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Abstract

We propose a new modified primal-dual proximal best approximation method for
solving convex not necessarily differentiable optimization problems. The novelty of
the method relies on introducing memory by taking into account iterates computed
in previous steps in the formulas defining current iterate. To this end we consider
projections onto intersections of halfspaces generated on the basis of the current as well
as the previous iterates. To calculate these projections we are using recently obtained
closed-form expressions for projectors onto polyhedral sets. The resulting algorithm
with memory inherits strong convergence properties of the original best approximation
proximal primal—dual algorithm. Additionally, we compare our algorithm with the
original (non-inertial) one with the help of the so called attraction property defined
below. Extensive numerical experimental results on image reconstruction problems
illustrate the advantages of including memory into the original algorithm.

Keywords Proximal algorithm with memory - Primal-dual algorithm - Best
approximation of the Kuhn—Tucker set - Inclusions with maximally monotone
operators - Attraction property - Image reconstruction

X K. E. Rutkowski
k.rutkowski@mini.pw.edu.pl

E. M. Bednarczuk
Ewa.Bednarczuk @ibspan.waw.pl

A. Jezierska
Anna.Jezierska@ibspan.waw.pl
Systems Research Institute, Polish Academy of Sciences, Warsaw, Poland

Faculty of Mathematics and Information Science, Warsaw University of Technology, Warsaw,
Poland

Faculty of Electronics, Telecommunications and Informatics, Gdansk University of Technology,
Gdansk, Poland

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10589-018-0031-1&domain=pdf

Downloaded from mostwiedzy.pl

AN\ MOST

768 E. M. Bednarczuk et al.

1 Introduction

Motivated by problems arising in the field of inverse problems, signal processing,
computer vision and machine learning, there has been an increasing interest in primal—
dual methods [12,32,33]. Over the last years, substantial progress has been made.
Among others, the recent advances concern block algorithms [18,24], asynchronous
methods [21,43], generalizations of projection algorithms [22,28] and introduction of
memory effect.

While versions with memory of several proximal primal—dual algorithms already
exist [16,17,34,41,46], in this paper we propose a new way of introducing memory
effect in projection algorithms by studying algorithm [2]. We consider the following
convex optimization problem

min f(p) + g(Lp), (1)
peH

where H and G are two real Hilbert spaces, f: H - RU{+4o00}, g: G — RU {400}
are proper convex lower semi-continuous functions and L: H — G is a bounded
linear operator. Under suitable regularity conditions problem (1) is equivalent to the
problem of finding p € H such that

0€df(p)+L*dg(Lp), 2)
where d(-) denotes the subdifferential set-valued operator. Problem (2) is of the form
0 € A(p) + L*B(Lp), (P)

where A: H = H and B: G =% G are maximally monotone set-valued operators.

Different approaches to solve (P) have been proposed e.g. in [5,26,48]. In particular,
primal—dual approaches to solve (1) may lead to formulations which can be represented
asin (P), seee.g. [1,2,9,10,13,15,23] and the references therein. Recently, the primal—
dual approach has been applied in [54] to a more general form of (P) involving the sum
of two maximally monotone operators and a monotone operator. The case when A is
maximal monotone and B is strongly monotone was considered in [48]. The overview
of primal—dual approaches to solve (P) has been recently proposed in [32].

Some algorithms to solve (1) which rely on including x,_; into the definition of
Xp4+1 were proposed in [3,4,9,15,30,31,35-39,41,42]. They are mostly based on dis-
cretizations of the second order differential system related to the problem (2). This
system, called heavy ball with friction, is exploited in order to accelerate conver-
gence. Indeed, the introduction of the inertial term was shown to improve the speed
of convergence significantly [30,31].

In [46] Pesquet and Pustelnik proposed a primal method to solve (1) with inertial
effect introduced through inertia parameters. The method explores information from
more than one previous steps and allows finding zeros of the sum of an arbitrary finite
number of maximally monotone operators (see also [26]).

For monotone inclusion problems (P) inertial proximal algorithms and fixed-points
iterations have been proposed in [3,4,8,9,11,34,39,40,48].
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In the present paper we propose a new projection algorithm with memory. We intro-
duce a memory effect into projection algorithms by relying on successive projections
onto polyhedral sets constructed with the help of halfspaces originating from current
and previous iterates. To the best of our knowledge this way of introducing memory
has not been considered yet.

By applying to problem (P) the generalized Fenchel-Rockafellar duality framework
[44, Corollary 2.12] (see also Corollary 2.4 of [45]) we obtain the dual inclusion
problem which amounts to finding v* € G such that

0e —LA ' (—Lv*) + B~1v". (D)

By [44, Corollary 2.12], a point p € H solves (P) if and only if v* € G solves (D)
and (p, v*) € Z, where

Z:={(p,v)e HxG| —L*v* € Ap and Lp e B~ 'v*}. 3)

In the case when L = Id and H = G, the set Z reduces to the extended solution set
Se(A, B) as defined in [25]. The set Z is a closed convex subset of H x G (see e.g.
[7, Proposition 23.39]).

The Fenchel-Rockafellar dual problem of (1) takes the form (see [45])

min f*(—L*v*) 4+ g*(v™), 4)

v¥eG
where f* denotes the conjugate function [47]. In this case set Z is of the form

Z={(p,v")e HxG| —Lv*€df(x)andv* € 9g(Lx)}. 5)

1.1 Projection methods
The idea of finding a point in Z is based on the fact that
Z C{(p,v*) e Hx G |p(p,v*) <0} := H,y,

where ¢(p, v*) := (p—a|a*+L*v*)+(b*—v* | Lp—b), (a, a™) € graphA, (b, b*) €
graphB. This suggests the following iterative scheme for finding a point in Z based
on projections onto Hy: for any (po, vj) € H x G and relaxation parameters 1, €
(0,2),n € Nlet

(Pn-i—la v;,k+1) = (Pn> V) + An (PHn (P, v:) - (Pn, v;:)) : (6)

where H, := {(pn,v)) € H X G | ¢(py,v}) < 0} with ¢, defined for suitably
chosen (ay, a)) € graphA, (b,, b)) € graphB ([1, Proposition 2.3], see also [25,
Lemma 3]) and Pp(x) denoting the projection of x onto the set D. For L = Id this
iteration scheme has been proposed by Eckstein and Svaiter [25] and its fundamental
convergence properties has been investigated in [25, Proposition 1, Proposition 2].
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Further convergence properties of (6) have been investigated in [1] and [6, Theorem
2]. The sequence generated by (6) is Fejér monotone with respect to set Z and, in
general, only its weak convergence is guaranteed.

Modifications of (6) to force strong convergence have been proposed in [2,51,52,
54,56]. Recently, asynchronous block-iterative methods are proposed in [21,24].

1.2 The aim

In the present paper we propose a primal—dual projection algorithm with memory to
solve (P) which relies on finding a point in the set Z defined by (3). The origin of our
idea goes back to the algorithm of Haugazeau [7, Corollary 29.8], who proposed an
algorithm for finding the projection of xo € H onto the intersection of a finite number
of closed convex sets by using projections of x( onto intersections of two halfspaces.
These halfspaces are defined on the basis of the current iterate x, (see also [5S1-53]).

In our approach we take into account projections of xo onto intersections of three
halfspaces which are defined on the basis of not only x,, but also x,_;.

The contribution of the paper is as follows.

— We apply formulas for projections onto intersections of three half-spaces in Hilbert
spaces derived in [50]. We show that in the considered cases (Proposition 4) the
complete enumeration is not required (Proposition 5).

— We propose a number of iterative schemes with memory for solving primal-dual
problems defined by (P) and (D).

— We apply our iterative schemes to propose a proximal algorithm with memory to
solve minimization problem defined by a finite sum of convex functions.

— We provide convergence comparison of the proposed algorithm with its non-
memory version in terms of attraction property (Proposition 7).

— We perform an experimental study aiming at comparing the best approximation
algorithm proposed in [2] and our algorithm.

The organization of the paper is as follows. In Sect. 2 we propose the underlying
iterative schemes with memory and we formulate basic convergence results. In Sect. 3
we provide several versions of the iterative scheme with memory. One of the main
ingredients is a closed-form formula for projectors onto polyhedral sets introduced
in [50]. In Sect. 4 we perform the convergence comparison of the proposed iterative
schemes. In Sect. 5 we cast our general idea so as to be able to solve optimization
problem of minimization of the sum of two convex, not necessarily differentiable
functions. In Sect. 6 we present the results of the numerical experiment.

2 The proposed approach

In Sect. 2.1 we recall generic Fejér Approximation Scheme for finding an element from
the set Z defined by (3) and its basic properties. In Sect. 2.2 we propose refinements
of Fejér Approximation Scheme which are based on the idea proposed by Haugazeau
[27], see also [7, Corollary]. The crucial issue of the proposed refinements is to improve
convergence properties.
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In the sequel, for any x € H x G we write x = (p, v*), where p € H and v* € G.

2.1 Successive Fejér approximations iterative scheme

Let H, G be real Hilbert spaces and let Z be defined by (3). Let {H, },eny C H X G,
be a sequence of convex closed sets such that Z C H,,, n € N. The projections of any
x € H onto H, are uniquely defined.

Iterative Scheme 1 Generic Fejér Approximation Iterative Scheme

Choose an initial point xg € H x G
Choose a sequence of parameters {1, },>0 € (0, 2)
forn=0,1...do
Xp41 =Xn + }hn(PHn (xn) — xn)
end for
return

Theorem 1 ([1, Proposition 3.1], see also [20]) For any sequence generated by Itera-
tive Scheme 1 the following hold:

1. {xp}neny C H x G is Fejér monotone with respect to the set Z, i.e.
VneN Vzez [Xn41 — zll = llxn — 2zl

2. 3200 2 = Al Ph, () — X 1> < 400,
3. if

Vx € Hx GViky}pen CN xp,—x = x € Z,

then {x,}neN converges weakly to a point in Z.

In [1] the sets H, appearing in Iterative Scheme 1 are defined as closed halfspaces
Ha,, ,b: ’

He, by = { €HXxG| (x | 53, ;,*> < nanb*}
s;n,b* (aj + L*b}, by — Lay) @)
Nay, b} + <n|a> (n|b*>

with
an = Jy,A (Pn - VnL*U*) , by = Ju,B (Lpn + ,U«nv;l;) )
(1:; = Vn_l(pn —a) — L*v *v b:; = M;I(Lpn —by) + v;,ka

where for any maximally monotone operator D and constant § > 0, Jep(x) = (Id +
SD)’1 (x). Parameters i, ¥, > O are suitable defined. It easy to see Hy, = H,, px,
where ¢, = ¢(ay, b}).
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For H, = H,, »» Theorem 1 can be strengthened in following way.

Theorem 2 [1, Proposition 3.5] For any sequence generated by Iterative Scheme 1
with H, defined by (7) the following hold:

L. {xp}neny = {(Pn, v})}Inen is Fejér monotone with respect to the set Z,
2. oS llak + L*b|? < 400 and Y155 1Lay — byl < +o0,

3. 20 Ipas1t = pall* < +o00 and 3,5 vy, — vyll* < +o0,

4. 30 py — anl? < +oo and 325 v — b2 < 400,

5. {xn}nen converges weakly to a point in Z.

2.2 Best approximation iterative schemes

Here we study iterative best approximation schemes in the form of Iterative Scheme 2.
For any x, y € H x G we define

H(x,y):={the HxG[(h—y|x—y) <0}

As previously, let {H, },en C H x G be a sequence of closed convex sets, Z C Hy,
forn € N.

Iterative Scheme 2 Generic primal—dual best approximation iterative scheme

Choose an initial point xg = (po, v§) € H x G
Choose a sequence of parameters {A, },>0 € (0, 1]
forn=0,1...do
Fejérian step
Xp+1/2 = Xn + )»n(PHn (xXn) — xn)
Let C,, be a closed convex set such that Z C Cy C H (xn, Xp41/2)-
Haugazeau step
Xn+1 = PH(xq.x,)NC, (X0)
end for
return

The choice of C;; = H (xp, X,11,2) has been already investigated in [2]. There it has
been shown that this choice allows to achieve strong convergence of the constructed
sequence {x,},en under relatively mild conditions.

Our aim is to propose and investigate other choices of C, defined with the help
of not only x,, x,41,2 but also x,_; and/or x,_141/2. For such choices of C,, with
memory the Iterative scheme 2 becomes an iterative scheme with memory, i.e. in the
construction of the next iterate x,+1 not only current iterate x, but also x,_1 is taken
into account. In the sequel we refer to the Iterative Scheme 2 with C,, = H (x,,, X41/2)
as a scheme without memory and we compare it with Iterative Scheme 2, where C,
are with memory (see Proposition 4 below).

The Fejérian step in Iterative Scheme 2 coincides with what has been defined in
Iterative Scheme 1 and was previously discussed in [1,20].
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Convergence properties of sequences {x, },cn generated by Iterative Scheme 2 are
summarized in Proposition 1 based on Proposition 2.1. of [2] which, in turn, is based
on Proposition 3.1. of [19].

Proposition1 Let Z be a nonempty closed convex subset of H x G and let
xo = (po,vy) € H x G. Let {Cplpen be any sequence satisfying Z C C, C
H(xy, xn1172), n € N. For the sequence {x,},en generated by lIterative Scheme 2
the following hold:

1. Z C H(xp,x,) NCp forn € N,

2. [xng1 — Xoll = X0 — xoll forn € N,
3. 3 lxntt — xall? < oo,

4. 300 xns1 /2 — Xl < 400

5. If

Vx e Hx GV{kyjnen CN xp,—x — x € Z,

then x, — Pz(xp).

Proof The proof follows the lines of the proof of Proposition 2.1 of [2]. The proof of
assertion 3 and 5 coincide with the respective parts of the proof of Proposition 2.1 of
[2] and is omitted here. We provide the proofs of assertions 1, 2, 4 for completeness.

1. First we show that Z C H(xg, x,). For n = 0, x1 = PH(xy.x0)nCo (X0), 0 Z C
H (xg, x1). Furthermore, H (xo, x,) N C,, C H(x0, PH(xy.x,)nc, (x0)) and

Z C H(xp,x,) = Z C H(xg,x,) NCy
= Z C H(x0, PH(xy,x,)nC, (X0))
& Z C H(xo, Xp+1)

2. By construction, forn € N, X, 41 = P (xy,x,)nC, (X0) and x, 1 C H (xg, x,)NCy,
50 Xp41 € H(x0, %,). This implies [1x, — xoll < [lxu1 — xol.

4. C, C H(xy, PCn (xn)) C H(xy, xp +)\n(PC,, (xp) — xp)) = H(xp, xn+1/2)~ Since
Xpy1 € Cy C Hy C H(xp, Xp41/2), we deduce that

2 2 2
Ixng1/2 = X0 ll° < X1 = Xnp12017 + X012 — Xall
2 2
< Xnt1 — Xn12017 + 20041 — Xnr172 | Xnt1/2 — Xn) + 1Xnt172 — Xall

2
< xpa1 — xall”

. + +
By item 3, Y720 [xut1 — xa 1> < +00, hence 3728 xnt1/2 — xull? < +o00.
o

Remark 1 Note that for C, = H (x,, x,41,2) and H, = Hg, b we obtain the primal—
dual best approximation algorithm introduced by Alotaibi et al. in [2], involving
projections onto the intersections of two halfspaces H (xo, x,) N H (xy, Xp41,2) stud-
ied in [7, Section 28.3]. Condition Z C C, C H(x,, X4+1/2),n € N allows one to
consider choices of C;, other than C;, = H (x,,, X41/2).
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When H, := ap b € N, where H,, px are defined by (7), Proposition 1 takes
the following form.

Proposition2 Let Z be a nonempty closed convex subset of H x G and let xo =
(po,vy) € H x G. Let {Cy},en be a sequence of closed convex sets satisfying the
condition Z C C, C H(xy, xp+172) and H, = Hg, px, € N. For any sequence
{xn}nen generated by Iterative Scheme 2 the following hold:

. ”x’_‘ﬁ] —xoll = llxn — xoll forall n €+N,
o) 2 00 2
Ym0 IPat1 = pull® < +ooand 3 20 vy, — vull© < +o0,
+ +
28 1P — anl2 < 00 and Y155 I Lpn — bull? < +oc,
. Pn— X, v — v and (p,v*) € Z.

B

Proof 1. The statement follows directly from item 2 of Proposition 1.
2. By Proposition 1,

—+00 —+00 “+00

2 2 2
S pnsr = pul> + D Mvpy — vilF =D w1 — xall* < +o0.
n=0 n=0 n=0

3.and 4. The proof is similar to the proof of [1, Proposition 3.5].

Remark 2 Proposition 2 shows the importance of the condition Z C C, C
H (xy, Xn41/2) in proving the strong convergence of Iterative Scheme 2.

3 The choice of C,
One of the main contributions of the paper is to consider C,, which use the information

from the previous step. In this way Iterative Scheme 2 becomes a scheme with memory
in the sense that the construction of x, 41 depends not only on x,, 41,2, x;, but also on

Xn—1+1/25 Xn—1-
We start with the following propositions.

Proposition3 Letx,u,v € H. Then H(x,u) N H(x,v) C H(x,tu + (1 — t)v) for
all T € [0, 1].

Proof Leth € H(x,u) N H(x, v), i.e.

(h—u|lx—u)y<0 and (h—v|x—0v) <0.
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For any t € [0, 1] we have

h—twv—(O0—-1Dw|x—1tv—(1—=—17)w)
=(h|x)—th|v)—t(v|x)— A —1)h|w)—(1—1)(w]x)
+ W )+ (=) (w | w) +2t(1 — ) (v | w)
=th|x)—th|v)—1tw]|x)+T{v]|V)
+d-—hlx)—A-D)h|w)—A-1)(w|x)+ A —-1){w|w)
+2@ )+ = wlw)+2t(1 =) | w) — (| v) — (1 —7)(w | w)
<2+ 0 -—0w|w) +211—1)v | w)—1(|v) = (1 —7)(w | w)
=t(t—D@w|v)+ A =-1)(—){w | w)+2t(1 —7){v | W)
<t =D+ A =D (Dlw|*+2td = Dol |w]
= 7(r — D(lvI* = 2vllllwll + [lwl*) = =71 = (vl + [w])* < 0.

Thus h € H(x, tu + (1 — t)v). O

The following proposition provides examples of sets C,, with memory satisfying
requirements of Proposition 2 (see Remark 2).

Proposition 4 For C, defined as

Cp = H(xn,xH%) N H(xp—1,x ,%)forn > land Co = H(xo,x12),  (8)

n

C, = H(xn,x’1+%) N H(x0, Xy,—1) forn > 1 and Co = H(xq, x1,2), 9
Cp := H(xy, X,H_%) N H(xg, twxp + (1 — t)xp—1)) fort, € (0, 1),n > 1
and Co = H (xo, x1,2) (10)

the assertions 1-5 of Proposition 1 holds.

Proof To apply Proposition 1 we need only to show that C, are closed and convex

and Z C C, C H,. The sets C, are closed and convex as intersections of finitely

many closed halfspaces. By construction of x,11,2 we have Z C H (xp, Xy11/2) for

alln € N.

1. For C, given by (8) we have Z C H(x,, xy41/2) N H(xy—1, X4—141/2) since
Z C H(xp, Xp11/2)-

2. Let C, be given by (9). By construction, Z C H (xo, x12) = H (x9, x1) = Cp. Let
n € Nand suppose Z C Cr = H (xg, xg11/2) N H(xg, x;—1) forall 1 < k < n.
We have

Z C H(xo, xyp—1) N H(xp—1, Xn—1+172) N H (x0, xp—2) = Cp N H (x0, Xp—2)
= Z C H(x0, Pc,nH (x0,x0-2)(¥0))
& Z C H(xo,xn) € Z C H(x0,xn) N H(Xp15 Xnt141/2) = Cnp1-

By induction, Z C C, for all n > 0.
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3. Let C, be given by (10). By construction, Z C H(xp, x1/2) = H(xp, x1) = Co.
By Proposition 3, we have

Z C H(x0, xn) N H(x0, Xp—1)
— Z C H(xo, tyxn + (1 — 1)x,—1) forall 7, € (0, 1).

Let n € N and suppose Z C Cy = H(xg, xg+1/2) N H(xp, xk—1) and Z C
H(xg, xg) forall 1 <k < n.Then

Z C Cp = H(xy, Xpg172) N H(xo, Tyxp + (1 — 1)x0-1))
= Z C H(xy, Xnt1/2) N H(x0, TuXy + (1 — t)xp—-1)) N H (x0, Xp)
== Z C Hx0: PH(xo. H(xn 50 41/2)NH (50, T2 +(1=7) 50 1)NH (x0,3,) (X0))
< Z C H(xo, Pc,nH (xo,x,)(X0)) = H(x0, Xp+1)
& Z C H(xp,xp) N H(xpt1) = Z C H(x0, Tpr1Xn+1 + (1 — Tug1)Xn).

Thus Z C C,, foralln € N.

3.1 Closed-form expressions for projectors onto intersection of three halfspaces

In this subsection we recall the closed-form formulas for projectors onto polyhedral
sets as given in [50]. These halfspaces are given in a form

Ai=the HxG|(h|u)<n},i=1,....m an

whereu; #0,n; e R,i=1,...,m,m e N.

Letw; :=(x|u;)—n;,i e M :={1,...,m}andlet G := [(u; | u;)]; jem.Forany
sets | C M,J C M, 1,J # () the symbol G;_; denote the submatrix of G composed
by rows indexed by / and columns indexed by J only. Let s;(a) :={b el |b < a}.
We define

B (—DHls@l if q e,
I (=D f g ¢ 1.

Theorem 3 [50, Theorem 2] Letm € N,m # 0 and let M = {1,...,m}. Let
m

A=A #0.,x ¢ A Letrank G = k. Let § # I C M,|I| < k be such that
i=1

detG“ # 0. Let

B/ B i
v = D jer wjByBydetGpj 1\ l.f|1| > 1, forall iel (12)
w; il =1
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and, whenever 1' := M\ is nonempty, let

viii= Y w;B]Bj detGqupy, forall i' €1, (13)
jeluti’y

Ifvi > 0fori € I and vy <0jforalli’ € I', then

Pa) =x— 3 — ;. (14)

detGr g
iel et 1y

Moreover, among all the elements of the set A of all subsets I C M there exists at
least one I € A for which: (1) det Gy ; # 0, (2) the coefficients v;,i € I given by
(12) are positive, (3) the coefficients v, i’ € I’ given by (13) are nonpositive.

To obtain the closed-form expression formula for projection of a point on intersection
of three halfspaces we propose the following finite algorithm for finding v; as given
in formula (14).

Iterative Scheme 3 Algorithm for finding v = [v;]i¢(1,2,3)

Let /C be a set of all nonempty subsets of K={1,2,3}
while C # ¢ do
Choose randomly I € IC
if det Gy # 0 then
Find v = [vj]jes such that Gy jv = [{x | u;) — nilier
if v > 0 then
if foralli € K\I, (x — > pcyvkug | uj) —n; <0 then
Terminate, put v; = 0 fori € K\/
end if
end if
end if
K :=IKC\I
end while

Note that Iterative Scheme 3 can be easily parallelized. For three halfspaces (i.e.
m = 3 in (11)) at most 7 subsets I € K need to be checked to calculate coefficients
vi,i = 1,2, 3 of formula (14). Note that the above defined Iterative Scheme 3 can be
useful for several algorithms, i.e. for computation of next iterate in [55].

On the other hand, when considering Iterative scheme 2 with halfspaces generated
as

H(xO, xn) m Cnv

where C,, are as in Proposition 4 the number of iterations can be reduced to 4. This is
the content of the following Proposition.

@ Springer


http://mostwiedzy.pl

Downloaded from mostwiedzy.pl

AN\ MOST

778 E. M. Bednarczuk et al.

Let W := H (xo, x,) N H (X, Xn41/2) N A3, Where A3 is given by one the following

H(xl’ls xn+l/2)7
H(-xo’-xn—l)v (15)
H (x0, TaXn + (1 — T)xn—1), T € (0, 1).

For simplicity, in Proposition 5 we use H (a, b) = A3.

Proposition 5 For finding projection of xo onto W with the help of Iterative Scheme 3
at most 4 subsets I € K need to be checked.

Proof We show that the projection of xo onto W does not require the cases I =
{1}, I = {3}, I = {1, 3} to be checked.

(x0—=xn | X0—Xn

1. Suppose I = {1}. Then v; = W = 1,1 = (Xpq12 | X0 — Xny1/2)
and for 2 € K\ I we have

(xo —vi(xo — Xp) | Xp — Xpy172) —m2 > 0.
2. Suppose I = {3}. Then

_(xo—bla—b)
lla — b|?
and for 1 € K\I we have
(xo —v3(@ —b) | xo —xp) —m
= <PH(a,b)(x0) — Xp | X0 — Xp)

= (PH(a,p)(X0) — Xn | X0 — PH(a,b)(x0))
+ (PH(a,b)(x0) — Xn | PH(a,p)(X0) — Xz) > 0. (16)

If equality in (16) holds then Py p)(x0) = x,. Then for 2 € K\I we have

(xo —v3(@ —b) | X — Xut12) — M2
= (Py,p)(a,b) — xny12 | Xn — Xnt1/2)
= (Xn — Xn+1/2 | Xn — Xnt172) > 0.

3. Suppose, I = {1, 3}. Then

v3 = —|lxo — xpl1*(@ — b | X0 — Xp) + (x0 — b | a — b)|lx0 — x>

= lxo — xul*(x4 —b|a—b) <0

because x,, € H(a, b).

This shows that the choices I = {1}, = {3}, 1 = {1, 3} do not lead to suitable
projection weights v; > 0,i = 1,2, 3. O
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4 Convergence analysis

In this section we analyse convergence properties of Iterative Scheme 2. To this aim
we introduce attraction property (Proposition 7). The proposed results provide:

— new measure of quality of the solution generated by Iterative Scheme 2. Note that
it was shown in [2,19] that with every iteration, x, is further from xo. However,
there was no results relating x,, and the solution Pz (xq). By attraction property,
the distance from x, to the solution Pz(xp) need not be decreasing, however, x,
remain in a ball centred at Pz (x¢) with radius which is a nonincreasing function
of n (by (ii) of the Proposition 6);

— new evaluation criteria allowing to compare algorithms (we use them to compare
experimentally algorithms with different choices of C,,) (Proposition 7).

We start with the following technical lemma.

Lemma 1 Let U be a real Hilbert space and let uy, uz, uz € U, u3 € H(uy, uz), w =
%(ul +u3), r ;= ||lw—uyl]. Then

() llw — uall < Aluy — usl,
(i) llua — usll® < b(uz), where b(-) = 4r* — || - —uy||*.
(iii)) Moreover, ifus € H and uy € H(uy, ua), then b(uz) < b(uy).

Proof (i) We have

1 1 1
r=lw—mll=l5ur+ sus —uil = Sllus —

1 1
= ||§u1 + Fu3 —u3l = lw — usl.

By contradiction, suppose ||[w — uz|| > %Hul — u3z||. Since u3 € H(uy, uz) we

have

2 2
lus —wu2ll” + llur — uz|l
2 2
= [luz — ua||” + lluy — uall” +2(us —u | uz —uy) +2(uz —uz | uy — uz)

= llus — ur)? +2(us —ua | ur — u2) < lluz — up||* = 4r%.
On the other hand

2 2 2 2
4re = lluz —urll” = lluz — w21 + llur — uzl
2 2
= lluz — wll” = 2(uz —w [ uz — w) + [luz — w||
2 2
+ llur —wll” = 2@ —w | uz —w) + [luz — wl|

=2r 4+ 2llus — w||*> = 2(u3 + u; — 2w | us — w) > 4r?,
a contradiction.
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(ii)) We have

2
luz — uz||” = (uz —up | uz —uz) = (U3 —up | uy — uy +u3z — uz)
= (u3 —up | uy —uz) + (uz —up | uz — uy)
<A{uz—uz|us—uy) = (us —up —uy +uy | uz —uy)

( )

=(uz —uy |uz —up)+ (uy —up | uz —uy)

4r 4 (uy —up | ua — ua +u3 —uy)
=472 4 (uy —up | ug — uy) + (w1 — up | uz — ua)

2 2
<4r7 —luy —uz|l”.

(iii) The assertion (iii) stems from the fact that u» € H(u1, us) implies ||uy — uy 1% >
lur — ual* and

2
I

2 2 2 2
luz —uzll® < llur — uszll” = lluy — xull” < llur — wzll” = lur — uall”

O

We show that all the points x,, n € N, generated by Iterative Scheme 2 are contained
in the ball centred at w := %(xo + x) with radius r := ||lw — xp| = %dist (x0, Z2)
and the distance from x,, to the solution x is bounded from above by a nonincreasing
sequence.

Proposition 6 Letxg € H X G. Any sequence {x, },cN generated by Iterative Scheme 2
satisfies the following:

() lw—x,l < 3llxo — X[, n € N.
(i) ||x, — X||? < by, where by, :=4r> — ||x, — x0||> = 0,n € N.
(iii) Moreover, if x,, € H(xq, xX,—1) for all n > 1, the sequence {b,},eN is nonin-
creasing. If for some n > 1 we have x,,—1 # xp, then

= 2 =2 2
X = xalI” < llxo = X[ = llxo0 = Xu—1/1%,
a7
bn < bn_1.

Proof Letn € N. We have x € H (xg, x,). We obtain (i) and (ii) by applying Lemma 1
with u1 = xg, up = x, and uz = x.

The assertion (iii) follows from (iii) of Lemma 1 with u; = xg, uo» = x,,u3 = x
and u4 = x,_1. Moreover, if for some n > 1 we have x,,_1 # x,, then ||xo — xn||2 >
lxo — x,—1]|%, which follows from 2 of Proposition 1. m|

Let us note that Iterative Scheme 2 is sufficiently general to encompass algorithm
2.1 of [2] as well as any algorithm with memory introduced by C, satisfying the
requirements of Proposition 2. In consequence, Proposition 6 provides properties of
sequences {x, },en constructed in these algorithms.
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Corollary 1 For any xo € H x G and x,, Xnpt1/2,n > 1 generated by Iterative
Scheme 2 we have

-2 -2 2 2
lxn+1/2 — X1 < llxo — X7 — llxn — x0ll” — [IXp+1/2 — Xaull

Sforany x € H(xq, x,) N H(xp, Xp41,2).

Proof Letn € N. Applying (ii) of Lemma 1 to u; = xg, up = x,, u3 = X
lxe = X117 < llxo — %11* = [lxa — xolI*. (18)
Applying again (ii) of Lemma 1 to u1 = x,, up = X,41,2, 3 = X we obtain

—2 _2 2
lxn+1/2 — %17 < llxn — X117 — |Xn4172 — xull” (19)

In consequence, we have ||x,41/2 — X[ < |[x, — X||. Combining (18) and (19) we
obtain

12 -2 2
[Xn172 = X117 < llxn — X117 = [Ixn41/2 — xnl

-2 2 2
< llxo = xII” = llxn — x0ll” — lIXpn41/2 — Xall”

O

To prove Proposition 7, which is our main result in this section we need the following
Lemma.

Lemma2 Let U be a real Hilbert space and let D C U be a nonempty subset of U.
Letuy,upy, uz,uq € U andusz € H(uy, ur) N H(ur, ug) N D, w = %(m +us3), r =
lw—u1ll.

Let g € H(ui,uz) N H(ua,us) N D. Then g € H(uy,q), where q =
Q(ui, uz, ua) = PH(uy up)nH(uz.uy)(U1) and

luy — gl = lluy — ql* + 14 — qlI%,
lus —ql> < 4r® —lluy — glI> < 4r> — ur — ql* — 17 — ql*.

Proof 1t is immediate that ¢ € H(u1, q). Thus
lur — GlI* = llur — qI* + 201 —q 1 g — @) + 1 — qlI* = llur — qlI* + 1 — qlI*.

By Lemma 1, since u3 € H(ui, §), we have ||lus — || < 4r> — |lu; — ¢||> which
completes the proof. O

To compare best approximation algorithms as defined in [2] with the Iter-
ative Scheme 2 with memory we concentrate on single step gains. To this
end let us denote g, = Ppu)(x0), X = Ppu—1n(x0), where D(n) =
H(x0, xp—1) N H(Xp—1,Xp—141/2) as e.g. in [2] and D(n — 1,n) = H(xp, Xp—1) N
H(xp—1, Xp—141/2) N Cp—1 with C,,_1 as in Proposition 4.
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Proposition 7 (Attraction property) Sequences {X;}neN, {Xn4+1/2}neN generated by

Iterative Scheme 2 satisfy the following:
(i) llxo = xa[1* = 110 = qull* + l1xn — gull*,

(ii) IX —xnll* < llxo — X112 = llxo — X 1> < llxo — X[1* — llx0 — g I?

— lxn —gn ||2:
where q,, = PH(XOsxn—l)mH(xn—laxn—l+1/2)(x0) and x = Pz(x).

Proof The proof follows directly from Lemma 2 with u; = xg,us = x,—1,u3 =

X, U4 = Xn-141/2, 4 = PH(xo,x,_)nC,_; (x0) and D = C;_y. o
Let us note that, in the case when x, = ¢, by (i), we have ||X — g.|> <
llxo — )?||2 — |lxo — qn ||2. Hence, in the Iterative Scheme 2 we are interested in

choices of C, which make the difference x, — ¢, large. Note that in case of
Cno1 = H(xp—1, Xp—14172), X0 —qn ||2 = 0. For other choices of C,,_| the worst case
leads to ||x, — ¢u||> = 0, however, we can expect some improvement. Consequently,
the proposed attraction property may serve as an evaluation criterion for comparing
various versions of Iterative Scheme 2.

5 Proximal algorithms

Let H and G be real Hilbert spaces, let f:H — (—oo,+oc]and g : G —
(—00, +00] be proper lower semicontinuous convex functions andlet L : H — G
be a bounded linear operator. Iterative Scheme 4 defined bellow is an application
of Iterative Scheme 2 to optimization problem (1)—(4), i.e. we consider the pair of
problems,

;neig Fp(p) := f(p) +g(Lp) (20)
and the dual problem to (20),
lfpél(‘l; Fp(v®) := f*(—=L™") + g"(v"). 2
If (20) has a solution p € H and the regularity condition holds, e.g.
0 € sqri(dom g — L(dom f)),

where dom denotes the effective domain of a function and for any convex closed set
S

sqriS (= {x € §| U A(S — x) is a closed linear subspace of H} ,
>0

there exists v* € G solving (21) and

(5, 0") € Z={(p,v") e Hx G| — Lv* € df(x) and v* € dg(Lx)}. (22)
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Conversely, if (p, v*) € Z, then p solves (20) and v* solves (21). The set Z defined
by (22) is of the form (3), when A = 0 f and B = 9g.

Recall that for any x € H and any proper convex and lower semi-continuous
function f:H — R U {400} the proximity operator Proxs(x) is defined as the
unique solution to the optimization problem

. I
min (f(y) + 51k =yl ) :

Theorem 4 [7, Example 23.3] Let f: H — R U {400} be a proper convex lower
semi-continuous function, x € H and y > 0. Then

Jyar(x) = Prox, y(x).

Iterative Scheme 4 Proximal primal-dual best approximation iterative scheme

Choose an initial point xo = (po, vy) € H x G ande > 0
Choose sequences of parameters {1, },>0 € (0, 1] and {yn},>0, {n}n>0 € &, 1/¢]
forn=0,1...do
ap = Prox,, r(pn — ynL*v}})
bp = Proxung(LPn + n U:;)
a:; = Vn_l(Pn —ap) — L*U;‘;
b: = M;l(Lpn —bp) + U::
sy = (ap + L*b}, by — Lay)
M = (an | aZ>+(bn ‘ b;:)
Ho={xe HxGI{v15% )< nan |
if [|s;¥]| = O then
X=xp, 0" =0}
Terminate
else
Fejérian step
Xp+1/2 = Xn + )hn(PH,, (xn) — xn)
Haugazeau step
Choose Cp, closed convex such that Z C Cy, C H (xpn, X41/2)
Xn+1 = P (xg.x,)NCy (X0)
end if
end for
return

Convergence properties of Iterative Scheme 4 are summarized in Proposition 2.
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5.1 Generalization to finite number of functions

Let M and K be natural numbers. Let E = @lﬁil H; x @15:1 Gy, where H;, Gy,
are real Hilbert spaces, i = 1,...,. M,k =1,...,K. Let f; : H; — R U {400}
and gr : G; — R U {400} be proper lower semicontinuous convex functions and
Lix : H; — Gy be bounded linear operators,i = 1,..., M,k =1, ..., K. Consider
the primal problem

M K M
min Do)+ Y & (Z Likpi) : (23)
Moo k=1 i=1

Problem formulation (23) is general enough to cover problem arising in diverse
applications including signal and image reconstruction, compressed sensing and
machine learning [29]. The dual problem to (23) is

M K K
LD D (—ZLLvZ) EOIEACH] 24
vi€Gl i=1 k=1 k=1
Assume that

K
Viefl,...,M}) Oeran<8fi+2L7§ioagkoLik),

k=1

where ranD denotes the range of an operator D.
Then the set

K
7z = {(pl,...,pM, Vi v e B =Y Livi € 0i(p),
k=1

" (25)
> Lixpi€dgip)i=1....M, k= 1,...,1(}
i=1

is nonempty and if (p1, ..., pm, V7, ..., V%) € Zthen (p1, ..., py) solves (23) and

(v}, ..., V%) solves (24). To find an element of set Z defined by (25) we propose the
Iterative Scheme 5.
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Iterative Scheme 5 Proximal primal—dual best approximation iterative scheme for
finite number of functions
Choose an initial point xg = (pg, vO) € @1_1 H; x @k 1 Grande > 0,
Po = (P1,0,---+ PM,0)s U() _(le"' UKO)
Choose sequences of parameters {1, },>0 € (0, 1] and {yn},>0, {n}n>0 € &, 1/¢]
forn=0,1...do
Fejerian step
fori=1,...,Mdo
a;j n = Proxy, ¢ (pin — ¥n Zlf:l inv;n)
—1
a,‘*n =0 (Pin—ain)— Z}{(:I LZ[UZ,n
end for
fork=1,...,K do
b = Proxp, g M| Ligpiog + HnVf )
bt =i (S Likpion — brn) + 07,

M
Shiakon = Pkn — 2izy Likain
end for
fori=1,...,Mdo
* * K * 1%
Sin = ai,n + Zk:l Lkibk,n
end for

Sp= (sl,n’""s;lk/l,n’s;\k/l+1$n’""S;lk/[+l($n)
=200 (i | af ) + S F e 1 5] )
Hn:{hEE‘(h|S:>§77n}
if |55 = O then
p=rpn, 0" = U:F,
Terminate
else
Xp+1/2 = Xn + An (PHn (xn) — xn)
Haugazeau step
Choose Cp, closed convex such that Z C Cp, C H(xn, Xp41/2)
Xnt+1 = PH(xy,x,)nC, (¥0)
end if
end for
return

Let us note that Proposition 2 can be easily generalized to cover also the case of
the set Z defined by (25).

6 Experimental results

The goal of this section is to illustrate and analyze the performance of the proposed
Iterative Scheme 5 in solving problem (23), i.e. we aim at illustrating the main contri-
bution of our work: (a) to show experimentally the influence of the choice of set C,
on the convergence of the algorithm and (b) to show experimentally that the proposed
attraction property provide an additional measure of the distance of the current iterate
to the solution. We provide numerical results related to simple convex image inpaiting
problem. The considered problem can be rewritten as an instance of (23) by setting
M =1,K =2, H = R*? and finding minpey  f1(p) + Yi_, & (Lxp), where
functions fi, g1 and g, correspond to positivity constraint, data fidelity term and total
variation (TV) based regularization [49], respectively. We focus on the analysis of
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influence of the choice of C,, on the convergence. To this end we report the number of
iterations of the algorithm with different C,, settings performed to reach a tolerance
I Pu+1 — pull/ (1 + I pull) less than € in two successive iterations. The considered
algorithms are denoted hereafter by PDBA-CO, PDBA-C1, PDBA-C2, PDBA-C3, for
Cn = H(xy, x441,2) and C,, defined by (8)—(10), respectively. In the case of PDBA-
C3 1, is set to 0.5. Numerically, the convergence rate improvement is measured by ItR
defined as a ratio of the numbers of iterations consumed by PDBA-Ci (where i takes
value 0, 1, 2, 3) and those consumed by PDBA-C0. The algorithms performance is
illustrated by the following curves: (a) signal to noise ratio (SNR) and (b) the bounds
given by Proposition 6 as a functions of iteration number.

The evaluation experiments concern the image inpainting problem which corre-
sponds to the recovery of an image p € R3P from lossy observations y = Lip,
where L1 € R3P*3D js a diagonal matrix such that for i = 1,..., D we have

Table 1 Reconstruction results from incomplete data with € = 10*2, An =1, yp = 0.005, u, = 0.005

PDBA-CO PDBA-C1 PDBA-C2 PDBA-C3

Kk =20%

ItR 1 0.40 1.02 1.02

SNR 24.19 24.25 24.18 24.19

TV 40.66 40.37 40.68 40.67

ly=Lipli

75D 0.004 0.004 0.004 0.004
Kk = 40%

ItR 1 0.51 0.98 1.02

SNR 20.64 20.60 20.64 20.64

TV 36.06 36.04 36.05 36.07

ly=Lipli

75D 0.002 0.003 0.002 0.002
Kk = 60%

ItR 1 0.44 1.01 0.36

SNR 18.26 18.28 18.26 17.90

TV 30.87 30.55 30.87 30.80

ly=Lipli

D 0.002 0.002 0.002 0.002
K = 80%

ItR 1 0.49 0.89 0.99

SNR 16.17 16.18 16.18 16.17

TV 23.79 23.50 23.74 23.79

lly=Lipli

T 0.001 0.001 0.001 0.001
K = 90%

ItR 1 0.51 1.08 0.99

SNR 14.71 14.62 14.70 14.71

TV 18.87 18.13 18.94 18.87

lly=Lipli

BN 0.001 0.001 0.001 0.001
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Li(i,i) = L1(2i,2i) = L1(3i,3i) = 0, if the pixel i in the observation image
yislostand L(i,i) = L1(2i,2i) = L1(3i,3i) = 1, otherwise. The considered
optimization problem is of the form

min 1y (L1p) +1s(p) +TV(p) (26)
peH

where ¢ is the indicator function defined as:

0 if pes$
l = 27
s(p) +o0o otherwise, @7

Table 2 Reconstruction results from incomplete data with € = 10*2, =1,y =0.01, u, =0.01

PDBA-CO PDBA-C1 PDBA-C2 PDBA-C3

K =20%

ItR 1 0.44 1 1

SNR 24.02 24.13 24.02 24.02

TV 40.06 39.66 40.06 40.06

ly=Lipli

75D 0.005 0.005 0.005 0.005
Kk = 40%

ItR 1 0.54 1.02 1.03

SNR 20.52 20.56 20.51 20.53

TV 35.62 35.34 35.67 35.61

ly=Lipli

75D 0.004 0.004 0.004 0.004
Kk = 60%

ItR 1 0.52 1.04 0.91

SNR 18.24 18.25 18.22 18.23

TV 30.19 29.97 30.37 30.17

ly=Lipli

D 0.003 0.003 0.003 0.003
K = 80%

ItR 1 0.59 1.21 1.02

SNR 16.15 16.16 16.15 16.15

TV 23.29 22.92 23.48 23.3202

lly=Lipli

T 0.002 0.002 0.002 0.002
K = 90%

ItR 1 0.71 1.52 0.59

SNR 14.67 14.65 14.65 14.33

TV 18.11 17.87 18.62 16.01

lly=Lipli

BN 0.001 0.001 0.001 0.002
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TV : R3P i R is a discrete isotropic total variation functional [49], i.e. for every
12

p e RP.TV(p) = gllap) i= o (X0 (A"PL)? + (A¥pla)?)  with Ly e
ROPX3D 1, . [(Ah)T (AV)T]T’ where Ab € R3PX3D (resp. AV ¢ R3P*3D)
corresponds to a horizontal (resp. vertical) gradient operator,

[A"pla = [(A"p)a. (A" p)aa, (A" p)zal € B,

[AYpla := [(A¥p)a. (A p)aa, (A p)3al € R
and w denotes regularization parameter. The function (s (p) is imposing the solution to

belong to the set S = [0, 1]3P. The dual problem to (26) is the following optimization
problem [14, Example 3.24, 3.26, 3.27]:

Table 3 Reconstruction results from incomplete data with € = 10*2, =1,y =15 pu, =15.

PDBA-CO PDBA-C1 PDBA-C2 PDBA-C3

Kk =20%

ItR 1 0.75 1 1

SNR 23.00 23.03 23.00 23.00

TV 3491 34.99 3491 3491

ly=Lipli

75D 0.011 0.011 0.011 0.011
Kk = 40%

ItR 1 0.70 1.02 1.03

SNR 20.01 20.00 20.01 20.01

TV 31.19 31.17 31.19 31.19

ly=Lipli

75D 0.008 0.009 0.008 0.008
Kk = 60%

ItR 1 0.69 0.99 1.00

SNR 17.90 17.89 17.89 17.89

TV 26.60 26.63 26.59 26.59

ly=Lipli

D 0.006 0.006 0.006 0.006
K = 80%

ItR 1 0.73 1 1.02

SNR 15.87 15.87 15.87 15.87

TV 20.46 20.52 20.48 20.49

lly=Lipli

T 0.004 0.004 0.004 0.004
K = 90%

ItR 1 0.74 0.95 1.02

SNR 14.33 14.35 14.31 14.33

TV 15.99 16.24 15.79 16.01

lly=Lipli

BN 0.002 0.002 0.002 0.002
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i — L¥v; — L} TV*
vleGTlilzer <y | Ul) * flelg"(r | i 2”2) - (UZ) (28)
where TV*(v2) = wip(*2), convex set B = {v € R%? : |ull, < 1},G| =

R3P, G, = R®P. In the following experiments, we consider the cases of lossy obser-
vations with « randomly chosen pixels which are unknown.

In the following we examine the cases of k set to 20%, 40%, 60%, 80%, 90%
(hereafter k¥ denotes a fraction of missing pixels). For all the algorithms we used the
initialization xo = [y, L1y, L2y]” . The test were performed on image fruits from
public domain (source: www.hlevkin.com/Testlmages) of size D = 240 x 256.

In our first experiment, we study the influence of the choice of C,, for different
settings of y,,, 1, and X,, which play a significant role in convergence analysis. The
results summarized in Tables 1, 2 and 3, correspond to the choice of y,, = u, equal
to 0.005, 0.01 and 1.5, respectively. These results show that independently of the
choice of parameters y,,, i, algorithm PDBA-C1 leads to the best performance, while
the results obtained with PDBA-C2 and PDBA-C3 are comparable to PDBA-CO.
Specifically, within our setting the numbers of iterations consumed by PDBA-C1
range from 40 to 75% of those consumed by PDBA-CO, while the SNR, values of
TV and inpainting residues are negligible. By inspecting Tables 1, 2 and 3, one can
observe that the obtained results depend strongly upon to the choice of y, and w,,.

€=10"2k =20% PDBA-CO
SNR 7.8 2419 2402 23.00  7.64
TV 13029 40.66  40.06 3491  120.99
% 0.003 0.004 0005 00I1 0008
It no. 2 7543 6382 2883 5032
PDBA-CI
SNR 7.8 2425 2413 2303 7.55
TV 13029 4037  39.66 3499  122.89
”(ﬁf% 0.003 0004 0005  00I1 0007
IR 1 0.40 044 075 0.83

Table5 Reconstruction results from incomplete coefficients with € = 10*2, k = 20%, yp = 0.005, u, =
0.005

PDBA-CO PDBA-CI
P SNRO TV L=Liply g SNRI TV b=Liply I
(1I=%)3D (1—%)3D I
1 24.19 40.66  0.004 7543 2425 4037 0.004 0.40
095  24.32 4036 0.003 5149 2425 4033 0.004 0.56
0.9 2424 4037 0.004 4584 24.26 4026 0.004 0.57
08 730 12924 0.005 2 7.30 12024 0.005 1
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(a) (b) (c)

Fig. 1 a The 240 x 256 clean fruits image, b the same image for which 80% randomly chosen missing
pixels, and ¢ the solution generated by Algorithm 5 PDBA-C1 after 3000 iterations, (d—e) and (f—g) show
SNR and attraction property values (i.e. —||(po, vg) — (pn, vih)|l) versus iterations, respectively. Algorithm
PDBA-C0 and PDBA-CI1 are denoted in green and blue, respectively. a Original. b Degraded. ¢ Ours result.
d SNR (y;, = 0.01, up, = 0.01). e Bounds (y, = 0.01, iy, = 0.01). f SNR (y, = 0.003, p, = 0.003). g
Bounds (y, = 0.003, u, = 0.003)
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We would like to emphasize that ideally the termination tolerance should be a
function of parameters y;,, i, and A,. The results presented in Table 4 shows that in
the case of y,, and p, equal to 0.003 or 100 the tolerance should be smaller to prevent
premature termination. In these cases the iteration number is very low, however the
values of TV and SNR are significantly different than for the other choices. The
premature termination is due to flat slope of the convergence curve. Similar effect can
be observed when A;,, = 0.8 (see Table 5).

In the second experiment, we compare PDBA-C0 and PDBA-C1 (best over Algo-
rithms with memory according to the first experiment). We present reconstruction
results (see Table 4) as well as supplying convergence curves (see Fig. 1), i.e. SNR
and bound as a function of iterations. Hereafter we call bounds as —||(po, v}) —
(pn,v)) 12 = —|lxo — x, ||% (see (ii) of Proposition 7). One can observe that PDBA-C1
leads to a faster convergence and the bounds are more tight (in the sense of Proposi-
tion 7 (ii)). The difference is the most important in the early stage of the iterations. Both
algorithms slow down afterwards. For y, = 0.01 (resp. i, = 0.01) both versions of
the algorithm lead to some numerical oscillations in convergence, which are no more
visible for settings y,, = 0.003 (resp. ©, = 0.003).

7 Conclusions

In this paper we concentrate on a design of the novel scheme by incorporating mem-
ory into projection algorithm. We propose a new way of introducing memory effect
into projection algorithms through incorporating into the algorithm projections onto
polyhedral sets built as intersections of halfspaces constructed with the help of current
and previous iterates. To this end we provide the closed-form expressions and the
algorithm for finding projections onto intersections of three halfspaces. Moreover, we
adapt the general scheme proposed in [50] to particular halfspaces which may arise in
the course of our Iterative Scheme. This allows us to limit the number of steps for find-
ing projections. Building upon these results, we propose a new primal—dual splitting
algorithm with memory for solving convex optimization problems via general class of
monotone inclusion problems involving parallel sum of maximally monotone opera-
tors composed with linear operators. To analyse convergence we prove the attraction
property. The attraction property provides us with an evaluation criterion allowing to
compare projection algorithms with and without memory. Our experimental results
related to preliminary implementation of the algorithms have shown that the proposed
algorithm with memory generally needs smaller number of iterations than the corre-
sponding original one [2]. Although only three strategies of introducing memory effect
are analysed in this work, the generality of the presented theoretical results allow us
to address versatility of the approach by constructing various forms of the algorithm
which use information from former steps.
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