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Abstract

The problem of both causal and noncausal identification of linear stochastic systems with quasi-harmonically varying parameters
is considered. The quasi-harmonic description allows one to model nonsinusoidal quasi-periodic parameter changes. The
proposed identification algorithms are called generalized adaptive comb filters/smoothers because in the special signal case
they reduce down to adaptive comb algorithms used to enhance or suppress nonstationary harmonic signals embedded in
noise. The paper presents a thorough statistical analysis of generalized adaptive comb algorithms, and demonstrates their
statistical efficiency in the case where the fundamental frequency of parameter changes varies slowly with time according to

the integrated random-walk model.
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1 Introduction
1.1  Problem statement

We will consider the problem of identification of quasi-

periodically varying complex-valued systems governed
by

y(t) =Y O:(tult —i+ 1) +o(t) = @ (1)0(t) + v(t)
i=1
(1)

where t = 1,2, ... denotes the normalized discrete time,
y(t) denotes the system output, ¢ (t) = [u(t),...,u(t —
n+1)]T denotes regression vector, made up of the past in-
put samples, v(t) denotes measurement noise, and 0(t) =
[01(%),...,0,(t)]T is the vector of time-varying system
coefficients, modeled as weighted sums of complex expo-
nentials

K
0(t) = Zﬁk (t)ej Doy wk(i) (2)
k=1
Br(t) = [bra(t), -, bin ()]

bri(t) = aps ()2, i=1,...,n.
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The following three types of real-valued quantities are
incorporated in (2): the instantaneous angular frequen-
cies wy(t), the instantaneous amplitudes ay;(t), and the
time-invariant phase shifts vg;. With a slight abuse of
terminology, the complex-valued vectors Bi(t) will be
further referred to as ‘complex amplitudes’.

Under certain circumstances (in the presence of several
strong reflectors) the model (1)—(2) can be used to de-
scribe rapidly fading mobile radio channels (Giannakis
& Tepedelenlioglu, 1998), (Bakkoury et al., 2000). In
this case y(t) denotes the sampled baseband signal re-
ceived by the mobile unit, {u(t)} denotes the sequence
of transmitted symbols, and v(t) denotes channel noise.
We will assume that the frequencies wy(t) are harmoni-
cally related, namely

wi(t) =mgwo(t), k=1,....K (3)

where wg(t) denotes the slowly varying fundamental fre-
quency and my are integer numbers. Such multiple fre-
quencies, called harmonics, appear in the Fourier series
expansions of periodic signals. For example, if parameter
trajectory 0(t) is periodic with period L, it admits the
following Fourier representation: () = Zi;ol Belkwot,
wo = (27T)/L

The notion of ‘time-varying harmonics’ can be regarded
as a natural extension of the Fourier analysis to quasi-
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periodically varying systems, such as (1)—(2). The choice
of the multipliers my,k = 1,..., K, depends on our
prior knowledge of the system time variation. When all
harmonics are expected to be present, one should set
my, = k. In the presence of odd harmonics only, the nat-
ural choice is my = 2k — 1, etc.

In the special case where n = 1 and ¢(t) = 1, equa-
tions (1)—(3) describe a complex-valued harmonic signal
s(t) = 0(t) buried in noise

y(t) = s(t) + v(t) Jed 2 (g)

-y

The problem of either elimination or extraction of
harmonic signals buried in noise can be solved us-
ing adaptive comb filters (Nehorai & Porat, 1986),
(Regalia, 1995). For this reason the system identifica-
tion/tracking algorithm described below can be consid-
ered a generalized comb filter.

1.2 Contribution

The problem of causal identification (tracking) of single-
mode quasi-periodically varying systems was studied in
(Niedzwiecki & Kaczmarek, 2004),
(Niedzwiecki & Kaczmarek, 2005a) and (Niedzwiecki &
Kaczmarek, 2005b).

In the recent conference paper (NiedZzwiecki & Meller,
2011a), the results presented earlier were extended
to noncausal identification (smoothing). Additionally,
a more sophisticated frequency estimation scheme
was proposed, incorporating frequency rate track-
ing/smoothing and yielding better results in practice.
All papers published so far focus on identification of
single-mode systems, i.e., systems with parameters that
can be modeled as complex sinusoids (cisoids) with
slowly varying amplitudes and a slowly varying instan-
taneous frequency.

This paper extends results presented in (NiedZzwiecki
& Meller, 2011a) to nonstationary systems with quasi-
harmonically varying parameters, i.e., to systems with
several frequency modes governed by the same slowly
varying fundamental frequency. In practice such har-
monic modes of variation often arise in oscillatory sys-
tems with nonlinear elements and/or loads (Neimark,
2003).

In principle, quasi-harmonically varying systems can be
identified using the multiple-frequency versions of the
algorithms mentioned above. Such algorithms are made
up of several single-frequency sub-algorithms that work
in parallel and are driven by the common prediction er-
ror. Since the estimated frequencies are in this case re-
garded as mutually unrelated quantities, the harmonic
structure of the system/signal time variation is not ex-
ploited in any way. In this paper we present algorithms
that take advantage of such a prior information, i.e., the
algorithms that perform a coordinated frequency search.
This allows one to improve estimation results consider-
ably.

2 Generalized adaptive notch filter — overview
of known results

Suppose that the identified nonstationary system has a
single frequency mode (K = 1), i.e., it is governed by

y(t) = T ()O(t) + v(t), B(t) = B(t)ed i ®D  (5)

where B(t) = [bi(t),...,b,(t)]" and w(t) € (—m, 7] are
slowly varying quantities. Furthermore, suppose that:

(A1) The measurement noise {v(t)} is a zero-mean cir-

cular white sequence with variance o2.

(A2) The sequence of regression vectors {¢(t)}, inde-
pendent of {v(¢)}, is nondeterministic, wide-sense sta-
tionary and ergodic with known correlation matrix

® = E[p* ()@ (1)].

Denote by a(t) = w(t+1)—w(t) the rate of change of the
instantaneous frequency w(t). Under assumptions (A1)
(A2), identification of the system (5) can be carried out
using the following generalized adaptive notch filtering
(GANF) algorithm proposed in (NiedZzwiecki & Meller,
2011a)

~

F(t) = eJ[w(t D+a(t—1)] A(t 1)
e(t) =y(t) — @ (M) (Bt — 1
B(t>:ﬁ<t—1>+u<1> Lo* (1) F* (1)e(t)
I [* ()" (1) f(1)B(t — 1)]
BH(t ~1)®B(t 1)
—1) = 7ag(t)
- +alt-1)
)

— Ywg(t)
(6)

o~ . t .
where f(t) is an estimate of f(t) = ¢’ Zz‘:lw(z), and
w> 0,7, > 0, vo > 0, such that v, < v, < p, de-
note small adaptation gains determining the rate of am-
plitude adaptation, frequency adaptation and frequency
rate adaptation, respectively.

The gradient search strategy, incorporated in (6) for the
purpose of tracking w(t) and «(t), is based on mini-
mization of the following instantaneous measure of fit

J(t) = [e(t)]?/2, where €(t) = y(t) — @ () [()B(t = 1).

Note that
aJ(t) Oe*(t)
ot e [E(t) u(t ]

! Hereinafter the symbol % will denote complex conjugation,
and the symbol H — Hermitian (conjugate) transpose.


http://mostwiedzy.pl

/\/\\ MOST WIEDZY Downloaded from mostwiedzy.pl

Therefore, the term ¢(t) in (6) can be interpreted as a
normalized estimate of the gradient (7). Normalization
makes the algorithm scale-invariant. When it is not ap-
plied, the tracking properties of the GANF algorithm
depend not only on the user-defined adaptation gains 7.,
and 74, but also on the system-related variables, which
is inconvenient from the practical viewpoint.

Tracking properties of the GANF algorithm (6) were
analyzed in (Niedzwiecki & Meller, 2011a) in the case
where the vector of ‘amplitudes’ B(¢) is unknown but
constant:

(A3") B(t)

Note that under (A3*) the normalization term B (t —

1)®3(t — 1) can be regarded as an estimate of the power
of the noiseless system output

v =26 =B [p"" (¢" (1)6]

=B, ie., 0(t) = eMO(t — 1), Vt.

—E[l¢" (08P .

Using the approximating linear filter (ALF) tech-
nique — the stochastic linearization approach proposed
in (Tichavsky & Héandel, 1995) — one can show that
the frequency and frequency rate estimation errors
AG(t) = w(t) — @(t), Aa(t) = at) — a(t), can be
approximately expressed in the form

AG(t) = Gi(g™ e(t) + G2(a71)d(t) (®)
AG(t) = Hy(q")e(t) + Ha(q™)d(t) 9)
where {e(t)}, e(t) = —Tm[B%" (1) f*(B)u(t)/¥], is a
zero-mean white noise with variance o2 = o2/(2b%),

d(t) = a(t) — a(t—1) denotes the one-step change of the
frequency rate, and

Gilg ") =10 —=q¢ D+ (o —7)a '1/D(g )
Galg ) =q¢ 'l =7 —(1—pq /D)
Hi(qY) =7a(l—q¢ )?/D(q” )

Hy(q ) =1+ (p+7—2)q "+ (1 —pnq?/Dg )
where D(¢7Y) =1 +diqg t +dag 2 +d3q 3, dy = pu+
Yo+ Yo — 3, de =3 =2 — 7, ds = p — 1. All filters

are asymptotically stable if adaptation gains fulfill the
following (sufficient) stability conditions: 0 < p < 1,
0 <7 <1,0<7 <1land pu(vw + Ya) > Ya-

In spite of its simplicity, the gradient frequency track-
ing mechanism adopted in (6) has very good statistical
properties — as shown in (Niedzwiecki & Meller, 2011a),
when the instantaneous frequency drifts according to the
Gaussian integrated random-walk (IRW) model, namely

(A4) {6(¢)}, independent of {v(¢t)} and {p(t)}, is a zero-
mean white sequence with variance o3.

(A5) The sequences {v(t)} and {4(¢)} are normally dis-
tributed.

the optimally tuned GANF algorithm (6) is statistically
efficient, i.e., it reaches the Cramér-Rao-type lower fre-
quency and frequency rate tracking bounds.

Note that a(t) —a(t—1) = 6(¢) implies (1 —¢~1)%w(t) =
§(t—1). Since (1 —¢1)?w(t) = 0 entails w(t) = 1 +at,
where ~; and 72 denote arbitrary constants, the
IRW model can be regarded as a perturbed lin-
ear growth/decay model — for small perturbations
(05 < 0,/b) the corresponding frequency changes will
be further referred to as quasi-linear.

3 Multiple-frequency GANF
Denote by yx(t) = @ (t)05(t) + v(t), where 0x(t) =
fe@®)Br(t), and fir(t) is an estimate of fi(t) =

EDIIRC) , the output of this subsystem of (1) which
is assomated with the frequency wy. If the signals
y1(t),...,yx(t) were measurable, one could design K
independent GANF algorithms of the form (6), each
taking care of a particular subsystem. Since it holds that
o0(t) = Eszl 05(t), the final parameter estimate could
be easily obtained by combining the partial estimates.
Even though the outputs y(¢) are not available, one
can replace them with the surrogate (estimated) outputs
obtained from

K
B = y(0) — ¢ ()Y it 1)

=1
i#k

where O (t|t — 1) = ﬁ(t)ﬁk(t — 1) denotes the one-
step-ahead prediction of 0y (t). Note that after replac-
ing y(t) with g(¢) in (6), one obtains 5k( ) = yk(t) —
T (00Kl —1) = y(t) — ©T () Ty Fr(t)Br(t —1) =
e(t), Yk, which means that all sub-algorithms should
be driven by the same ‘global’ prediction error. Such
an approach was used, with good results, to design

multiple-frequency algorithms in (Niedzwiecki & Kacz-
marek, 2004). When applied to (6) it yields

Fal(t) = edlrtt=Drar-1I7 ¢ 1)

dw:mw—wﬂwEJﬁm@@—n

Bi(t) = ﬁk(t—l)ﬂ@ Lo () i (D)e(t)
O OAOB - V)

) B (1 — 1)®Be(t— 1)

a(t) = Ar(t — 1) — Yaga(®)

D) = D(t — 1) + Ap(t — 1) — 7 (®)

01(t) = fu(H)Br(1)
k=1,....K

o~ K/\

6(t) = 6i(t) (10)

k=1
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In (NiedZwiecki & Kaczmarek, 2005b) it was shown
that the number of frequency modes, as well as all ini-
tial conditions needed to smoothly start (start without
initialization transients) the GANF algorithm, can be
inferred from nonparametric DFT-based analysis of a
short startup fragment of the input-output data. The
tool that can be used for this purpose was termed gen-
eralized (system) periodogram, as in the signal case it
reduces to the classical periodogram.

When applied to identification of the system (1)—(3), the
GANF algorithm (10) has two serious drawbacks.
First, it does not take into consideration the harmonic
structure (3), i.e., the estimated frequencies are regarded
as mutually unrelated quantities, while the true har-
monics vary in a coordinated way. Hence, even though
such an unconstrained multiple-frequency generalized
adaptive notch filter can be used to identify the multi-
harmonic system /signal, its tracking characteristics will
be generally inferior to those offered by solutions that
incorporate the harmonic constraints.

Second, the algorithm (10) is not robust to incorrect
frequency matching. While the strong frequency com-
ponents, i.e., those characterized by large values of the
signal-to-noise ratio SNRy,(¢) =|| Bk (t) |% /o2 are usu-
ally tracked successfully, the weak ones may be difficult
to follow — even if the initial frequency assignment is
correct, the sub-algorithms tracking such weak compo-
nents may, after some time, lock onto the neighboring,
stronger components, corresponding to higher or lower
frequencies. Moreover, when the system/signal is non-
stationary, the ‘strength’ of different harmonic compo-
nents may vary with time, which further complicates the
picture.

4 Generalized adaptive comb filter

In order to arrive at the algorithm which performs co-
ordinated search of the instantaneous fundamental fre-
quency wo(t), one should minimize J(t) for

e(t) = (OBt —1)

HMN

where f(t) = ¢’ Diciwn(@) = ime 350 w0l Note that

(t
wolt)
> my T [ (1)

k=1

~—

= —Re

kafk )Bi(t — 1)]

k=1

FTOABBE-D]. (D

This leads to the following recursive estimation scheme
which will be further referred to as a generalized adaptive

comb filter (GACF)

o~

Jilt) = fmelole el 0I g 1)
K
ECOMACERE)

Br(t) = Br(t — 1) +u<1> @* (1) Fr(t)e(t)
01.(1) = fu(t)Br(1)
1,...,K
Y I [ (0T (OBt — 1)

Siey m? Bt — 1)®B(t — 1)
ao(t) = ao(t — 1) — 7ag(t)
Wo(t) =wo(t —1)+ap(t—1)—

Yy (t)

0(t) = 6i(t) (12)

One can show, using the ALF technique, that under
(A1)—(A2) and the following assumption

(A3) Bi(t) = (t) = e? WOt — 1),k =
1,..., K, Vt.

ﬁka i'e'a Ok

which is a multi-frequency variant of (A3"), the fre-
quency and frequency rate estimation errors Awy(t) =
wo(t) — Wo(t), Aap(t) = ap(t) — dp(t), can be approxi-
mately expressed in the form (see Appendix 1)

Ao(t) = Gi(qeo(t) + Ga(g™)o(t)  (13)
eo(t) + Ha(q~1)8(t)  (14)

where the transfer functions G1 (¢~ 1), Go(¢~ 1), H1(¢™ )
and Ho(q™') are identical with those appearing

in (8)(9), and eo(t) = S, mrer(t), en(t) =
* * K

—Im [Bf* () f(t)v(t) /B3], B = Y,_,mib} and
b o= BE@ﬁk. Note that the normalizing term
Zszl m? BH(t —1)®By(t — 1), which appears in the ex-
pression for g (t) in (12), can be regarded as an estimate
of b3.

Furthermore, one can show that {ex(t)},k =1,..., K,
are zero-mean white noise sequences with cross-
correlation functions given by (see Appendix 2)

Aao(t) = Hl(q_l)

pri(t) for t =s

15
0 fort+#s (15)

Elex(t)e(s)] = {
where

pri(t) = %{Re[ﬁg‘ﬁﬁl] cos[dk(t) — ¢u(t)]
— Im[B;/ @61 sin[y,(t) — du(t)]} (16)
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and ¢y (t) = Zi:l wi(8) = my, 2221 wo ().
Setting [ = k in (16), one obtains
o2b?
0z, = Bller(H)’] = o3 (17)
265

where b2 = B1® 3, is the power of the k-th component
of the noiseless system output.

When frequency changes are sufficiently slow, so that the
functions fx(t),k = 1,..., K, can be regarded as locally
almost periodic, the sequences {ey(t)} are mutually or-
thogonal in the sense that

(o1 () 7 = (pra(t)|wo ()

where (z(t)), = (1/T) Zl o ' 2(t — i) denotes the local
average of z(t), and T > T = 27 /wy. Using this result,
one obtains

Yk #£1

= w0>oo = Oa

=5,

(02, ()7 = (Ellea(?) kaaek = (18)

Suppose that the assumption (A4) holds true. Then, us-
ing standard results from the linear filtering theory, one
obtains

(B {[@o(t) = wo(t)]*}) = (B {[A&0(1)*})
= g[Gr (=702, () + 9[Ga(= 1)]U§ (19)

1%

(E{[ao(t) — ao(t)]2}>T = (E {[Aao(t)]2}>T
glH (=) (a2, (1)), + g[Ha(z7")]og (20)

where

X () = f X=X ()%

2mg z

is an integral evaluated along the unit circle in the z-
plane and X (z) denotes any stable proper rational trans-
fer function.

The first term on the right hand side of (19) constitutes
the variance component of the mean-squared frequency
estimation error, and the second term — its bias com-
ponent. The same remark applies to (20). According to
(18), the variance components in (19) and (20) are in-
versely proportional to the quantity which will be fur-
ther referred to as effective signal-to-noise ratio (ESNR)

2 212
ESNR = 20 — i L=t M0k

,U oy

and which differs from the signal-to-noise ratio defined
as

(E[eT (®)0®)*])

2
Ty

SNR = k < ESNR

Zkl
o2

'U

We note that equations (13)—(14) are identical with
those derived earlier for the single frequency case — the
only change needed to move from (8)—(9) to (13)—(14)
is replacement of the noiseless output power b2, which
appears in the expression for o2, with the effective
output power b3, which appears in the expression for
< o2 (t) >7. Since in the multi-frequency case (K > 1)

it holds that b2 > Zszl b%, the variance components
of the mean-squared fundamental frequency and fre-
quency rate tracking errors are smaller than the analo-
gous errors observed, under the same SNR, in the single
frequency case. This increased (compared to the uncon-
strained frequency estimation case) accuracy bonus is
available due to incorporation in the estimation pro-
cess prior information about the harmonic structure
of the identified quasi-periodic phenomenon. The same
qualitative effect can be observed in time-invariant fre-
quency estimation schemes, such as the ones described
in (Nehorai & Porat, 1986) and (James et al., 1994).

5 Generalized adaptive comb smoother

The important consequence of the fact that the approx-
imate error equations (13)—(14) are identical with those
derived in (NiedZwiecki & Meller, 2011a) for systems
with a single frequency mode of parameter variation,
is that the smoothing technique proposed there is di-
rectly applicable to the multiple-frequency case. Follow-
ing (Niedzwiecki & Meller, 2011a), suppose that a pre-
recorded data block Q(N) = {y( ),(i),i =1,...,N}
of length N is available, which is typical of off hne ap-
plications, i.e., those based on parameter/signal recon-
struction, rather than tracking. The smoothed estimates
of wo(t), ao(t) and O(t), based on (), will be denoted

by @o(t), do(t) and B(t), respectively 2

To obtain smoothed estimates, one can use a cascade of
postprocessing filters derived in (Niedzwiecki & Meller,
2011a) and (Niedzwiecki & Meller, 2011b). The pro-
posed fixed-interval generalized adaptive comb smooth-
ing (GACS) procedure, listed in Table 1, is six-step

Step 1: The preliminary estimates @y (t) and ao(t) are
obtained using the pilot algorithm based on (12).

Step 2: To obtain the smoothed frequency rate esti-
mates ag(t), the trajectory {ao(t),t = 1,..., N} is fil-
tered, backward in time, using the anticausal filter S(q):
Go(t) = S(a)ao (t), where

S(q) =1— (1 - q)H2(q) = 72q/D(q).

Step 3: To obtain the smoothed frequency estimates
wo(t), the trajectory {&o(t),t = 1,..., N} is processed

2 In the Kalman filtering/smoothing literature, the filtered
and smoothed estimates of the state vector x(t) are usually
denoted by X(¢]t) and X(¢|N), respectively. In this paper a
different notation is used to avoid false associations.
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using the noncausal filter S(¢q)T(¢~*), where
—1
_ arq Vo Yo — Yw
T ! i E— , a1 = , a2 = :
(@) 1+ azqg 1 1 —%) 2 o

This can be achieved by means of backward-time
processing of the prefiltered traJectory wo(t) =
q~ S (q)wo(t), where @o(t) = qT (g~ ")@o(t).

Step 4: The amplitude coefficients are re-estimated us-
ing the frequency-guided version of the pilot algorithm,
obtained by replacing in (12) the causal frequency es-
timates Wo(t) with their noncausal (smoothed) counter-
parts W (t), evaluated at Step 3.

Step 5: To obtain the smoothed amplitude es-
timates Ek(t), k= 1,...,K, the re-estimated am-
plitude trajectories {Bi(t),t = 1,...,N} are fil-
tered, backward in time, using the anticausal fil-
ter F(q): Br(t) = F(q)Be(t),k = ., K, where
Fg) = p/[1 = (1= p)gl-

Step 6: To obtain the smoothed partial parameter esti-
mates 6}(t), the smoothed amplitude estimates ,Bk( ) are
combined with the smoothed phase estimates ¢y, (t )

my Sr_, @o(t). The smoothed parameter estimate 6(t)
is evaluated as a sum of its harmonic components.

Remark: We note that Step 2 above is optional — if all
that is needed is estimation of 6(¢), the frequency rate
smoothing part of the algorithm can be skipped.

Denote by AZZ)O (t) = Wo (t) — (:)0 (t) and A&O (t) = Qp (t) —
ap(t) the frequency and frequency rate smoothing er-

rors, respectively. Under assumptions (A1) — (A3), the
approximate error equations can be obtained in the form

Ao (t) = Li(g ™ eo(t) + I2(q~1)d(t) (21)

Ado(t) = Ji(g Heolt) + J2(g1a(t)  (22)

where
Ii(g™") = S(9)T(¢HG1(a™ )
L Q2() G2 (-1
B - U
Ji(q™") = S(q)Hi(q™)
_ -1
Denote by X T (¢71) = [X(¢7 )X ()] . the stable factor

of a rational transfer function X (¢~1)X(q). Based on
(21) - (22), the mean-squared estimation errors can be
evaluated in a way similar to (19) - (20)

(E{[@0(t) = wo(®)*}) 7 = (E{[AZ(1)]*}),,
> g1 (=71 (02, (1), + I (=7 )]s (23)

(E{[G0(t) - ao(®))?
'=“g[J+( BIECAC

~—
~
b
I
7~
=
=
>
N
o
=

Table 1. Generalized adaptive comb smoother
pilot filter :
J?k(t = ejmk[fio(tfl)+ao(t*1)]fk(t —1)
= y(t) =T () 5, (Bt — 1)

)
)

) = Br(t—1) + p@Lo* (1) fi (t)e(t)
(1) = Zhorme e (00T O (OB, (- 1)]
)
)
t

SE  m3? BI(t—1)®B, (t—1)
ao(t) = ao(t—1) —vag(t)
= Wo(t— 1)+ ao(t —1) — vwg(t)

—1,....N, k=1,....K
frequency rate smoother [optional] :
[@o(N) = ao(N +1) =ao(N +2) =ap(N) ]
ap(t) = —diao(t +1) — dado(t +2)
d3ag(t +3) +vado(t+ 1)
t=N-1,...,1

frequency smoother :
[@0(0) = @o(1)]
wo(t) = —agwo(t — 1) + a1@o(t)
t=1,...,N

[@o(N +1) = @o(N +2) =wo(N +3) = ©o(N) ]

ao(t) = —dlao(t—‘r 1) — dzf:)o(t + 2)
— d3wo(t + 3) + vado(t)
t=N,...,1

frequency —guided filter :

Fu(t) = eImx@0® f (£ —1)
&) = y(t) — T Ty Fe(BR(t— 1)
Br(t) = Br(t — 1) + p@ o*(t) f (1)E(t)
t = LN, kE=1,....K

amplitude smoother :
[Be(N +1) = Bi(N)]
Br(t) = (1— pw)Br(t+1) + uBy(t)
t=N,...,1, k=1,....K

output filter :

0:(t) = fr(®)Br(t), 6(t) =
t=1,...,N

SR Ok (D)

6 Optimization and Cramér-Rao bounds

Consider a system (1)—(3) with pseudo-linear frequency
changes. In order to achieve the best tracking/smoothing
results, the adaptation gains of the GACF/GACS algo-
rithms should be chosen so as to trade-off the bias and
variance components in (19)—(20) and (21)—(22). Such
optimal settings depend exclusively on the balance be-
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tween the bias and variance error components, deter-
mined by the scalar coeflicient

Butn)]_, o r
2B, | 02 s

R =

further referred to as the rate of nonstationarity of the
analyzed system [in signal analysis a similar concept was
introduced earlier in (Tichavsky & Héndel, 1995)].
Using residue calculus (Jury, 1964), one can easily derive
analytical expressions quantifying the mean-squared es-
timation errors in terms of p, 7, and ~,. Unfortunately,
these expressions (not listed here) are too complicated
to enable minimization of the MSE scores in an explicit,
analytical form. For this reason the optimal values of
adaptation gains were searched numerically. The opti-
mal settings that minimize the frequency and frequency
rate, tracking and smoothing, errors were found to be in
all four cases identical — the corresponding values, ob-
tained for several nonstationarity rates k, are listed in
Table 2.

Our next step was to establish the Cramér-Rao-type
lower tracking bounds (LTB,,, LTB,,) and lower
smoothing bounds (LSB,,,, LSB,, ), which set the upper
limits for the frequency and frequency rate estimation
accuracy using any causal/noncausal identification al-
gorithm — see Table 2. Note the performance gains that
can be achieved when tracking is replaced with smooth-
ing. Even though such analysis has mainly a theoretical
value, it allows one to evaluate tracking/smoothing per-
formance of the proposed algorithms in absolute, rather
than relative, terms. The LTBs and LSBs for the system
governed by (1)—(3) were obtained under assumptions
(A1) — (A5) and, to make the analysis easier, under
some technical constraints imposed on the initial con-
ditions — see Appendix 3. Again, rather than providing
the closed-form analytical formulas, we show how LTBs
and LSBs can be established numerically for a given
value of k.

It was found out that there is a perfect agreement be-
tween the lower tracking and smoothing bounds and the
MSE values obtained by minimizing (19)—(20) and (21)-
(22), respectively — in some cases the computed values
agreed up to the six decimal place. This means that, at
least theoretically, the optimally tuned GACF/GACS
algorithms should be statistically efficient frequency and
frequency rate trackers/smoothers. In the next section
we will verify this statement using computer simulations.
According to the results given above, in the constant-
amplitude case the frequency estimates are unambiguous
— in spite of the fact that the corresponding amplitude
estimates are complex-valued quantities and, as such,
could potentially create nonidentifiability problems. Al-
though the same was also observed in the time-varying-
amplitude case, some caution is needed in interpreting
the quantities Wy (t), Wo(t) and By (t), Bk (t) unless iden-
tifiability is formally proved. Note, however, that this
potential nonidentifiability problem does not extend to

estimation of @(t), which is our main interest here.

7 Simulation and experimental results
7.1  ALF-based analysis

To check the validity of the analytical expressions (19)—
(20), based on the approximating linear filter equations
(13)—(14), the following two-tap FIR system (inspired
by channel equalization applications) was simulated

y(t) = O1(D)u(t) + O2(t)u(t — 1) +o(t)  (25)

where u(t) denotes a white 4-QAM [quadrature am-
plitude modulation — see e.g. (Giannakis & Tepedelen—
lioglu, 1998)] input sequence (u(t) = +1 + j, o7 = 2)
and v(t) denotes a complex-valued Gaussian measure-
ment noise.

Each of n = 2 impulse response coefficients had K = 4
modes of variation — system parameters varied according
to

- 01 (t) o . ejl:”k"l‘mkzj_:lwo(T)}
SO l%(t)] =2

Bro=[2—j,1+ 32", Bao = [1 -4, 1]*
Bao = [1,1]7, Bao = [0.5,j0.5] "

where my = k, the phase shifts v4, ..., 14 were drawn
independently from the uniform distribution on [0, 27),
and the fundamental frequency wq(t) was governed by
the integrated random-walk model [obeying (A4) and
(A5)], startlng from OJQ%O = 7/4. Note that in this case
pt) = [u@),u(t —1)|", ® = L2, b2_20,b§:6,
b3 = 4,07 = 1 and b2 = 96 (since Zk:l b2 = 31, there
was a noticeable discrepancy between SNR and effective
SNR).

The approximations (19)—(20) were checked for 3 values
of the signal-to-noise ratio: SNR=0 dB (o, = 5.5678),
SNR=10 dB (0, = 1.7607) and SNR=20 dB (0, =
0.5568), for 2 values of the nonstationarity rate: x =
107 1% and x = 1077, and for 10 values of the adaptation
gain y, ranging from 0.01 to 0.1. To reduce the number of
design degrees of freedom, the two other gains adopted
for GACF/GACS algorithms were set to: v, = u?/2 and
Yo = p3/8 — in agreement with the general tendency
observed, under different levels of effective SNR, for the
optimal settings (this rule of thumb was found to work
quite well in practice). The mean-squared frequency and
frequency rate estimation errors were evaluated (for the
optimally tuned GACF algorithm) by means of joint
time and ensemble averaging. First, for each realization
of the measurement noise sequence and each realiza-
tion of the frequency trajectory, the mean-squared errors
were computed from 1000 iterations of the GACF filter
(after the algorithm has reached its steady-state). The
obtained results were next averaged over 50 realizations
of {0(t),v(t)} and vy, ..., v4.

Figs. 1 and 2 show comparison of theoretical curves
and the time-averaged values of the mean-squared fre-
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Table 2. Optimal GACF/GACS settings and the corresponding
normalized lower tracking bounds.

K poPt opt voPt LTBu, /02 | LTBay/0? | LSBu,/0? | LSBa,/0?
10-10 0.0472 | 0.00113 | 0.0000138 2.05 - 10° 8.21- 10! 1.18 - 10% 1.38 - 10t
5-10719 | 0.0613 | 0.00192 | 0.0000306 | 9.09-10* | 6.28-10' | 5.28-10% | 1.05-10!
10~° 0.0685 | 0.00241 | 0.0000432 | 6.39-10% 5.58 - 101 3.73 - 103 9.39
5-1079 | 0.0886 | 0.00407 | 0.0000955 | 2.82-10% 4.26 - 10! 1.67- 103 7.18
10-8 0.0990 | 0.00509 | 0.000134 | 1.97-10% 3.79 - 10! 1.18 - 103 6.40
5-107% | 0.127 | 0.00852 | 0.000295 | 8.66-10% 2.89 - 10! 5.28 - 102 4.89
1077 0.142 | 0.0106 | 0.000414 | 6.06- 103 2.57- 10! 3.73 - 102 4.36
5-1077 | 0.181 | 0.0177 | 0.000905 | 2.63-103 1.95 - 101 1.67 - 102 3.33
1076 0.201 | 0.0219 0.00126 1.83-103 1.73 - 101 1.18 - 102 2.96
quency and frequency rate estimation errors obtained 1°
via simulation. Note the good agreement between the-
oretical evaluations and the actual algorithm’s perfor-
mance, which can be observed for SNR > 10 dB. Gen- 10 O
erally, the degree of fit improves with decreasing x and -
increasing SNR, which is consistent with the operating %O o o
range of the approximating linear filter technique. Sim- 3 : o O o ©
ilar results, not reported here, were obtained for the w Q o
GACS algorithm. 107
7.2 Statistical efficiency
Fig. 3 shows comparison of the theoretical values of the 10°
lower frequency tracking bound LTB,,, and the lower 0 00z 004 u 006 008 o1
frequency rate tracking bound LTB,, with experimen- .
tal results obtained for optimally tuned GACF algo- 10
rithm designed for the system described in Section 7.1. ,
In agreement with the results of theoretical analysis pre- 10
sented in Section 6, for small rates of system nonstation- o o9

arity the proposed GACF algorithm is statistically effi-
cient, i.e., under the conditions specified earlier, it can’t
be outperformed by any other tracking algorithm. The
same conclusion can be drawn after inspection of the
plots shown in Fig. 4, illustrating behavior of the opti-
mally tuned GACS algorithm.

7.8 Performance

The aim of this simulation experiment was to com-
pare performance of the proposed GACF/GACS algo-
rithms with that yielded by the unconstrained multiple-
frequency versions of the GANF/GANS algorithms.
The simulated two-tap FIR system (25) was governed by

B 91(t) - . ejme:flw[)(T)

where C(t) = diag{sin(xt/1000), cos(wt/1000)} and
Bio = [=1,—4]", Bao = [-0.112,50.112]", B3 =
[—0.0402, —50.0402]", B4 = [—0.0207, j0.0207]".

The fundamental frequency was changing sinusoidally

E[<Aa O(t) >]
8\
O
(o)

0 002 004 006 008 0.1
H

Fig. 1. Average variance of the frequency estimation error
(upper figure) and the frequency rate estimation error (lower
figure) for a nonstationary FIR system with 4 frequency
modes governed by the integrated random-walk model. The
theoretical results (solid lines) are compared with simulation
results obtained for the rate of nonstationarity x = 107'°
and 10 different values of u (Yo = p?/2, Yo = #*/8). The
corresponding signal-to-noise ratios were equal to: SNR=0
dB (O), SNR=10 dB (x) and SNR=20 dB (+).

according to

w(t)—l 1+lsin T
10 3 1000/ |
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Fig. 2. Average variance of the frequency estimation error
(upper figure) and the frequency rate estimation error (lower
figure) for a nonstationary FIR system with 4 frequency
modes governed by the integrated random-walk model. The
theoretical results (solid lines) are compared with simulation
results obtained for the rate of nonstationarity £ = 107"
and 10 different values of u (Yo = p?/2, Yo = u*/8). The
corresponding signal-to-noise ratios were equal to: SNR=0
dB (O), SNR=10 dB (x) and SNR=20 dB (+).

Only the odd harmonics were present: m, = 2k — 1,
k =1,...,4. Similarly as in the previous experiments,
the system was excited with a 4-QAM sequence.

Fig. 7 shows comparison of the mean-squared parame-
ter tracking/smoothing errors yielded by the proposed
GACF/GACS algorithms. All MSE values were obtained
by means of joint time averaging (the evaluation inter-
val [1001,3000] was placed inside a wider analysis inter-
val [1,4000]), and ensemble averaging (50 realizations of
measurement noise were used). The standard deviation
of noise was equal to o, = 0.04. For each value of p,
the values of adaptation gains -, and -, were chosen
using the rule of thumb described in Section 7.1. Note
that the GACS algorithm yields uniformly better results
than its GACF counterpart. Both GACF and GACS al-
gorithms perform better than the correspnding multifre-
quency GANF and GANS algorithms, respectively.

7.4 Estimation of MRI noise

Magnetic resonance imaging (MRI) equipment is used to
visualize internal structures of the human body without
exposing subjects to harmful radiation. It is utilized in
many medical institutions for diagnostic purposes and,
quite recently, as an aid during some operations — in the

El<lawt)*>]

El<laa(®*>]

107" 10° 10°
K

Fig. 3. Comparison of the theoretical values of the lower
frequency (upper figure) and frequency rate (lower figure)
tracking bounds (solid lines) with experimental results ob-
tained for the system with quasi-linear frequency changes for
3 different SNR values: SNR=0 dB (O), SNR=10 dB (x),
SNR=20 dB (+), and 9 different values of the rate of system
nonstationarity s.

latter case it works in the nearly real-time mode (Kurumi
et al., 2007).

MRI devices generate very loud harmonic noise (with
intensity exceeding 100 dB) caused by vibration — ow-
ing to the Lorentz force — of the gradient coil. Exposure
to this noise is very annoying both for the patients and
for the medical staff. MRI noise can be reduced using
the active noise control (ANC) techniques, the better
the more accurately one can track the underlying mul-
tiharmonic signal (K > 30). Since this signal is nonsta-
tionary — both the amplitudes and the fundamental fre-
quency change over time — its estimation is a challenging
task. Fig. 8 shows the time plots and periodograms of
the original MRI noise (recorded in the axial mode), as
well as the time plots and periodograms of E\redigtion er-
rors e(t) = y(t) = 8(tlt —1) = y(t) = S, f(B)be(t— 1)
yielded by the proposed adaptive comb filter (ACF) and
by the multiple-frequency version of the adaptive notch
filter (ANF). All results were obtained for p = 0.01,
Yo = p%/2 and v, = p3/8. The complex-valued ver-
sion of the MRI signal was obtained using the discrete
Hilbert transform.

While the time plots obtained for ANF and ACF look
similar, the corresponding periodograms differ signifi-
cantly. It is clear that the ACF is much more effective
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El<|Aw®)*>]

El<laa®|®]

-8 -6

107 10 10

Fig. 4. Comparison of the theoretical values of the lower
frequency (upper figure) and frequency rate (lower figure)
smoothing bounds (solid lines) with experimental results ob-
tained for the system with quasi-linear frequency changes,
for 3 different SNR values: SNR=0dB (O), SNR=10 dB (x),
SNR=20 dB (+), and 9 different values of the rate of system
nonstationarity x.

1150

1050 1150

1100
t

Fig. 5. Real parts (solid lines) and imaginary parts (broken
lines) of system parameters observed in a short time interval.
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Fig. 6. Evolution of the instantaneous fundamental frequency
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Fig. 7. Comparison of the mean-squared parameter track-
ing (O) and parameter smoothing () errors yielded by the
generalized adaptive notch algorithms (upper figure) and
generalized adaptive comb algorithms (lower figure) for the
two-tap FIR system with sinusoidally varying fundamental
frequency of parameter variation and sinusoidally varying
amplitudes of all harmonics.

in suppressing signal harmonics than ANF, even though
both algorithms used the same starting values. The fail-
ure of the ANF algorithm can be explained by its poor
frequency matching capabilities — after some initial pe-
riod the algorithm locks on dominant harmonics, leaving
the remaining ones unattenuated.

8 Conclusion

The problem of identification of linear stochastic sys-
tems with quasi-harmonically varying parameters was
considered. Both causal and noncausal identification
algorithms were derived, referred to as generalized
adaptive comb filters (GACFs) and generalized adap-
tive comb smoothers (GACSs), respectively. In both
cases the frequency and frequency rate estimation
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Fig. 8. Time plots (upper figures) and periodograms (lower
figures) of the: MRI noise (two top plots), prediction errors
yielded by the ACF algorithm (two middle plots), and pre-
diction errors yielded by the multiple-frequency ANF algo-
rithm (two bottom plots).

properties of the proposed algorithms were analyzed
using the method of approximating linear filter. It
was shown, and later confirmed by means of computer
simulations, that when the fundamental frequency of
parameter changes varies slowly with time according
to the integrated random-walk model, the optimally
tuned GACF/GACS algorithms are (under Gaussian
assumptions) statistically efficient frequency and fre-
quency rate trackers/smoothers, i.e., they reach the
Cramér-Rao-type lower tracking/smoothing bounds —
expressions allowing one to evaluate these bounds were
also derived in the paper.

References

Bakkoury, J., Roviras, D., Ghogho, M. & Castanie, F. (2000).
Adaptive MLSE receiver over rapidly fading channels. Signal
Processing, 80, 1347-1360.

Giannakis, G.B. & Tepedelenlioglu, C. (1998). Basis expansion
models and diversity techniques for blind identification and
equalization of time-varying channels. Proc. IEEE, 86, 1969—
1986.

Haykin, S. (1996). Adaptive Filter Theory. Englewood Cliffs NJ:
Prentice Hall.

James, B., Anderson B.D.O. & Williamson, R.C. (1994).
Conditional mean and maximum likelihood approaches to
multiharmonic frequency estimation. IEFEE Trans. Signal
Process., 42, 1366-1375.

Jury, M. (1964). Theory and Application of the Z-transform
Method. New York: Wiley.

11

Kurumi, Y., Tani T., Naka S., Shiomi H., Shimizu T., Abe
K., Endo Y. & Morikawa S. (2007). MR-guided microwave
ablation for malignancies. International Journal of Clinical
Oncology, 12, 85-93.

Nehorai A. & Porat B. (1986). Adaptive comb filtering for
harmonic signal enhancement. IEEE Trans. Acoust. Speech,
Signal Process., 34, 1124-1138.

Neimark, J.I. (2003). Mathematical Models in Natural Sciences
and Engineering. Springer.

NiedZwiecki, M. & Kaczmarek, P. (2004). Generalized adaptive
notch filters. Proc. 2004 IEEE Int. Conf. on Acoustics, Speech
and Signal Proc., Montreal, Canada, II-657-11-660.

Niedzwiecki, M. & Kaczmarek, P. (2005a). Estimation and
tracking of quasi-periodically varying systems. Automatica,
41, 1503-1516.

NiedZwiecki, M. & Kaczmarek, P. (2005b). Identification of
quasi-periodically varying systems using the combined
nonparametric/parametric approach. IEEE Trans. Signal
Process., 53, 4588-4598.

NiedZwiecki, M. & Meller, M. (2011a). Identification of quasi-
periodically varying systems with quasi-linear frequency
changes. Proc. 18th IFAC World Congress, Milano, Italy, pp.
9070-9078.

Niedzwiecki, M. & Meller, M. (2011b). New algorithms for
adaptive notch smoothing. IEEE Trans. Signal Process., 59,
2024-2037.

Olkin, I. & Pratt, J. (1958). A multivariate Tchebycheff inequality.
Annals of Mathematical Statistics, 29, 226-234.

Regalia, P.A. (1995). Adaptive IIR Filtering in Signal Processing
and Control. New York: Marcel Dekker.

Tichavsky, P. & Héndel, P. (1995). Two algorithms for adaptive
retrieval of slowly time-varying multiple cisoids in noise.
IEEE Trans. on Signal Process., 43, 1116-1127.

Tsatsanis, M.K. & Giannakis, G.B. (1996). Modeling and
equalization of rapidly fading channels. Int. J. Adaptive
Contr. Signal Processing, 10, 159-176.

Widrow, B. & Stearns, S.D. (1985). Adaptive Signal Processing.
Prentice-Hall.

van Trees, H. (1968). Detection, Estimation and Modulation
Theory. New York: Wiley.

APPENDIX 1
Derivation of (13) and (14)

Denote by A8y (t) = 64(t) — O)(t) the parameter esti-
mation error and let AZy(t) = Im[0H(1)® A8y (t)/b3).
According to (Tichavsky & Héndel, 1995), when carry-
ing ALF analysis, one should neglect all terms of order
higher than one in Ay (£), Adix (), ABy(t), §(t) and v(t),
including all cross-terms.

To derive recursion for AZ(t) = Zszl AZ (1), note that

0 (t) = Cult) + p® 1" (t)e(t)

K K
e(t) =T (t) Y O(t) +o(t) =T () D Ci(t)
k=1 k=1

where (i (t) = ej[ak(t’lHEk(t’l)]ék(t —1) and

~

an(t) = mydo(t), Gn(t) = malo(t)  (26)
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Therefore

0(t) = [1— u® ' (1) (t) ] Cult)
+ @ " (09T (1)0k (1) + n® " (H)u(t) + & (1)

where

M=

En(t) = n® o () (1) ) [6:(t) — Gilt) ]

S
S
T

Since in the case considered @y, (t) = e/“+()@,,(t—1), the
last relationship leads to

Note that () can be rewritten in the form (i (t) =
eIn(D) = ALK (=) o=jAar(t=1)[g, (+ — 1) — ABj(t — 1))].
Using the following approximations e 74wr(t=1) =~ 1 _
JADR(t—1), e 78k (t=1) = 1 _jA@G, (t—1), that hold for
small frequency and frequency rate errors, respectively,
and applying ALF rules, one arrives at

Cil(t) = eIk (1) g=i AWy (t=1) p—jAak(t—1)

X [0p(t — 1) — ABy(t — 1)] = e+ D[ 1 — jAD(t — 1)]x
x [1— jAG(t — 1)][0k(t — 1) — AB)(t — 1)]

> doe M1 — JADL(E — 1) — jAGL(E — 1)]x

X [0t — 1) — ABy(t — 1)] =2 O (t) — /DA, (t — 1)
— jlAGK(t — 1) + Ady(t — 1)]0k (D). (28)

Combining (27) with (28), one obtains

AB(1) = [1T— @ Yo (1) (1) ] /D AG(t — 1)
+j[1—p@ e ()" (1) | [ADL(t - 1)

F AG(E - 1)]04(t) — u® Lo (t)u(t) — Ex(t).  (29)

Let A (t) = AB, (t)f7(t). After multiplying both sides
of (29) with f}(t), one arrives at

AG(t) = [T— p® ' (1) (t) | AOL(t — 1)
+7 [ T—u® o ()" (1) ] [ADk(t - 1)
+ Ak (t = 1))Br — p@ " (1) f5 (o (t) — &k (1) f E?d

For small values of adaptation gains u, 7., and 7,, the
quantities A0y (t), AWk (t) and Aay(t) change slowly
compared to ¢(t) and f(t),k =1,..., K, i.e., (30) can
be regarded as a two-scale difference equation. When

12

solving such equation for slowly varying quantities, one
is allowed to replace some functionals of the fast vary-
ing quantities with their time averages. This is usually
referred to as a deterministic averaging technique.
Denote by (x(t)); = (1/T) Z;TF:_Ol x(t—1) the local aver-
age of z(t), and by (z(t)) = limp e (x(t)) the cor-
responding limiting value (provided it exists).

We will exploit the fact that for any process {¢(t)}
obeying (A2), and for sufficiently large values of T, it

holds that <go(t)goT(t)>T = <cp(t)cpT(t)>oo = & and
(Pt ()" ) = ()T (t)e™') =0, Yw # 0.
According to the first relationship, the data-dependent
matrix I—pu® " 1p*(t)pT (t) in (30) can be replaced with
I—pu® ' (p(t)p™ (1), = (1 — w1 Similarly, accord-
ing to the second relationshi/l\o, since for sufficiently slow
frequency variations fi(t), fx(t), k = 1,..., K, are lo-
cally almost periodic functions of time, it holds that
(Er(t) fr(t))p =0, allowing one to neglect the last term
on the right hand side of (30). Hence, using the averag-
ing technique, one arrives at the following approximate
error equation

AGL(t) = (1 — ) Ak (t — 1) + (1 — ) [ABy(t — 1)
+ Adg(t— 1)]B — p@~ " (1) f7 (1o (t). (31)

Multiplying both sides of (31) with 8}'®, one obtains

BHBAOL(t) = A\BHBAG(t — 1)
+ JAADE(E = 1) + Adi(t — 1)]8 @6k
— uBi e () i (t)o(t) (32)

where A = 1 — p. Finally, dividing both sides of equa-
tion (32) by b3, taking imaginary parts, and noting that
BEBAD (1) = 0,(1)1BAG (1) and BLLE (1) = OF(),

one arrives at

AT (1) = AATL(t — 1)
DY A R
+ 2 [ AWg(t — 1) + Aag(t — 1) | + pex(t)

where e (t) = —Im [Bfl¢*(t) f; (t)v(t)/b3]. Note that
AZ(t) = S miATL(L), eo(t) = S p, myex(t) and
b = Zszl mibs. Hence, after incorporating (26), one
obtains

AZ(t) = ANAZ(t — 1) + A[ADo(t — 1) + Adp(t — 1)]
+ peo(t). (33)
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To derive recursions for AWy (t) and Aday(t), note that
in the tracking mode it holds that

Sk m I [ (0T (OFu(0BL(t — 1)

g(t) =

Yoy m? IBk (t—1)®Bx(t — 1)
o Sy maImle ()T (k1))
b
and

— @ (1)Ck (1) + @ (O)r(t) + (1)

7k
Furthermore, Tm[" ()™ (1) (1)] = [z, () —Jo™ (£)Ck ()]
= Imz(2)], where z(t) = 6 (t)¢"(t)e" (t)Cn(t
b ()" ()@ (£)Ck (¢) + ()<P() k(1)

Using (28) and applying the ALF rules, one obtains the
following approximation

OF ()™ (1) (1)Ck (1) = O ()™ (1) 0"
— 01 (t — 1) (1)@ (1) ABL(t — 1)
— jO ()" ()T ()0k (1) AWk (t — 1) + Adr(t — 1) ]
= Blle* ()" ()8 — Bl ()" (H)AB(t - 1)
— 1B ()" (1) B[ ADk(t — 1) + Adk(t — 1) ]

(1)0(t)

which, after averaging, leads to

2(t) = B @By — B B[ AWk (t — 1) + Adik(t — 1) ]
— BHBAGL(t — 1) + v* ()T (£)Ok(t).

Since B ®8), = b7, one arrives at

g(t) = Im[2(t) /b2] = —AZ(t — 1) — Ao(t — 1)

— Adio(t — 1) + eq(t).

Note that
Aap(t) = Adp(t — 1) + () + vag(t)
Ao (t) = ABp(t — 1) + Adp(t — 1) 4+ v.9(t).

Combining the last three equations, one arrives at

Aao(t) = (1 — ’ya)Aao(t — 1) + 5(1f) + ’7a€0(f)

— Y2 AW (t — 1) — v AZ(t — 1) (34)

Alo(t) = (1 — 7,)AGo(t — 1) +
+weo(t) — 1w AZ(E - 1).

(1 —7w)Adp(t —1)
(35)
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Finally, solving the set of linear equations (33), (34) and
(35) for A (t) and Adag(t), one obtains (13) and (14),
respectively.

APPENDIX 2
Derivation of (16)

The relationship E [ex(t)e;(t)] = 0, Vk # [ stems from
the fact that {v(t)} is a sequence of zero-mean indepen-
dent random variables, independent of {¢(¢)}. To arrive
at the expression for pg;(t) we will introduce the follow-
ing notation

o(t) = vr(t) + jur(t), me(t)

where the subscript R/I denotes the real/imaginary part
of a complex variable.
Note that

= Bre(t) = mr(t) + jnu(t)

ex(t) = —Im [ (£)e 7% Du(t) 17 |

1 .

= b_z{ [mr (H)vr (t) + mer (8)or(t)] sin ¢ (t)
0
=[mer (H)v1(t) — e (t)or (t)] cos dr(t) }

Since the sequence {v(t)} is circular, it holds that
E[v3(t)] = E[v}(t)] = 02/2 and E[vg (¢t)vi(t)] = 0. Using
these relationships, and the fact that the process {v(t)}
is independent of {¢(t)}, one arrives at

E, [ex(t)er(t)]
2
_ ;—b%{ [er ()mir (&) + 11 (£ (£)] cos [B1 () — du(2)]

+ [ ()i (t) + mrx (E)mr ()] sin [ (£) — du(2)] }- 56
36

After elementary but tedious calculations, one can show
that

(ke (£)mw () + ner ()i (t)] = Re[B) @6/]

E‘P
Ey [mkr ()nu () + ni()mr (t)] = —Im[BL®8)].  (37)

Finally, combining (36) with (37), one obtains
E[ek(f) 1)) = Eg {Ey [ex(t)er(t)]}

{Re[B}' @3] cos[¢ (t) — ¢u(t)]

— ()]} = pra(t).

2b4
— Im[B} ®3)] sin[¢p (1)

APPENDIX 3
Computation of Lower Tracking/Smoothing Bounds

In this appendix, we will derive expressions for theoret-
ical upper bounds that limit tracking/smoothing capa-
bilities of any causal /noncausal frequency and frequency
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rate estimation algorithms applied to quasi-periodically
varying systems with quasi-linear frequency changes.
The corresponding lower tracking bounds (LTBs) and
lower smoothing bounds (LSBs) belong to the class of
posterior (or Bayesian) Cramér-Rao bounds, applicable
to signals/systems with random parameters?

Denote by w and y and cg the vectors of system in-
puts (regarded as a known deterministic sequence, e.g. a
particular realization of a stochastic process), noisy out-
puts, and fixed initial conditions, respectively, and let
X(y,u,co) be an estimator of a real-valued random pa-
rameter vector x based on (y, u, ¢cg). Then, under weak
regularity conditions, one can show that (van Trees,
1968)

E[(ﬁ(}“ u, CO) - X)(£(Y7 u, CO) - X)T|u5 CO] Z Jil (U, CO)
where
9*log p(y, x|u, co)
J(u,c0) = -E [ OxoxT }
_ g [2logp(y. x|u, co) Olog p(y, x|u, co)
ox oxT

and p(y, x|u, co) = p(y|x, u, co)p(x) is the joint proba-
bility density function of the pair (y,x) given u and cy.
When the input signal is a stochastic process, initial
conditions are random, and averaging is extended to all
realizations of w and cg, one obtains the following result

E[(£(Yﬂ u, CO) - X)(i(yv u, CO) - X)T] 2 E[J_l(u7 CO)]

> {E[J(u,co)]} ' =T

where the second transition stems from the Jensen’s in-
equality for matrices — see Olkin and Pratt (1958).

In the case considered, let x; = [ag(1),...,a0(t)]T, y: =
[y(1),.,y(®)]" and u, = [T (1), ..., @ ()]

To simplify further analysis, we will assume, in ad-
dition to (A1l)-(A5), that the complex-valued ‘ampli-
tudes’ can be written down in the form B = Broe’"*,
k = 1,2,...,K, where B are fixed (determinis-
tic) complex-valued vectors and v, are mutually
independent random phase shifts, distributed uni-
formly over the interval [0, 2m). Note that under
the last assumption it holds that E[B,8]'] = O,
Yk # . Furthermore, we will assume that «g(0)
is uniformly distributed over [cumin, @max|, and that
wo(0) is a known deterministic quantity. Hence,
the vector of initial conditions can be specified as
co = [Bros---,Bko, v1,-..,vK,0(0),we(0)]T, where
the quantities B, . . ., Bro and wy(0) are deterministic,
and the quantities v, ..., vk and ag(0) are stochastic.

3 When the estimated quantities are stochastic variables,
rather than unknown deterministic constants, the classical
Cramér-Rao inequality does not apply.
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First of all, note that
log p(y+, X¢|us, co) = log p(y[xs, we, €o) + log p(x).

Since, under the assumptions listed above, the vectors

x; and ¢g fully determine 0(7), 7 = 1,...,t: O(1) =
Zszl Brel™?0(T) where
T T n—1
7) = wo(n) =wo(0) + D > ao(m), (38)
n=1 n=1m=1

one arrives at (for normally distributed {v(7)})

logp(yt|xt7ut7 CO) - logp[yt|0( ) (1)7 R O(t), So(t)]
_cl——Dv _cl——Zw ()P
(39)

where ¢; is a constant independent of x;.
Differentiating (39) with respect to ap(m), one obtains

Dlog p(y:|x¢, ue, co)

dap(m)
2 < § o0(r
= % 3 Re{ )~ " @RI

and

02 log p(yt|xt, e, co)
3040( )0 (n)

_ 22 { 90" ()

et Oagp(n)

+ [y(7) — " (NO(T)] "™ (7) (%ma 05040 }
R 00" (1) o(7)
- ;1 Re{ ~ Gann)? ()" (1) Do (m)

T 0%0(r)
(r 8ao(m)8a0(n)} '

+0v*(t)e

where the last transition stems from y(7) = T (7)0(7)+

u(T).
This leads to

. 0?1og p(yt|xt, ue, co)
dag(m)dag(n)

P )
NS
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Using (38), one arrives at

80(T) Zm ﬁ Jmdo (T ii(;
Bao( =J EPLKE
k=1 s=1[=1
K .
=3 Z mkﬁkejmwo(") max(7 —m,0)
k=1

whered.; = {0if 7 # [, 1if 7 = [} denotes the Kronecker
delta. This allows one to reach

001 (r) _ 90(T)
E |Gt e
K
=— Z m3BH® B, max(r — m,0) max(r — n,0)
k 1

= — Z mkbk max (7T

where the crossterms Bl ®3; = /(=) 8L &3y, k # 1
average to zero due to independence of the phase shifts
v, and vj.
Therefore

—m,0) max(rT —n,0) ,

9 log p(ye|xe, ue,co) | _ 263
==2A,

Ox0x} o2 (40)

-E

where [A¢]mn = Ej—:l max (7 —m, 0)-max(T —n, 0).

In an analogous way, one can derive the second compo-
nent of the generalized Fisher matrix. First, note that

log p(xt)

ZIOgP[ao(l) ao(2) — ag(1),...,ao(t) —ao(t —1)]
= C2 —|— C3 — Z

=co+c3— Z — (T —1)]? (41)

where ¢2 = log[1/(max — min)] and c3 are constants
independent of x;.

Differentiation of (41) results in

logp(t) _ 1 N~ 0 o
Taolm) 207 2 Baggmy @27 ~ 07 =)
ap(2) — ap(l) for m=1
:% ap(m+1) —2ap(m) +ap(t—1) for T<m<t
95

for m=t
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0(2) for m=1
:U—§ d(m+1)—=46(m) for l<m<t
—o(t) for m=t
which leads to
dlogp(x:) dlogp(xt) 1
E =—B 42
0% oxf o2 ! (42)
where _ -
1-1 0 0... O
-1 2-1 0... O
0-1 2-1...
B, =
0... 0-1 2-1
0... 0 0-1 1
Combining (40) with (42), one obtains
_ 2h2 1
Jt OAt+—Bt :—2 [2/{At+Bt]
01} 5 gs

The asymptotic (steady-state) bounds on accuracy of
frequency and frequency rate estimates can be obtained
from

LTB., = Jim inf E{ o)) ~Go(0)*) = Jim b3 by
wol-
_ _ —1
LTBq, = lim al;ﬂ(f_)E{ [ao(t) = @o(1)]*} = lim [J31],,

where b/ = [1} |, 0], and 1; denotes the vector of ones of
length t. The analogous expressions for lower smoothing
bounds read

LSB,, = tlim inf B{ [wo(t) —@o(t)]*} = tl&)rgo c/ Iy ¢

LSB,, = hm inf E{ [o(t) — ao(t )] } = lim [Jz_tl]tt

0 t—o0

where ¢ = [1;,0F ;] and 0, denotes the vector of
zeros of length t. The values of LTB and LSB, shown in
Table 1, were computed numerically for ¢ ranging from
100 to 600 (the convergence is slower for smaller values

of k).
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