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Abstract
Based on the equivalent single-layer linear theory for laminated shells, free and forced vibrations of thin cylindrical sand-
wich panels with magnetorheological core are studied. Five variants of available magnetorheological elastomers differing
in their composition and physical properties are considered for smart viscoelastic core. Coupled differential equations in
terms of displacements based on the generalized kinematic hypotheses of Timoshenko accounting for transverse shears
with coefficients depending on the complex shear modulus for a smart core are used to govern vibrations of cylindrical
panels. Assuming conditions of simple support for straight and curvilinear edges, solutions in the explicit form describing
natural modes as well as an equation with respect to the required complex eigenfrequencies are found. To predict the
shell response to an external harmonic force, the general solution of non-homogeneous governing equations is derived
in the form of series in natural modes. To estimate damping capability of magnetorheological elastomers under consider-
ation, the principle tunable parameters, the lowest natural frequencies and associated logarithmic decrements are calcu-
lated for the same panels with different magnetorheological elastomers under the action of a magnetic field of different
intensities. Finally, the amplitude–frequency plots for magnetorheological elastomer-based panels of different opening
angles with and without magnetic field are presented.
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1. Introduction

During the last two decades, magnetorheological elas-
tomers (MREs) became to attract a close attention of
many research scholars studying and designing smart
thin-walled structures with controllable viscoelastic
properties (Deng et al., 2006; Jolly et al., 1996; Li et al.,
2014; Shaw and Wang, 2019). These intelligent materi-
als demonstrate very fast time response to an applied
magnetic field (Sun et al., 2003), that is in the order of
few milliseconds. Available experimental analysis by
Yalcintas and Dai (2003), Wei et al. (2008), Lara-Prieto
et al. (2009), Chikh et al. (2016), Kozlowska et al.
(2016) and Irazu and Elejabarrieta (2017) and numer-
ous theoretical studies by Yalcintas and Dai (1999),
Sun et al. (2003), Zhou and Wang (2005a, 2005b,
2006a, 2006b), Hu et al. (2006), Nayak et al. (2011,
2012) and Korobko et al. (2012) on vibrations of
MRE-based sandwich beams have shown that the
action of magnetic field may result in the noticeable
enhancement of both the total stiffness and damping

ratio of smart beams and, as a consequence, allows sig-
nificant changes in the main dynamic characteristics
such as natural frequencies, amplitudes, mode shapes
and loss factors.

Nowadays, there are a large number of studies on
free vibrations of sandwich structures, containing MRE
core, such as beams and plates with zero Gaussian cur-
vature (ZGC). These studies used various theoretical
approaches and models, resulting in sometimes unex-
pected mechanical effects. For example, Zhou and
Wang (2005b, 2006a, 2006b) and Choi et al. (2010) pro-
posed the mathematical models based on the high-order
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shear deformation theory for a soft MRE core. Zhou
and Wang (2006a, 2006b) accounted for normal stresses
in MRE layer. The effect of non-homogeneous mag-
netic field on MRE sandwich beams fabricated from an
MRE between two aluminium layers was examined by
Hu et al. (2011, 2012) and Long et al. (2013). The
majority of investigations showed that the application
of a uniform magnetic field results in the increase of the
total stiffness of an MRE-based sandwich beam and
leads to right shift of natural frequencies. The experi-
mental tests performed by Hu et al. (2011, 2012)
revealed unlooked-for result: the first natural frequency
of a cantilever MRE-beam decreased as the magnetic
field applied to the beam was moved from the clamped
edge to the free one. Recently, the left shift trend of the
first natural frequency has been confirmed by both the
finite-element simulation, see Megha et al. (2016) and
other accurate experiments performed by de Souza
et al. (2018, 2019).

In the literature, there are numerous studies on free
vibrations of sandwich plates with embedded electro-
rheological (ER) or magnetorheological (MR) core.
We highlight here, the papers by Yeh (2013, 2014),
Aguib et al. (2014), Eshaghi et al. (2015), Babu and
Vasudevan (2016) and Zhang et al. (2018). Yeh (2013,
2014) performed the vibration analysis of MRE-based
isotropic and orthotropic sandwich rectangular plates.
In the numerical and experimental studies by Aguib
et al. (2014), the dynamic behaviour of sandwich plates
consisting of two aluminium skins and a polarized
MRE core have been examined. Eshaghi et al. (2015)
compared the damping properties of two sandwich
plates consisting of polyethylene terephthalate face
layers with two different magnetorheological fluids as
the core layers. Applying FEM and carrying out
experiments, Babu and Vasudevan (2016) studied the
effect of magnetic field on dynamic performance of
tapered laminated MRE sandwich plates. Zhang et al.
(2018) have performed interesting experiments to ana-
lyse non-linear vibrations of an MRE-based sandwich
plate under the action of a localized magnetic field
located in different points.

The vibration analysis of thin-walled structures
becomes very important when the applied load is non-
stationary and induces resonance vibrations as in typi-
cal situations which are widely observed in the mechan-
ical and civil engineering. The advantages of using
intelligent materials like MR liquids or MREs to sup-
press forced vibrations of sandwich ZGC structures
were clearly demonstrated by Dwivedy et al. (2009),
Rajamohan et al. (2009), Nayak et al. (2014), Aguib
et al. (2016), Megha et al. (2016), Yildirim et al. (2016),
Liao et al. (2011), Eshaghi et al. (2016) and Babu and
Vasudevan (2016). For instance, Aguib et al. (2016)
have convincingly demonstrated, both experimentally
and numerically, the suppression of forced vibrations
applying magnetic field in an MRE-based sandwich

beam subjected to harmonic force. Babu and
Vasudevan (2016) also revealed this effect studying
transverse vibrations of tapered MRE-based sandwich
plates under harmonic force excitation.

For sandwich shells containing ER/MR core, there
are only a few results, see, for example, Yeh (2011),
Mohammadi and Sedaghati (2012), Mikhasev et al.
(2011, 2014) and Altenbach et al. (2008). Yeh (2011)
and Mohammadi and Sedaghati (2012) developed dif-
ferent variants of FEM to analyse free vibrations of
sandwich shells containing ER core and shown that
applying electric fields leads to both the change of
eigenfrequencies and enhancement of damping proper-
ties of smart structures. The equivalent single-layer
(ESL) model for laminated cylindrical shells developed
by Grigolyuk and Kulikov (1988) was later adapted by
Mikhasev et al. (2011) for the prediction of dynamic
behaviour of laminated cylindrical shells containing
MRE layers. Later, this model was used to examine the
effect of magnetic field on the localized eigenmodes of a
medium-length thin sandwich cylindrical shell contain-
ing a highly polarized MR core (Mikhasev et al., 2014),
where it was revealed that the action of a magnetic field
may result in strong distortion of the localized eigen-
modes corresponding to the lowest frequencies. Let us
note that the ESL models for laminate shells and plates,
including sandwiches, are widely used in the engineer-
ing, see, for example, Altenbach (2000), Eisenträger
et al. (2015), Altenbach et al. (2015) and Chróścielewski
et al. (2011). The other models are based on more com-
plex shell kinematics or asymptotic approaches, see, for
example, Naumenko and Eremeyev (2014, 2017), Kreja
(2011), Carrera (2003), Carrera et al. (2011), Giunta
et al. (2013), Tovstik and Tovstik (2016), Kaplunov
et al. (2017) and Prikazchikova et al. (2018).

Considering dynamics of thin-walled members made
of ER/MR composites, we also underline some simila-
rities between these structures and widely used piezo-
electric beams, plates and shells, see, for example,
Carrera (1997), Wang et al. (2000), Ballhause et al.
(2005), Araújo et al. (2016), Abdeljaber et al. (2016),
Nielsen et al. (2017) and Chróścielewski et al. (2019)
and the extensive reference therein.

The above-performed analysis clearly points out the
lack of detailed analysis of dynamic characteristics for
thin cylindrical sandwich panels, which are mostly used
as thin-walled members in airborne/space-borne vehi-
cles and cars. The need to pay attention to cylindrical
panels containing smart (ER/MR) core could be
explained by the fact that mechanism of suppression of
vibrations in thin cylindrical shells differs considerably
from that one for ZGC structures and strongly depends
on both the geometry (thickness, length, curvature,
opening angle) and a number of waves in eigenmodes.
A panel with a small opening angle is close in plan to
the plate, which is characterized by a monotonic
increase in the natural frequencies of the lower part of
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spectrum with an increase in the wave number. As
shown in recent book by Mikhasev and Altenbach
(2019), the effect of an uniform magnetic field on the
lowest natural frequency in MRE-based beams and
plates turns out to be weak (excluding the case of a
cantilever beam placed in a localized magnetic field). In
order to ‘withdraw’ such smart structure from the
regime of low-frequency resonance vibrations or to
enhance damping properties, one needs to apply a very
large uniform magnetic field. As for medium-length
thin closed cylindrical shells, their low-frequency natu-
ral modes are characterized by a large number of waves
in circumferential direction. The suppression of such
oscillations is rather complicated, the main influential
factors become both the right shifting eigenfrequencies
and energy dissipation. In the light of these properties
of thin cylindrical panels, the damping capability of dif-
ferent available MREs used as a core material becomes
a subject for investigation. We intend to find out which
types of MREs being different in density, storage mod-
ulus and loss factor are the most optimal for damping
vibrations of a cylindrical sandwich panel taking into
account its geometry (core thickness, opening angle,
etc.).

Finally, let us emphasize that the effect of magnetic
field on forced stationary and non-stationary vibrations
of MRE-based sandwiches remains not sufficiently
studied. In particular, there are a few papers analysing
transient response of MRE shells based on the repre-
sentation of the viscoelastic moduli in the complex
form. It is explained by the fact that assuming the shell
stiffness in the complex form yields additional ‘spur-
ious’ complex eigenfrequencies which result in increas-
ing amplitudes of free vibrations. As a rule, these
‘eigenfrequencies’ are ignored, and for considering
forced vibrations, only regime of steady vibrations is
analysed.

To eliminate aforementioned gaps, we apply here the
ESL theory for MRE-based laminated shells account-
ing for transverse shear to predict vibrations of cylindri-
cal sandwich panels assembled from various MREs
differing in compositions and their viscoelastic proper-
ties. First, using the kinematic hypotheses, strain–
displacement relations and constitutive equations pro-
posed by Grigolyuk and Kulikov (1988) for laminated
shells, we briefly derive the governing equations with
coefficients depending on the complex shear modulus
in terms of displacements and shears. These equations
can describe damped vibrations of cylindrical MRE
panels of any geometry under the action of both edge
or surface forces. Then, the basic attention is paid to
study the effect of magnetic field on the lowest natural
frequencies and on associated logarithmic decrements
for panels with different opening angles, smart core
thicknesses and containing various MREs. In order to
predict the non-stationary response of the MRE-based
sandwich panel to the periodic force excitation, we

propose new mathematical model. It is based on repla-
cing the initial governing equations by the series of so-
called ‘equivalent oscillators’ with external friction
resulting in the same set of natural frequencies and
associated decrements. Finally, the amplitude–
frequency response of smart cylindrical panels with dif-
ferent geometrical parameters and various MREs under
the action of concentrated periodic forces is also
examined.

2. Structure of smart sandwich cylindrical
panel

2.1. Geometrical dimensions and components of a
sandwich

We consider a thin three-layered circular cylindrical
sandwich panel of the length L1 and width L2, as shown
in Figure 1. It is assumed that L1 and L2 are of the same
order (L1;L2). Each layer is characterized by thickness
hk , mass density rk , Young’s modulus Ek , shear modu-
lus Gk and Poisson’s ratio nk , where k = 1 and k = 3

denote the bottom and upper faces, respectively, and
k = 2 corresponds to the core made of a smart material.

The face sheets are made of an elastic material which
is not affected by an external magnetic field and
assumed to be isotropic. For this material, E1 andE3

are real numbers. The smart core is fabricated from a
viscoelastic material, MRE. In what follows, we con-
sider several different MREs, which properties are
available in the literature. Accordingly, smart sand-
wiches assembled from these MREs will be studied
below.

The middle surface of the core is taken as the origi-
nal one with the radius of curvature R. The coordinate
system, a1 anda2, is given in Figure 1, where a1 anda2

are the axial and circumferential coordinates, respec-
tively. We also introduce the opening angle of the panel,
given by u2 =L2=R.

Figure 1. Thin sandwich cylindrical panel consisting of elastic
layers (EL) and the smart core made of MRE. Curvilinear
coordinate system is at the original surface.
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2.2. MREs and their viscoelastic properties

The basic components of any MRE are a non-magnetic
matrix and magnetizable particles moulded in this
matrix. As a matrix, elastomeric or rubber-like materi-
als (Farshad and Benine, 2004; Li et al., 2010; Wang
et al., 2009) including naturally deformed polymers
(Farshad and Benine, 2004), natural rubbers (Yang
et al., 2013) and synthetic ones (Bica et al., 2014; Sun
et al., 2008; Wang et al., 2006) are used. The elastic and
rheological properties of these smart materials strongly
depend on both composition and ratio of all compo-
nents. The optimum weight/density ratio of magnetic
particles, carrier viscous liquid, polymer matrix and
additional components substantially determines shear
modulus and viscosity of MRE.

In the case of harmonic (sinusoidal) response of
MREs, their properties are, as a rule, represented by
complex Young’s and shear moduli. So, regardless of
the type of MRE used below for the core, we assume
that

E2 =E
0

2 + iE
00

2, G2 =G
0

2 + iG
00

2, i=
ffiffiffiffiffiffiffi
�1
p

ð1Þ

where G
0
2 and G

00
2 are called the storage and loss moduli,

respectively. In general case, the moduli E2 and G2 are
considered as independent magnitudes. For example,
Aguib et al. (2014) assumed that Young’s modulus E2

and Poisson’s ratio n2 are independent real parameters
which are not affected by a magnetic field. If MRE is
assumed to be an isotropic material, then E2 and G2 are
coupled, G2 =E2=½2(1+ n2)�, where Poisson’s ratio n2

is a real number.
It is of interest to note that the first representation

of stiffness in the complex form was given by Soroka
(1949). Utilizing observations by Kimball and Lovell
(1927) for many engineering viscoelastic damping mate-
rials, Soroka has proposed to replace the stiffness k in
the undamped elastic system by the Kimball–Lovell
complex stiffness, k = k

0
+ ik

00
. Since then, viscoelastic

models based on the complex representation of
Young’s and/or shear moduli have been intensively
used to predict stationary response of viscoelastic struc-
tures with internal friction, see early papers by Kerwin
(1959) and Ross et al. (1959) or recently issued studies
by Korobko et al. (2012), Nayak et al. (2012) and
Aguib et al. (2014) and the comprehensive review by
Eshaghi et al. (2016) on vibrations of MRE-based lami-
nated structures.

For a majority of available MREs, the functional
dependencies of the storage and loss moduli on the
magnetic field induction B are much affected by both
the frequency of vibrations, amplitude of shear defor-
mations (Kwon et al., 2018) and the sample thickness
as well. However, under high-frequency excitation of
small harmonic deformations of a sufficiently thick
sample of MRE, functions G

0
2(B) andG

00
2(B) display

almost the same behaviour. For all MREs to be consid-
ered below, the storage and loss moduli may be
assumed as invariants with respect to the frequency of
small vibrations if this frequency exceeds 10 Hz.

As the sandwich core, we shall consider five samples
of MREs whose elastic and rheological properties are
available: MRE-1 elaborated by Korobko et al. (2012),
MRE-2 by Aguib et al. (2014), MRE-3, MRE-4 and
MRE-5 proposed by Chen et al. (2008). These elasto-
mers are different in composition and, as consequence,
have different properties. We note that MRE-1 is
almost two times heavier than MRE-2 and about 1.4
times heavier than others. Viscoelastic properties of
these MREs are listed in Appendix 1, MRE-2 being
considered as the four-parameter viscoelastic material
with the real Young’s modulus E2 and Poisson’s ratio
n2 independent of a magnetic field, while the others
being treated as isotropic ones. It is also assumed that
the thickness of any MRE core is sufficient and do not
influence on the storage and loss moduli of the MRE
itself.

When comparing briefly properties of the aforemen-
tioned MREs, one can conclude that more heavier elas-
tomer MRE-1 possess the largest loss factor without
magnetic field, however under the action of a magnetic
field, its loss factor dramatically drops. We also notice
that the MRE-5 with the highest content of carbon
black has very large shear moduli with respect to other
considered MREs. It is also of interest to note that
adding carbon black results in the weak dependence of
the loss factor on the magnetic field induction. These
unique properties inherent in each of the elastomers
should be taken into account when designing intelligent
sandwiches with controlled viscoelastic properties.

3. Equivalent single-layer shell model for
thin-walled smart sandwich structures

We follow the approach developed by Grigolyuk and
Kulikov (1988), according to which the dynamic beha-
viour of a thin-layered transversally isotropic shell
may, under certain conditions, be predicted using the
theory of equivalent single-layer shells. The use of this
approach for laminated shells containing MREs was
proposed by Mikhasev et al. (2011) and further by
Mikhasev and Altenbach (2019). Note that the equiva-
lent homogeneous models of plates and shells are
widely used in the literature, see, for example,
Altenbach et al. (2015) and the reference therein.

3.1. Basic hypotheses

Let a3 = dk be a coordinate of the upper bound of the
k th layer, and a3 = d0 be a coordinate of the inner sur-
face of the shell, as shown in Figure 1. We introduce
the following notations u1, u2 and w, which are the

Mikhasev et al. 2751

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


axial, circumferential and normal displacements of a
point at the reference surface, respectively, u

(k)
1 and u

(k)
2

are the tangential displacements of a point laying at the
k th layer middle surface, �s =(s11,s22,s12)

T and
�s3 = s13,s23ð ÞT are the vectors of tangential (with
respect to the original surface) and transverse shear
stresses, respectively, and �e=(e11, e22, e12)

T and
�e3 = e13, e23ð ÞT are the associated vectors of strains, ui

is the angle of rotation of the normal n about the vector
ei (see Figure 1). Here, i= 1, 2; k = 1, 2, 3.

Following Grigolyuk and Kulikov (1988), we sum-
marize here the basic hypotheses of the laminated shell
theory:

� The distribution law of the transverse shear
stresses across the thickness of the k th layer is
assumed to be of the form

si3 = f0(a3)m
(0)
i (a1,a2, t)+ fk(a3)m

(k)
i (a1,a2, t) ð2Þ

where t is time, and f0(a3) and fk(a3) are continuous
functions introduced as follows

f0(a3)=
(a3 � d0)(dN � a3)

h2
for a3 2 ½d0, dN �

fk(a3)=
(a3 � dk�1)(dk � a3)

h2
k

for a3 2 ½dk�1, dk �

fk(a3)= 0 for a3 62 ½dk�1, dk �

ð3Þ

� Normal stresses acting on the area elements par-
allel to the original one are negligible with
respect to other components of the stress tensor.

� The normal deflection w(a1,a2, t) does not
depend on the coordinate a3.

� The tangential displacements are distributed
across thickness of the layer package according
to the generalized kinematic Timoshenko
hypothesis

u
(k)
i (a1,a2,a3, t)= ui(a1,a2, t)� a3w, i(a1,a2, t)

+ g(a3)ci(a1,a2, t)
ð4Þ

where g(a3)=
Ð a3

0
f0(x)dx, k = 1, 2, 3.

In equation (4), ci is the parameter characterizing
the transverse shears, and the subindex i followed by
comma means the differentiation with respect to the
coordinate ai. Hypothesis (4) permits to describe the
non-linear dependence of the tangential displacements
on a3; at g[0 it turns into the linear Timoshenko
hypothesis coinciding with the classical Kirchhoff–Love
hypothesis. The functions m

(0)
i andm

(k)
i are coupled with

the vector �C=(c1,c2)
T and depend on elements of a

matrix characterizing the transverse shear deformability
of the k th layer (for more detail, we refer to the book
by Grigolyuk and Kulikov (1988)).

3.2. Strain–displacement relations

The strain–displacement relations are assumed as
follows

eij = eij + z kij + g(z)cij, ei3 = f0(z)ci ð5Þ

where

eij =
1

2
(ui, j + uj, i +w, iw, j)+ kijw

cij =
1

2
(ci, j +cj, i), kij =� wij, i, j= 1, 2

k11 = k12 = 0, k22 = 1=R

ð6Þ

with kii and k12 characterizing the bending and twisting
deformations of the original surface.

3.3. Constitutive equations

When taking into account the static hypothesis (2) for
the transverse shear stresses, the vectors of tangential
stresses �s and associated vector of strains �e are linked
by Hooke’s law

sij =
Ek

1� n2
k

Xeij, i, j= 1, 2 ð7Þ

where

Xeij =(1� n)eij + ndij(e11 + e22) ð8Þ

dij is the Kronecker symbol (dii = 1; dij = 0, i 6¼ j),
while the transverse shear stresses are assumed to sat-
isfy the following constitutive equation

�e3 =A
(k)
3 �s3, k = 1, 2, 3 ð9Þ

Here

A
(k)
3 =

a
(k)
55 a

(k)
45

a
(k)
45 a

(k)
44

 !
ð10Þ

is the 2 3 2 matrix of the transverse shear compliances.
For an isotropic layer, a

(k)
45 = 0, a

(k)
55 = a

(k)
44 =G�1

k with
G2 being complex for the smart MRE core.

Let us note that within the assumed ESL model for
a sandwich, due to hypothesis (2), the constitutive
equation (9) does not hold. However, as will be shown
below, it is satisfied integrally with some weight func-
tion for the thickness of the laminated package.

3.4. Variational principle

Applying the mixed variational principle for a static
problem, Grigolyuk and Kulikov (1988) derived the
equilibrium equations for laminated elastic shells in
terms of the stress resultants. Here, we consider the
dynamic problem when the cylindrical panel is under
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dynamic load with qi(aj, t) and q3(aj, t) being the com-
ponents of surface tangential and normal forces,
respectively. In the general case, the panel may also be
subjected by an edge load. Let L be the Lagrangian of
the system

L=K�P ð11Þ

where

K=
1

2

X3

k = 1

rkhk

ðð
D

X2

i= 1

_u2
i + _w2

 !
da1da2 ð12Þ

is the kinetic energy, and

P=

ðð
D

X3

k = 1

ðdk

dk�1

�sT�e+ �sT
3 e3Wk

� �
3 1+ k22zð Þdz�da1da2 �Af

2
64

ð13Þ

is the total potential energy of the system with Af being
the work of external forces (it is not give here). Also

Wk =
1

2
�sTA(k)�s + �sT

3 A
(k)
3 �s3

� �
ð14Þ

denotes the strain-energy function of the kth layer, D is
the domain of the panel reference surface, and

A(k) =

a
(k)
11 a

(k)
12 a

(k)
16

a
(k)
12 a

(k)
22 a

(k)
26

a
(k)
16 a

(k)
26 a

(k)
66

0
B@

1
CA ð15Þ

is the 3 3 3 matrix of the plane compliances for the kth
layer with the elements

a
(k)
11 = a

(k)
22 =

1

Ek

, a
(k)
12 =� nk

Ek

,

a
(k)
66 =

1+ nk

Ek

, a
(k)
16 = a

(k)
26 = 0

ð16Þ

Note that in the functional P, the components of
deformation and transverse shear stresses are consid-
ered as independent variable functions.

3.5. Governing equations and boundary conditions

Equating the first variation of the action functional

A=

ðt2
t1

Ldt

to zero, and accounting for the above strain–
displacement and constitutive equation, we arrive at
the following system of five differential equations

û1, 11 +
1� n

2
û1, 22 +

1+ n

2
û2, 12 +

1

R
w, 1 ¼ �

(1� n2)

Eh
q1 �

X3

k = 1

rkhk

∂2û1

∂t2

 !

1+ n

2
û1, 12 +

1� n

2
û2, 11 + û2, 22 +

1

R
w, 2 ¼ �

(1� n2)

Eh
q2 �

X3

k = 1

rkhk

∂2û2

∂t2

 !

h2Dw, 1 � h1 c1, 11 +
1+ n

2
c2, 12 +

1� n

2
c1, 22

� �
+

12(1� n2)q44

Eh3
c1 = 0

h2Dw, 2 � h1 c2, 22 +
1+ n

2
c1, 12 +

1� n

2
c2, 11

� �
+

12(1� n2)q44

Eh3
c2 = 0

h2

12(1�n2)
D h3Dw� h2 c1, 1 +c2, 2

� �	 

+ 1

R(1�n2)
nû1, 1 +

w
R

� �
= 1

Eh
q3 � 1

2
hc13

P2
i= 1

qi, i �
P3

k = 1

rkhk
∂2w
∂t2

� �

ð17Þ

with respect to five displacements w, û1, û2,c1, and c2,
the equations coupling the transverse shear stresses with
the shear strains are

Ðdk

dk�1

�e3 � A
(k)
3 �s3

� �
fk(z)dz= 0, k = 1, 2, 3

P3
k = 1

Ðdk

dk�1

e3 � A
(k)
3 �s3

� �
f0(z)dz= 0

ð18Þ

and the natural boundary conditions. Here, we consider
only the one variant of boundary conditions, the condi-
tions of simply supported edges, a1 = 0, L1 and
a2 = 0, L2, with diaphragms preventing shears at the
edge planes. In terms of displacements, stress resultants
and stress couples, they read (Mikhasev and Altenbach,
2019)

w= û2 =c2 = 0

M̂11 =h3(w, 11 + nw, 22)� h2(c1, 1 + nc2, 2)= 0

T11 = û1, 1 + nû2, 2 + nR�1w= 0

L̂11 =h2(w, 11 + nw, 22)� h1(c1, 1 + nc2, 2)= 0

ð19Þ

at a1 = 0, L1 and

w= û1 =c1 = 0

M̂22 =h3(w, 22 + nw, 11)� h2(c2, 2 + nc1, 1)= 0

T22 = û2, 2 + nû1, 1 +R�1w= 0

L̂22 =h2(w, 22 + nw, 11)� h1(c2, 2 + nc1, 1)= 0

ð20Þ
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for a1 = 0, L2, where T11 and T22 are the axial and hoop
membrane stress resultants, respectively, and
M̂ii and L̂ii are the reduced bending and generalized
twisting stress couples, respectively. If a shell is closed
in the circumferential direction (u2 = 2p), then condi-
tion (20) is replaced by the periodicity conditions. The
homogeneous conditions (19) and (20) may be general-
ized in order to consider an action of external edge
loads. For instance, assigning Tii = T �ii (aj, t) for
ai = 0, Li, where i, j= 1, 2, i 6¼ j, and T �11 and T �22 are
the given dynamic axial and hoop stress resultants, one
has the panel subjected to the edge load.

It should be noted that for simply supported edges
without diaphragms, the appropriated boundary condi-
tions become more complicated. The influence of
boundary conditions on buckling of laminated cylindri-
cal shells was studied by Mikhasev and Botogova
(2017). In particular, it has been shown that the
absence of the edge diaphragms accounts for the
appearance of the edge transverse shears which
strongly affect the critical pressure for shear-pliable
laminated shell. Depending on assumed boundary con-
ditions and ratio between stiffness of faces and core,
the layer-wise theories of plates and shells could be
more precise, see Naumenko and Eremeyev (2014,
2017).

In addition, here, we have introduced the Laplace
operator given by

D=
∂2

∂a2
1

+
∂2

∂a2
2

the generalized tangential displacements

ûi = ui �
1

2
hc13w, i +

1

2
hc12ci ð21Þ

and

h=
P3

k = 1

hk , n =
P3

k = 1

Ekhk nk

1�n2
k

PN
k = 1

Ekhk

1�n2
k

� ��1

E = 1�n2

h

P3
k = 1

Ek hk

1�n2
k

, G= q44=h

ð22Þ

are the total thickness, reduced Poisson’s ratio,
Young’s modulus and shear modulus, respectively,
with n,E,G being the complex functions of the mag-
netic field induction. Parameter q44 as well as other
complex coefficients appearing in the governing equa-
tion (17) and boundary conditions (19) and (20) are
given in Appendix 2.

Returning to the constitutive equation (9), we note
that due to the derived relation (18), they hold true in
integral sense with the weight functions fk(z) and f0(z)
for each layer and for the entire panel thickness,
respectively.

Governing equation (17) can be used to predict any
class of vibrations (transverse, tangential, quasi-trans-
verse, etc.), with any number of waves in thin cylindri-
cal panels of any opening angle. Thus, they generalize
the previously derived dynamic equations of the techni-
cal ESL theory by Grigolyuk and Kulikov (1988),
which are valid for vibrations accompanied by forma-
tion of a large number of waves at least in one
direction.

3.6. On the error of governing equations

The accurate estimation of an error of the ESL model
for multi-layered shells is a difficult problem and
remains unsolved. One of the options to verify it is to
compare the analytical solutions obtained on the base
of this theory with results of finite-element simulations.
The calculation of natural frequencies for a sandwich
cylindrical shell with aluminium face layers and epoxy
core, performed on the basis of the ESL approach and
finite-element method, has shown very close coinci-
dence of results for modes with a large number of
waves in the circumferential direction (Mikhasev et al.,
2001). In particular, the divergence of results turned
out to be minimum for medium-length thin shells and
modes corresponding to low-frequency vibrations.

Another necessary requirement influencing the error
of the approach concerns the order of stiff characteris-
tics of all layers composing the sandwich. One of the
principle parameters affecting the error of our ESL
model is the dimensionless stiffness

gk =
Ekhk

1� n2
k

XN

k = 1

Ekhk

1� n2
k

 !�1

ð23Þ

of the k th layer. To minimize the total error, the geo-
metrical and physical parameters of layers should be
chosen in such away that parameter jgk j was approxi-
mately the same for all k = 1, 2, 3. This condition
becomes essential for shells assembled from elastic and
more soft viscoelastic layers.

As an example, we estimate here the parameter jgk j
for two 3-layered sandwiches having the same thick-
nesses of layers and made of different MREs. Let the
top and bottom of both sandwiches be made of the
ABS-plastic SD-0170 with parameters E1 =E3 = 1:5 3

109 Pa, n1 = n3 = 0:4, and cores are fabricated from
the MRE-1 and MRE-5, respectively. The viscoelastic
properties of these materials are specified in Appendix
1. Figures 2 and 3 show the parameters jg1j= jg3j, jg2j
for both samples versus the magnetic induction B at the
fixed thickness h1 = h3 = 0:5mm of the elastic top and
bottom layers and different thicknesses
h2 = 3, 5, 8, and 11mm of the viscoelastic cores. It is
seen that at a small level of magnetic field, the para-
meter jgk j differs appreciably for both cases, and with
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the increase of induction B (from 0 to 200 mT for
MRE-1 and from 200 to 800 mT for MRE-5), plots for
jg1j, jg3j and jg2j approach to each other, from above
and below, respectively. The rise of the core thickness
(under the fixed thicknesses of outer and innermost
layers) also affects the stiff characteristics gk : the larger
h2 is, the faster values of jg1j, jg3j and jg2j approach
each other with increasing magnetic field. When com-
paring two types of MREs, one can conclude: for the
MRE-5-based sandwich, condition jg1j= jg3j;jg2j is
satisfied better, whereas for the sample with the MRE-
1-based core, this requirement can be reached by only
further increment in the core thickness.

As concerns the formal asymptotic estimates of the
error of equation (17) and other simplified equations,
they are in detail discussed in the book by Mikhasev
and Altenbach (2019). We remind that these equations
for elastic shells are asymptotically incorrect if moduli

E and G are of the same order (E;G as h�= h=R! 0).
However, if

Gr � Er ð24Þ

where Er =<E, Gr =<G are the real parts of the effec-
tive complex moduli E,G, respectively, then equation (17)
become asymptotically correct. In what follows, < and =
denote the real and imaginary parts, respectively. Below,
we consider smart materials and geometrical dimensions
which guarantee the fulfilment of condition (24).

4. Free-bending vibrations

Let us consider free-bending vibrations of the circular
cylindrical sandwich panels. For qi = qn = 0, equation
(17) with the boundary conditions (19) and (20) admit
the following solution

û1 = u8
1 cos

pna1

L1

sin
pma2

L2

exp (iOt)

û2 = u8
2 sin

pna1

L1

cos
pma2

L2

exp (iOt)

w=w8 sin
pna1

L1

sin
pma2

L2

exp (iOt)

c1 =c8
1 cos

pna1

L1

sin
pma2

L2

exp (iOt)

c2 =c8
2 sin

pna1

L1

cos
pma2

L2

exp (iOt)

ð25Þ

where O=v+ ia is the complex eigenvalue, v=<O
is the required natural frequency and a==O is the
associated damping ratio which is assumed to be a pos-
itive number, n and m are numbers of semi-waves in
the axial and circumferential directions, respectively,
and u8

i ,w
8, and c8

i are constants. For a shell closed in
the circumferential direction, a number m is assumed to
be even.

When studying free-bending vibrations, the inertia
terms in the first two equations from equation (17) can
be omitted. Then, substituting equation (25) into equa-
tion (17), we arrive at the linear system of five algebraic
equations

CXT = 0 ð26Þ

where X=(u8
1, u

8
2,w

8,c8
1,c

8
2) is the amplitude vector,

and C is the 5 3 5 matrix with the complex dimension-
less elements csr given in Appendix 3. Equation (26)
serves to find the two complex eigenvalue
O=6(v+ ia) depending on the wave numbers n,m,
where a.0. It is obvious that the second one,
O=� (v+ ia)), does not satisfy the condition of
damped vibrations.

The amplitudes of tangential and shear displace-
ments are coupled with the normal displacement as
follows

Figure 2. Dimensionless stiffness parameters jg1j= jg3j (solid
lines) and jg2j (dotted lines) versus magnetic field induction B
(T) at different thicknesses h2 of the MRE-1 core.

Figure 3. Dimensionless stiffness parameters jg1j= jg3j (solid
lines) and jg2j (dotted lines) versus magnetic field induction B
(T) at different thicknesses h2 of the MRE-5 core.
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u8
1 = b1(n,m)w8, u8

2 = b2(n,m)w8

c8
1 = d1(n,m)w8, c8

2 = d2(n,m)w8

b1(n,m)=
c13c22 � c12c23

c12c21 � c22c11

b2(n,m)=
c23c11 � c13c21

c12c21 � c22c11

d1(n,m)=
c33c45 � c35c43

c44c35 � c34c45

d2(n,m)=
c43c34 � c44c33

c44c35 � c34c45

ð27Þ

where bj and dj are the functions of a number of semi-
waves n and m in the axial and circumferential directions.

Coefficients of equation (26) depend on the follow-
ing six complex parameters (see Appendix 2)

h1, h2, h3, E, q44 , n ð28Þ

which are functions of the magnitude of an applied
magnetic field. In the framework of ESL theory, they
can be considered as independent integral characteris-
tics of variable viscoelastic properties regardless of a
number of layers and their properties. It is of interest to
note that their number is equal to the number of indepen-
dent physical characteristics of a three-layer shell (sand-
wich) in the case when each layer is isotropic. It has been
shown by Mikhasev et al. (2014) that the reduced com-
plex shear modulus G= q44=h is the basic tunable para-
meter influencing the complex eigenfrequency O, and the
effect of the others on the dynamic characteristics turns
out to be weak. The detailed analysis of the impact of
magnetic field on parameters in equation (28) for sand-
wiches containing different available smart materials are
given in the book by Mikhasev and Altenbach (2019).

5. Forced vibrations

Let us consider the response of the sandwich to the
external normal periodical force

q3(a1,a2, t)= q+
3 (a1,a2)e

ivet + q�3 (a1,a2)e
�ivet ð29Þ

where ve is the frequency of excitation and q6
3 is some

complex dimensionless amplitude function. The combi-
nation of real and complex parts of equation (29) allows
assigning any distribution of the external periodic load
with the frequency ve.

We seek solutions of equation (17) in the form of
double series

û1 =R
P‘

n= 1

P‘
m= 1

U (1)
nm (t) cos

pna1

L1
sin pma2

L2

û2 =R
P‘

n= 1

P‘
m= 1

U (2)
nm (t) sin

pna1

L1
cos pma2

L2

w=R
P‘

n= 1

P‘
m= 1

Wnm(t) sin
pna1

L1
sin pma2

L2

c1 =
P‘

n= 1

P‘
m= 1

C(1)
nm(t) cos

pna1

L1
sin pma2

L2

c2 =
P‘

n= 1

P‘
m= 1

C(2)
nm(t) sin

pna1

L1
cos pma2

L2

ð30Þ

where U (j)
nm(t),Wnm(t) andC(j)

nm(t) (j= 1, 2) are the
required functions of t called as the generalized coordi-
nates of the system. The functions q6

3 (a1,a2) are also
expanded into the series

q6
3 =

X‘

n= 1

X‘

m= 1

q6
nm sin

pna1

L1

sin
pma2

L2

ð31Þ

where

q6
nm =

4

L1L2

ðL1

0

ðL2

0

q6
3 sin

pna1

L1

sin
pma2

L2

da1da2 ð32Þ

We substitute equations (30) and (31) into the gov-
erning equation (17), then multiply them from the first
to fifth by the factors

cos
pia1

L1

sin
pja2

L2

, sin
pia1

L1

cos
pja2

L2

,

sin
pia1

L1

sin
pja2

L2

, cos
pia1

L1

sin
pja2

L2

, sin
pia1

L1

cos
pja2

L2

respectively, where i and j are fixed natural numbers,
and then, finally, integrate them over the panel surface.
As a result, eliminating U (§)

nm(t) andC(§)
nm(t) (§= 1, 2)

from the first four equations, we arrive at the differen-
tial equation

€W6
ij +O2

ijW
6
ij =

q6
ij

r0hR
e6ivet, i, j= 1, 2, . . . ð33Þ

with respect to the function W 6
ij (t), where

Oij =6(v+ ia) is the complex eigenfrequency deter-
mined from equation (26).

5.1. Steady-state forced vibrations

The partial solutions of equation (33) read

W 6
ij (t)=

q6
ij

r0hR(O2
ij � v2

e)
e6i vet ð34Þ

Then, the steady-state forced vibrations at any point
on the panel surface will be defined by the formula

w=R
X‘

n= 1

X‘

m= 1

q+
nmei vet + q�nme�i vet

r0hR(O2
nm � v2

e)
3 sin

pna1

R
sin

pma2

R

ð35Þ

and the associated displacements û(1), û(2),c(1) andc(2)

are calculated by equation (30), where

U (§)
nm(t)= b§(n,m) ~W nm(t)

C(§)
nm(t)= d§(n,m) ~W nm(t) §= 1, 2

Formula (35) allows us to determine such important
dynamic characteristic as the amplitude–frequency
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response which depends on the distribution of harmo-
nic force over the panel surface. Because, the complex

eigenfrequency Onm is affected by the effective complex
shear modulus G being a function of induction B, the
amplitude of sustained forced vibration becomes to
some extent a controlled quantity. In the next section,
we shall analyse the effect of an applied magnetic field
on the amplitude–frequency plot for different MRE-
based sandwiches.

5.2. ‘Equivalent model’ with external friction for the
prediction of unsteady vibrations

We note that the homogeneous equation corresponding
to equation (33) has the two partial solutions, e�at + ivt

and eat�ivt, of which the second one does not satisfy the
damping condition. Thus, the general solution of equa-
tion (33) based on the above-assumed model (1) for vis-
coelastic MREs with internal friction cannot be used to
describe unsteady forced vibrations.

In order to give an approximate analysis of unsteady
vibrations, we shall replace the initial model by an
‘equivalent model’ with external friction. The idea of
this substitution is as following: the dynamic unsteady
response of the shell to the external harmonic excita-
tion can be represented by the superposition of the
damped eigenmodes and undamped forced modes of
equation (34) with the wave numbers n,m. Each of the
damped eigenmodes is characterized by the natural fre-
quency vnm =<Onm and the associated damping ratio
anm ==Onm. We consider the series of viscoelastic
(n,m)�oscillators

€ynm + 2anm _ynm +(v2
nm +a2

nm)ynm = 0 ð36Þ

with the external friction and having the same eigenfre-
quencies vnm and damping ratios anm. Then, equation
(33) may be replaced by the following equations

€~W ij + 2aij
_~W ij +(v2

ij +a2
ij)

~Wij =
q6

ij

r0hR
e6ivet ð37Þ

where ~Wij is the generalized coordinate of the ‘equiva-
lent viscoelastic system’ with damping ratio aij depend-
ing on the wave numbers i, j. The partial solutions of
equation (37) are the functions

~W6
ij (t)=

q6
ij e6ivet

r0hR(vij � ve6iaij)(vij +ve7iaij)
ð38Þ

Then, the normal unsteady response of the ‘equiva-
lent panel’ to the harmonic force in equation (29) may
be estimated as

w=R
X‘

n= 1

X‘

m= 1

cnme(�anm + ivnm)t +
1

r0hR

q+
nmeivet

(vnm � ve + ianm)(vnm +ve � ianm)
+

q�nme�ivet

(vnm � ve � ianm)(vnm +ve + ianm)

� �
�

3 sin
pna1

L1

sin
pma2

L2

; ð39Þ

where cnm is the complex constant which is found from
the initial conditions, and the associated displacements
û(j) andc(j) are determined by equation (30).

6. Dynamic characteristics of MRE-based
sandwiches

6.1. Natural frequencies and damping ratios

Forced low-frequency oscillations are the most danger-
ous for any mechanical system because they can pro-
ceed to undesirable resonance modes. Therefore, an
accurate information on the distribution of natural fre-
quencies from the low part of spectrum for any slender
structure is very important to avoid this phenomenon.

It should be noticed that for thin cylindrical shells
and panels, the functional dependence of eigenfrequen-
cies on number of waves is more complicated than that
for beams and plates and strongly affected by geometri-
cal dimensions (Mikhasev and Altenbach, 2019). So,
for beams and plates, the natural frequencies are mono-
tonically increasing functions of wave numbers. And
for a thin cylindrical shell, at a fixed number n of semi-
waves in the axial direction, there is such number m� of
semi-waves (waves) in the circumferential direction at
which v(n,m�) is the local minimum. In particular, for
a medium-length thin cylindrical shell closed in the cir-
cumferential direction or cylindrical panel with a large
opening angle u2, the lowest natural frequency v� is
reached at n= 1 and m�;h

�1=4
� , see Mikhasev et al.

(2014). This property of cylindrical sandwich-like
panels is clearly demonstrated by the following

6.1.1. Example 1. Let us consider two MRE-1-based
medium-length sandwiches with opening angles
u2 =p=3 and u2 =p. The remaining geometrical
dimensions for both sandwiches are the same:
L2 = 1m, R= 0:5m, h1 = h3 = 0:5mm, h2 = 11mm.
The face sheets are made of the ABS-plastic SD-0170
with the elastic properties given above and density
r1 = r3 = 1:04 3 103 kg=m3.

In Figures 4 and 5, natural frequency v for both
sandwiches is plotted as a function of induction B for
different wave numbers n,m. If for the first sandwich
panel with a small opening angle (u2 =p=3), the first
(lowest) natural frequency is associated with the mode
characterized by one semi-wave in the both directions
for any induction varying from 0 to 200 mT, then for
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the second panel with a large opening angle (u2 =p),
the first eigenfrequency v� is reached at one semi-wave
in the axial direction and m�= 4 semi-waves in the cir-
cumferential direction, the increase of u2 resulting in
the growth of m�. It is also seen that for both sand-
wiches, there are different modes with very closed or
coinciding eigenfrequencies. Due to this property, an
external harmonic force may excite extensive resonance
vibrations by two and more eigenmodes. Another
important conclusion, following from Figures 4 and 5,
is that natural frequencies are influenced by an applied
magnetic field, this influence being stronger for modes
with a large number of semi-waves in although one
direction. For example, the natural frequency v(1, 4) is
changed from 300 to 600 Hz.

The next series of calculations are aimed to examine
the effect of an applied magnetic field on the lowest
natural frequencies and associated damping ratios for
sandwiches with different thicknesses h2 of a smart core
made of different MREs.

6.1.2. Example 2. We consider five different sandwiches,
S-1, S-2, S-3, S-4 and S-5, with the cores made of MRE-
1, MRE-2, MRE-3, MRE-4 and MRE-5, respectively.
The viscoelastic properties of these smart composite
materials are given in Appendix 1. The geometrical
dimensions of all the sandwiches are the same:
L2 = 1m, R= 0:5m, and u2 =p. Let the face sheets of
the thickness h1 = h2 = 0:5mm be made again of the
ABS-plastic SD-0170.

In Figures 6–10, the lowest natural frequency

v�= min
n,m
<O(n,m)=<O(n�,m�) ð40Þ

and the corresponding logarithmic decrement

Dl =
2pa�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
� � a2

�
p ð41Þ

where a�==O(n�,m�) is plotted as a function of the
magnetic field induction B at different values of h2. For
all cases, the number of waves in the axial direction is
equal to n�= 1, while a number m� resulting in the
minimum natural frequency depends on the core thick-
ness h2. For the sandwiches, S-1, S-2, S-3 and S-4,
m�= 5, 4, 4, 4 at h2 = 3, 5, 8, 11mm, respectively, and
for S-5, one has m�= 5, 4, 4, 3 for the same sequence of
thicknesses.

It is seen that for any fixed h2, the lowest eigenfre-
quencies are monotonically increasing functions of the
intensity of an applied magnetic field, the frequency
gain being higher for sandwiches with more thick smart
viscoelastic core. However, the behaviour of v� as a
function of h2 at a fixed B is very complicated and
strongly depends on the type of an MRE embedded
between elastic layers. So, for the sandwiches S-2 and S-
5 assembled from MRE-2 and MRE-5, respectively, the
lowest frequencies increase together with the core thick-
ness at any induction B, while for other sandwiches the
monotonic growth of v�(h2) is not detected. We remind
that MRE-2 is the four-parameter smart viscoelastic
material, and MRE-5 with the highest content of car-
bon black possesses a very large shear modulus.

Interesting results are demonstrated in Figures 6(a)
related to S-1: if a magnetic field is weak, then increas-
ing a thickness of the soft MRE-1 core leads to some
softening of entire packet and, in such a way, to
decreasing eigenfrequencies, and the application of a
strong physical field greatly increases the core stiffness
and, finally, results in growing natural frequencies.
Note that the increase of the magnetic field does not
result in the increase of damping, in general.

As expected, the damping capabilities of all MREs
under consideration are different and strongly affected
by the level of an applied magnetic field and thickness
of the smart core as well. For the S-5 sandwich with the
MRE-5 core possessing the highest shear modulus, the
logarithmic decrement DL monotonically increases at

Figure 4. Natural frequency v for MRE-1-based sandwiches
with the opening angle u2 =p=3 versus induction B at different
wave numbers (n,m).

Figure 5. Natural frequency v for MRE-1-based sandwiches
with the opening angle u2 =p versus induction B at different
wave numbers (n,m).
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all range of varying the induction B, from 0 to 800 mT
(see Figure 10). The same behaviour of DL is observed
for all other sandwiches (excluding S-2) with medium
and very thin viscoelastic cores. For the S-2 sandwich

with the MRE-2 core as well as for other sandwiches
but with thick viscoelastic cores (at about h2 = 11mm),
there are value B=B� corresponding to the yielding
point for a rheological material and resulting in the

Figure 6. Lowest natural frequency v� (a) and associated logarithmic decrement Dl (b) for sandwich S-1 with different thicknesses
h2 of the MRE-1 core versus induction B.

Figure 7. The lowest natural frequency v� (a) and the associated logarithmic decrement Dl (b) for sandwich S-2 with MRE-2 core
of different thicknesses h2 versus induction B.

Figure 8. The lowest natural frequency v� (a) and the associated logarithmic decrement Dl (b) for sandwich S-3 with MRE-3 core
of different thicknesses h2 versus induction B.
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maximum value of the decrement DL. When comparing
damping capabilities of all MREs at the same geometri-
cal dimensions for sandwiches, the MRE-1 and MRE-3
reveal the highest damping properties in terms of loga-
rithmic decrement for a sandwich.

We note that the mechanism which prevents the
resonant vibrations of a smart thin-walled structure has
two components. Suppression of a resonance is
achieved by both shifting to the right the natural fre-
quency at which it occurs and increasing the damping
ratio. In this connection, it is of interest to compare the
maximal increment of both the first frequency and
logarithmic decrement with respect to the initial values
without magnetic field. In Table 1, the magnitudes

dv�=
max

B
v�(B)�v�(0)

v�(0)
100%

dDl =
max

B
Dl(B)�Dl(0)

Dl(0)
100%

are given in the numerators, while the denominators
contain the value of magnetic field induction B at which

the correspondent increment reaches a maximum. It is
seen that the maximal increment of the first eigenfre-
quency is observed for the S-1 sandwich under the
action of a relatively weak magnetic field. This effect
may be explained by a high density of MRE-1 with
respect to other MREs. As for the logarithmic decre-
ment increment, it turns out to be large for both the S-1
and S-5 sandwiches (although, for the S-3 sandwich,
the maximal value of Dl is larger than that for the S-5
structure); at that, for the S-1 sandwich, the high

Figure 9. The lowest natural frequency v� (a) and the associated logarithmic decrement Dl (b) for sandwich S-4 with MRE-4 core
of different thicknesses h2 versus induction B.

Figure 10. The lowest natural frequency v� (a) and the associated logarithmic decrement Dl (b) for sandwich S-5 with MRE-5 core
of different thicknesses h2 versus induction B.

Table 1. The maximal increments dv�, dDl (%) for different
sandwiches.

S-1 S-2 S-3 S-4 S-5

dv�(%)

B (mT)

12

200

0:8

500

3:2

800

2:7

800

3:5

800
dDl(%)

B (mT)

60

40

30

250

13

230

9

200

51

700
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increment of damping capability being reached at very
low intensity of magnetic field.

It should be reminded that the logarithmic decre-
ment Dl defines the decay rate of free vibrations in the
one period. This magnitude, as the function of induc-
tion B, influences the suppression of the combination of
damped natural modes in the general solution (39) and
does not affect directly the amplitude of forced vibra-
tions, see the last term in solution (39). It is obvious that
the rate of suppression of forced vibrations depends
also on the type of applied load.

6.2. Suppression of forced vibrations

To analyse the effect of suppression of forced vibra-
tions, we consider the following

6.2.1. Example 3. Let the sandwich S-1 with the MRE-1
core of the thickness h2 = 11mm be motionless at t ł 0

so that

zjt= 0 = _zjt= 0 = 0 ð42Þ

where z is any of displacements w, û1, û2,c1 andc2. All
other geometrical dimensions as well as elastic proper-
ties of the face layers are as given above. At the time
t = 0, the normal harmonic force

F =F0 sinvet ð43Þ

is applied at the point a1 =a8
1, a2 =a8

2, where F0 is
the amplitude of concentrated force which is not speci-
fied in view of the linearity of the problem. The normal
pressure q3 per unit area can be expressed as follows

q3 = lim
x1!0

x2!0

F0

4x1x2

H0(a
8
1 � x1 � a1)� H0(a

8
1 + x1 � a1)

	 

3 H0(a

8
2 � x2 � a2)� H0(a

8
2 + x2 � a2)

	 

sinvet

ð44Þ

where H0(x) is the Heaviside function. Then

q6
ij =7

2iF0

L1L2

sin
dia

8
1

R
sin

dja
8
2

R
ð45Þ

where i=
ffiffiffiffiffiffiffi
�1
p

, and di, dj are determined by formula
(49) of Appendix 3.

We use the above-constructed solution (39) for the
panel in the framework of the ‘equivalent viscoelastic
model’ with the external friction. The scaled amplitude
Am of the normal displacement w(a1,a2, t) in the point
a1 =a8

1 = L1=2,a2 =a8
2 = L2=2 versus time t is shown

in Figure 11. The red line denotes the shell response
without magnetic field, and the blue and green lines
correspond to vibrations under the action of magnetic
field of different intensity (B= 40 and 200mT) applied
at t= 0. The calculations were performed for the

frequency ve = 40Hz which is less than the lowest nat-
ural frequencies without and with a magnetic field
applied. In all cases, the double infinite series in equa-
tion (30) were replaced by double finite summing up
with 25 terms in each series. It is seen that without
magnetic field the amplitude of oscillations being the
superposition of damped natural modes remain large
for a long time. The application of magnetic field
results in quick suppression of these oscillations and
some decreasing the component of forced vibrations,
this effect turning up to be stronger at B= 200mT
than for B= 40mT.

6.3. Amplitude–frequency characteristic

The amplitude–frequency response is very important
characteristic for a thin-walled structure subjected to
an external periodic excitation. Here, we shall show
that varying the level of applied magnetic field, one can
modify this characteristic in an MRE-based structure
and considerably reduce the amplitude of resonance
vibrations. For this purpose, we shall consider more
examples.

6.3.1. Example 4. Let the two S-1 sandwiches with the
opening angles u2 =p=3 and u2 =p be subjected to
the concentrated harmonic force in equation (43)
applied at the point a1 =a8

1 = L1=2,a2 =a8
2 = L2=2.

All other geometrical dimensions and physical para-
meters are the same as in Example 3. We consider the
real part of the amplitude of forced stationary vibra-
tions calculated by equation (35) in the point
a1 =a8

1,a2 =a8
2

w8
r =

4F0

r0hL1L2

X‘

n= 1
m= 1

v2
nm � a2

nm � v2
e

(v2
nm � a2

nm � v2
e)

2
+ 4a2

nmv2
nm

3 sin2 dna8
1

R
sin2 dma8

2

R
ð46Þ

Figure 12 shows the scaled amplitude w8
r, denoted by

Am, versus the frequency of excitation ve varying from
0 to 400 Hz. The amplitude–frequency plots for both
sandwiches with the opening angles u2 =p=3 and
u2 =p are graphed for two different cases, without
magnetic field and under its action for B= 200mT.
The basic conclusion following from this figure is that
the application of magnetic field results in significant
reduction of the amplitude of resonance vibrations. So,
for the first sandwich cylindrical panel with the opening
angle u2 =p=3, one has about threefold reductions for
B= 200mT.

It is also seen that in all cases, with and without
magnetic field, for the sandwich panel with the opening
angle u2 =p=3, more intensive resonance vibrations
occur on the lowest (first) eigenfrequency with one
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semi-wave in both the axial and circumferential direc-
tions (n= 1,m= 1), while for the panel with u2 =p,
the maximum amplitude of resonance vibrations is
observed due to superposition of the fifth and sixth
modes with the wave numbers n= 2,m= 5 and
n= 2,m= 6, respectively (see Figures 5 and 12(b)),
which have very close natural frequencies. Our addi-
tional accurate calculations (their outcomes are omitted
here) detected that for cylindrical panels with a small
opening angle as well as for plates, the amplitude of
resonance vibrations is monotonically decreasing func-
tion of a resonance frequency (at least at the low part
of spectrum); while for panels with a large u2 as well as
for cylindrical shells closed in the circumferential direc-
tion, the peak of maximum amplitude shifts to the right
(at the frequency axis) and corresponds to the superpo-
sition of two or more modes with very close associated
eigenfrequencies.

Also, it is of interest to note that the ‘mechanisms’
of suppression of resonance vibrations at the first

eigenmode turn out to be different for sandwiches with
small and large opening angles. As seen in Figure
12(a), applying magnetic field leads to insignificant
shifting of the first resonance frequency, and the sup-
pression occurs mainly due to enhancement of the
damping capability of the smart material (here, MRE-
1). As for panels with large u2 (see Figure 12(b)) and
closed cylindrical shells as well, the action of magnetic
field results in very noticeable shifting of the first reso-
nance region to the right and about twofold decrease in
the resonance peak. To appreciate this ‘mechanism’,
one needs to apply it to Figures 4 and 5 again, the
effect of magnetic field on natural frequencies turns out
to be very weak for eigenmodes with small number of
semi-waves n,m and increases together with these
numbers.

To estimate the capability of other MREs incorpo-
rated with a sandwich panel to suppress resonance
vibrations, we shall consider

6.3.2. Example 5. Let the sandwich panel S-3 with
MRE-3-based core (see the property in Appendix 1)
has the opening angle u2 =p. Other geometrical and
physical parameters of the panel and composing layers
are the same as in the previous example. We choose
here the MRE-3 because the logarithmic decrement cor-
responding to the lowest eigenmode for the sandwich S-
3 turns out to be larger (in the average for any induc-
tion B) than for other smart materials under consider-
ation, excluding MRE-1 (compare Figures 7(b) to 10).
The panel experiences the same periodic load (43)
applied at the point a1 =a8

1 = L1=2, a2 =a8
2 =L2=2.

Figure 13 demonstrates the amplitude–frequency
response of the panel without magnetic field and under
its action for B= 200 mT and B= 800mT. It can be
seen that the application of very strong magnetic field

Figure 11. The scaled maximum amplitude, Am, of forced
vibrations of the sandwich S-1 versus time t at different levels of
an applied magnetic field.

Figure 12. The amplitude–frequency characteristic for the sandwich S-1 with the opening angles (a) u2 =p=3 and (b) u2 =p at
different levels of applied magnetic field: red –B = 0 mT and blue –B = 200 mT.
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leads mainly to shifting the first and second resonance
regions to the right, while the reduction of amplitudes
corresponding to these regions is very weak. The notice-
able lowering of the amplitude (about twofold reduc-
tion for the sandwich under consideration) is observed
for the resonance vibrations on the third natural fre-
quency, however, this reduction is reached by the appli-
cation of very strong magnetic field in comparison with
the sandwich S-1 (see the fifth resonance region in
Figure 12(b)) subjected to more weak magnetic field.
Similar calculations for other sandwiches, S-2, S-4 and
S-5, and their comparison with outcomes for the S-1
sandwich revealed that the smart material MRE-1 pos-
sesses the best damping capability to suppress reso-
nance vibrations, this suppression being provided by
applying relatively weak magnetic field.

7. Conclusion

Here, we discussed the novel model of vibrations of a
three-layered cylindrical panel with a core made of
MRE. Such MREs can essentially change their mechani-
cal properties under the action of magnetic field. So they
can be used for control oscillations and remove some
dangerous phenomena which can occur during such
panels exploitation. The presented model belongs to the
class of equivalent single-layer linear theory of laminated
shells and generalizes the previous model proposed by
Grigolyuk and Kulikov (1988). We briefly derived the
basic equations of the model from the variational princi-
ple and using the generalized kinematic Timoshenko-
type hypotheses. The latter are the equations of motion
with respect to displacements and the corresponding
boundary conditions. Here, we have restricted ourselves
by considering the boundary conditions of the simple
support for both straight and curved edges with dia-
phragms. The derived model can properly describe free
and forced vibrations of a thin sandwich cylindrical
panel with MRE core under the action of arbitrary
external loads and magnetic field. The model used for

the analysis of vibrations of cylindrical panels for five
different MREs and their applications to the vibration
suppression were discussed. For assumed boundary con-
ditions, we obtained the equation with respect to the
required complex eigenfrequencies. As the equation gen-
erates additional eigenfrequencies which are not satisfied
to the damping regime, we replaced the initial model
with the so-called ‘equivalent viscoelastic model’ consist-
ing of the set of oscillators with external friction, which
results in the same spectrum of natural frequencies and
associated decrements. The proposed model can be
implemented to predict transient dynamic vibrations in
viscoelastic cylindrical shells under the action of external
non-stationary forces.

The given analysis of eigenfrequencies for MRE-
based sandwich panels versus the magnetic field was
confirmed earlier revealed results, namely, the applied
uniform magnetic field shifts all frequencies to the right.
However, this study showed that this effect strongly
depends on the wave numbers. In fact, it is being very
weak for modes with a small number of waves in both
directions and becomes essential with the increase of
the wave number in the circumferential direction.
Hence, we can conclude that the low part of the natural
frequencies spectrum of MRE-based medium-length
thin cylindrical sandwich panels with small opening
angle u2 is almost not influenced by even large mag-
netic field, while for similar panels with large u2, rela-
tively weak magnetic field can considerably shift low
eigenfrequencies to the right.

The five different available MREs possessing differ-
ent physical properties were considered. To estimate
their influence on natural frequencies and damping
capability as well, we calculated the lowest natural fre-
quencies and associated logarithmic decrements for five
sandwich panels which differ only in an MRE core.
The analysis of outcomes revealed that these effects are
greatly dependent of the choice of an MRE, the core
thickness and the magnitude of an applied magnetic
field as well. For each MRE, the increase of the core
thickness results in the expected growth of the logarith-
mic decrement. Comparing sandwiches with different
MRE-based cores of the same thickness, we conclude
that the sandwich containing the heavy-weight core
made of MRE-1 (Korobko et al., 2012) with not very
high loss factor hv exhibits the highest increment of the
first frequencies than light MREs. Also for the damp-
ing capability, MRE-1 as well as MRE-5 (with the
highest content of carbon black) demonstrated very
large increment in the logarithmic decrement.

In order to analyse the effect of magnetic field on
forced unsteady vibrations of MRE-based sandwiches,
we used the ‘equivalent model’ first proposed in the
article. As an example, the MRE-1 based sandwich
panel subjected to the action of periodic concentrated
force was considered. The performed calculations
showed that the application of the magnetic fields with

Figure 13. The amplitude–frequency characteristic for the
sandwich S-3 with the opening angle u2 =p without and with
magnetic field: red –B = 0 mT, blue –B = 200 mT and green –
B = 800 mT.
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B= 200mT, resulted in very fast suppression of
unsteady vibrations.

The amplitude–frequency characteristics plotted for
two medium-length panels with different opening
angles without and with magnetic field shown that
for panels with a small value of
u2 (in particular, at u2 =p=3), the maximum ampli-
tude of resonance vibrations corresponds to the first
mode with only one semi-wave in the both directions,
while for panels with a large opening angle
(here, u2 =p) more intensive resonance vibrations
occurred simultaneously at the fifth and sixth modes
with large number of semi-waves in the circumferential
direction, for n= 2,m= 5 and n= 2,m= 6, respec-
tively. It was also shown that the ‘mechanism’ of sup-
pression of resonance vibrations was different for
MRE-based sandwich panels of medium-length with
small and large opening angles. In narrow panels with
small u2, the application of magnetic field leads to a
barely noticeable shift of the first frequencies to the
right, and the resonance suppression is achieved only
by enhancement of the damping capability of MRE.
And for medium-length panels with large angle u2 as
well as for medium-length cylindrical shells closed in
the circumferential direction, this suppression occurs
mainly because of the significant increase of the first
frequencies.

The comparative calculations for different identical
sandwiches differing only in MRE chosen for the core
showed that from smart materials considered in the
study, the MRE-1 (Korobko et al., 2012) possessed the
best damping capability. In particular, in the sandwich
with heavy the MRE-1 core, the satisfactory suppres-
sion of resonance vibrations is attained under applica-
tion of the weak magnetic field (B= 40mT); while to
achieve noticeable damping of resonance vibrations in
the panel with lightweight the MRE-3 core possessing
the largest loss factor, one needs to apply very strong
magnetic field (about B= 800 mT).

The above analysis of the dynamic characteristics of
thin sandwich panels with MRE core versus its geome-
trical dimensions, type of MRE and magnetic field
applied as well indicates that design of smart thin-
walled structure with the best damping properties is
rather complicated multi-parametric optimization
problem. This is a minimax problem which may be
solved on the base of multi-parametric analysis with
the chosen criteria (damping ratio, weight, magnetic
field induction, etc.).

Nevertheless, our study allows making the following
general important conclusions related to medium-
length thin cylindrical sandwich panels containing the
MRE-based core:

� For panels with a small opening angle, suppres-
sion of low-frequency free and forced vibrations
is achieved mainly due to the enhancement of

damping properties and to a lesser extend
because of shifting first natural frequencies;
while for panels with a large opening angle it
occurs due to the above two factors with empha-
sis on the right shifting the low part of the eigen-
frequencies spectrum.

� Heavy-weight MREs like MRE-1 (Korobko
et al., 2012) possessing not high loss factor but
highly affecting eigenfrequencies under low mag-
netic field seem to be more preferable in assem-
bling smart sandwich panels with a small
opening angle; while light MREs with a large
loss factors are more effective to damp low-
frequency vibrations of panels with a large open-
ing angle as well as of closed cylindrical shells.

Finally, let us remark that the presented analysis of
dynamic characteristics of thin sandwich panels with
different MREs may be considered as a benchmark for
subsequent multi-parametric analysis and further opti-
mal design of slender structures made of intelligent
materials.
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Appendix 1

1. MRE-1. This elastomer consists of a natural
inorganic polymer (bentonite clay, size of

laminar particles is 1–10 mm) in the synthetic
oil and particles of carbonyl iron (particle size is
about 20 mm). Densities of components and
their volume concentrations for MRE-1 are pre-
sented in Table 2.

The reduced density of the MRE-1 is equal to
r2 = 2:63 g=sm3. The MRE-1 is treated as iso-
tropic material with Poisson’s ratio n2 = 0:4. It
is the storage and loss moduli G

0
2(B),G

00
2(B) at

different levels of applied magnetic field are
given in Korobko et al. (2012).

2. MRE-2 is obtained by mixing the silicone oil
and the RTV141A polymer with subsequent
loading with 30% of ferromagnetic particles
(Aguib et al., 2014). The density of the MRE-2
is equal to r2 = 1.1 g/sm3, Poisson’s ratio is
n2 = 0:44, and the Young’ modulus
E2 = 1:7MPa is the real constant magnitude
not dependent of the magnetic field induction,
while G

0
2(B),G

00
2(B) are functions of B. So, the

MRE-2 is the four-parameter smart viscoelastic
material.

3. MRE-3, MRE-4, and MRE-5. Table 3 shows
the compositions of different natural rubber
based MREs elaborated by Chen et al. (2008).
For any of these elastomers, the matrix consists
of the same components, 48.5% of natural rub-
ber, 50% of plasticizers and 1.5% of other addi-
tions, but has different volume fractions due to

Table 2. Volume concentrations of the MRE-1 components and
their densities.

MRE-1 components Density
(g=cm3)

Weight (g) Volume (%)

Particles of carbonyl iron 7.50 54.8 22
Bentonite clay 1.65 21.5 39
Oil ‘Mobil SAE’ 0.85 10.0 35
Surfactant oil 0.94 1.0 3
Total 2.63 87.3 100

MRE: magnetorheological elastomers.

Table 3. The composition of natural rubber–based MREs
elaborated by Chen et al. (2008).

Sample Magnetic
particles (%)

Carbon
black (%)

Matrix
(%)

Density
(g/sm3)

MRE-3 33 0 67 1.895
MRE-4 33 4 63 1.872
MRE-5 33 7 60 1.855

MRE: magnetorheological elastomers.
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introducing carbon black. The content of mag-
netic particles is the same and constitutes 33%.

Figures 14 to 16 reproduce the moduli G
0
2(B),G

00
2(B) as

well as the loss factor hv(B)=G
00
2=G

0
2 of the MREs

listed above for different values the induction B varying
from 0 to 700 mT.

Appendix 2

The coefficients of equation (17) are introduced as
follows

c13 =
X3

k = 1

(zk�1 + zk)gk ,
1

12
h3p1k =

ðdk

dk�1

g2(z)dz

1

12
h3p2k =

ðdk

dk�1

zg(z)dz,
1

2
h2p3k =

ðdk

dk�1

g(z)dz

h1 =
X3

k = 1

p1kgk

jk

� 3c2
12, h2 =

X3

k = 1

p2kgk

jk

� 3c12c13

h3 = 4
X3

k = 1

j2
k + 3zk�1zk

� �
gk � 3c2

13

q44 =

P3
k = 1

lk � l2
k0

lkk

� �� �2

P3
k = 1

lk � l2
k0

lkk

� �
G�1

k

+
X3

k = 1

l2
k0

lkk

Gk

hjk = hk , hzn = dn (n= 0, k) ð47Þ

Appendix 3

The elements of the matrix C are given by

c11 =� d2
n �

1� n

2
d2

m, c12 =�
1+ n

2
dndm

c13 = ndn, c14 = c15 = 0, c21 =�
1+ n

2
dndm

c22 =�
1� n

2
d2

n � d2
m, c23 = dm

c24 = c25 = 0, c31 = c32 = 0

c33 =h2dn(d
2
n + d2

m),

c34 =h1 d2
n +

1� n

2
d2

m

� �
+

q44R2h3

D

ð48Þ

Figure 14. Moduli G
0
2 (kPa) versus induction B (mT) for the

MREs 1–5.

Figure 15. Moduli G
00
2 (kPa) versus induction B (mT) for the

MREs 1–5.

Figure 16. Loss factors hv versus induction B (mT) for the
MREs 1–5.
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c35 =
h1(1+ n)

2
dndm, c41 = c42 = 0

c43 =h2dm(d
2
n + d2

m), c44 =
h1(1+ n)

2
dndm

c45 =h1 d2
m +

1� n

2
d2

n

� �
+

q44R2h3

D

c51 =�
n

1� n2
dn, c52 =�

1

1� n2
dm

c53 =
h2h3

12(1� n2)R2
(d2

n + d2
m)

2
+

1

1� n2
� r0R2

E
O2

c54 =�
h2h2

12(1� n2)R2
dn(d

2
n + d2

m)

c55 =�
h2h2

12(1� n2)R2
dm(d

2
n + d2

m)

ð48Þ

where

dn =
pnR

L1

, dm =
pmR

L2

=
pm

u2

, r0 =
X3

k = 1

rkjk ð49Þ

and

D=
Eh3

12(1� n2)
h3 ð50Þ

is the effective bending stiffness of the laminated shell.
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