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This study investigates interaction between acoustic and non-acoustic modes, such as vorticity mode,
in some class of a non-newtonian fluid called Bingham plastic. The instantaneous equations describing
interaction between different modes are derived. The attention is paid to the nonlinear effects in the field
of intense sound. The resulting equations which describe dynamics of both sound and the vorticity mode
apply to both periodic and aperiodic sound of any waveform. They use only instantaneous quantities and
do not imply averaging over the sound period. The theory is illustrated by an example of acoustic force of
vorticity induced in the field of a Gaussian sound beam. Some unusual peculiarities in both sound and the
vorticity induced in its field as compared to a newtonian fluid, are discovered.
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1. Introduction

Time-independent, or purely viscous fluids, include two
types of fluids, newtonian and non-newtonian. Newtonian
fluids have a viscosity independent on the shear rate [1].
Fluids whose viscosity is a single valued function of the
shear rate are termed non-newtonian fluids [2]. In contrast
with newtonian fluids, the non-newtonian properties are
caused by the viscous dissipation of energy due to col-
lisions between large particles, or to the distortion of or
collision between colloidal structures. Within this group
there are three main types: Bingham plastic and plas-
tic behavior, shear-thinning behavior and shear-thickening

*E-mail: anpe@mif.pg.gda.pl (Corresponding author)
tE-mail: pwojda@mif.pg.gda.pl

behavior [1-5]. An ideal Bingham plastic material is char-
acterized by the fact that the shear rate is proportional
to the shear stress after a finite value of shear stress has
been attained [1, 3]. It is a newtonian fluid with a yield
stress. The explanation of Bingham plastic and plastic
behavior is that these fluids possess a three-dimensional
structure, which can resist shear stress as high as the yield
stress, but which breaks down above this shear stress.
When the shear stress is reduced below the yield-value,
the structure forms again. Bingham plastic flow can be
readily demonstrated using a tube of toothpaste, and by
considering the properties required of such a product it
can be appreciated how useful the Bingham plastic prop-
erty is. It is required that toothpaste from a tube should
flow out easily at a controllable rate yet not flow when it
is resting on the toothbrush before use. The yield stress
of the toothpaste is essential to its action. It will also
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Most of
drilling muds are made from Bingham plastic materials,

permit the marketing of a striped toothpaste.

and they are widely used in paint manufactures. Examples
of Bingham plastics include fresh cement, suspensions of
chalk, grain and rock, and sewage sludge [6] Many food
substances like margarine, mayonnaise, and ketchup, are
good examples of Bingham plastics. Production of com-
posite materials usually involves proceeding of fiber sus-
pensions that often exhibit yield behavior. Concentrated
suspensions of solid particles in newtonian liquids show a
yield stress followed by nearly newtonian behavior after
yielding and flow.

As far as the authors know, acoustics of Bingham plastics
is not investigated yet, all the more so nonlinear acoustics
and nonlinear phenomena of sound there. The subject of
this investigation is generation of the vortex flow in the
field of sound, and, in particular, acoustic streaming in a
Bingham plastic. Acoustic streaming is the mean motion
of a fluid caused by periodic acoustic waves. Extensive
reviews on this subject exist in the literature [7-9]. More
recent discussion of acoustic streaming can be found in
[10-12]. The authors of [11, 12] suggest that there is an
unresolved issue in the theory concerning acoustic stream-
ing, the effect of compressibility: studies usually start with
equations describing incompressible liquid, though sound
itself may propagate only over compressible medium. The
weak point of the former theory is also inconsistency in
distinction between the vorticity and entropy modes [8, 13].
Finally, the former theory considered only averaged over
the sound period quantities relating to the generation of
non-acoustic modes [8, 14} We can avoid these incon-
sistencies by means of immediate projecting of the initial
equations into dynamic equations governing every specific
mode (Sec. 2). The method was previously applied by one
of the authors in some problems of nonlinear flow of new-
tonian fluids and in fluids where reversible or irreversible
thermodynamic processes occur [15, 16]. This method is
valid for both periodic and aperiodic sound. It uses in-
stantaneous quantities and therefore does not require av-
eraging over the sound period at any stage. Relatively
to generation of the vortical mode in the field of sound,
the method makes possible to derive dynamic equations
considering every branch of acoustic and vortical motions
individually.

In the present study, we consider a weakly nonlinear flow
in an unbounded volume of a Bingham plastic. The non-
linear generation of the vorticity flow in the field of intense
sound is studied. The nonlinear equations governing both
sound and the secondary flow, induced by sound, are de-
rived. Some unusual peculiarities in both sound and the
vorticity induced in its field as compared to a newtonian
fluid, are caused by different dependence of stress tensor

on shear rates in the domains of positive and negative
shear rates. The example relates to the acoustic force of
vorticity in the field of a Gaussian beam (Sec. 3).

2. Decomposition of the vorticity
and sound modes in a Bingham plas-
tic

2.1, Basic equations describing motion of a
Bingham plastic

We assume that a fluid is homogeneous in composition,
that its unperturbed density and pressure are uniform. The
momentum and energy equations and the mass conserva-
tion equation in a viscous fluid take the form:

W@ 7= (-Fp+Dup)

ot op PPl

de - = _1 = = . —
E—H .V)e_;(—p(v-v)—kP.Grad v)),
Jdp = N

9PLT. -0,

5 TV (V)

)

where v denotes velocity of a fluid, p, p are its den-
sity and pressure, e marks the specific internal energy
per unit mass, x;, t denote spacial Cartesian coordinates
(x1 = x,x2 = y,x3 = z) and time. Operator Div denotes
tensor divergency, Grad is a dyad gradient, and P is the
tensor of viscous stress. In the model of Bingham plastic,
the viscous stress tensor relates to the shear rate in the
following manner:

P0+u(ﬂ+‘;—iﬁ), (ﬁ+%ﬁ)>0,

dx 0x
P = : ) (2)
—P0+u(—§:; +—Z§ﬁ). (—;’;; +—‘§§f) <0.

The important and unusual property of a Bingham plastic
is to describe differently domains of positive or negative
shear rate, and dependence of the shear stress on the yield
stress, Py. The series of excess internal energy e(p, p)
supplement the system (1):

E E E E. E:
e'=—1p'+ 2[270 , 3 p'2+ 4§0p'2+%p'p’+....
Po Po Popo Po Po

3)
Primes denote perturbations, and the ambient quantities
are marked by index 0. The series of excess internal en-
ergy allows to consider thermodynamic state of a fluid
in the most general form in the vicinity of zero perturba-
tions of pressure and density, where Eq, ... Es are dimen-
sionless coefficients. The common practice in nonlinear
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acoustics is to focus on the equations of the second order
of acoustic Mach number M = Z—g where v is a typical
particle velocity magnitude,

o = (1 — E2)po
0 Eipo

is an infinitely small signal velocity if Py = 0 and without
account for viscosity p. We use also the small dimension-
less parameter responsible for viscosity,

(A is a characteristic scale of a flow). Our primary objec-
tive is to derive dynamic equations valid at order npM?. It
is convenient to rearrange formulae in the dimensionless
quantities as follows

pnd_ 2p, , nd:ﬁ, V—FZZZ, Xnd_%,
€ Po /Z/O ZCO @ 4)

nd _ I ndzi ndzi

y =N z A t /\t.

Everywhere below in the text, superscripts by dimension-
less quantities will be omitted. In the dimensionless quan-

= n ICJ A tities, Eqgs. (1) read:
0Co

dv, dp 03 - - = ap 0 = _

=t o AN r]a(v V)=—(V V)vx-i-pa (UAVX+067(V v)),

dv, dp 0 = _ - = dap 0 = -

— + — —nAy, —(V =— — — JAN —(V - ,

T T ”ag( V)=—(V V)vy+pay pn Vy+nay(V V)

dv, OJp Jd = _, o = J0 = _

N = pe = p (0o 40 (V7))

5 T3, AV naZ(V V) (V- V)v. +p0Z p(n v, +naZ(V v))
o = - dv; 0y, L = = _ dv; 0y, (5)
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We will consider ®y as a small parameter of order not
higher than n. That imposes small deviation of the behav-

ior of Bingham plastic from a newtonian liquid.

2.2. Dispersion relations in a flow of infinitely-
small magnitude. Projecting into the vorticity
mode

The equivalent form of the system (5) is

oV
—+ Y=V, 7
6t+ [ (7)

Ve Vy Vo pp )T, L is a linear matrix op-
erator including spacial derivatives, W, denotes a non-
linear vector. The dispersion relations following from the
linearized system (5) describe three independent modes.

Every type of mode is determined by relations of veloc-

where ¥ = (

ity components and perturbations of two thermodynamic
functions, such as pressure and density. They depend on
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linear relationship between stress and shear tensors and
Studies of
motions of infinitely-small amplitudes begin usually with

are different in various thermoviscous fluids.
representing of all perturbations as a sum of planar waves:

~ — — —
F(k,tyexp(—ik r)dk
R3~—> — — (8)
. . —
:/ f(k)exp(iwt—ik r)dk,
R3

(7, 1) =

lt_(?, t) denotes the F%Jrier transform of f(?, 1),
F(k, t) = (217)3 [ f(7, )X 7 dP). Five independent so-
|

—

1
wy =\/k2 + kg + K2+ i(kD + k) + kD) + ———
\/ K2+ K+ k2

lutions of the linearized version of Egs. (5) determine wave
(two branches of sound, n = 1 and n = 2) and non-wave
(the entropy mode, n = 3, and two vorticity branches,
n =4 and n = 5) types of motion that may in general ex-
ist in a fluid. They correspond to five roots of dispersion
equation w,(ky, k;, k;), n =1,...5. The unusual property
of roots of dispersion equation relatively to a flow over
Bingham plastic is dependence of acoustic roots on a sign
of components of the shear tensor by means of ®;. Two
acoustic roots take the form

Y dykik;,

i=1,23,j>i

1
wy=— K2+ kKUK K+ k) — ———— ) Dykik;,
VLR I CH Ry

the third root describes the entropy mode

w3 =0,

and the frequencies specifying two rotational modes are

w4=w5:L(kXZ+k5+kzz)n

(10)

(1)

The roots (9) are different in the subspaces of solutions described differently by the viscous stress tensor. All roots are

evaluated in the leading (first) order with respect to small quantities ®4, ..

modes in the leading order are following (n =1, 2):

T
LIJn :( Vax Vay Vnz Pn Pn )

wnky wnky wnks

:( kg +k2 Kk k2

kg +kig+k2
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Multiplication by —ik; in the space of Fourier transforms
corresponds to application the partial derivative % on the
relative quantity. Among other ratios, Eqs. (12) determine
the important relations between components of sound ve-
locity in the (7, t) space:

(13)

AN\ MOST

., ®33,n. The second terms in both acoustic

roots are the same as in a newtonian liquid, they manifest standard attenuation of sound. The terms proportional
to ®q4,... P33 are responsible for variation in sound speed (its dimensional value equals 1) and depend on a sign of
components of the shear rate tensor. The relations between the Fourier transforms of perturbations of both acoustic

12
o (12)

,
1 +ZZ,-:1,2,3,/>1¢UW ! ) P

That is the well-known property of sound velocity to be ir-
rotational field independently on attenuation in a medium
of sound propagation.
the absence of thermal conductivity specifies zero velocity

The entropy type of motion in

[13, 17]. Velocity of the entropy mode is also a potential
field, its excess pressure is zero, but its excess density
differs from zero:

V,=0, p3=0. (14)
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Two branches of the “vorticity” velocity flow satisfy rela-
tions as follows:

V-V =—n00p,, po=0, V- ((I1+F)V,) =0,

(15)
n=4,5,
where
$; 0 O
F=o+ 0 & O , (16)
0 0 o5

and | is the unit matrix. The unusual property of the last
non-acoustic branches is that they are not represented by
strictly solenoidal velocity field. Density perturbation in
it may differ from zero. In newtonian flows, the voricity
mode possesses zero perturbations both in density and
pressure. The correspondent projecting matrix operators
may be determined by use of Egs. (13)-(15) [13] They
uniquely decompose an appropriate mode from the overall
vector of perturbations. For example, application of the
operator P,,,+ decomposes a sum of vorticity modes:

PvurtLP = l’IJvort = LI’J4 + l’IJ5~ (17)

A sum of all projectors is the unit matrix, they are pair-
wise orthogonal, and every projector squared equals itself.
Each projector is a matrix of spatial operators consisting
of five rows and five columns. Temporal derivatives or
other operators connected with time are not included in
projectors. The vorticity projector in fact applies on three
components of the overall velocity. Its part, which applies
on the total velocity vector, P,,,;+, consists of three rows
and three columns. The projector, decomposing velocity
representing a sum of forth and fifth modes in the overall
velocity, takes the form

o’ o’ o’
0x2  0xdy  0x0z

=l1—w'| 2 2 2 lqgiF)],

vort, vV axdy 9y? dyoz
9’ @2 92
0x0z 0ydz 972
(18)
= — 1. .
where W = V- (I +F)V, and W=' is the inverse oper-

ator. The solenoidal part of velocity may be decomposed

—
—(V -

avvort — (—>

T - TIA Vivort = Pvart,7 _( [
—(V-

by application of projector P,,.; v,

5
Zn:1 Vn,x Vvart,x
5
Pvart 4 Zn:‘l Vi y - Vvurt,y (19)
5
Z,7=1 Vn,z Wort,z

2.3. Equation governing the vorticity mode
caused by sound

The linearized theory does not indicate any interaction
among the modes as long as the domain of interest is far
from boundaries. It considers weak fluctuations. Interac-
tion of modes can not be ignored in a nonlinear flow of
finite magnitude, even over unbounded volume [8, 17, 18].
Interaction of modes yields, among other, generation of
one modal field by another in the thermoviscous flow. The
main idea is to use properties of linear projecting in order
to decompose modes in the linear part of equations. In
studies of weakly nonlinear flows, we fix relations spec-
ifying modes in a flow of infinitely small magnitude of
perturbations. We suppose also, that each of the field

variables contains contributions from each of modes, for
5
n=1

example, V =Y >_. V,. The method of projecting, pro-
posed and applied by one of the authors in some problems
of thermoviscous flow [13, 15, 16], enables decomposition
the system (5) into specific dynamic equations for each
mode. Among other properties of projecting, it is of im-
portance, that it distributes the nonlinear terms between
dynamic equations in a correct manner. These nonlin-
ear terms may be considered as driving forces of spe-
cific modes conditioned by nonlinearity of a flow, includ-
ing those responsible for the "self-action”. Application of
P,ort on the system (5) cancels all acoustic and entropy
terms in the linear part, but yields nonlinear source in
its right-hand nonlinear part. The nonlinear part of the
resulting equations includes mixed quadratic terms of all
modes. We will consider among them only acoustic ones.
Application of P,,,; on the first three equations from the
system (5) (they represent the momentum equation), re-
sults in the dynamic equation which governs the vorticity
mode:

)
)| (20)
)
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It may be rearranged into the following equation:

Voot o R
T_nAvvurf_ vort, vV an'a;vn
e
Eq. (21) does not exhibit that attenuation (or a yield
stress) is a necessary condition for sound and the vorticity

modes to interact. Dependence of the driving force in the

where ,_E)u denotes the acoustic force of the vorticity mode.
It equals zero in newtonian non-viscous flows in view of
relations linking p, and V', in acoustic modes. In order to
evaluate the driving force of the vorticity mode induced in
the field of sound, it is sufficient to determine one of veloc-
ity components or acoustic pressure for everyone from two
acoustic branches, because all other perturbations may be
expressed in terms of one of them (Egs. (12)).

2.4. Propagation of sound

The linear equation governing sound in terms of excess

density, p, = p1 + pa, agrees with Egs. (9):
azpa 62 03’0”
il CREP L vl E e

i=1,2,3,j>i
23)
Applying projecting to a weakly nonlinear flow, one gets
the nonlinear acoustic term which corrects the linear
equation by the "self-action acoustic force” [13]:

0%pq 0?
Pa A+2 Z d>,,a Pa

2
ot s 9Xi0X; (24)
1— D1 - Dz 02p§ 63pu _
T e "o 70

Eq. (24) accounts for both nonlinearity and attenuation,
and it describes the summary acoustic perturbation, that’s
why it includes the second order partial derivative with
The projection of the system (5) onto
dynamic equations for every branch of sound results in

respect to time.

two equations for each acoustic mode. There is no general
analytical solution of Eq. (24) even in the case of standard

right-hand side of Eq. (21) on a concrete attenuation pro-
cess in a fluid manifests itself by means of dependence of
vV, on pn different for various thermoviscous flows. One
can obtaln another form of Eq. (20) in terms of vorticity
Q = V X Vyort» and evaluate the leading-order nonlin-
ear part of it in the case of a flow over a Bingham plastic
accounting for Egs. (9), (12):

viscous fluid (®; = 0 for all i,j) [20]. The problem of
detailed description of sound propagation in a Bingham
liquid is also hardly expected to be solvable analytically.
The projection of equations onto the first branch of sound
yields in the leading order

8p1 62 _1
A o= A
il ALY axox

i=1,273,j=i

p1— nAp;
(25)

—

5 ((D1 +Do)pi(V - Vi) = Vi '($P1)) :

N

For a quasi-planar flow over the standard attenuating
fluids,
Zabolotskaya-Kuznetsov equation [18, 19].

Eq. (25) rearranges into the famous Khokhlov-
There is no
analytical solution of the KZK equation describing one
of the sound modes, with the exception of fully nonlinear
KZK, called the Khokhlov-Zabolotskaya equation [19, 21].
The analogue of the KZK equation for a Bingham plastic
may be derived by introduction of one more small parame-
ter responsible for diffraction, and considering the leading
order terms. Let y designate the nominal axis of the sound
beam pointing in the propagation direction; x,z are co-
ordinates perpendicular to that axis. We will consider a
beam propagating in the positive direction of y. The fol-
lowing assumptions will be made: a transmitter is defined
at the plane y = 0, it has a characteristic dimemsion-
less radius R, and it radiates at frequencies satisfying
inequality R > 1. The last assumption ensures that the
beam is reasonably directional. That allows to expand the
Laplacian in a power series in the small parameter, R,

0> d
A_a—y2+Ai, \/EN@-I—O.SAL/dy, (26)
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where A} = % + %, and to simplify relations of per-
turbations specifying the rightwards progressive beam. It

|

-
W= ( Vix iy V1,2 P1 P )

.
:(—n§+(1+¢zz)§fdy N2 140 L+ (14 00)L [dy 1420, 1) o1

In the leading order, the longitudinal component of veloc-
ity in the beam is governed by the nonlinear equation

d 1
+ (1 + 92) V;y + E/ALVLydy

+1 — D1 — Dz aV1,y 62V1,y

2 Yy dy 1 dy?

(28)
=0.

It is an analogue of the KZK equation in a Bingham plas-
tic. Note that a sign of ®,, depends on a sign of aa#
making the local sound speed dependent on a sign of the
shear rate.

3. Acoustic force in the field of a
Gaussian beam

Let us consider the solution of the limiting case of Eq. (28)
where n = 0 and diffraction discarded. Assuming a small
distortion of sound due to the yield stress, the solution
depends mostly on the retarded time t — y and "the slow
scale” distance from a transducer, ®oy [8]. It has the
form of a Gaussian beam vy ,(t, r, y) = exp (—(é)z) ot —
y, Poy), where r = v/x? + z2. It is a solution of the sim-
plified dynamic equations (linear, (a), or weakly nonlinear,

|

Poss (et e (2(5))
_8%9sgn(9)
R4
74¢osgn(z)sgn(¢)f

= (R2722272|Xz|)exp(72(%)2)

9t — y, doy) | *

(2~ +F) (|x|+|z|)exp(—2(§)2) Bl — y, Do)’

follows from Egs. (9), (12) and (26):

(27)

(

(b)) depending on a sign of gradient of ¢ by means of ®,:

d¢ dp\ 99 09
— | £ = — >
at + ( z)ag 0.if 5,20
% b\ 9 o6 (29a)
0 — f
at (1+7)?—°"*ay<°'
% . 9 —D, 06 )
—_ | - =L = — >
at (1 2)8y+ ; ay ~0 g, 20
9% 0| 9¢ —D; 06 _ 0
Fy (1+2)ay+ 2 ay—0,1f0y<0.

(29b)
Accounting for p; & v, and other relations linking acous-
tic perturbations in accordance to Eq. (27), and calcu-
lating the leading order terms in view of that transver-
sal spatial derivatives of acoustic perturbations are much
smaller than longitudinal, one readily obtains the acous-
tic driving force of the vorticity mode which stands in the
right-hand side of Eq. (22). The transversal component
of it is larger than the longitudinal one. In the lead-
ing order, with account for that ®1, = ®gsgn(x)sgn(e),
®y3 = Pysgn(z)sgn(¢), it takes the form

Pt —y, ®
o —¢<t—y,¢oy)¢(ay2°9))

(30)
[O)
y 09) ]¢(tfy doy)dy

+M(RZ_ZXZ_2|XZ|)EXP(_Z(R) )a¢(t y%y/ Bt — 1y, doy)dy,

R*
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where  and K are unit vectors along positive directions of axes OX and OZ. For ¢ = sin(t — y), the acoustic driving

force of the vorticity mode may be readily rearranged as

—

Fo.x —% (—z?—i—xlz) exp (—2 (E

r )2) _ 8®Pgsgn(sin(t — y)) (Z?— XE) (I¥] + |2]) exp (_2 (%)2)

R4
(31)

5

+4¢Osgn(sln(t — y)z?(jgn(z)f— sgn(x)k) exp (_2 (é)z) 05 [t —y).

The driving force of the vorticity mode is solenoidal,

- —

V. F.=0. (32)

That coincides V\_/}th_;(he property that vorticity be a
solenoidal field, V - QO = 0. The first part of the driving
force of acoustic streaming is proportional to viscosity.
That reflects the origins of the phenomenon of acoustic
streaming, such as nonlinearity and viscosity. These fea-
tures agree with the conclusions of the theory and exper-
iment dealing with the standard absorbing fluids [23, 24].
The second part includes terms proportional to the yield
stress specific for Bingham plastics exclusively.

In this study, the "yield” parameter’s order of magnitude
is not higher than the "standard” one. While the terms
connected with standard attenuation are proportional to
n, the terms coming from the yield stress are proportional

(Eq. (3))-

p=const
Sound of larger frequency produces larger velocities of the

to ®¢ which is expressed in terms of (g—;)

vortex flow (losses in momentum of high-frequency sound
are stronger), but the part of acoustic force connected with
the yield stress, does not depend on the sound frequency.
So that it is relatively large in the domain of small sound
frequencies. Estimations of ®g are difficult in view of ab-
sence of thermodynamic data necessary to evaluate E;
in the literature not for only Bingham plastics, but for the
majority of liquids. Liquid water is the only exception. For
preliminary estimation, if we use E4, po and ¢y for liquid
water at normal conditions (£ = 9.6, py = 10° kg/m?,
¢o = 1500 m/s), &g equals 5 - 107""Py -1 Pa=". In water,
n=4.10"" %0 -1's. The ratio of dimensionless n and ®q
depends on the concrete yield stress Py and sound fre-
quency. Py may take quantities of 30 Pa and 100 Pa
(chocolate and stirred yogurt [6]), 103 Pa (highly pig-
mented, flocculated ink [25]) and even 10* Pa in Plasticine
and some food-like materials. As for the sound frequency
Q, it is typically tens kilohertz. So, ®¢ is very believ-
able of order of magnitude smaller than n or smaller. The
"yield” part in the acoustic force induced by a Gaussian
beam in Eq. (30), includes the term which achieves maxi-
mum at the axis of a beam (r = 0). It may be comparatively
large in the vicinity of a beam axis.

There is obvious transition to a limit of “standard” viscous
liquid if the "yield” parameter tends to zero. In this case,
velocity of the vortex flow is directed according to the
propagation of sound at the axis of a beam. The impor-
tant peculiarity of dynamics of both sound and vortices
induced in the sound field in a Bingham plastic, is its
dependence on a sign of the shear rate. As a rule, for pe-
riodic in time acoustic sources, the averaged over period
acoustic force of the vorticity mode is of interest. In this
case, the vortex flow is associated with acoustic stream-
ing. The part originated from the yield stress is hardly
expected to exceed the first “standard” part in the acous-
tic force of streaming in view of its dependence on a sign
of the shear rate varying over the sound period at any
point. In the example described by Eq. (31), the average
value of vorticity over the sound period, 2, equals zero in
two last terms in the acoustic force which are responsible
for effects connected with yield stress. However, contribu-
tion of this second part may be noticeable while cased by
an one-polar acoustic pulse. Account for the "standard”
part would produce variations of the mean velocity. The
streamlines of vortices do not differ much from the “stan-
dard” ones in view of that their velocity differs from strictly
solenoidal only weakly in accordance to Eq. (15).

4. Concluding remarks

The area of media different form the standard Newtonian,
but which are important in medicine, technique and food
engineering, enlarges constantly. Studies of acoustics in
these media and relative phenomena of sound are of great
importance in view of that they may point out a possi-
bility to govern parameters of a medium remotely and to
conclude about yield stress where direct measurements
are difficult. As far as the authors know, propagation of
sound waves and associated with it nonlinear phenomena
in a Bingham plastic is a new subject of investigation,
in spite of the fact that there exists a number of studies
concerning solid media (including inhomogeneous) deter-
mined by different dependence of shear stress on the shear
strain [26-28]. The conclusions, though approximate, fol-
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low from analytical formulae. They are valid only for the
mobile liquid, at shear stresses small (in sense that are
proportional to M) but enough large for experimental data
to confirm non-elastic behavior of a medium. The lowest
value is usually determined by accuracy of a viscometer,
about 107" s, or even smaller, 1072 s~ [6]. If the liquid
behavior is confirmed at shear stress larger than 107" 577,
that gives for M = 1073 value of ¢ > 10% s™" which sup-
ports enough large gradients of velocity in the sound wave.
At practically zero shear rates, where a medium behaves
as solid, the shear stress depends on strain, or, that is very
likely in rheological media, both on strain and shear rate.
As for the nonlinear phenomena of sound, they are still
poorly analyzed even in respect to fluids with standard
attenuation in view of mathematical difficulties of solv-
ing nonlinear equations. Conclusions of the present study
may be considered as preliminary because the nonlinear
flow of Bingham plastic is even more complex.

In this study, the authors use ideas of decomposing of
linear dynamic equations for every mode in their linear
parts. That may be done by means of linear combination of
equations of continuity, momentum and energy and results
in the nonlinear terms reflecting the interaction between
modes in a weakly nonlinear flow. The main result of this
study are equations governing sound and the vorticity,
induced in its field, Egs. (22), (25), (28), (30), describing
general and quasi-planar geometry of sound. The method
based on these ideas was applied previously in some prob-
lems of acoustic heating and streaming in the standard
thermoviscous fluids [13], as well as in some others [15, 16].
The effects of thermal conductivity are not considered in
the present study. They may influence on the dynamics
of the vorticity mode by means of sound terms partici-
pating in the acoustic force. It is well-established, that
attenuation of sound depends on the overall absorption
which includes thermal conductivity [14]. The example of
this study, however, does not even consider the effect of
attenuation due to the first viscosity n on the sound. The
reason for that is difficulty in analytical solution of the
dynamic equation governing sound.
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