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Abstract. The paper deals with the difference inequalities generated by initial boundary
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to investigate the stability of constructed difference schemes. The proof of the convergence
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1. INTRODUCTION

The classical theory of partial differential inequalities has applications in several dif-
ferential problems. As basic examples we can give: estimates of solutions of partial dif-
ferential equations, estimates of the domain of the existence of classical or generalized
solutions, criteria of uniqueness and continuous dependence. Difference inequalities,
or in other words a discrete version of differential inequalities, are frequently used to
prove the convergence of the numerical schemes.

The papers [7,16] initiated the investigation of difference inequalities generated
by the first order partial differential equations. The results presented in [7,16] were
extended on functional differential problems in papers [2,17] and in [12-14] were
generalized on differential and differential functional equations of parabolic type. In
the mentioned papers explicit difference schemes were considered. We use in the paper
general ideas for finite difference equations which can be found in [18,19].

We formulate our functional differential problem. For any metric spaces X and
Y we denote by C(X,Y) the class of all continuous functions from X to Y. We
denote by RF*™ the space of real k x n matrices. We will use vectorial inequalities
with the understanding that the same inequalities hold between their corresponding
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components. For x = (z1,...,2,) €ER", y = (y1,...,yn) ER", p= (p1,...,p) € RF
and for the matrix U € RF*", U = [Wijli=1,... kj=1,..n We write

n
||IE|| :Z|ml| and $<>y:(x1y1w-~»$nyn),
=1

Iplloc = max {|p;| : 1 <i <k}, |U| :max{Z|uij| 1<i< k}

i=1
For each x = (z1,...,2,) € R™ we write z = (2/,2") where 2’ = (z1,...,24),
2 = (Tx41,--.,%n), where 0 < k < n is fixed. If K = n we have 2’ = z, if K = 0 then

z" = x. Let Ry = [0,00). Suppose that a > 0, dy € Ry, b = (b1,...,b,) € R} and
d=(dy,...,d,) € R?, are given. We define the sets

E =1[0,a] x [-V,b") x (=b",b"], D =][—do,0] x[0,d'] x [-d",0].
Let ¢ = (c1,...,¢n) =b+d and
Ey = [—dp,0] x [V, ] x [=",b"], OoE = ((0,a] x [V, x [=",b"]) \ E,
E* = EgUEUJE.

Suppose that z : E* — RF, 2z = (21,...,2), and (t,2) € E. We define the function
22yt D — R* as follows

2ty (Ty) = 2(t+ 1,24+ y), (1,9) € D.

The function z ;) is the restriction of z to [t —do,t] x [/, 2" + d'] x [¢" —d",2"] and
this restriction is shifted to the set D. For a function w € C(D,R¥) we define

[wllp = max {|[w(t,z)|l : (¢,2) € D}.
Put Q = F x RF x C(D,R*) x R™ and suppose that
FrQ=RY f=( 1,0 fa)s
@:EgUE = R", ©=(o1,..., %)
are given functions. We consider the system of differential functional equations
Orzi(t,x) = fi(t, o, 2(t,x), 2(4,0), Oz 2i(t, ), 1 <0<k, (1.1)
with the initial boundary condition
z2(t,x) = @(t,x) on EyUOE, (1.2)

where 0,2; = (Ouy Ziy- - -y Ox, 2i)-

Systems of differential equations with deviated variables and differential integral
problems can be derived from (1.1) by specializing the operator f = (f1,..., fr)-
Difference methods described in the paper have the potential for application in the
numerical solution of the above problems.
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A function v : E* — R is a classical solution of (1.1), (1.2) if:

(i) v € C(E*,R¥) and v is of class C! on E,
(ii) v = (v1,...,vx) satisfies the system of equations (1.1) on E and condition (1.2)
holds.

We are interested in establishing a method of numerical approximation of classical
solutions to problem (1.1), (1.2) with solutions of associated difference schemes and
in estimating the difference between these solutions.

We formulate a class of difference schemes for (1.1), (1.2). Let N and Z be the
sets of natural numbers and integers, respectively. We define a mesh on E* and D
in the following way. Let (ho,h'), b’ = (h1,..., hy), stand for steps of the mesh. For
h = (ho,h’) and (r,m) € Z**", where m = (mq,...,m,), we define nodal points as
follows

t0) = rhy, ™ = (xﬁ”“) M)y = moh/

? n

Let us denote by H the set of all h = (hg,h’') such that there are Ky € Z and
N = (MNy,...,N,) € N" with the properties Kohg = dp and Noh' = d. Let K € N
be defined by the relations Kho < a < (K + 1)hgo. Write

R}f” = {(t(r),x(m)) :(rym) € ZH'"}

and
Ey,=ENR™, Eno=ENR™, Dy=DnR*",

ath = 80E n R}l-L+n7 E;; =FEpoUFE,RU ath.
Moreover, we put I = [0,a] and
L={t":0<r<K}, I, =1I\{t%}.

Set

and
Ej, = E; N ([—do,t™] x R™).

For functions z : £} — R* and w : D;, — R* we write
20 = 2(t™) 2™) on Ef and w™™ =w(t™,z™) on Dy,

For the above z and for a point (t(),z(™) € E, we define the function
2[rm] * Dn — R* by the formula

Zrm) (1,y) = 2(t") + 7,20 ), (1,y) € Dy.
We write

)

) = ™)), 2l = )
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The function 2., is the restriction of z to the set
([t = do, 7] x [, 20 4 d'] x [ — @, 2("]) N REF"
and this restriction is shifted to the set Dj,. For a function w : D, — R* we write
[wll b, = max {[Jw"™|o : (¢, 2™) € Dy}
Let e; = (0,...,0,1,0,...,0) € R", 1 < j < n, where 1 is the j-th coordinate. We

consider difference operators §p and 6 = (d1,...,0,) defined in the following way.
Suppose that w : B — R, we put

1
50w(r,m) = h—o(w(T+1’m) — w(r’m)) (13)
and 1
Siwrm = —(w(T’m+€j) - w(r’m)), 1<j<k, (1.4)
h;
. 1 : -
6jw(7,m) _ h7<w(7,m) _ w(um—ej))’ k+1 S] <n. (15)

J

Note that dw(™™ is given by (1.5) if x = 0 and dw™™) is defined by (1.4) for x = n.

Let us denote by F((X,Y") the class of all functions defined on X and taking values
in Y, where X and Y are arbitrary sets. Put ), = E; x R¥ x F(Dj,R¥F) x R™ and
suppose that

fro Q= RE fu=(fats s frn),
on: EnoUd0Er = RY,  on=(pn1, ., ¢nk)
are given functions. Write
(5()2: = ((5021, . ;6OZk)7
Ful2] ™™ = (Falz] ™™, ... Frlz]™™)

and

Fral2] ™™ = fo (00,20 20m) sz 5™  (1 = )02 1< <k,

where
Siézl.(r’m) = (sﬂcslzl(r’m), e sin(Snng’m)),
(1- si)ézyﬂ’m) =((1- sil)élzyﬂ’m), (1= sm)énzyﬂ’m))
and where 0 < s;; < 1,7 =1,...,k, j =1,...,n, are given constants. We consider
the difference functional system
5QZ(T’m) =Fy [Z](T’m) (16)
with initial boundary condition
20 = Mo By o U OBy (1.7)
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The above difference method has the following property: each equation in system
(1.6) contains the parameter s; = (Si1,...,8in), 1 <1 < k. If s; = (1,...,1) € R"®
for 1 <4 < k then (1.6), (1.7) reduces to the explicit difference scheme. It is clear
that there exists exactly one solution of problem (1.6), (1.7) in this case. Sufficient
conditions for the convergence of the explicit difference methods for first order partial
differential equations can be found in the monograph [5] (Chapter V), see also [1,2].

Note that if £ =1 and s = (s1,...,5,) = (0,...,0) € R™ then (1.6), (1.7) reduces
to the strong implicit difference scheme considered in [6].

Numerical methods for nonlinear parabolic problems were investigated in [8-11].
Difference schemes considered in the above papers depend on two parameters s, s €
[0,1]. Right hand sides of difference equations corresponding to parabolic equations
contain the expressions

56200 4 (1 — 5)52r ™ and 5620 4 (1 - 3)§3) LrHLm)]

where § = (01,...,d,) and 52 = [0i5]i,j=1,...n are difference operators corresponding
to the partial derivatives 9, = (Opy,...,0s,) and Oz = [Op,e,)ij=1....n and z is a
scalar unknown function. Our results are motivated by papers [8-11].

In the paper we first investigate difference functional inequalities generated by
mixed problems for nonlinear equations. We use this results to prove the theorem on
the error estimates of approximate solutions for functional difference schemes. The
proof of the convergence is based on the stability of difference equation with initial
condition. It is well known that with the adopted proof technique the convergence is
equivalent to the stability of difference schemes.

In theorems on the convergence of explicit functional difference methods for (1.1),
(1.2) we need assumptions on the mesh which are known as the (CFL) conditions.
In our investigations we need the (CFL) condition which depends on the values of
parameter s. The conclusion of the theoretical analysis carried out in the paper is that
only the strong implicit method is unconditionally stable. The same conclusions can
be found in the papers [8-11] for nonlinear parabolic partial differential equations of
second order. Nevertheless the numerical experiments show that the (CFL) condition,
required in the adopted method of the proof, is only sufficient but not necessary.

The paper is organized as follows. Section 2 deals with a comparison results for
the difference functional inequalities. Estimation of the difference between exact and
approximate solutions can be found in Section 3. A convergence theorem and an error
estimate for the difference methods are presented in Section 4. At the end of the paper
we give numerical examples.

2. DIFFERENCE FUNCTIONAL INEQUALITIES

We begin with the maximum principle for implicit difference functional inequalities
generated by (1.6), (1.7). Write

B = [—b/,b/) % (—b”,b”}, B* — [_bl,cl] « [—C”,b”]
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and
Ry = {z™ :m e zZ"}

where h € H. We consider the sets
B,=BNR;, B;,=B"NR}
and 0y By, = Bj; \ By,. Define 0 = (64, ...,6,,), where

0j=1for 1<j<k and 0;=—1 for k+1<j<n.

Theorem 2.1. Suppose that 0 < r < K — 1 is fixed and the function \p, : Ej X
F(Dp,RF) — REX1\; = An.ijli=1,...k,j=1,..,n, s such that for i =1,... k we have

Mi(t,z,w) o0 >0 on Ej x F(Dy,RF),

where )\h.i = (/\h.ih ey Ahzn)

(D) If w: Ef — R, w=(w1,...,wy), satisfies the difference inequalities

7 [

j=1
for ™ e By, and pD e 77, 4 = (ugi), e ,ug)), is such that
wgrﬂ’”m) =M® for 1<i<k,
where

T a(m e Bry and MW >0, 1<i<k,

i

M = max {w

then (") ¢ 0o By, .
(D) Ifw: E; — R, w= (wy,...,wy), satisfies the difference inequalities

W™ > o ST Mg (80, 20 w)(1 - )8l 1<i<k
j=1

for ™ € By, and g € 7", i = ([Lgi), e ,ﬂ§i)), is such that
wgr-i-l,;](i)) — M,
where
M® = min {wETH’m) cx™ e B} and MW <0, 1<i<k,

then 2@ ¢ 0o By, .

wi™ T < hg S N (10, 20wy ) (1 = s35)85wl T 1< <k,

)

(2.1)
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Proof. Consider the case (I). Suppose that i is fixed, 1 <4 < k and ") € B,. Then
w" T ) <

K

1 - ) 1,0 te; 1,0
S0 a0, 2 D it — i) (1w FTE) (T )

) g () e
+ho Z h*)‘hw(t() 24 wp 6 >])(1—s”)( i ef)).

Z

j=r+1 "7
This gives
, L |
M(Z) |:1 + h() h7<1 — S”)l)\h Zj(t(r) ( ) ’ll)[n#(i)])|:| S
j=1""
"1 ; @ e
<ho Y o i (1 V20 g, o) (1= sigwl )
j=1""
1 - ) - (i) _q.
—ho Z i/\h.ij(t( L g o) (1 - sijwy ) <
j=r+1 J

. 1 i
< hoM® " — (1= sij) [ Anis (), 2® ) wp, o)

We thus get M) < 0 which contradicts (2.1). Then 2”) € 9yBy, which is our

claim. In a similar way we prove that 2(7) ¢ 0oBy, for 1 <4 < k in the case of (II).
This completes the proof. O

Assumption H[f;]. Suppose that the function fy : Q1 — R, fo = (fn1,-- s fuk)s
of the variables (¢, z,p, w, q) is such that:

1) fi is nondecreasing with respect to the functional variable and for each P =
(t,z,p,w,q) € ), there exist partial derivatives

Opfn(P) = Opi fn1(P), -+, Op fnk(P)), - Ogfn(P) = (04, fni(P)li=1....0.5=1

and

)

Op, frit,z, - w,q) € C(R¥ R), 1 <i <k,
A fn(t,z,p,w, ) € C(R™, RF*™),
2) for each P € Qp, and for i = 1,...,k we have
Ogfn.i(P)o0 >0
and

1 +h08p1fhz hOZ h 31]|aq]fh z( )‘ >0, (22)
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3) the function f, satisfies the following monotonicity condition with respect to the
variable p: for each i, 1 <i < k,if p <p, p= (p1,..-,pk), D = (D1,...,Pk), and
Di = Di, then fh.i(ta z,p,w, q) < fh.i(tv x,p,w, Q)

Remark 2.2. The assumption (2.2) is called the Courant-Friedrichs-Levy (CFL)

condition for problem (1.6)-(1.7) (see [3, Chapter III| and [5, Chapter V).
Now we formulate the theorem on functional difference inequalities.

Theorem 2.3. Suppose that Assumption H|[fy] is satisfied and the functions u,v :
Ep — RF are such that the implicit difference inequalities

Sou™™ — F[u] "™ < Gou™™) — F[0]m) ) (#0) 2M) € B (2.3)
and the initial boundary estimates
™ < ) on By o U o En, (2.4)

are satisfied.
Then
u™™ <y on B (2.5)

Proof. We prove (2.5) by induction on r. It follows from (2.4) that assertion (2.5) is
satisfied for r = 0 and (¢t(9), (™)) € E;}. Suppose that ul(-T’m) < UET’m) for (¢(7), x(m)) ¢
E; ., where 0 <r < K and for i = 1,...,k. Assume now that ¢ is fixed, 1 <7 < k. It

follows easily that
(ug — vg) "™ < (uy — ) ™+

+h0 |:fh.i(t(r)a x(m)a u(r,m)’ u['r‘,m]a Si(suz('nm) + (1 - Si)6u§T+1,77l))7

a0, @ g sidu ™™ (1= sl )| <

"1
< (ug — ;) ™™ (1 + hoOp, fn.i(P) = ho Y 351310, f,m-(P)|> +
j=1""

+h0 |:fh.i (t(r)v x(m)a /U(r’m)a u[’r,m]a Si(svgr’m) + (1 - Si)(sv(r+1’m))_

%

_fh.i (t(r)a :L,(m)’ 'U(T)m)a v[r,m]; Siévz‘(rvm) + (1 - si)év§r+17m)):| +

. 1 T, mTe; . 1 r,m—e;
+hozKsijaquh.i(P)(ui_'Ui)( ) —hy Y FsijaquhAi(P)(ui_Ui)( m=es) 4
j=1"" j=r+1""

+ho D Oy, fi(P)(1 = 545)8 (u; — ;) " TH™),

j=1

where (™) € By, and P € Q, is an intermediate point. We thus get

(i = v) "™ < ho Y Oy, faa(P)(L = sij)d5(us — ) T,

j=1
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where (™) € By,. Tt follows from (2.4) and from Theorem 2.1 that (u; —v;)" 1™ <0
for 2™ € 9y By,. Then we obtain (2.5) by induction and the theorem follows. O

3. APPROXIMATE SOLUTIONS OF DIFFERENCE FUNCTIONAL
EQUATIONS

We first prove that there exists exactly one solution uy : Ej — R* of the problem
(1.6), (1.7). For each (™) € By, we put

A = fgmFe) .1 < j<gpu{z™m™) . x+1<j<n}.

Lemma 3.1. If Assumption H[fy] is satisfied and ¢y, : Ep.0 U 0oEy, — R* then there
exists exactly one solution uy, : Ef — RF of (1.6), (1.7).

Proof. Ts follows from (1.7) that uy is defined on Ej, o. Suppose that 0 < r < K is
fixed and that uy, ; is defined on (¢t(7),20™) € Ef for 1 < i < k. We assume also
that ¢ is fixed, 1 < ¢ < k. Consider the problem

2l o a1 2, T, (g i+ (1 )2 )
(3.1)
zi(r—H’m) = gogjl’m) for (™ € 9y By,. (3.2)

Suppose now that the numbers uh,i(t(”“l), y) where y € AU are known. Write

%(T) = u;:;,m) + hth.i(t(r)a x(m)v U;:’m)v (uh>['r‘,m] 5 Q§T+1’m) (T)>7

where

T m 1 r,m-—r—e r,m s sm-—re
Q7 () = (sl = )+ (= s <)
1

1 Tm+tex ram i Lmte,
E(Szn(uglz ) - u;zz )) + (1 — s“/")(uglz en) _ T)),

1

rﬂ <SZH+1(U§erm) u;:,imiem#l)) + (1 - 5in+l)(7— - ugzr:rl " EK-H))) sty

1 R
h <Szn(u§;7,m) U;fzm €n)) + (1 - Szn)(T - u;;j_l e 6n))>>7

Then ¢ = (1,...,95) : R = R¥ is of class C' and

n

1 r,m I ,m
Ui(r) = —ho 7 o (1= i)l fus (b, 2 "™ (un) g, QT (1) < 0

j=1 "

for 7 € R. Then equation 7 = v;(7) has exactly one solution and consequently the

(r+1,m) (r+1,m)

number u;, can be calculated. Since u, ; is given for (™) € 9y By, it follows


http://mostwiedzy.pl

A\ MOST

414 Anna Szafrariska

that there exists exactly one solution ug:rlm) of (3.1), (3.2) for ("™ € By,. Then uy, ;
is defined on FEj} ;. Then by induction the solution uj, exists and it is unique on E}.

Suppose that the functions vy, : B} — R* and a9,y : H — R, are such that for
i=1,...,k we have

1600y — Fi[on] ™™ oo < y(h) on Ej, (3.3)
"™ — o™ < ag(h) on Ej.oUdoE (3.4)

and
lim ~(h) = 0, lim ag(h) = 0. (3.5)

The function vy, satisfying the above relations can be considered as an approximate
solution to the problem (1.6), (1.7). O

Assumption H[f,ox]. Suppose that Assumption H[fp] is satisfied and there is
op : I x Ry — Ry such that:

1) for each ¢ € I} the function oy,(t,-) : R4 — Ry is continuous and nondecreasing,
2) op(t,0) = 0 for t € I}, and the difference problem,

Nt =0+ hoon (¢, ™), 0<r <K -1, (3.6)
n® =0 (3.7)
is stable in the following sense: if 4, &g : H — R are functions such that
lim 4 (h) = lim a =
lim () = 0, lim Go(h) =0
and ny, : I, — R is a solution of the problem
N ="+ hoon (¢, n") + hoF(h), 0<r <K —1, (3.8)
then there is o : H — R such that
) < a(h) (3.10)

for 0 <r < K and limp_0 a(h) =0,
3) if w>w, p>p for w,w € F(Dy,R¥), p,p € R* then for i = 1,..., k we have

fri@ 20 pow,q) = fri(tT, 2™, 5w, q) <
< ot max {|[p = plloc, [|w — @ p, })-

We give the theorem on the estimate of the difference between the exact and
approximate solutions to the problem (1.6), (1.7).


http://mostwiedzy.pl

A\ MOST

Difference functional inequalities and applications 415

Theorem 3.2. Suppose that Assumption H[fy, o] is satisfied and:

1) on: EnoUOE, — RF is a given function and up, : Ey — R* is a solution of the
problem (1.6), (1.7),

2) the functions vy, : E; — R* and v, : H — Ry are such that relations (3.3)—(3.5)
hold.

Then there exists a function o : H — Ry such that

||u§:’m) - v,(:7m)\|oo < a(h) on En and }llin%) a(h) =0. (3.11)
—

Proof. Let the function Cy, = (Ch.1,...,Chi) : B}, — RF be defined by
Sovi"™ = Fy[on] ™ 4 ™ (3.12)

It follows from (3.3) that ||C,(1T’m)|\OO <~x(h) on Ej.
Suppose that i, 1 < i < k, is fixed. Let the function wy, : I, — R be the solution
of (3.8), (3.9) with 4(h) = v(h) and ag(h) = ag(h) for h € H. Write

~rm) _(rm

Vhi = Uhi ™ +ag(h) on Epy,
5}(:;7”) = U,(fzm) + w,(f) on Ey, UE.
We prove that vy, ; satisfies the difference inequality
8o (r ™) > Fy o] ™™ on Ej. (3.13)

We conclude from Assumption H]f,, op], the mean value theorem and (3.12) that
60527”) = Fh.i['ﬁh](r’m) + %(wéﬂ_l) (T)) + C'(r ™y
[fh (t () , T (m) v( m) (vh)[nm],siévﬁf;m) +(1- si)év,(:jl’m))f
- fh_i(t(r),x(m),v}(f ™) s (OR) [rym]» S 6v(r ™ 4 (1- si)évg;rl’m))} >
> Fya[on] ™) + hlo (wi ) - w,ﬁj“)) — an(tM, W) = y(h),

where (¢, 2(™)) € E;. The above inequality and (3.8) imply (3.13). By the initial
boundary estimate

ut 7™ < T on Ejo U doEy, (3.14)
and (3.13) and Theorem 2.3 we obtain
u 7 <ol w0l on B (3.15)
In a similar manner we can see that
v}(fzm) - w,(f’m) < ug’im) on Ej. (3.16)

Now we obtain the assertion of Theorem 3.2 from (3.15), (3.16) and from the stability
of problem (3.6), (3.7). O
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4. CONVERGENCE OF THE DIFFERENCE METHOD

We formulate sufficient conditions for the convergence of the method (1.6), (1.7). We
consider a class of difference problems (1.6), (1.7) where f}, is a superposition of f
and a suitable interpolating operator.

Assumption H[T}]. Suppose that the operator Ty, : F(Dy,R¥) — C (D, R¥) satisfies
the conditions:

1) if w, w € F(Dy,R*) then
[T [w] = Thlwlllp < [lw = wllp,,
2) if w, w € F(Dy,R*) and w < @, then Tj,[w] < T, [w],
3) if w: D — R¥ is of class C! then there is v : H — R, such that
| Tn[wn] —w [[p< v(h) and lim ~y(h) =0,
h—0

where wy, is the restriction of w to the set Dy,.

Later in this section we give a suitable example of the interpolating operator which
satisfies the above Assumptions.
Write
Fh[z](“m) = (Fh.1[z](“m), B -,Fh.k[Z]("’m)),
Fh,i[z](’"’m) = fi(t(r),x(m), z(r’m),Thz[T,mMsi(SzET’m) +(1— si)ézyﬂ’m)), 1< <k.

We will approximate solutions of (1.1), (1.2) with solutions of the difference functional
equation
502"™ = F [z]™) (4.1)

with initial condition (1.7).
Assumption H[f, o]. Suppose that the function f : Q@ — RF f = (fi,..., fx), of
the variables (¢, x, p,w, q) is such that:

1) f is nondecreasing with respect to the functional variable and for each P =
(t,z,p,w,q) € Q there exist partial derivatives

apf(P) = (aplfl(P)a ce 78pkfk(P))a 8qf(P) = [aq7fZ(P)]’L:l ..... k,j=1,..., n

and
Oy, filt,x, - w,q) € C(R*R), 1 <i <k,

Oy f(t,x,p,w,-) € C(R™, RF™),
2) for each P € Q and for ¢ =1,...,k we have
Oy fi(P)o6 >0
and

1
L+ hodp, fi(P) = ho Y _ +=5i;10q, fi(P)| > 0, (4.2)
j=1 7
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3) the function f satisfies the following monotonicity condition with respect to vari-
able p: for each i; 1 < i < k, lfp < D, p= (pla"'apk)> D= (pla"'aﬁk)a and
Di = Di, then fl(tﬂ T,p,w, q) < fl(t7 x, P, w, q)7
4) there is o : [0,a] x Ry — Ry such that:
(i) o is continuous and it is nondecreasing with respect to both variables,
(ii) o(t,0) = 0 for ¢t € [0,a] and for any &, g9 > 0 the maximal solution of the

Cauchy problem
W'(t) = o(t,w(t) +e, w(0)=eo (4.3)

exists on [0, a]; moreover @w(t) = 0, t € [0,a], is the maximal solution of this
problem for e = ¢y =0,
(iii) for i =1,...,k we have

fi(t,x7p7waq) - fi(tvxapawv q) S U(tvmaX{Hp _ﬁ”OOv ||w - @”D})
on () for w > w and p > p.
Theorem 4.1. Suppose that Assumption H[f, o] are satisfied and:

1) h € H and the function up, : E; — R* is a solution of (1.7), (4.1) and there is
ap : H — Ry such that

Hgo(r’m) — Lpg’m)Hoo < ag(h) on EpogUOEL and %li% ap(h) =0, (4.4)

2) v: E* — R¥ is a solution of (1.1), (1.2) and v is of class C* on E*.
Then there is o : H — R4 such that

Hu&f ™) U](:m loo < a(h) and lim a(h) = 0. (4.5)

h—0

Proof. Write
fh(tax7p727q) = f(taxvpv ThZ,q) on Qh‘

Then each coordinate of fy, = (fr.1,..., fn.r) is nondecreasing with respect to the
functional variable. It follows easily that for w € F(Dj,RF) we have ||Thw|p =
|w|| p, - Then condition 3) of Assumption H[f,, 03] is satisfied with oy, (¢,w) = o(¢t,w),
(t,w) € I} x Ry. Let the function Cj, : E, — R¥ be defined by (3.12). Then from
Assumption H[T}]| and from assumption 2) of the theorem it follows that there is
v: H — R, such that

IC"™ | <~v(h) on Ej and lim ~y(h)=0.
h—0
It follows that v, is an approximate solution to (1.7), (4.1). Now we prove that the
difference problem

Y =0 L hoo () n™) for 0<r <K -1, 9 =0 (4.6)

is stable in the sense of Assumption H|[f,, op]. Suppose that 4, &g : H — R are such
functions that

lim () = 0, lim Go(h) = 0.
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Consider the solution 7y, : I}, — R, of the problem
" =00 4 hoo(t7),n) + hey(h), 0<r <K -1,

N = ao(h).
Lets denote by wp, : [0,a] — Ry the maximal solution of the problem (4.3) with
e :=J(h), g0 := ag(h). It is easily seen that 77,(:) < w,(:) for 0 <r < K and

lim wp,(t) = 0 uniformly on [0, a].
h—0

Then we have n,(:) < wp(a) for 0 < r < K and the problem (4.6) is stable with
a(h) := wp(a). Then all the conditions of Theorem 3.2 are satisfied and the assertion
(4.5) follows with a(h) := wp(a) for ¥ = v, &y = . O

Now we give an example of the interpolating operator which satisfies the Assump-
tion H[T}]. Write

Se={s=1(s1,...,8,) : 8 € {0,1} for 1 <i<n}.

Let w € F(Dy,,R*) and (t,x) € D. There exists (t("), (")) € D, such that t(") <t <
tr+1) | gm) < g < gmHD) and (¢+D) 2+ € D). Write

t—tm) z—zm\° z—zm\'*
— _ (rym+s) —
Th[w](t,x) = (1 o ) g w ( o ) (1 o ) +

SES.

t—t x—zm\*® z— M\
(r+1,m+s) _
e (5 )

seS,

where

in the above formulas we take 0° = 1. It is easy to see that T)[w] € C(D,R¥). The
above interpolating operator has been defined in [5, Chapter 5].

Lemma 4.2. Suppose that w: D — R* is of class C2. Let C be a constant such that
0sw| D, |0, wl| D) |02z, wlp < C, 4,5 =1,...,n. Then
| Thfwn] = wllp < C(hg + |IW]%)

where |W'|| = h1 + ... + hy, and wy, is the restriction of w to the set Dy,.

The above lemma is a consequence of Theorem 5.27 presented in [5]. We omit the
proof.
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Lemma 4.3. Suppose that
1) the solution v: E* — R¥ of differential problem (1.1), (1.2) is of class C* and the

assumptions of Theorem 4.1 are satisfied with o(t,p) = Lp, L >0,
2) there exist M, C € Ry such that

104f(t,2.p,2,)l| < M
and
10, vt @)l N1Buv(t,@)lloos  10ea,0(t, @)ooy 0,ur0(t )]0 < C
on§ forj, k=1,...,n.

Then there is a solution uy, : Ef — R* of (1.7), (4.1) and

g™ — o™ || <7 on By, (4.7)
where
ﬁl(f) = ag(h)e™ +7(h) eaLL_ 1
and

-rl -
() = C|3ho + L(RE + [12) + (ho + 1131 .

Proof. From the assumptions of lemma we conclude that the operators &g, 0 satisfy
the following conditions

r,m 1 ~
1600"™ — 8™, < 5Cho.

r,m 1 ~ .
85017 = 8,0 oo < SCINN, 5 =1,.0m.
It follows from the above estimates and from Lemma 4.2 that

C™1 = 1oofl™ = a4
+ ft(t(r)a m(m)v v(nm)7 U(t(’“),w(m))v 8xvz(T7m))_
— £, 20 o™ T [on] g, s:0057™ (1= si)ous ™) < A (R).

The function 7, is a solution of the problem
N =1+ hoL) + ho(h), 0<r <K —1, 9 = ag(h).

Then from Theorem 3.2 we get the assertion (4.7). O
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5. NUMERICAL EXAMPLES
Write

E =[0,0.5] x [-1,1),

Ey = {0} x [-1,1],

E =10,0.25] x [-1,1) x (—1,1],

Eo = {0} x [-1,1] x [-1,1].
We consider the initial boundary value problems for differential integral equations
with solutions defined on £ and for differential equations with deviated variables
with solutions defined on E.

We give the results of the approximation of solutions to the above problems by

solutions of the difference methods with respect to the value of parameter.

Example 5.1. Consider the differential integral equation

Oz(t,x) = Opz(t, ) + sin (Oy2(t, ) — tz(t, x))+
1 t

th/Z(t, Q)d¢ + (x — 1)/2’(7—, z)dr + (z —1— t)et(wfl)

T 0
with the initial boundary condition
2(0,2) =1, xz€[-1,1], =2(t,1)=1, t€]0,0.5].

The exact solution of this problem is known. It is z(¢,2) = e/(*~1),

The difference method of the above initial boundary value problem has the form
Z(r+1,m) _ Z(r,m) + ho |:<S5Z(r’m) + (1 _ 5)5Z(T+1,m))+

+ sin ((st?z(r’m) +(1- 8)62(”1””)) - t(r)z(r’m)> +

1

0 / T [z[]] (tW, g) de+

x(m)
t<T)
+ (l‘(m) — 1) / Ty, [Z[T’m]} (T,J?(m))dT-f—
0

+ (om0 ) )

If we put in (5.1) s = 1 we get the explicit difference method, with s = 0 we have
the strong implicit difference method.
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The Tables 1 and 2 show the maximal values of errors for several step sizes with
respect to the value of parameter s.

Table 1. Maximal values of errors

[ (ho,h) [ s=1 s=07 [ s=05 s=0
(2719,277) | 6.3686e-4 | 5.2564e-4 | 4.5320e-4 | 6.4022¢-4
(2711,278) | 3.1865e-4 | 2.6316e-4 | 2.2702e-4 | 3.2278e-4
(2712,279) | 1.5938e-4 | 1.3166e-4 | 1.1362e-4 | 1.6214e-4
(2712,2710) | 7.9706e-5 | 6.5855¢-5 | 5.6837e-5 | 7.9706e-5

Table 2. Maximal values of errors, violated (CFL) condition

[ (ho,h1) | s=1 | s=07 | s=05 ] s=0 |
(275,27%) | 4.7380e:7 | 1.2966e-1 | 1.5559¢-2 | 1.1231e-2
(276,279) | 2.3352e:25 | 1.6332e:2 | 8.1333e-3 | 6.3779e-3
(277,2719) | 9.9753¢.61 | 2.3574e.9 | 4.1554e-3 | 3.2818e-3
(278,271 | 1.6760e:136 | 2.6961e:24 | 2.0996e-3 | 1.6763e-3

Table 2 contains results in the case when the (CFL) condition (4.2) is violated.
We can observe that the explicit difference scheme (s = 1) is divergent, the implicit
difference method with s € (0.5, 1) is not stable but with values of the weights from
the interval [0, 0.5] we get a difference method which is convergent.

Example 5.2. Consider the differential equation with deviated variables

8tz(ta x»y) = axz(t»xvy) - ayz(tv‘ra y)+

+ arctan (axz(t, z,y) — Oyz(t, xz,y) — 2t(x + y)z(t, x, Z)>+

3
+ (z(t, 0.5(z +v),0.5(z — y)) + (22 — y? — 2tx — 2ty)2(t, x,y) — 3V

with the initial boundary condition

2(03 ':Z:7y) = 17

(z,y) € [-1,1] x [-1,1],

2(t, 1,y) =) e 0,025, ye[-1,1],
2ty 2, —1) =@ D 1 €[0,0.25], xe[-1,1].

The exact solution of this problem is known. It is z(¢, z, y) = @ =¥ In the difference

method for the above problem we put s; = s = s.

The Tables 3 and 4 show maximal values of errors for several step sizes with
respect to the value of weight s.
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Table 3. Maximal values of errors

’ (ho,hl,hg) ‘ s=1 s=0.7 s=0.5 s=0

(278,275 27%) | 9.3550e-4 | 2.1550e-3 | 3.6082e-3 | 7.8235¢-3
(279,276276) | 4.9769e-4 | 1.1258e-3 | 1.8542¢-3 | 4.0655¢-3
(2710.277277) | 2.5674e-4 | 5.7656e-4 | 9.4274e-4 | 2.0794e-3
(2711278 278) | 1.2840e-4 | 2.8932¢-4 | 4.7148e-4 | 1.0420e-3

Table 4. Maximal values of errors, violated (CFL) condition

| (ho,hi,he) | s=1 | s=07 [ s=05] s=0 |
(275,277,277) | 5.7513e;1 | 1.8724e2 | 2.9517e-2 | 5.3660e-2
(276,278,278) 2.5674e+21 | 4.9418e-2 | 1.6878e-2 | 3.1569e-2
(277,279,279) %0 3.6084e-0 | 8.7001e-3 | 1.7227¢-2
(278,2-10, 2-10) 0 921976626 | 4.4728¢-3 | 8.7446¢-3

From Tables 3 and 4 we get the same conclusions as in Example 5.1.

Remark 5.3. The both examples show that the difference method we present in the
paper is stable for s € [0,0.5]. We can conclude that the assumed (CFL) condition
in our analysis is only sufficient but not necessary for the stability of the considered
method for s € (0,0.5]. In the case when s € (0.5,1] we have stability only if the
(CFL) condition is satisfied. For s = 0 we have unconditional stability.
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