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On relations between gradient and classical
equivariant homotopy groups of spheres
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Abstract. We investigate relations between stable equivariant homotopy
groups of spheres in classical and gradient categories. To this end, the
auxiliary category of orthogonal equivariant maps, a natural enlarge-
ment of the category of gradient maps, is used. Our result allows for
describing stable equivariant homotopy groups of spheres in the cate-
gory of orthogonal maps in terms of classical stable equivariant groups
of spheres with shifted stems. We conjecture that stable equivariant ho-
motopy groups of spheres for orthogonal maps and for gradient maps
are isomorphic.
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1. Introduction

Let V be a finite-dimensional representation of a compact Lie group G. Con-
sider a continuous G-equivariant map f : U — V defined on an open in-
variant subset U C R¥ @ V such that f~1(0) is compact. It is known that
in the equivariant homotopy class of f there is a proper map. Such a map
can be continuously extended to f . SFV SV where spheres are one-
point compactifications of representations R¥ @ V and V, respectively. Con-
sequently, the homotopy class [f] defines an element in the stable equivariant
homotopy group w¢ (S°) = {S*¥*V;SV}%. The map f : U — V can be
equipped with an additional structure. Assume that it is a gradient map;
ie., f(x,v) = Vyp(z,v), where ¢ : U — R is an invariant C'-function. If
dim G > 0, then the homotopy of equivariant gradient maps is essentially
more rigid than the ordinary equivariant homotopy. In particular, two gra-
dient equivariant maps may represent the same equivariant homotopy class
and may not be homotopic in the category of equivariant gradient maps. This
phenomenon has been used by Dancer in [6]. He constructed a topological
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degree for S'-equivariant gradient maps and used it to obtain a global bifur-
cation theorem applicable to cases where classical results give only limited
information. This abstract result has been next applied to obtain a bifurca-
tion theorem for periodic solutions of Hamiltonian systems, for a problem in
elasticity and for elliptic equations on domains that admit S'-symmetry. In
fact our work is motivated by [6].

The aim of this paper is better understanding the homotopy-theoretical
background of topological invariants associated with equivariant and gradient
equivariant maps. More precisely, we investigate relations between gradient
and nongradient equivariant homotopy groups of spheres. When trying to
understand these relations it is convenient to consider yet another class—the
class of orthogonal equivariant maps. That class is in some sense natural en-
largement of the class of gradient equivariant maps. We are concerned with
decomposition results in categories of equivariant maps, orthogonal equivari-
ant maps and gradient equivariant maps. Our result, Theorem 1.3, allows
for describing stable equivariant homotopy groups of spheres in the category
of orthogonal maps in terms of classical stable equivariant groups of spheres
with shifted stems. We conjecture that stable equivariant homotopy groups of
spheres for orthogonal maps and for gradient maps are isomorphic. We would
like to point out that methods developed in this paper allow for a simultane-
ous proof of the decomposition result (Theorem 1.1) in all three categories of
mappings under consideration. The concept of otopy, introduced by Becker
and Gottlieb in [3], provides a convenient framework for our proofs.

In what follows, every subgroup H of a compact Lie group G is under-
stood to be closed and (H) stands for a conjugacy class of H. If NH is the
normalizer of H in G, then the quotient group WH = NH/H is called the
Weyl group (see [13]). Throughout the paper, R¥ denotes the trivial repre-
sentation of G and I is the unit interval [0, 1] with the trivial action of G.
Finally, we set

®(G) = {(H); H is a closed subgroup of G},
®,(G) = {(H) € ®(G); dimWH = q}.
We will be concerned with the following three families of maps.

(1) Mg(SkTV | SV)—the space of G-equivariant maps from S*+V into SV
preserving a basepoint. [S**V, SV]% is a set of corresponding homotopy
classes.

(2) ME(SFTV | SV)—the subspace of M (S*V SV consisting of orthog-
onal G-maps. We say that f € M%(S*V, SY) is a G-equivariant or-
thogonal map if

flz,v) L T,Gv
for each (z,v) € f~1(V) C RE @ V. The set of corresponding homotopy
classes is denoted by [S*TV, SV]Z.

(3) f € MYE(SHV SV)—the subspace of M (S*V | SV) consisting of gra-
dient G-maps. We say that f € Mg (S**V,SV) is a G-equivariant gradi-
ent map if there are a G-invariant open subset U C f~1(V), f~1(0) C U,
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and a G-map ¢ : U — R such that
Voe(z,v) = f(z,v), (x,v) eU CRF @ V.
[SE+V S V]g is a set of homotopy classes of equivariant gradient maps

For an arbitrary G-representation X, a linear subspace X of X con-
sisting of points fixed by H is a representation of the Weyl group W H.

The isotropy type of an invariant subset 2 of a representation X is the
set

Iso(Q2) := {(H) € ®(G); Qp) # 0}.

Here we follow the terminology of [4]. Accordingly, Iso(€2) is partially ordered,
(H) < (K),if and only if H is conjugate to a subgroup of K. The free isotropy
type will be denoted by (e) instead of ({e}). In particular, X, denotes a
subset of X on which G acts freely. Assume that (e) € Iso(V). Put A*+V =
SEHV\ SE+V We will also consider the maps f € Mg (S*TV,SV) that send
ARV to a basepoint. The set of corresponding relative homotopy classes is
denoted by [SFTV, ARV SV 42, where o = %, L or V.

Our first result states as follows.

Theorem 1.1. There is a natural bijection

[Sk+V; SV]; ~ H [SkJrVH’AkJrVH; SVH7
(H)€Iso(V)

*] S (%)

In the case k +dim V¢ > 2, this is an isomorphism of abelian groups:

E+V. qV° k+VH g kaVE quE(]°
[SHViSV]E, (H)g(v)[s AT L ()

I

where o means *x, 1. or V.

The case o = * is well known. One can find corresponding results in [8],
[10], [11] and [12] and even more general theorems in [9]. However, our ap-
proach is different and works in each of the above three cases with analogous
proofs.

Let [S¥;5Y]2 be a set of homotopy classes of maps in one of the cate-
gories o = %, 1 or V.

The smash product with the identity map - A (id : S®* — S®") induces
the suspension homomorphism

[e]

&[S 8V — [§F sV

If we let X = R*¥®V and Y=V, the stable homotopy group {S**V; SV}2,
is defined in a standard way.
The following theorem is an immediate consequence of Theorem 1.1.

Theorem 1.2. There is a natural isomorphism of abelian groups
V. oV 1° ~ k+VvH g kevH v\ °
{VisvVig = @ {s AT (1.3)
(H)€elIso(V)

where o means *, L or V.
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Next, we are going to explain relations between sets of homotopy classes
[SE+HV: SV]% and [S*+V; SV]4. Here is our result.

Theorem 1.3. Assume that (e) € Iso(V) and ¢ = dimG < dimV — k — 2.
There is a natural bijection

C[GhHV ARV, oV 1~ [QatktY patR+V. gV L 1F
C.[S JAPTV .S ,*]G:[Sq , Al ;S ,*}G. (1.4)
In the case k + dim V' > 2, this is an isomorphism of abelian groups.

The following result on stable equivariant homotopy groups is a conse-
quence of Theorem 1.3.

Theorem 1.4. For every q > 0 there exists a natural isomorphism

ED {Sk:+VH’Ak+VH;SVH’ *}:VH
(H)€lsoq (V)
. @ {SQ+k+VH7Aq+k+VH;SVH7 *}* ’
(H)€lsog (V) wH

where

Isog (V) = Iso(V) N @4 (G).

2. From homotopy to otopy

In the proof of Theorem 1.1 certain properties of the so-called equivariant
local maps will be crucial (see [2]).

2.1. Local maps

Throughout this subsection we assume that Q C R* @ V is open and G-
invariant.

A local G-equivariant map on 2 is a pair (f,U) consisting of an open
invariant subset U C ) and an equivariant continuous map f : U — V such
that f=1(0) is compact. An otopy on Q is a pair (h, A) consisting of an open
invariant subset A C Q x I and an equivariant continuous map h : A — V
such that h=1(0) is compact.

Denote by F¢(£2) the set of all local G-equivariant maps on §2. We shall
write F¢&[Q] for the set of otopy classes of local G-equivariant maps on Q. We
say that (f,U) € F&(Q) is a local G-equivariant orthogonal map if

flz,v) L T,(Gv)

for each (z,v) € U. The set of all local G-equivariant orthogonal maps on €
is denoted by FZ(£2), and FZ[(] stands for the corresponding set of otopy
classes.

A local G-equivariant gradient map is a pair (f,U) € F&(€) such that
there are a G-invariant open neighbourhood U’ of f=1(0), U’ C U, and a
G-invariant map ¢ : U’ — R such that

Vep(z,v) = f(z,v), (z,v) eU' cRF @ V.
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FY () denotes the set of all local G-equivariant gradient maps on €2, and
FY[Q] is the corresponding set of otopy classes.

Note that for every local G-equivariant map (f,U) € F&(§2), where o =
%, L or V, there is an otopic local G-equivariant map with relatively compact
domain. It is enough to take appropriate restriction of f. Furthermore, (f,U)
can be modified within its otopy class to a local G-equivariant map (f,U)
that is proper. This result was proved in [2] (see Theorem 7.1) in the case
o = . Cases o =1 and o = V can be proved analogously.

With every map f € Mg (S¥V,SV) one associates a local G-equivariant
map (fi-1v), f7H(V)) € F&(R* @ V). Clearly, the map

Sy V) —V
is proper. Conversely, if (f,U) € F&(R¥ @ V) and f is proper, then the map
fr 8k 5 8V defined by
by f(z) foraxel,
f (.’E) : {OO for z € Sk+V \ U’

is continuous. Using this observation we will identify G-equivariant maps
f € Mg(S*V,SV) with proper local G-equivariant maps in F&(R* & V).

Theorem 2.1. The assignment f — (fig-1(vy, f~1(V)) induces bijections
RS [SMY,SV]  ~ Fe [RE@ V]
and .
RS« [SHTV, ARV SV ] L~ FE R x V],
where o means *, L or V.

The bijection R is proved in [2] (see Theorem 7.1). The other cases can
be proved analogously.

2.2. The splitting lemma

Throughout this subsection €2 denotes an open invariant subset of R¥ @ V/
and (H) is a maximal isotropy type in Q. For x € Q) we denote by N, the
linear subspace of RE @V defined by N, := (T8 H))L. For an open invariant
subset P C €(p) we consider a vector bundle

7 :U(P) :={(z,v) e PxV;ve N} — P,
where m(x,v) = x. For ¢ > 0, we let
U:(P) :={(z,v) eU(P);|v| < e}.
Define a map
v:UP) —RFaV

by v(z,v) ==z + v.

We say that an open invariant subset U C € is (H)-normal if there
exists € > 0 such that v defines a diffeomorphism U, (Ux)) — U. Note that if

U is (H)-normal, then every element of it has a unique representation = + v,
where x € Ugry, v € N,.
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Definition 2.2. Let (H) be a maximal element in Iso(Q2). We say that (f,U) €
F&(Q) is (H)-normal if U is (H)-normal and z € Ugy, v € Ny, v +v € U
imply f(z+v) = f(z) + v. We say that an otopy (h,A) on Q is (H)-normal
if (h¢, A¢) is (H)-normal for all ¢ € [0, 1], where Ay = {y € Q; (y,t) € A}.

If (fl, Ul), (fg, Ug) S fé(Q) and U1 n UQ = @, then we put

(f1,U1) U (f2, U2) := (f, U1 UU2),
where f(x) = f1(z) for zx € U;, i = 1,2.

Theorem 2.3 (The splitting principle). Suppose (H) is a mazimal element
in Iso(Q) and (f,U) € F&(Q), where o = %, L or V. Then there exist
(fl, Ul), (fQ, UQ) S .7:8(9) such that

(a) U nNnUy,=0,U, C Q\Q(H);

(b) (f1,Ur) is (H)-normal and fi(x) = f(z) for x € Uy N Qpy;

(c) (f1,U1)U(f2,Uz) and (f,U) represent the same otopy class in F&[Q].

Proof. Without loss of generality, we assume that U = O U Og, and
(1) Oy :=Usc(Ugppy), ie., Oy is (H)-normal;
(2) O1NO2 ={x+veO1;0 € Upy,3e < |v] < 4de}.

Choose a smooth function § : R — R which equals 0 on (—o0,2¢]
and equals 1 on [3g,00) and strictly increases on the interval (2e,3e). Let
r: 01 = O be defined by r(z +v) := 2 + 0(|v|)v, x € Uy, v € N,. Define
J/c\: U — V as follows. In the case o = % or L we let
{f(r(y)) ify €Oy,

)= fly)  ifyeU\O.

In the case o = V there is ¢ : U — R such that f = V,¢. We put f:: V.o,

where
~on . Jelr(y)) ify €O,
P {w@) ifycU\O.

In all the three cases, (f,U) and (f, U) are otopic. Replacing deforma-

tion r by the family of deformations
re(z+v) ==+ [t0(|v]) + (1 —t)]v, te[0,1],

one obtains an appropriate otopy.

Define f: U — V,

Fly) = F@) +n(v))o ify=z+ve O,
fy) if y e U\ Oy,

where 7 : R — R is a smooth function which equals 1 on (—o0, ] and equals
0 on [2¢,00) and strictly decreases on the interval (g,2¢). In the case o = V
we need 7(]v])v to be a gradient map. Choose a smooth function o : R — R
which equals 1 on (—o00, 2£?] and equals 0 on [2£2, 00) and strictly decreases
on the interval (1£%,2¢%). Let B(t) := fot a(7)dr and ¥ (v) = B(1|v]?). Then
Vip(v) = a(zlv[*)v = n(|v])v.
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Finally, let Uy := {& +v € Or;2 € Uy, v| < 1}, Uz := U \ Uy. The
local maps (f1,U1) = (fiy,,U1r) and (f2,Us) = (ﬁUz),Ug) satisfy conditions
(a), (b) and (c). O

Let (f,U) € F&(Q) and let (f1,U1), (f2,Usz) be as in Theorem 2.3. Let
Up := U NV fo(x) := fi(x) for z € Uy. The otopy class of a local map
(f,U) € F&(R) is denoted by [f, U]°. Assigning to [f,U]° € F&[Q] the pair
([fo0, Uol°, [f2, Us]°), we obtain the bijection

Aq 2 FEIQ) — Fopp[Qm] x FAQN\ Q(H)}. (2.1)
2.3. Proof of Theorem 1.1

Let
ISO(Rk ®V)={(H),(Hs),...,(Hp)},

where (H;) > (H;) (i.e., H; is conjugate to a subgroup of H;) implies j < i.
Set O :=R*F @V and define

Qiv1 =\ (Q)m,), i=1...,p—1L

Note that Iso(%;) = {(H:), (Hix1),- ., (Hp)}. Using (2.1) we have bijections

Ai = Aq, 1, FolU] — Fw, Q] x F&lQi] (2.2)
fori=1,...,p—1.If a € F&[Q], then

Ai(a) = (a1,b2) € Fyg, [(RF @ V) ] x F[Qs).
Fori=2,...,cp— 1 one has

Ai(bi) = (ai,bi1) € Fiyy, [(RF @ V) | x FG[Qira].
Define
ap := by € F&[Y) = Fyyy, [(R* @ V) ]

and put
A= (ar,a2,...,0p) € Fiypy, [(RF @ V) I x Fypy [(RE@ V) ]

Now the assertion is a consequence of Theorem 2.1.

2.4. Proof of Theorem 1.2

Let V.C W =V @& R"” be representations of a compact Lie group G.
Notice that

Iso(V') = Iso(W). (2.3)

The following remark is a direct consequence of (2.3) and the definition
of AQ,H.
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Remark 2.4. Assume that Q C R¥ @ V is a G-invariant open set and (H)
is a maximal orbit type in Iso(f2). Then (H) is a maximal orbit type in
Iso(©2 x R™) and the following diagram commutes

A H (] o
Fel - ForulQu] x FEIQ\ Q]

le'n lGn
Aqxrn, H

FUX R —— FyulQa x R x F&(Q\ Qu)) x R"]

Our theorem follows from the above remark and Theorem 1.1.

3. Proof of Theorems 1.3 and 1.4

In this section we will need some results concerning fiberwise homotopy the-
ory. For the notation and terminology we refer the reader to [5].

Throughout this section, V' is a fixed real orthogonal n-dimensional rep-
resentation of a compact Lie group G such that V. # (). We fix a nonnegative
integer k£ and assume that dim(R* @ V) > 2. Note that (R¥ @ V). is open
and dense in RF @ V. Put M := (RF @ V). /G.

3.1. From equivariant to fiberwise maps
Let
E=V xR xV, - RF xV,

denote the product G-bundle. Identifying the tangent space T,V at v € V
with V' define N, := (T,(Gv))*. Then

v:N:={(w,z,v) eV xRF x V,;we N,} — RF xV,
is a vector G-bundle, where v(w, z,v) = (x,v). Let
Et Nt —R'xV,

be fiberwise one-point compactifications of E' and N, respectively.
Dividing out G-action, one gets the corresponding quotient bundles

E— M and N — M.
Suppose that f: S9TE+V 5 SV is a G-equivariant map satisfying
V) e RI x R* x V. (3.1)
Let £ : S x R¥ x V, — E+ be defined by
Fn(®) = {(f(y,x,w,m) it (y,2,0) € F71(V),
(%, (z,v)) if f(y,z,v) =x*.

Clearly fA is a fiberwise G-map over R* x V. from the product bundle S? x
Rf x V., = RF x V, into ET.
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Dividing out this G-action, one obtains the bundle map

STx M€

L,

M4

Since £ is compactly supported, the homotopy class of ¢ determines an ele-
ment in 7, [S? x M;E].
Consequently, the following map is defined:

B* - [Sq+k+V7Aq+k+V;SV7*]* N CW?M[SQ % M;S}.

G
It is easily seen that B* is a bijection.
Suppose now that g : S¥*V — SV is an orthogonal equivariant map
satisfying
g (V) e RF x V.. (3.2)
Let 7: 89 x R* x V, — R* x V, be given by
Fo (1) = (g(z,v),z,v) if (z,v) € g~ (V) and y # *,
T (n (@0) i gla,v) =% or y = .

Clearly 7 is a fiberwise G-map over R¥ x V, from the product bundle S° x
Rf x V., = R¥ x V, into NT.
Dividing out G-action, one gets the bundle map

SOXML>./\/

L,

M4

This way one defines the bijection
B [SHHY ARV SV ) —s o [S0 x M A,

3.2. Proof of Theorem 1.3

One easily shows that R* x V, admits ¢ = dim G linearly independent fun-
damental vector fields (see [1, p. 14]). Consequently, £ ~ R A N, where R
stands for a product bundle S? x M — M. By [5, Proposition 3.18] the right
vertical arrow in the commutative diagram

[SHV’AHV;SV’*]J(;L 3, [S0 x M; N
[S‘I+k+V,A‘1+k+V;SV, %)%, B CTI'IOVI[S(I X M;&]

represents an isomorphism. Therefore, the left vertical arrow in this diagram
defines an isomorphism C as claimed.
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