
The issue of uncertainty of visual measurement techniques for long distance measurements 
based on the example of applying electric traction elements in diagnostics and monitoring. 

Abstract 

Rail transport is the most economical and energy-effective in the field of land transport, in 
particular electrified. In order to ensure efficient and reliable operation of electrified rail 
transport, the issues of monitoring and diagnostics of the traction infrastructure and vehicles 
are extremely important. The most critical point in the transmission of electric energy to the 
vehicle is the sliding contact of the current collector with the traction network. For this reason, 
work is currently being carried out on the possibility of monitoring the technical condition of 
current collectors at selected points of the railway lines, which makes it possible to detect the 
current collectors which do not work properly, and those in which the damage occurred after 
the train's departure. In order to make the diagnostic process at such point as complete as 
possible, it is necessary to develop new measurement methods and new applications for the 
existing methods. Evaluation of the technical condition of current collectors at the control 
point is carried out based on the analysis of displacements of the contact wire of the overhead 
contact line, caused by the impact of the current collector. The nature of these displacements, 
as well as the presence or absence of certain components provides the information on the 
correct adjustment of the current collector and the technical condition of its strips. 
Simultaneous measurement of vertical and horizontal displacements requires the application 
of innovative measurement techniques. The use of non-contact visual techniques for this 
purpose, which makes it possible to measure displacements in a two-dimensional plane using 
a fast 2D camera and advanced image analysis, is promising. This article presents the analysis 
of measurement uncertainty of visual measurement techniques for long distance 
measurements for application of electric traction element diagnostic and monitoring. The 
measurement verification at a laboratory test stand are also presented. The requirements 
concerning the measurement equipment have been determined and the factors affecting the 
uncertainty of the final measurement dependent on a given configuration of the stand have 
been specified. 

1. Introduction

The increasing mobility of modern societies, as well as liberalization of the economic market 
are causing an increased demand for passenger and freight transport. Rail transport is the most 
economical and energy-effective in the field of land transport, in particular electrified. In 
order to ensure efficient and reliable operation of electrified rail transport, the issues of 
monitoring and diagnostics of the traction infrastructure and vehicles are extremely important. 
The most critical point in the transmission of electric energy to the vehicle is the sliding 
contact of the current collector with the traction network. Even a minor defect of any part of 
this contact (such as chipping of the shoe's contact strip) can often lead to severe damage of 
the infrastructure and/or vehicle, resulting in significant financial losses, as well as causing 
perturbations and disruptions in railway traffic. For this reason, work is currently being 
carried out on the possibility of monitoring the technical condition of current collectors at 
selected points of the railway lines, which makes it possible to detect the current collectors 
which do not work properly, and those in which the damage occurred after the train's 
departure. In order to make the diagnostic process at such point as complete as possible, it is 
necessary to develop new measurement methods and new applications for the existing 
methods. The principle here is that the measuring equipment should not interfere with the 
traction network parameters, or that such interference should be as small as possible. 
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Evaluation of the technical condition of current collectors at the control point is carried out 
based on the analysis of displacements of the contact wire of the overhead contact line, caused 
by the impact of the current collector. The nature of these displacements, as well as the 
presence or absence of certain components provides the information on the correct adjustment 
of the current collector and the technical condition of its strips. For example, too low or too 
high vertical displacement of the wire indicates the incorrect adjustment of pressure, and the 
presence of horizontal displacements may indicate chipping or pitting in the shoe strip. Only 
vertical displacement measurements with the use of a short-range laser rangefinder, or other 
measurement techniques are performed at the currently functioning stands [1, 2], which limits 
the functionality of such stands. 
Simultaneous measurement of vertical and horizontal displacements requires the application 
of different measurement techniques. The use of non-contact visual techniques for this 
purpose, which makes it possible to measure displacements in a two-dimensional plane using 
a fast 2D camera and advanced image analysis, is promising [3]. Visual measurement 
techniques in traction applications have so far been applied in measuring the geometry of 
overhead contact lines[4–12], as well as in measuring the wear of the contact wire [4, 13, 14]. 
The evaluation of the technical condition of strips is carried out with the use of 3D laser 
scanning systems [15–18]. Therefore, the proposed use of a 2D camera and determination of 
the technical condition of the current collector based on the analysis of displacements of the 
contact wire is an innovative application of visual measurement techniques. Thanks to the 
proposed visual technique it is possible to measure the displacements not only of single 
contact wire, but also of the catenary wire. In the case of contact lines consisting of two 
contact wires, or other more complex configurations, displacements of each contact wire or 
catenary wire can be measured independently without any hardware upgrades. This is a great 
advantage of the proposed method, compared to the existing solutions, where each increase in 
the number of measurement elements required a corresponding increase in the number of 
sensors. In addition, the possibility of complex monitoring of the response of the contact line 
to the influence of the current collector will allow for a more accurate analysis of the 
correctness of cooperation of these elements.  
Prior to carrying out measurements, it is necessary to perform an analysis of measurement 
uncertainty for such a stand, so as to determine whether the accuracy obtained is going to 
meet the requirements of the measurement object. 
This article presents the above-mentioned analysis along with the measurement verification at 
a laboratory test stand. The requirements concerning the measurement equipment have been 
determined and the factors affecting the uncertainty of the final measurement dependent on a 
given configuration of the stand have been specified. 
 
2. Object of measurement 
 
The object of the measurement is to register the displacement of the contact wire of the 
overhead contact line in a two-dimensional plane, caused by the impact of the current 
collector of a passing traction vehicle. With regard to controlling the correctness of the current 
collector contact force regulation, and to monitoring the technical condition of its strips, the 
measurement point should be located half way along the suspension span. This is due to the 
fact that the degree of flexibility of the contact line is the highest at this point, and therefore 
the influence of the current collector will be the strongest there. Naturally, for such a 
configuration, the displacements measured at this point will be smaller when the current 
collector is at the end of the span than when it reaches its middle. However, the damage of the 
strip should always result in a measurable displacement in the horizontal axis. Such a 
displacement may be regarded as a signal that the damage has been detected. Values of these 
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displacements do not normally exceed +/-10 cm, both in the vertical axis and in the horizontal 
axis in relation to the resting position. Since the contact wire is located at the height of about 
5.5 m above the railhead, and because it is necessary to remain at a certain distance due to 
vehicle gauge, terrain configuration at the measurement site or other factors which prevent a 
close approach to the measured object, the distance from which the measurements are to be 
performed can be about a dozen or even a few dozen metres. This distance can therefore be 
several hundred times greater than the measured displacement values. Such measurements 
can, therefore, be classified as long distance measurements. Such an approach in monitoring 
and diagnostics of current collectors and overhead contact lines is new, since in the solutions 
available so far, the distances from which visual contact-less measurements are performed do 
not normally exceed a few metres [9, 10, 12, 19]. 
 
3. Measurement stand – configuration and requirements 
 
To register the displacements of the contact wire of the overhead contact line in a two-
dimension plane using a 2D camera, a measurement stand with the configuration shown in 
Fig.1 can be used. 
 

 
Fig. 1. Configuration of the measurement stand for testing the contact wire displacements of 
the overhead contact line in two axes using a 2D imaging camera, where: x, y – displacement 
of the contact wire in the horizontal and vertical axis respectively; x’, y’ – displacement of the 
image on the camera matrix in the horizontal and vertical axis respectively, k – distance 
between the central point of the object plane and the image plane, F – distance between the 
main plane of the lens and the camera matrix (plane of the image); α – angle between the 
vertical plane in which the contact wire lies and the vertical plane in which the optical axis of 
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the lens lies; β – angle of inclination of the optical axis of the lens in relation to the horizontal 
one. 
 
For the configuration of the measuring system shown in Fig. 1, the dependence showing the 
displacement of the object in the horizontal axis based on the analysis of the position of its 
image on the surface of the matrix is given by the following formula: 
 
𝑥𝑥 = (𝑘𝑘−𝐹𝐹)∙𝑥𝑥′∙cos𝛽𝛽

cos𝛼𝛼∙(𝐹𝐹∙cos𝛽𝛽−𝑦𝑦′∙sin𝛽𝛽)−𝑥𝑥′∙sin𝛼𝛼
 (1) 

 
An analogous dependence for the vertical axis is as follows: 
 
𝑦𝑦 =  (𝑘𝑘−𝐹𝐹)∙�𝑦𝑦′+𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�

𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠−𝑥𝑥′∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
 (2) 

 
The distance F between the optical centre of the lens and the imaging plane depends on the 
focal length of the lens and the reproduction ratio and is given by: 
 

𝐹𝐹 =  𝑘𝑘−�𝑘𝑘
2−4∙𝑘𝑘∙𝑓𝑓
2

 (3) 
where: f – focal length of the lens. 
 
In contrast, the focal length of the lens depends on the current distance setting and is given by 
the following formula: 
 
𝑓𝑓 = 𝑘𝑘

2+𝑥𝑥′𝑥𝑥 +
𝑥𝑥
𝑥𝑥′

 (4) 

where: x’ - image size of the object with x dimensions. 
 
An uncertainty analysis was carried out assuming a constant angle value α = 45º being 
maintained and the change of all the other values, with these changes being closely 
interlinked. Assuming that the measurements are made on a flat terrain and the camera is 
mounted at a constant height above the ground, then when increasing the distance k from the 
measured object, the pitch of the camera, i.e. the angle β, will decrease and, in order to 
maintain the reproduction ratio, it will be necessary to simultaneously increase the focal 
length of the lens f. Basler acA 2040-180kc camera with the following basic technical 
specification was used as a measurement camera: 

• matrix resolution: 2046x2046 px (4 mpix); 
• matrix size: 11.26x11.26 mm; 
• maximum recording speed: 180 fps. 

 
3.1. Minimum measurement distance 
 
For the assumed value of the angle α there is a minimum distance kmin for which 
measurements can be performed. It results from the vehicle gauge as well as the catenary 
construction zone and current collector zone. It has been shown in Fig. 2. 
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Fig. 2. Method for determining minimum value kmin 
 
For the situation shown in Fig. 2. four values kmin have been marked. They are related to the 
constraints resulting from the individual zones located near the railway line. The value kmin1 
results from the limitations caused by the catenary construction. The catenary construction 
zone is an equilateral triangle-shaped area, with its tip in the catenary axis and its arms 
extending to the distance of 5 m from the track axis on both sides, measured at the railhead 
height. Placing the camera outside this zone allows complete freedom with regard to its 
mounting and power supply. There are also no other limitations. Distances kmin2 and kmin3 lie 
inside this zone, which translates into the necessity of bonding or grounding all elements 
located in it (camera case, mounting structure, etc.). In addition, the distance kmin2 results from 
the limitation associated with the vehicle gauge. This limitation is associated with the fact that 
the passing vehicle cannot obscure the contact wire seen by the camera. When the camera is 
moved closer, to the distance kmin3, the current collector zone is reached. This zone is an area 
in the immediate vicinity of the catenary construction, reaching up to 70 cm above the 
catenary and extending 1.7 m in each direction, measured from the track axis. It is practically 
impossible and not recommended for safety reasons to place such objects as cameras within 
this area. Therefore, in order to further reduce the distance k, it is necessary to move along the 
border of the current collector zone until the absolute minimum for the value kmin4 is reached. 
At this distance, angle β takes zero value. Further reduction of the distance k, assuming a 
constant value of angle α, is not possible. It is recommended, however, to keep the camera 
“looking” up (angle β > 0º), since the analysis of the image placed against a uniform 
background of the sky is much less complicated compared with the image whose background 
consists of contrasting elements with numerous details. 
Assuming that in the situation where k ≥ kmin2, the camera will be mounted at the height hk = 
1.5 m above the railhead, as well as taking into account that the angle α has a constant 
invariable value of 45º, the minimum distances k will amount to, respectively: kmin1 = 8.2 m, 
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kmin2 = 6.2 m, kmin3 = 3.2 m and kmin4 = 2.4 m. Along with the decrease of the distance k, the 
value of angle β will change as follows: 
 

𝛽𝛽 =

⎩
⎪
⎨

⎪
⎧ arcsin �ℎ−ℎk

𝑘𝑘
� for 𝑘𝑘 ≥ 𝑘𝑘min2

arcsin �ℎ−ℎk
𝑘𝑘min2

� for 𝑘𝑘min3 ≤ 𝑘𝑘 < 𝑘𝑘min2

arccos �𝑘𝑘min4
𝑘𝑘
� for 𝑘𝑘min4 ≤ 𝑘𝑘 < 𝑘𝑘min3

 (5) 

 
3.2. Maximum measurement distance 
 
It may often be necessary to increase the distance k. This may, for example, be the case when 
another track or tracks are located between the track on which the test is being carried out and 
the place where the camera is mounted. The increase the distance has limits related to the 
maximum focal length of the lens f which can be used. The required focal length of the 
camera lens can be calculated from the dependence (4). 
For the case in question, with the assumed vertical and horizontal displacements measurement 
range ±100 mm, the permissible excess of the range equal 20%, and for the proposed camera 
type, the dependence between the minimum focal length of the lens and the required distance 
k is shown in Fig. 3. 
 

 
Fig. 3. Dependence between the focal length of the lens f and the matrix distance of the matrix 
from the measured object k 
 
As the calculations, whose results are presented in Fig. 3, show, it is necessary to use lenses 
with long or very long focal length at the measuring stand. The measurement object requires 
lenses with the lowest possible level of distortion, which practically excludes the use of 
variable focus lenses. Unfortunately, typical fixed-focus lenses with C-mount used for 
industrial cameras which would have such long focal lengths are not produced (the maximum 
focal length of typical C-mount lenses is f = 100 mm). The only solution is to use lenses 
designed for 35mm film cameras and mount them with a suitable adapter. Focal lengths of 
currently manufactured lenses for 35mm SLR cameras reach up to f = 800 mm. Previously, 
lenses with longer focal lengths, namely f = 1000, 1200, 1600, and even 2000 mm, were 
manufactured. It is therefore possible to select an appropriate focal length of the lens for given 
requirements. Restricting ourselves to more easily accessible lenses (with regard to price and 
supply), the focal length f = 1000 mm limit will be the limit here, which determines, for the 
stand configuration in question, the maximum measurement distance as kmax = 26 m. 
 
4. Analysis of measurement uncertainties 
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4.1. Sensitivity coefficients 
 
In line with dependencies (1) and (2), the results of displacement measurements s in both axes 
depend on six values, i.e. standard measurement uncertainties will depend on the uncertainty 
of measurement of all intermediate values. Therefore, it can be write as follows: 
 
𝑢𝑢(𝑥𝑥) = f�𝑢𝑢(𝑘𝑘);𝑢𝑢(𝐹𝐹);𝑢𝑢(𝑥𝑥′);𝑢𝑢(𝑦𝑦′);𝑢𝑢(𝛼𝛼);𝑢𝑢(𝛽𝛽)� (6) 
 
and: 
 
𝑢𝑢(𝑦𝑦) = f�𝑢𝑢(𝑘𝑘);𝑢𝑢(𝐹𝐹);𝑢𝑢(𝑥𝑥′);𝑢𝑢(𝑦𝑦′);𝑢𝑢(𝛼𝛼);𝑢𝑢(𝛽𝛽)� (7) 
 
The impact of individual uncertainty of partial measurements on the uncertainty of the final 
measurement depends on the value of the so-called sensitivity coefficient for the given value. 
For horizontal displacement measurements, the sensitivity coefficients are: 

• the measurement of distance k: 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑥𝑥′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)−𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

 (8) 
 

• the measurement of F distance: 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑥𝑥′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙�𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠−𝑘𝑘∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�+𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�
[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙(𝐹𝐹∙𝑐𝑐𝑜𝑜𝑠𝑠𝑠𝑠−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)−𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠]2  (9) 

 
• the measurement of the position of a point on the matrix surface in the horizontal axis 

x': 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕′

= (𝑘𝑘−𝐹𝐹)∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)
[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)−𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠]2  (10) 

 
• the measurement of the position of a point on the matrix surface in the vertical axis y': 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕′

= 0.5∙(𝑘𝑘−𝐹𝐹)∙𝑥𝑥′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙𝑠𝑠𝑠𝑠𝑠𝑠2𝛽𝛽
[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)−𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠]2 (11) 

 
• the measurement of α angle: 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= (𝑘𝑘−𝐹𝐹)∙𝑥𝑥′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙�𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠∙�𝐹𝐹∙𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�+𝑥𝑥′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�
[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)−𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠]2  (12) 

 
• the measurement of β angle: 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= (𝑘𝑘−𝐹𝐹)∙𝑥𝑥′∙(𝑦𝑦′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐+𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)
[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)−𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠]2 (13) 

 
Similarly, for measurements of displacements in a vertical axis we obtain: 

• the measurement of distance k: 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑦𝑦′+𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠−𝑥𝑥′∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

 (14) 
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• the measurement of F distance: 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= �𝑦𝑦′+𝑥𝑥′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�∙(𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠+𝑥𝑥′∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡−𝑘𝑘∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠−𝑥𝑥′∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2  (15) 

 
• the measurement of the position of a point on the matrix surface in the horizontal axis 

x': 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕′

= (𝑘𝑘−𝐹𝐹)∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙(𝐹𝐹∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠+𝑦𝑦′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠−𝑥𝑥′∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2  (16) 

 
• the measurement of the position of a point on the matrix surface in the vertical axis y': 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕′

= (𝑘𝑘−𝐹𝐹)∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙(𝐹𝐹−𝑥𝑥′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)
(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠−𝑥𝑥′∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2  (17) 

 
• the measurement of α angle: 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= (𝑘𝑘−𝐹𝐹)∙𝑥𝑥′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙𝑠𝑠𝑠𝑠𝑠𝑠2𝛼𝛼∙(𝐹𝐹∙𝑠𝑠𝑠𝑠𝑛𝑛𝛽𝛽+𝑦𝑦′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠−𝑥𝑥′∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2  (18) 

 
• measurement of the β angle: 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= (𝑘𝑘−𝐹𝐹)∙[𝑥𝑥′∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡∙(𝐹𝐹−𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)+𝑦𝑦′∙(𝑦𝑦′∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐+𝐹𝐹∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)]
(𝐹𝐹∙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑦𝑦′∙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠−𝑥𝑥′∙𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2  (19) 

 
Dependencies between the values of sensitivity coefficients and distance of the camera from 
the object, for the measurements in horizontal axis are shown in Fig. 4. The results are 
presented for the parameters of the stand shown in 3.1 and 3.2. 
 
a)            b)
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c)             d) 

 
e)              f) 

 
Fig. 4. Sensitivity coefficients for measurements in the horizontal axis as a function of 
distance k, where: a) measurement of distance k; b) measurement of distance F; c) 
measurement of the position of the point on the matrix surface in the horizontal axis x’; d) 
measurement of the position of the point on the matrix surface in the vertical axis y’; e) 
measurement of angle α; f) measurement of angle β. 
 
Similarly, the values of the coefficients for measurement in the vertical axis are shown in Fig. 
5. 
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a)               b) 

 
c)             d) 

 
e)                f) 

 
Fig. 5. Sensitivity coefficients for measurements in vertical axis as a function of the distance 
k, where: a) measurement of distance k; b) measurement of distance F; c) measurement of the 
position of the point on the matrix surface in the horizontal axis x’; d) measurement of the 
position of the point on the matrix surface in the vertical axis y’; e) measurement of angle α; f) 
measurement of angle β. 
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The analysis of sensitivity coefficients shows that for the discussed case the values of these 
factors considerably decrease as the distance k increases, and only for some of them there is 
an initial increase in the values of distance k for the range between kmin4 and kmin3; then a 
relatively constant value is maintained when the distance k falls within the range between 
kmin3 and kmin2, and only the increase of the distance above kmin2 causes a decrease in the value 
of the coefficient. These relationships are caused by changes in the value of angle β and their 
impact on the values of the said coefficients. 
 
4.2. Selection of measuring instruments 
 
Since the discussed measurements fall within the scope of technical engineering 
measurements, it is assumed, for the purpose of the measurement uncertainty analysis, that 
typical measuring instruments for laboratory use will be used. The equipment used in 
measurements has been listed in Table 1. 
 
Table 1. The list of measurement equipment used, together with its purpose 
No. Name Calibration uncertainty Purpose 

1. Basler acA 2040-180 kc camera with a 
full set of lenses with different focal 
lengths 

Depends on the distance k Measurement of the object’s image 
position on the matrix x’ and y’; 
Indirect measurement of distance F 

2. Professional laser rangefinder BOSCH 
GLM 80  

±1.5 mm The measurement of distance k; 
Indirect measurement of angle α; 
Indirect measurement of distance F 

3. FWP MADb 400 calliper ±0.05 mm Indirect measurement of distance F 

4. ACS-080-2-SC00-HE2-2W 
inclinometer 

±0.1º The measurement of angle β; 
Indirect measurement of angle α 

 
4.3. Analysis of measurement uncertainties in indirect measurements 
 
4.3.1. Measurement of distance k 
 
The measurement of distance k is a direct measurement carried out with the use of a 
professional laser rangefinder Bosch GLM 80. The manufacturer declares that, under normal 
measurement conditions, the calibration uncertainty is constant within the entire measuring 
range and amounts to Δk = ±1.5 mm. Thus, the value of the standard uncertainty necessary to 
determine the uncertainty of other indirect measurements will also be independent of the 
distance k and amount to: 
 
𝑢𝑢(𝑘𝑘) = ∆𝑘𝑘

√3
= 1.5

√3
= 0.87 mm (20) 

 
4.3.2. Measurement of distance F 
 
The measurement of distance F is an indirect measurement carried out based on the 
dependence (3). After substituting dependence (4) with dependence (3) and simplification we 
obtain: 
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𝐹𝐹 = 𝑘𝑘
2
∙ �1 −�1 − 4∙𝑥𝑥w∙𝑥𝑥′w

(𝑥𝑥w+𝑥𝑥′w)2� (21) 

where: xw – the size of the model with known dimensions; x’w – the size of the model image 
on the camera matrix 
 
Since the reproduction ratio does not change (values xw and x’w are constant), the distance F 
depends on the current distance k. Therefore, the standard uncertainty of measurement of 
distance F depends on the uncertainty of measurement of distance k as well as value x and x’, 
and is given by the following dependence: 
 

𝑢𝑢(𝐹𝐹) = ��𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2
∙ 𝑢𝑢(𝑘𝑘)2 + � 𝜕𝜕𝜕𝜕

𝜕𝜕𝑥𝑥w
�
2
∙ 𝑢𝑢(𝑥𝑥w)2 + � 𝜕𝜕𝜕𝜕

𝜕𝜕𝑥𝑥′w
�
2
∙ 𝑢𝑢(𝑥𝑥′w)2 (22) 

 
Standard uncertainty of the measurement of distance k is provided in (20). The measurements 
of values xw and x’w, i.e. dimensions of the object and the image thereof are direct 
measurements. The value xw is measured with the use of FWP MADb 400 calliper, with 
calibration uncertainty Δxw = ±0.05 mm. Therefore, the standard uncertainty in the 
measurement of this value is given by relationship analogous to (20) and amounts to: 
 
𝑢𝑢(𝑥𝑥w) = ∆𝑥𝑥w

√3
= 0.05

√3
= 0.029 mm (23) 

 
The value of x’w is determined based on the observation of the image obtained from the 
camera. It can be determined with the uncertainty of the experimenter at the level of one 
pixel, i.e. Δx’we = ±0.0055 mm. Since the manufacturer does not define uncertainty for the 
determination of the dimensions of a single pixel, and indicates only the total size of the 
matrix, i.e.11.26x11.26 mm, the standard uncertainty of a single pixel was established on 
assumption that the matrix size had been determined with the uncertainty at the level of the 
last significant figure in the result, namely ±0.01 mm. In such system, taking into account the 
matrix resolution of 2046x2046 pixels, the standard uncertainty of the size of a single pixel 
amounts to ±0.0029 μm, which means that it can be disregarded, since it is smaller by three 
orders of magnitude from the assumed experimenter’s uncertainty. Therefore, the standard 
uncertainty of measurement of value x’ will be equal to: 
 
𝑢𝑢(𝑥𝑥′) = ∆𝑥𝑥′we

√3
= 0.0055

√3
= 0.0032 mm (24) 

 
Having taken into account the uncertainty of partial measurements, the standard uncertainty of 
the measurement of value F related to the distance k for the case in question is shown in Fig. 
6. 
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Fig. 6. Standard uncertainty u(F) as a function of distance k 
 
4.3.3. The measurement of angle β 
 
The measurement of angle β is performed directly with the use of ACS-080-2-SC00-HE2-2W 
inclinometer. The manufacturer defines the level of calibration uncertainty as Δβ = ±0.1º. 
Taking into account the indirect way of reading the result (measurement of the voltage 
applied to the calibration resistor connected to the inclinometer current output), standard 
uncertainty of the measurement of angle β amounts to u(β) = 0.067º and is independent of the 
current distance k value. 
 
4.3.4. Measurement of angle α 
 
In the discussed case, due to the long distance between the camera and the measured object, 
the direct measurement of angle α is impossible. The only option is to perform indirect 
measurement based on trigonometric dependencies, as shown in Fig. 7a. 
 
a)            b) 

 
Fig. 7. Indirect measurement of angle α, where: a) spatial layout; b) determination of value k’ 
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Taking into account the measurable values k, k’ and β, the value of angle α is given by the 
dependence: 
 

𝛼𝛼 = arcsin ��𝑘𝑘′
2−(𝑘𝑘∙sin𝛽𝛽)2

𝑘𝑘∙cos𝛽𝛽
�(25) 

 
A certain problem, particularly when distance k is a dozen or more metres, is the measurement 
of distance k’ performed in such a way that it is measured at a right angle to the contact wire. 
The solution here is to perform a series of measurements with a slightly changed angular 
position of the laser rangefinder, as shown in Fig. 7b. The sought value k’ will then be the 
smallest result obtained, which is: 
 
𝑘𝑘′ = min(𝑘𝑘′𝑖𝑖)|𝑖𝑖=1𝑛𝑛  (26) 
 
The uncertainty in measurements of distances k and k’ stems from the uncertainty of the laser 
rangefinder calibration and is constant, regardless of the measurement distance, as discussed 
in p. 4.3.1. The uncertainty in measurement of angle β is also a constant value, and depends 
on the inclinometer calibration uncertainty (see p. 4.3.3.). Standard uncertainty of the 
measurement of angle α results from the uncertainty propagation rules for indirect 
measurements, and is given by the following dependence: 
 

𝑢𝑢(𝛼𝛼) = ��𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2
∙ 𝑢𝑢(𝑘𝑘)2 + �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕′
�
2
∙ 𝑢𝑢(𝑘𝑘′)2 + �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�
2
∙ 𝑢𝑢(𝛽𝛽)2 (27) 

 
For the considered measurement stand and the assumed value of angle α, the dependence (27) 
is shown in graphic form in Fig. 8. 
 

 
Fig. 8. Dependence of standard uncertainty of angle α measurement in the function of change 
of distance k 
 
4.3.5. Measurement of the object image position on the surface of matrix x’ and y’ 
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The uncertainty of the measurement of the object image position on the surface of an imaging 
camera matrix results from the stochastic scattering of measurement results for a stationary 
measurement stand. The said scattering is the result of the impact of accidental factors, such 
as micro-shocks of the substrate, changes in the lighting levels, temperature changes, etc. 
Assuming that the measurement time in the considered case is relatively short (from a few to 
about a dozen seconds), it can be assumed that the parameters such as lighting level or 
temperature are constant during this period of time. In contrast, the impact of the micro-shock 
of the substrate on the measurement result will be strictly dependent on distance k. In order to 
determine this dependence, a series of measurements was performed at a stationary 
measurement stand for the changing distance k and the maintained constant reproduction 
ratio. For each distance a series of 10000 measurements was made, for which the values of 
standard deviation in the horizontal and vertical axis were determined. These values are the 
measure of standard uncertainty of measurement of the image position on matrix x’ and y’. 
The results obtained from the measurements are presented in graphic form in Fig. 9. 
 
a)             b) 

 
Fig. 9. Standard uncertainties of the measurement of the object image position on the camera 
matrix, where: a) measurement in horizontal axis; b) measurement in vertical axis 
 
The function expressing the dependence of the uncertainty of the position measurement in the 
horizontal axis, determined on the basis of linear regression takes the following form (the 
result in [μm] for k expressed in [m]): 
 
𝑢𝑢(𝑥𝑥′) = (0.02211 ± 0.00054) ∙ 𝑘𝑘 + (0.135 ± 0.006) (28) 
 
The analogous dependence for the measurement in vertical axis is given by the following 
formula: 
 
𝑢𝑢(𝑦𝑦′) = (0.0300 ± 0.0014) ∙ 𝑘𝑘 + (0.125 ± 0.015) (29) 
 
In the case of the considered measurement problem, apart from micro-shocks of the substrate, 
vibrations caused by the passing vehicle can be expected. The magnitude and degree of the 
impact of these vibrations depend on numerous factors, whose direct impact is difficult to 
determine. These will be: the type of ground at the measurement site, the technical condition 
of the track base, the track, as well as of the passing rolling stock and its driving speed, the 
way of mounting the camera, including the lens, etc. Due to the nature of displacements of the 
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contact wire of the overhead contact line caused by the moving current collector, the influence 
of traffic vibrations on the measurement result can be greatly reduced by filtering the 
measurement signal. Research shows that frequency of the overhead contact line oscillation 
amounts to approximately 0.7–1 Hz [1,2], whereas the substrate vibration frequency caused 
by the rolling stock usually ranges from 30 to 70 Hz [20–24]. By using a low-pass filter, the 
influence of traffic vibrations on the quality of the measured signal from the imaging camera 
can be effectively reduced. Sample result of limiting the influence of external vibrations on 
the measurement is shown in Fig. 10. The vibrations were artificially induced in laboratory 
conditions. The vibration velocity was measured by attaching the matrix to the imaging 
camera restraint point. The courses containing the measurement results were subjected to low-
pass filtering, with the filter limit frequency of fg1 = 11.85 Hz, or fg2 = 6.38 Hz. 
 
a) 

 
b) 

 
c) 

 
Fig. 10. Limitation of the impact of traffic vibrations on measurement results, where: a) 
vibration velocity course recorded at the camera mounting point; b) results of measuring the 
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object image position on the camera matrix in the horizontal axis x’; c) results of measuring 
the object image position on the camera matrix in the vertical axis y’ 
 
As shown in Fig. 10, the impact of traffic vibrations on measurement results can be 
effectively reduced by low-pass filtering. However, since such impact cannot be completely 
eliminated, and taking into consideration the influence of other factors on the camera, which 
are difficult to define (this requires detailed research), it was assumed that the partial 
measurement uncertainty associated with determining the position of the object measured on 
the camera matrix, obtained from the measurements (Fig. 9) will be increased by the factor kp 
= 3. Such enlarged values will then be adopted as standard uncertainty in measurement of the 
object image position on the camera matrix. 
 
4.4. Final measurement uncertainty 
 
Taking into account the uncertainty of partial measurements presented in p. 4.3., standard 
measurement uncertainties of the displacement of the contact wire, obtained from 
dependencies (6) and (7) in accordance with the propagation uncertainty rules are shown in 
Fig. 11. 
 
a)        b) 

 
Fig. 11. Standard uncertainties in measurements of the displacement of the contact wire in the 
function of the distance k, where: a) for the measurements in the horizontal axis u(x); b) for 
the measurements in the vertical axis u(y). 
 
As shown in Figures 11a and b, the maximum value of measurement uncertainty depends on 
the distance from the measured object. In the case of measurements in the horizontal axis, the 
minimum for distance k ≈ 16 m is visible. At a shorter distance, the maximum value of 
uncertainty rapidly increases, and reaches its highest level range between the distances kmin2 
and kmin3. For a distance shorter than kmin3 the uncertainty is reduced, which is related to the 
decrease, within this range, of the angle β value and its influence on the measurement 
uncertainty. For distances k longer than 16 m, the value of uncertainty increases slightly, but 
even for kmax it is significantly smaller than the level achieved for kmin3. 
For measurements in the vertical axis the obtained results are similar to those for the 
horizontal axis. The difference is that within the considered range of distance k, the minimum 
does not occur and the best results are obtained for distance kmax. Additional calculations 
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show that the smallest uncertainty values occur just for k ≈ kmax, i.e. within the range limit of 
distance change. 
Since the measurements are performed simultaneously in both axes, the distance k between 15 
and 20 m is the optimum from the point of view of measurement uncertainty. If the 
measurement from such a distance is not possible, it will be more advantageous to increase 
rather than decrease it;. However, it should be pointed out that, within the whole range of the 
considered changes in distance k, the measurement uncertainties remain at a low level, which 
is entirely acceptable with regard to the quality of the obtained results. 
 
5. Experimental verification 
 
In order to verify the above considerations, measurements were performed at a laboratory 
stand. They consisted in the displacement of the contact wire in a vertical and horizontal axis 
by a known displacement value. Measurements in the vertical axis were performed by 
analysing physical displacement of the contact wire, but in the horizontal axis, due to the 
difficulty in realisation of the mechanical construction, the displacement of the contact wire 
was simulated by measuring the distance between two stationary points, as shown in Fig. 12. 
 

 

Fig. 12. Verification stand for measurements of contact wire displacement 
 
Measurements were performed for the following output data (standard uncertainty was given 
for all the parameters): 

• distance k = 14549.46 ± 0.87 mm; 
• distance F = 582.43 ± 0.23 mm; 
• angle α = 42.7200 ± 0.0057º; 
• angle β = 5.290 ± 0.067º. 

Values yw and the diameter of the contact wire D were measured using a Yato YT-7201 
digital calliper with calibration uncertainty of 0.02 mm for the measurements below 100 mm 
and 0.03 mm for longer distances. Both measurements were performed ten times, with the 
following results: 

• distance yw = 109.460 ± 0.018 mm; 
• diameter D = 12.215 ± 0.014 mm. 

Since the reference value of the contact wire displacement is given by the dependence: 
 
𝑦𝑦pw = 𝑦𝑦w − 𝐷𝐷 (30) 
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given the predetermined values, the obtained reference displacement value with the 
uncertainty extended for the expansion coefficient kp = 2 was equal to: 
 
𝑦𝑦pw = 97.245 ± 0.046 mm  
 
Afterwards, 14 series of measurements of contact wire displacements were performed, with 
the use of a vision system. In each series 500 measurements with the wire in the upper 
position and 500 with the wire in the bottom position were performed. After averaging and 
calculating the difference, the displacement value was obtained for each series. The results of 
the sample measurement series are shown in Fig. 13. 
 

 
Fig. 13. Results of sample displacement measurement series, where: n – number of 
measurements 
 
After averaging the obtained results, and determining the uncertainty of types A and B, the 
displacement value with the extended uncertainty of kp = 2 was obtained, equal to: 
 
𝑦𝑦pk = 97.21 ± 0.14 mm  
 
Analogous measurements for simulation of contact wire displacement in the horizontal axis 
were performed. For series of reference measurements performed by using a calliper, the 
result is as follows: 
 
𝑥𝑥pw = 98.418 ± 0.042 mm  
 
Whereas a series of measurements performed by using the vision system resulted in: 
 
𝑥𝑥pk = 98.47 ± 0.17 mm  
 
In both cases the results were given with extended measurement uncertainty for the expansion 
coefficient kp = 2. 
 
As it can be seen, the difference between the results obtained on the basis of reference 
measurement and with the use of the vision system fall within the range of measurement 
uncertainty, for measurements performed in both vertical and horizontal axes. On this basis it 
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can be stated that the theoretical considerations presented above were confirmed by 
experimental verification in laboratory conditions. 
 
6. Summary and conclusions 
 
The uncertainty analysis for visual measurement presented in this paper shows that, with 
regard to the obtained uncertainty, it is reasonable to increase the distance from which the 
measurements are made. In the discussed case, the optimum results were obtained when the 
measurements were performed from the distance of several metres. However, for other 
configurations of the stand or for different measurement ranges, the indicated optimum may 
be different. The conclusions from the theoretical analysis were confirmed experimentally by 
performing a series of measurements at the laboratory stand. 
The conducted study shows how important it is to perform a measurement uncertainty 
analysis for a particular test stand. It is particularly significant in visual measurement 
techniques, as the obtained conclusions may differ from the initial assumptions, the so-called 
common sense ones. For the stand in question, it would seem that, in order to obtain the 
greatest accuracy it is reasonable to be as close as possible to the object whose displacement 
is to be measured. The uncertainty analysis has shown that it is not true, since in the case of a 
short distance there is a rapid increase in the measurement uncertainty, and better results are 
achieved when measurements are performed from the distance of a dozen or even more than 
twenty metres. 
During the considerations, the influence of external and internal factors on the uncertainty of 
the imaging camera itself was treated in a simplified way. Only the impact of increasing 
distance on the uncertainty of the device was investigated in detail. Therefore, further work 
will be focused on identifying and investigating the factors which may be relevant to the 
quality of the measurement signal derived from the analysis of the camera image. It is also 
planned to use the measurement method in practice, during laboratory and field tests.  
Before conducting the research on a real object, it will be necessary to determine the criteria 
for evaluating the technical condition of the current collector and its contact strip, on the basis 
of the obtained measurement results of contact wire displacements. Some research on this 
subject has already been done, but it concerned the results of displacement only in the vertical 
axis, which had been obtained with the use of another measurement method [2]. Detecting 
damaged current collector strips on the basis of horizontal contact wire displacements requires 
elaboration of new diagnostic criteria, which will also constitute the subject of further 
research. 
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