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Abstract. The paper concerns abdominal wall modelling. The accurate
prediction and simulation of abdominal wall mechanics are important in
the context of optimization of ventral hernia repair. The shell Finite Ele-
ment model is considered, as the one which can be used in patient-specific
approach due to relatively easy geometry generation. However, there are
uncertainties in this issue, e.g. related to mechanical properties since the
properties may vary naturally or as an effect of identification accuracy
etc. The aim of the study is to include uncertainties in the modelling
and investigate their influence on the model response. The parameters
of Gasser-Ogden-Holzapfel hyperelastic material model including fibre
orientation are treated here as random variables. The uncertainties are
propagated with the use of regression based polynomial chaos expansion
method. Sobol’ indices are used as the measures of global sensitivity anal-
ysis and they provide information about the influence of input uncertain-
ties on the uncertainty of the model output. Uncertainty of parameter
affecting stiffness of ground substance (C10) has the highest contribution
to the variation of the displacement of chosen point in the center of the
abdominal wall.

Keywords: uncertainty quantification, global sensitivity analysis, hy-
perelasticity, Gasser-Ogden-Holzapfel material model, polynomial chaos,
Sobol’ indices

1 Introduction

The study addresses the issues of the modelling of abdominal wall. Understand-
ing mechanical behaviour of abdominal wall is particularly interesting in the
context of ventral hernia repair. In order to improve the efficiency of hernia re-
pair, some mechanical approaches have been employed. Various surgical meshes
were investigated in the literature, e.g. [1] and models of implants were devel-
oped [2]. However, it was also acknowledged that the mechanics of abdominal
wall pays a crucial role in designing implants that would be mechanically com-
patible with human tissue [3]. Thus the mechanical properties of abdominal wall
should be known.
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The extensive review on mechanics of both abdominal wall and implant was
written by Deeken and Lake in [4]. It can be noticed in their compilation of
existing experimental studies on tissues of abdominal wall, that the properties
of the same tissue reported in the literature varies between articles, e.g. due to
different testing protocols. Existing numerical models are mainly based on ex
vivo properties of animals [5] or human [6] samples. Some properties were also
identified in vivo: Young’s modulus [7] or parameters of isotropic hyperlastic
material model on animals [8]. It can be seen that a lot of uncertainties appear in
the modelling of abdominal wall, e.g. due to challenges in accurate identification
of properties, natural variability of properties and so on. The aim of this study
is to include those uncertainties in the modelling and study their influence on
the model output.

The models mentioned above [5, 6] are detailed and include various compo-
nents of abdominal wall with geometry based on medical images (MRI or CT
scans). Lubowiecka et al. [9] proposed simpler membrane model of abdominal
wall with geometry corresponding to the external surface of abdominal wall. It
was created in the perspective of patient-specific approach and in vivo identi-
fication of material properties by inverse methods using measurements of dis-
placement caused by known changes of pressure during peritoneal dialysis. The
behaviour of the model was compared with experiment. In [10] we propagated
uncertainties related to the value of intraabdominal pressure, the parameters
of linear elastic orthotropic model and the direction of orthotropy. We studied
the influence of these uncertainties on the uncertainty of the output. However,
soft tissues exhibit nonlinear elastic behaviour. Borzeszkowski et al. [11] applied
Gasser-Ogden-Holzapfel (GOH) [12] hyperelastic material model to abdominal
wall shell model and performed a parametric analysis to study the influence
of various parameters. The aim of the present study is to perform uncertainty
quantification and global sensitivity analysis of abdominal wall shell model in-
cluding uncertainty of GOH material and structure parameters related to fibres
alignment. The general purpose is to find most important and negligible vari-
ables in the context of the further identification of abdominal wall properties
and optimisation under uncertainty of hernia repair parameters with the use of
abdominal wall model. Polynomial chaos expansion method is used to propagate
the uncertainties and to calculate Sobol’ indices [13], which are global sensitiv-
ity measure of the influence of investigated uncertainties to the uncertainty of
abdominal wall response. The global sensitivity of GOH was already performed
in other applications [14], but since the sensitivity analysis outcomes depends on
the problem and the studied quantity of interest so new results are expected.

2 Materials and methods

2.1 Finite Element model of abdominal wall

The model of abdominal wall was created in commercial Finite Element (FE)
software MSC.Marc. The geometry of the model is based on measurements of
human external surface of abdominal wall [15]. The model is composed of 1872
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shell 4-node quadrilateral elements. Nodes on the boundary of abdominal wall
(Fig. 1) have fixed translations. Thickness is assumed to be 3 cm. The model is
subjected to pressure equal to 981 Pa corresponding to intraabdominal pressure
caused by liquid intruded during peritoneal dialysis. The loading corresponds to
experiment described in [9] when the same model (but with orthotropic linear
elastic material law) was validated with experiments performed on the patient
undergoing dialysis. The analysis is geometrically and physically nonlinear.

Fig. 1. FE model

2.2 Constitutive modelling

In this work the assumed material model of abdominal wall is Gasser-Ogden-
Holzapfel (GOH) model [12], which is hyperelastic anisotropic model. Although
this constitutive law was developed to model arterial layers, it is also used in
modelling of other soft tissues, e.g. abdominal wall tissues [16], tendons [17]. In
the model a strain-energy function Ψ is assumed to be in decoupled form

Ψ = Ψvol + Ψ̄ , (1)

where Ψvol is purely volumetric contribution Ψvol and Ψ̄ is isochoric part. It is
assumed that Ψ̄ is superposition isotropic contribution corresponding to ground-
matrix Ψ̄g and contribution corresponding to embedded fibres Ψ̄f

Ψ̄ = Ψ̄g + Ψ̄f , (2)
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Neo-Hookean model is chosen for Ψg:

Ψ̄g = C10(Ī1 − 3), (3)

where C10 is the stress-like material parameter, Ī1 is the first invariant of the
modified right Cauchy-Green deformation tensor. Only one family of fiber is
assumed, then:

Ψ̄f =
k1
2k2

[
exp{k2[κ(Ī1 − 3) + (1− 3κ)(Ī4 − 1)]2} − 1

]
, (4)

where k1 is the stress-like material parameter, k2 is the dimensionless material
parameter. Ī4 is the invariant equal to the square of the stretch in the direction
of the mean orientation αf of the family of fibres. κ describes level of fibre
dispersion and can be in the range 0 ≤ κ ≤ 1/3, where κ = 0 corresponds
to perfect alignment of fibers (transverse isotropy) and κ = 1/3 correspond to
isotropy.

Parameters of the GOH model and fiber orientation are assumed to be un-
certain.

2.3 Uncertainty quantification and sensitivity analysis

Polynomial chaos expansion Uncertainties can be included in the modelling
by probabilistic approach. Since a commercial software is applied, the non-
intrusive uncertainty propagation method is needed. Such methods are based
on some number of deterministic calculations and do not require modification of
the FE code of the model. Polynomial chaos (PC) method exists in non-intrusive
variants (Non-Intrusive Spectral Projection Method [18] or regression based ap-
proach [19]) and enable performing uncertainty quantification and global sensi-
tivity analysis method with relatively small computational costs when compared
to widely-used Monte Carlo method. In the PC method the model output Y ,
Quantity of Interest (QoI), is expanded as follows:

Y ≈
∑
α∈A

aαΦα(ξ), (5)

where ξ is an input random vector, aα are coefficients, A is a truncation set of
α, α are M -uplets (α1, . . . , αM ) ∈ NM , and Φα(ξ) is a multivariate polynomial
basis constructed by multiplying polynomials φαi

of order αi

Φα(ξ) =

M∏
i

φiαi
(ξi). (6)

Polynomials have to be orthonormal with respect to a given distribution. In this
case Legendre polynomials are employed because the random variables follow
uniform distribution. Classic truncation has been performed, such that A =
{α ∈ NM :

∑M
i=1 αi ≤ p}, where p is PC degree. Regression-based approach [19]
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is used to find the coefficients. The model is performed on N regression points in
order to obtain the vector of exact solutions. Then the coefficients are calculated
by solving least square problems. The drawback of non-intrusive methods like
this one, is that the accuracy depends on the number and choice of regression
points. Different strategies were compared on the hernia-related models in [20].
Based on the experience presented the points from Sobol sequence are used.
N = (M − 1)P , where P is size of PC basis (cardinality of truncation set
A). Different techniques have been developed to control error [21]. Here, Leave-
One-Out error estimate was calculated in order to evaluate PC meta-model
performance because of simplicity.

Global sensitivity analysis Global sensitivity analysis is a study of sensitivity
of the output to variations of the input. It enables varying all variables at the
same time with variations over whole domain. Sobol indices [22] are one of the
global-sensitivity measures. The calculation is based on ANalysis Of VAriance
(ANOVA) decomposition. Estimation of Sobol indices by MC is very expensive
computationaly. It has been shown by Sudret [13] and Crestaux et al. [23] that
thanks to the orthonormality of the PC basis, estimation of Sobol indices can
be performed with use of the PC coefficients without additional computational
cost. Sobol index Si1,...,is shows how much of the total output variance is due
to the uncertainty of variables ξi1 , . . . , ξis . To compute it by PC method a set
of α-tuples corresponding to polynomials depending only on all input variables
ξi1 , . . . , ξis must be found:

Ai1,..,is = {α ∈ A : αk 6= 0⇔ k ∈ {i1, . . . , is}}. (7)

Then, sobol index Si1,...,is estimated by PC is:

SPCi1,..,is =
1

D

∑
α∈Ai1,...,is

a2α, (8)

where D is total output variance, which can be estimated by PC coefficients
D =

∑
α∈A\0 a

2
α. Total sobol index SToti is the sum of all indices corresponding

to a given variable i, including mixed terms. It can also be estimated using PC
coefficients:

STot,PCi =
1

DPC

∑
α∈ATot

i

a2α. (9)

where AToti = {α ∈ A : αi 6= 0}.

Random variables and quantity of interest Due to the uncertainty of
GOH model parameters and fibre orientation, five independent uniform random
variables are assumed with limits presented in Table 1. First three: C10, k1, k2
can be classified as material parameters and the last two: κ, αf as a structure
parameters [12].
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Table 1. Limits of uniform distribution U(a, b) of each random variable

C10 k1 k2 κ αf

[kPa] [kPa]

a 2 1 200 0 0
b 35 10 2000 0.33 π

Range of C10 was chosen based on reported in [24] results of shear modulus
(divided by 2) of living human abdominal wall. Upper bounds of k1 and k2 where
taken from [16]. κ are αf may vary in their possible range of values.

The quantity of interest here is the magnitude of displacement u in chosen
nodes in the central area of abdominal wall (Fig. 1). During physical experiments
[9] the displacement of external surface of abdominal wall can be measured and
its value may be used in the in vivo identification of the material parameters of
living abdominal wall [7, 8].

3 Results

Uncertainties have been propagated through the abdominal wall model with the
use of PC method. The histogram of the QoI (the displacement of the chosen
node in central area) is presented in Fig. 2. Mean equals 0.0067 m and standard
deviation equals 0.0045 m.

Fig. 2. Histogram of the QoI (displacement in the chosen node)

Table 2 shows the values of Sobol indices of first and second order and Table
3 shows total Sobol indices. The sensitivity indices values are also shown in Fig.
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3. It can be shown that the uncertainty of C10 has a dominant contribution
to the output variance: it has the highest first order Sobol’ index SC10

. Total
index STotC10

is higher mainly due to the interaction with κ and αf (second order
indices). The first order indices of variables other than C10 are negligibly small.
However, the total Sobol index of κ and αf is higher due to mentioned interaction
with C10. The uncertainty of k1 and k2 has a negligible effect on the variance of
investigated QoI.

Table 2. First Si (on the table diagonal) and second order Sobol’ indices Sij

C10 k1 k2 κ αf

C10 0.7607
k1 0.0038 0.0016
k2 0.0148 0.0002 0.0039
κ 0.0695 0.0008 0.0013 0.0320
αf 0.0553 0.0006 0.0006 0.0097 0.0309

Table 3. Total Sobol’ indices STot
i

i C10 k1 k2 κ αf

STot
i 0.9171 0.0107 0.0258 0.1249 0.1078

The dominant influence of C10 can also be noticed on scatter plots (Fig. 4)
showing the QoI value versus each variable. The scatter plots were drawn on the
exact model values, not with PC meta-model, in order to evaluate the sensitivity
analysis outcomes. The visual evaluation of this graph indicates that sensitivity
of the output to C10 is higher when C10 is high. It can also be interpreted as
that the sensitivity to κ is slightly higher, when κ is closer to 0, so the fibers are
close to perfect alignment. The sensitivity to αf is slightly higher when the mean
direction of fibers is in transverse direction of abdominal wall. The transverse
direction of abdominal wall is known to be stiffer [7].

Figure 5 shows displacement of abdominal wall for two extreme values of C10

(limits of uniform distribution) with other the same parameters.

4 Conclusions

Uncertainties have been propagated in the abdominal wall and their importance
has been assessed by Sobol’ indices. The uncertainty of C10 - parameter of the
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Fig. 3. Sobol indices

isotropic part corresponding to groundmatrix has the highest dominant contri-
bution to the variance of the output. Other variables, including one related to
fibers, are much less important. This outcome can be interesting in the context
of some reported postulates that despite the anisotropy of the single compo-
nents of abdominal wall, the entire abdominal wall can be treated as isotropic
[8]. Next most important variables are the structure ones: κ and αf due to their
interaction with C10 (higher order sensitivity indices). Such interaction may be
considered a bit surprising and needs further research. k1 and k2 have negligible
effect in this case. These two parameters have unclear physical interpretation [14]
and low importance of their uncertainty would be beneficial in further parameter
identification problems. However, it should be mentioned that the limits of their
input distribution, in contrast to C10, was not supported by any experimental
data.

The aim of the study was o asses the importance of each structure and
material parameter of the GOH model in application to modelling of human
abdominal wall. Some limitations of the presented study should be mentioned.
Firstly, due to the lack of large data sets or existing recommendations, distri-
bution of random variables was assumed by our own judgement. Nevertheless,
the obtained sensitivity analysis results indicate which data could be important
for proper identification of probabilistic models. Secondly,as a simplification, the
material and structure parameters are assumed to be constant in space and just
one fiber family is considered. In reality, human abdominal wall is constructed
from various components with various properties and fiber orientation. Rectus
muscles covered by rectus sheath and linea alba in the midline and lateral part
composed of three muscles each covered by aponeuroses, differes from each other
in that sense. Spacial distribution of isotropic hyperlastic materials was presented
in [8]. Abdominal wall could also be divided into regions with various properties,
one corresponding to rectus muscles and one corresponding to oblique muscles
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Fig. 4. Scatter plots showing sensitivity of QoI to each variable
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(a) C10=2kPa, maximum displacement 3.081 cm

(b) C10=35 kPa, maximum displacement 0.326 cm

Fig. 5. Displacement [m] of abdominal wall in case of extreme values of C10
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as it was done in [10]. In the further research random fields could be applied to
include the spatial variability.
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abdomen surface deformation due to life excitation: implications for implant selec-
tion and orientation in laparoscopic ventral hernia repair. Clinical Biomechanics
27(2), 105–110 (2012)
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