) and (D,). Take ug € P such that minggg; uop(t) > b, [lugll < % and define the map ¢ by relation
1

(A, u) = Aug + (1 — A)Tu for A € [0, 1]. Note that

b
I, Wl = Aluoll + (1 — M| Tul| < AF + (=2
1
<ix+0A-Xc=c.

We see that ¢ : [0, 1] x U — P. Indeed, ¢ is compact. Now, we need to show that u # ¢ (A, u) on [0, 1] x dU. Assume that
it is not true; so there exist (A1, uy) € [0, 1] x 0U such that ¢ (A1, u;) = u;. We have two cases.
Case (i) Let || Tuq || > %.Then,
1

b b
min(Tu,)(t) > I||Tuq|| > [1— = — > b,
[o,g]( D) = I Tuq | T
by relation (8). Moreover,
b = minuy(t) = f[{)li;]l[)tluo(f) + (1= A1) (Tuy)(0)]

[0.]
{gigrllkluo(t) + {gisr]lﬁ — A1) (Tup)(t) > Ab+ (1 —A)b=D.

v

This contradicts.
Case (ii) Let || Tu; || < %.Then
1

lurll = lA1uo + (1 — A)Tug |l = Aqlluoll + (1 — A) [ Tuq ||
<A b +(1—-x) b b
= M5 — M) 5 = 5
F]Z F12 1"12

Note that

b
b=minu(t) < |luq] < —-.
[0.£] r{

This and relation (9) give
b = minuy(t) = min[Aqug(t) + (1 — A1) (Tuq)(t)]
[0,§] [0,6]
> l['gligl‘]l)\ﬂ,lo(t) + 1{1(')1151']1(1 — A1) (Tuy)(t) > Ab+ (1 — Ay)b = b.

This is a contradiction.
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It proves that ¢ (A, u) # u for (A, u) € [0, 1] x dU. Hence, in view of (D3), we have
l(T7 U9 I_)L‘) = i(u()a U5 I_JL‘)'

This and (D,) show that i(ug, U, 13c) = 1,s0i(T, U, P.) = 1. In view of condition (D), it proves that T has a fixed point
x* € U.Because,

minx*(t) > b, [x*|| <c,
[0,&]
x* is a nonzero fixed point of T in U. This ends the proof. W
In the next two theorems we use constants /5 and [ defined earlier.

Theorem 2. Let Assumptions H’l, H,, Hy4 hold and & < n. In addition, we assume that:
(A3) fo = foo = 0 and there exists constants &1, Q >0,i=1,2,...,msuch that

—Qi(u(t)) < Qu(t) if ut) >0,

1 _
gmast,ys—yﬂ);@(l—n) <& <1, (10)
where
fo= lim f(—u), foo = lim @,
u—0t U u—oo U

(A4) there exists a constant p > 0 such that
1
fw > P foru e [Ip, p].
1

Then problem (1) has at least two positive solutions x; and x5 such that

0 < lIxjll < p < X3l

Proof. Indeed, problem (1) has a solution u if and only if u is a solution of the operator equation u = Tu, where T is defined
earlier. Put

«1 1
o > 5 Max(yE, vE —y + 1) / (1— $)h(s)ds.
0

If fo = 0, then we may choose a constant r € (0, p) such that f(u) < §ufor0 < u < r,where0 < §; < % Takeu € P

such that ||u]| = r. In view of assumptions H/l, H,,

A

1 m 1
(Tu)(t) < g[yé —t(y — 1] [— Qi(u(t))(1 —t,-)+/ (1 —s)h(s)f(u(a(s)))ds]
; 0

i=1

IA

1 m_ 1
S max(vé, vE—y +1) [Z Qu(t) (1 — ;) + 8 / (1- s)h(s)u(a(s))ds}
i=1 0

IA

(81 + S2p0) lull < [lull.
Then ||Tu|| < |lu|| foru € 02, where 2 = {u € P : |u| < r}. It means that u # Tu for u € 0952. It shows that
i(T, 2, P) = 1, by Lemma 6(ii).

Now, we consider the case when f,, = 0. It means that we may choose @ > p such that f(u) < ku for u > w with
0 < k < =21, We consider two cases.

Case (C;) We assume that f is bounded; so there exists a constant M > 0 such that f(u) < M for u € [0, c0). Put
max; u(t;) = N. Let us choose u € P such that ||u|| = r, where r > max(§;N + uoM, w). Then

1 i 1
(Tw)(t) < g[yé‘ —t(y — 1] [—Z@(u(ti))(l -t) +/ ( —S)h(S)f(u(a(S)))dS]
0

i=1

IA

m 1
%maX(V%‘, vé—v+1) {Z Qut) (1 — ) + M/ (1- S)h(S)dS}
i=1 0

IA

81N +Mpuo <7 = |ull;

so ||Tul| < |lu|l, u € 0829, where 29 ={u e P : |u| <r}.
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Case (C;) We assume that f is unbounded. Note that f € C([0, 00), [0, 00)); so there exists 7 > max(w, L]) such that
f() <f(r)for0 < u <r.Takeu € P such that ||u|| = r. Then

1 m 1
(Tw)(t) < Slyé =ty = D] {—Z@(u(n))(l —t) + / ( —S)h(S)f(u(a(S)))dS}
0

i=1

IA

1 m_ 1
5 Max(vE, vE —y +1) [Z Qu(t) (1 — t) + £ (F) / (- s)h(s)ds}
i=1 0

IA

(81 + K po)t <7 = ull.

Hence, in view of (C;) and (C;), we have ||Tu|| < ||u]| for u € 082¢. It shows that i(T, §2¢, P) = 1, by Lemma 6(ii).
Let A= {ueP:|ull < p} NotethatdA C P; soming ¢ u(a(t)) > I'|lul| = I'ip. Foru € 0 A, we have,

1 &
ITull > u(§) > 5[1 —&E+BE - 77)]/ sh(s)f (u(a(s)))ds
0

p1 5
> Pl pe - n)]/ sh(s)ds = p = [ull,
1 0

by Assumption (Ag). It shows that ||Tu|| > ||u|| for u € d A. Hence, i(T, A, P) = 0, by Lemma 6(ii). Becauser < p < T, we
seethati(T, A\ £2,P) =i(T, A,P) —i(T,2,P) = —1and i(T, $20 \ A, P) =i(T, £, P) —i(T, A, P) = 1.1t proves that
problem (1) has two positive solutions x] and x; such thatx] € A\ £2, xj € 290\ Aand 0 < ||x]|| < p < [Ix3]|. This ends
the proof. W

Theorem 3. Let Assumptions H;, H,, Hy hold and & < 1. In addition, we assume that condition (10) holds and moreover

(As) fo = foo = 00 Where fy and f, are defined as in Theorem 2,
(Ag) there exists a positive constant p such that
1—

Mo

81
fw < p forue |0, pl,
where g is defined as in Theorem 2.
Then problem (1) has at least two positive solutions x] and x5 such that

0 < lIXjll < p < lIx3l.

Proof. Case (1) Let fy = oo. Then there exists r € (0, p) such that f(u) > dsufor0 < u < r with 63 > # Let
2 ={ueP: |lu| <r}.Takeu € P such that |u|| = r; sou € 9£2. Then, as in the proof of Theorem 2, we have

1 &
ITull = u(§) > 5[1 —&+ B¢ - n)]/ sh(s)f (u(a(s)))ds
0

1 3
> (=64 BE -5y / sh(s)u(a(s))ds
0

1 &
> 5[1 —&+BE —n)] 53F1/ sh(s)|lullds > s3Il ljull > [lull.
0

It shows that ||Tu|| > ||u|| for u € 0£2. Hence, i(T, §2, P) = 0, by Lemma 6(i).

Case (2) Let fo, = oo. It means that there exists v > p such that f(u) > «uforu > vand k > ——. Put

'l
20={ueP: ||u]| <w} wherew > max (ri1 p) . Then for u € 052y, we have

v
minu(x(t)) > INu|| = N > I'— =v.
min (a(t)) = I'lull 1 T

Hence, as before, we have
ITull > u(€) > il flull > [jull.

This shows that i(T, £2¢, P) = 0, by Lemma 6(i).
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Now we apply condition (Ag). Put 21 = {u € P : ||u|| < p}. Asin Theorem 2, for u € 9£2;, we have

1 m 1
(Tw)(t) < g[yf —t(y — 1] [—ZQ(u(t,—))(l —tf)+/ ( —S)h(S)f(u(a(S)))dS]
0

i=1

IA

_ 1
[51 G 1oal max(y§, y§ —y + 1)/ (1- S)h(s)ds] p
Uo O 0

0
< p = |ul.

Then ||Tu|| < ||u|l for u € 9£2;. It shows that i(T, £2¢,P) = 1.

Note that r < p < . Hence i(T, £2; \ £2,P) = i(T, $,,P) — (T, 2,P) = 1and i(T,$2 \ §1,P) = i(T, 2o, P) —
i(T, £2¢,P) = —1. It shows that operator T has two positive fixed points xj € £\ £, X € £ \ £; such that
0 < [IX7]l < lIx3]l. This ends the proof. m

We formulate the next three theorems without proofs since they are respectively similar to those of Theorems 1-3.
Throughout this paper we use the constant y defined as in Theorem 1.

Theorem 4. Let Assumptions H/l, H,, Hs hold and n < &. We assume that there exist constants b, ¢, Q such that 0 < b <
min[i, F32]C, Q > 0, where I3 is defined as in Lemma 4. Let Assumption (A1) hold. In addition, we assume that:

(Ay) fu(®) = ¢ for b <u(t) < 75, 0 <t < nwith
3

(Y 1—nY\ [7
I3 = min <g[l —Bn+EB —1)], T) / sh(s)ds.
0

Then problem (1) has at least one positive solution.

Theorem 5. Let Assumptions H’l, H,, Hs, (A3) hold and n < &. In addition, we assume that:

(A}) there exists a constant p > 0 such that
1
fw > P foru e [I3p, p].
3

Then problem (1) has at least two positive solutions x} and x3 such that

0 < [Ixill < p < lIx31.

Theorem 6. Let Assumptions H/l, H;, Hs, (A3), (As), (Ag) hold and n < &. Then problem (1) has at least two positive solutions
X} and x5 such that

0 < lIxjll < o < lIX31.

The next six theorems concern the case when «(t) > t onJ. The next results we also formulate without proofs (they are
similar to the previous ones).

Theorem 7. Let Assumptions Hy, Hp, H3 hold and & < 7. We assume that there exist constants b, c, Q such that 0 < b <
min[llL, Fzz]c, Q > 0, where I is defined as in Lemma 4. Let Assumption (A1) hold. In addition, we assume that:

(A f@®) = g forb = u®) = 75, 1 <t < 1with

v§—yn+n

I, = min(B, 1) 5

1
/ (1 — s)h(s)ds.
]

Then problem (1) has at least one positive solution.

Theorem 8. Let Assumptions Hy, Hy, Hs, (A3) hold and & < n. In addition, we assume that:

(A}) there exists a constant p > 0 such that

1
fw) = Ep foru e [I3p, p].
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Then problem (1) has at least two positive solutions x; and x3 such that

0 < lIxill < p < lIx3l.

Theorem 9. Let Assumptions Hy, Hy, Hs, (A3), (As), (Ag) hold and & < n. Then problem (1) has at least two positive solutions
X} and x5 such that

0 < [Ix7ll < p < [IX]l.
Theorem 10. Let Assumptions Hy, Hy, H3 hold and n < &. We assume that there exist constants b, c, Q such that 0 < b <
min[i, F42]c, Q > 0, where Iy is defined as in Lemma 4. Let Assumption (A1) hold. In addition, we assume that:

() f@(®) = {forb <u(®) < 75, & <t < 1with

(B 3 !
l4 = min 5[)/5 —ny +nl, 3 (1 —s)h(s)ds.
£

Then problem (1) has at least one positive solution.

Theorem 11. Let Assumptions Hy, Hy, Hs, (A3) hold and n < &. In addition, we assume that:

(A}) there exists a constant p > 0 such that
1
fw = P foru € [I'yp, p].
4

Then problem (1) has at least two positive solutions x} and x; such that

0 < lIxill < p < lIx3ll.

Theorem 12. Let Assumptions Hy, Hy, Hs, (A3), (As), (As) hold and n < &. Then problem (1) has at least two positive solutions
X} and x5 such that

0 < lIxill < p < lIx3l.

Appendix

In this part, we provide the proofs of Lemmas 3 and 4 from paper [6].

Proof of Lemma 3. Put u(t*) = ||u||. We divide the proof into four cases.
Case(1)Let0 <y < 1, 0 < B < 1.In this case

u(0) = yu@§) =u@), u)=pu@ <u.
Subcase (1a) Let u(¢) < u(n).Note thatt* € (&, n) ort* € (n, 1) and

minu(t) = u(0) and minu(t) = u(1).
[0.£] [n.1]

Then
—u(0 “(1— 1 -
u(t') < u) + U oy CAZIIVE ) L THVETT
§-0 & &
— 1_I_Eﬂu(()).
v

Hence

minu(t) > —>Y |ul and minu(t) > —P— |ju.

0,€] 1+y&—vy (n,1] 1+y&E—vy

Subcase (1b) Let u(¢) > u(n). In this case t* € (0, &) or t* € (£, n) and

minu(t) = u(0) and minu(t) = u(1).
[0.£] [n.1]
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Then
ut?) < uGn + S0 TUD ey MO g g 1< P g
n—1 1—n 1—n
1=8n
0
T (=-ny u.
Hence
: (A —=n)y . a—-mp
I[EISI]IU(t) > Wllull and I[lr;l’I{]IU(t) > 1= pn ——lull.

Case(2)Let0 <y <1, 1<B < %.Inthis case
u) = yu@) <u@), u)=pulm =um.
Let u(¢) < u(n). Note that t* € (n, 1),

minu(t) = u(0) and minu(t) = u(n).
[0.¢] [n,1]

Then
0 1-—
ue) < ue) + S TUO e gy SO ey gy < IEYEYE g
§-0 § &
— wu(o).
&y

It yields

minu(t) > S7y|lul| and minu(t) > Lnun.

[0.¢] 1—y+yé& .11 1—y+yé

The case when u(¢) > u(n) contradicts with the concavity of u.
Case(3)Let1 <y < =, 0 < B < 1.In this case

u) = yu) =z u), ul)=pul) < um.
Ifu(¢) > u(n), thent* € (0, &) and

I[l&isr]lu(t) =u(¢) and r[?’ilr]lu(t) =u(1).

Moreover,
e’y < )+ D = = = (5= 1) = = )
‘l —
<12 o).
1—
It yields
minu(®) > ——ju and minu©) > PP .

10,1 ~—1-8n [n.1] 1— 81

The case when u(§¢) < u(n) contradicts with the concavity of u.

815

Case(4)Let1 <y < 1%, 1< < 7 Then u(0) > u(€), u(1) > u(n). This case contradicts with the concavity of u.

This ends the proof. ®

Proof of Lemma 4. Put u(t*) = ||u||. First we prove the first inequality of (7).
Case(1)Let0 <y < 1, 0 < B < 1.In this case

u0) =yu@) =u), u) =pu@ =<um).
Subcase (1a) Let u(¢) < u(n) and u(1) < u(&). Note thatt* € (0, n) or t* € (n, &) and

minu(t) = u(0) and minu(t) = u(1).
[0,n] [£.1]
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Then
N [u®) —u(m] . _u@ oo ou@® u(§)
u(t)fu(é)'l‘gfl(t _S)_I—S(] t*) 1_5(5 t)fl—é
_u(
-8y
Hence

I[Rinrllu(f) Zy(Q—=&|ull and r[gi]r}u(t) = B =&)ull.

Subcase (1ab) Let u(1) > u(&). This case contradicts with the concavity of u.
Subcase (1b) Let u(¢) > u(n).
Subcase (1ba) Let u(0) < u(n).Thent* € (n, &) ort* € (£, 1) and

minu(t) = u(0) and minu(t) = u(1).
[0,7] [£.1]

Then
u(ey < ugp + 2240 - MO e gy = MO o 2O e ?
_ e _uo)
o yn'
It yields

minu(t) > ull and minu(t) > ull.
min © = ynllull min () > Bnllull

Subcase (1bb) Let u(0) > u(n). This case contradicts with the concavity of u.
Case(2)Let0 < ¥ < 1, 1 < B.In this case

u0) =yu@) <u@),  u(l)=pu) =u).

Subcase (2a) Let u(&) < u(n). This case contradicts with the concavity of u.
Subcase (2b) Let u(¢) > u(n).
Subcase (2ba) Let u(0) < u(n) and u(1) < u(&).Ityieldst* € (n, &) ort* € (£, 1) and

minu(t) = u(0) and minu(t) = u(1).
[0,7n] [£.1]

Then
ue) < utny + 2P =1O ey < Ly < 18
n n n
_ w0
oyn
Hence

minu(t) = ynllull and minu(t) = Bnlul.
[0.n] [&.1]

Subcase (2bb) Let u(0) < u(n) and u(1) > u(&¢).Thent* € (n, &) ort* € (£, 1) and
minu(t) =u(0) and minu(t) = u(§).
[0,7] [&,1]

Moreover
—u(0 1
u(t*) < u(m) + w(t* —n) < ;u(n)
_u®) _uo
T oy yn '
Hence

minu(t) > ull and minu(t) > nl|ul.
minu(t) > y || minu(t) > llu|

Subcase (2bc) Let u(0) > u(n). This case contradicts with the concavity of u.
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Case(3)Let1 <y, 0 < B < 1.In this case

u(0) = yu(§) > u(), u(1) = Bu(n) <um).

Subcase (3a) Let u(§) < u(n).
Subcase (3aa) Let u(1) < u(¢) and u(0) < u(n).Ityieldst* € (0, n) ort* € (n, &) and

minu(t) =u(0) and minu(t) = u(1).
min () = u(0) min () = u(1)

Moreover,

U(E)—u(l)(t*_g)S u@é) - u@©

u(t?) < uE) + =5 1-& y(1-¢)
It yields

r{l&zl]lu(t)ZV(l—E)llull and r[glll]w(t)zﬂ(l—é)llull-

Subcase (3ab) Let u(1) < u(§) and u(n) < u(0). Ityields t* € (0, n) and

inu(t) = d minu(t) = u(1).
ﬁilﬂu() u(n) an gl’l]r]lu() u(1)

Moreover
(&) —u(1) u(é) u(n)

* u *
u(E) Su®) + = - = TS

Hence

I[gir]r]lu(t) = (1 =&|ull and giﬁu(t) = B =&)ull.

Subcase (3ac) Let u(1) > u(£). This contradicts with the concavity of u.

Subcase (3b) Let u(§) > u(n). This contradicts with the concavity of u too.

Case(4)Let1 <y, 1 < B.Thenu(0) > u(€), u(1) > u(n). This case contradicts with the concavity of u. This ends the
proof. W
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