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Abstract

It is proved that a kernel, doubly Markovian operator T is asymptotically periodic if
and only if its deterministic o-field X4(T) (equivalently X;(T*)) is finite. It follows
that kernel doubly Markovian operator T is asymptotically periodic if and only if 7*
is asymptotically periodic.
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1 Introduction

Stochastic Markov processes may be described, defined and studied with the use of
different mathematical theories. Depending on needs and context we may introduce
them as a family of random variables (elements) {&;},c@, defined on a fixed probability
space and satisfying the so-called Markov property, or by the system of transition
probabilities {P(x, A) : x € S, A € G}, where (S, G) is a fixed measurable space
(called a phase space). In another approach, one can entirely use functional analysis
language and say that a Markov process is exactly a linear, positive operator 7 (called
Markov or stochastic) defined on some Banach function space X (= L? or C(S)),
which satisfies other additional properties (forinstance 71 = 1if 1 € X). The methods
and techniques of functional analysis are commonly accepted in a noncommutative
Markov processes theory.
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The evolution and asymptotic properties of a Markov process {&;};c@ (once it is
carried over to the operator theory framework) is reflected as an asymptotic behaviour
(limit) of iterates 7”. There are many monographs on Markov processes, where prob-
ability theory and functional analysis intertwine. We shall borrow ideas, notions and
inspiration from [8], which still may serve as a very good source of knowledge
on limits of Markov processes (mainly for discrete time). Some other monographs
[4,6,18,19,21,23] were used once working on this project.

We revisit the notion of smoothness (smoothing) defined as some property of trajec-
tories 7" f, where f € Ll(,u) are densities (i.e. f > 0 and f fdu = 1). The general
idea of smoothing says that as long as integrals f g T'" fdu do not go uncontrolled on
small sets E, the asymptotic behavior of 7" becomes periodic. The notion of smooth-
ness may be attributed to A. Lasota (cf. [14,16,17]), who jointly with collaborators
established many interesting results concerning limit properties of Markov processes
(Markov, stochastic operators) under smoothing assumptions.

This paper has been ignited by Y. Iwata (see [10]), who considered constrictivity
and smoothness for the class of Markovian operators possessing a strictly positive
stationary density. His paper is focused entirely on kernel Markov operators. Here we
give some commentaries on Iwata work and generalize his main result. Finishing this
section it is perhaps worth to mention that besides Lasota’s seminal papers [16,17] on
constrictivity, essential contribution to this topic was added by Komornik, Li, Yorke,
Sine, Emel’yanov, Wolff, Miklav¢i¢ and Bartoszek (cf. [1,2,5,7,11-14,17,20,22]).

2 Preliminaries and notation

Let (X, || - ||) be a (real) Banach space. A linear operator 7 : X — X (in this paper we
deal with contractions || T'|| < 1) is called constrictive if there exists a norm compact
set L C X such that for every ||x| < 1 the trajectory T"x is attracted to KC (i.e.
lim,—, o dist(T"x, K) = 0). If K is weakly compact and lim,,_, o, dist(7"x, K) = 0,
for all x from the unit ball of X, then T is said to be weakly constrictive. After Lasota,
IC is called constrictor (or weak constrictor, respectively).

Definition 1 A linear operator T : X — X is called asymprotically periodic if there
exist a system of vectors g1,...,¢g € X, Ay,..., A, € X* and a permutation « of
the set of indices {1, ..., r}, such that

.

: n,. _ . ne —

Tim || T"x X;Aj(x)ga(]) 0
J:

forallx € X. If r = 1, 1.e. lim, o0 ||T"x — A(x)g|| = O for all x € X, then we say
that T is asymptotically stable.

Let (X, F, n) be a o-finite measure space and X = L?(u) stand for the classical
Banach lattice of real valued measurable functions satisfying f x | f1Pdu < oo with
the ordinary norm || - || , (functions equal 1« almost everywhere are identified). A linear
operator T : L'(11) — L'(w) is called Markov if Tf > 0 and [, Tfdu = [y fdu
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for all nonnegative f € Lﬂr(,u). In other words, T is Markov if T > 0 and T*1 =1,
where T* : L*°(u) — L% (). Clearly, the operator norm ||T|] = 1, so Markov
operators are contractions. f € L' (u) is called a density if f > 0 and / y fdpu=1.
The closed convex set of all densities in L (1) is denoted by D.

It was proved in [17] (Theorem 1.1) that, if T is a constrictive Markov operator
on L'(w), then T is asymptotically periodic. This result was subsequently extended
on LP”(u) spaces, general Banach lattices and recently on ordered Banach spaces
with bases (cf. [1,5,20,22]). We do not aim to dive into abstract regions but focus on
classical spaces X = L'(1). We notice that if there exists an invariant (stationary)
density T fx = f«, which is strictly positive u a.e., then we may introduce T f =
T(ff:)/ f«, which is defined on L'(fiu). Clearly for all f € L'(f.u) we have
" f = T"(ffs)/ [« so the dynamics of 7" may be deduced from T". The Markov
operator T satisfies T1 = 1, where 1 is simply a density function on the probability
measure space (X, F, fiu).

Therefore, without loss of generality, we shall assume throughout this paper that
(X, F, ) is a probability measure space and 1 € L!(u) is a stationary density of
a Markov operator T : L'(u) — L'(u). Such Markov operators T are called dou-
ble Markovian (double stochastic), as T* : L*°(u) — L°°(u) may be extended to
L' (i) © L (u) and T* becomes again a Markov operator. Simply both T and T* are
Markovian linear operators acting simultaneously on L!(x) and L> (1) as positive
linear contractions. Notice that 7** = T (see [4], Proposition 1.1).

We recall an introduced by Lasota and Komornik notion of smoothness.

Definition 2 We say that a Markovian operator T : L'(n) — L'(u) is smoothing if
there exist constants 0 < n < 1 and § > 0 such that for every density f € D there
exists a natural n ¢, such that for all n > n s we have

/ T" fdu <n , forall E € F satisfying u(E) < 8.
E

Asymptotic periodicity, smoothness and constrictivity of Markovian operators on
L' (1) appear to be closely related through the Komornik and Lasota works (see [11-
14]). Gathering their results we arrive to the following characterization.

Theorem 1 Let (X, F, ) be a probability space and T : L'(u) — L'(u) be
a Markov operator. Then the following are equivalent:

(1) T is asymptotically periodic,
(2) T is constrictive,

(3) T is weakly constrictive,

(4) T is smoothing.

In [10] the author studied conditions for smoothness (constrictivity) of doubly
Markovian and kernel operators. He borrowed most of his ideas and techniques from
the Foguel’s monograph (chapters V and VIII). However the power of [8] has not been
exploited to its limits and potential. Let us start recalling necessary notation from [8].

A Markov operator 7 : L'(u) — L'(u) is said to be conservative if
YooioT"f(x) = 400 p a.e. for some (equivalently for all) strictly positive
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f € LY(w). If T is conservative and T*h < h for some h € L>(u) then T*h = h.
Clearly, each Markov operator with strictly positive stationary density is conservative.
In particular, doubly Markovian operators are conservative. A conservative operator
T is called ergodic (totally ergodic), if T*h = h (T**h = h for some k > 1) implies
that 4 = const  a.e. where h € L°°(u). Ergodicity means that 7*14 = 14 holds
only when w(A) = O or u(A) = 1. Letus recall that conservative Markov operators 7
(in particular all doubly Markovian operators) are non-disappearing, i.e. if T* f =0
for some f > 0, then f = 0. Hence, (see Lemma O in [15] for all details) if T*g = 14
with 0 < g < 1, then there exists a unique £ € F such that g = 1. The family
of all A € F, such that for every n there exists A, € F, such that T*"14 = 1,4,, is
denoted by X4(T). Xq(T) is a sub o-algebra if T' is double Markovian, and it is called
a deterministic o -algebra. By X1 (T') we denote a sub o -algebra of Xq(T) of all those
sets A € F such that for every natural n we have T*"'T"14 = T"T*"14 = 14. By
the symmetry X1 (T) = X (T*).

Given a doubly Markovian operator T consider supports By = {x € X : f(x) > 0}
of a nonnegative f € L'(w) and Bry ={x € X : Tf(x) > 0} corresponding to its
image T f. We notice that

Il = ITf 1 =f

Tdp= [ £ (10, )dn
Bry X

- f-(T*lBTps/ Fdp =11
By By

Hence T*IBU > 1p,. We obtain j(Bry) > n(By) as T* is also Markovian.

We say that a Markov operator T 1is regular, if there exists a family
{P(x,-)}rex of probability measures P(x,-) on (X, F), such that for every A € F
the mapping X > x — P(x, A) is F measurable, and

T*hix) = /X () P(x. dy), fA Tf()du(x) = /X FOOP (. Adp(x)

forall f € L'(1), A e Fandh € L®(u).

A double Markovian operator T is called integral (or kernel) if it has an inte-
gral representation 7f(y) = fX k(x,y)f(x)du(x), where k : X x X — Ry isa
jointly measurable function satisfying [ y k(x, y)du(y) = 1 for u almost all x and
f y k(x, y)du(x) = 1 for p almost all y. Clearly, all kernel Markov operators (see
[9,23]) are regular and P(x, A) = fx k(x, 1a(y)du(y).

It follows that kernel, double Markovian operators are conservative and therefore
Harris operators. In this situation X;(7') is atomic (the geometric structure of Harris
operators and their analytical properties are well known, and are comprehensively
presented in [8], Theorem D, p. 58).

3 Result

The main goal of this note is to upgrade results of [10] (see below).
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Theorem 2 ([10]) Let T : L' (1) — L' () be a kernel double Markovian operator:
Then the following are equivalent:

(1) T is smoothing (asymptotically periodic),

(2) the deterministic sub o-algebra X4(T*) has at most finitely many atoms and if q
denotes the least common multiple of orders of atoms in X;(T*) then for every
atom W € X (T*) one has

lim p(A\ supp(T"1g)) = 0,
n—00

for all measurable A, B C W.

We will generalize the above mentioned theorem and shall prove that for kernel double
Markovian operator 7', in condition (2), finiteness of X;(7*) is sufficient and no extra
verifications like lim;,_, oo (A \ supp(7"91p)) = O for all measurable A, B C W,
need to be done. Definitely, this will bring the Iwata result to its refined and final
shape. Let us mention that, looking from the point of view of structure of X;(7*),
asymptotic behaviour of iterates 7" f was studied in [3]. Finiteness of X;(T*) was
guaranteed by assuming that 7' almost overlaps supports (see [3], Proposition 1),
which was additionally supported with another assumption that trajectories 7" f have
strong limit points. However, doubly Markovian operators 7" were not necessarily
kernel. Here we show that for kernel and doubly Markovian 7', we can (if we wish)
replace X;(T*) for a (classical) deterministic o-field X;(T). For this let us start with
the following lemma, which is proved with all details, even though a specialist on
ergodic theory of Markov operators may relatively easily extract its proof from [8].

Lemma1 Let T : L' () — L'(w) be a double Markovian operator. If £4(T) is finite
then X4(T) = X(T) C X4(T™).

Proof We start from a general observation: if T*1g = 1 then u(E) = u(F), and
w(E) = [y 1gT1pdp = [ T*1glpdp = [y 1plpdp = u(F) = u(E). Hence,
T1r = 1g. It follows from ([15], Lemma 0) that if 7*1g, = T*1g, = 1, then
Ey = E; . Thus, T*1g = 1pifand only T1p = 1.

Let A = {Aq,..., Ay} be the family of all atoms of X;(T). We partition A into
subfamilies Ay, such that £(A) = y; forall A € Ag, where y; < v < -+ < Y.
Let A; € A be arbitrary. We have T*1,, = lAﬂ(l)’ where Agq) € Xy(T). Clearly,
Agqy € Ajp is an atom. The transformation A; — Apg() on the set A; is a bijection
(we do not claim that § is one cycle).

Then considering 7*14, = 14 o) O A> we obtain that again A — A g()» on the
set Ay, is a bijection. We continue with these arguments to exhaust the whole partition
A.

Because X;(T) is finite T* : span({14,,...,14,}) = span({la,,...,14,}) is
linear, positive and invertible with T*f1 = T. Hence, for any atom A; € X;(T), and
any natural n, we have T"14, = 14, O’ where o = 8 “lisa permutation of the set
{1,2,...,a}. Itfollows that T"T*"14 = T*"T"14 = 14 for all A € A. By linearity
T"T*" 14 = T*'T"14 = 14 forall A € X;(T), as 14 has a unique representation

asasum 1y = Zjej lAj, where J C {1,2,...,a}and A; € A. We have obtained
Xy(T) = X(T) € Xg(T™). ]
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The following corollary is a direct consequence of the above Lemma 1.

Corollary 1 Let T : L'(n) — L'(w) be a double Markovian operator. If o -algebras
X4(T) and X4(T*) are finite then X43(T) = X1(T) = Xy(T™).

Now we are ready to explain mutual relations between deterministic o -fields X4 (T)
and o, (T*) if T is kernel.

Theorem 3 Let T be a kernel doubly Markovian operator. The deterministic o -algebra
X4(T) (equivalently X4(T*)) is finite if and only if X4(T*) is finite (respectively
X4(T) is finite) and then X4(T) = X1(T) = Xq(T™).

Proof The o-algebras X;(T) and X;(T*) are atomic as T and 7™ are kernel and con-
servative. By Lemma 1 we have X;(T) = X1(T) € X4(T*). Denote {Wy, ..., W,}
to be the family of all atoms of X;(7"). We choose and fix for a while an atom W; = W.
Let r; = r be the period of W (i.e. r is the least j € Ny such that T* 1y = 1w).
We introduce locally S : LY (W, Fy, ww) — LY (W, Fw, uw) definedas S = T".
Here Fw = {ENW : E € F} denotes the trace o -algebra and uw (E) = % is the
conditional probability measure. Clearly, S is a kernel doubly Markovian operator on
L' (uw). In particular, it is conservative and non-disappearing (and of course kernel).

Similarly if £ € Fw belongs to X;(S), then Sy = T K1y = 1f,,, for some
Frx = Ex € Fw. Again by [15] we have T*1g = lpj for all 0 < j < rk. In other
words X;(S) € X4(T). But W € X4(T) is taken to be an atom, so E = W. Thus,
Xq(8) = {0, W} is trivial.

Let us suppose that E € X;(S*), for some 0 < uw(E) < 1. Hence, Sk, = 1g,
for all k € N, where E; € Fy satisty uw(Er) = uw(E). It is well known that
kernel doubly Markovian operators transform order intervals [0, f] C L' into norm
I - |I1 relatively compact subsets (see [21], Proposition IV.9.8). Thus we may find
an increasing subsequence k; — oo such that lim;_, ISki1g — glli = 0, where
0 < g < 1yw. Actually g = 1f for some F € Fy (g may be approximated by
characteristic functions as close as we wish). Clearly 0 < puw (F) = uw(E) < 1. For
an arbitrary i € N let us consider $*' 17 = lim; o0 S*Skily = lim; o0 Ski—=i11p =
1f, for some F; € Fy (if necessary we may choose another subsequence from k; — i
and again apply the compactness argument). Hence, F' € X;(S), a contradiction as
W is an atom of X;(S). Thus, X;(S*) = {@, W} is trivial.

Applying these considerations to all (finitely many) atoms W; € X;(T) we obtain
that each atom F € X;(T*) has a representation F = U‘;Zl FNWw; e XyT) as
FNW;is W; € X4(T) or . Hence, Xy(T*) € Xy(T) = X1(T) € X¢(T*) and all
are finite. O

Remark 1 In the above Theorem 3 the assumption that 7T is kernel is essential. In fact,
consider the Frobenius—Perron operator associated with the transformation t(x) =
(2x) mod 1. It is commonly known that 7 preserves the Lebesgue measure A on
X = [0, 1). In particular, T is doubly Markovian. Clearly X;(T) = Bjo,1) isthe full o -
algebra (simply T*h(x) = h(t(x)), where h € L°°()), is the composition operator).
On the other hand 7 is exact (T is asymptotically stable), so lim, . 7”14 = L(A)1
in the L' norm (cf. [18]). Hence,

Sa(T*) ={A € B,y : T/14 = 14, for all j = 0,1,2,...} = {#, [0, 1)}
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is the trivial o -algebra, thus finite. Nevertheless Xy (T) # X (T™).

By [8] (Theorem A, p. 85) for any f € L?(u) such that fX fhdp = 0 for all
h e L2(X, 21(T), n) we have lim, o T" f = 0 weakly. If T is kernel we have even
strong convergence lim, . [|7" f|l2 = 0 (again apply [21], Proposition IV.9.8). We
may easily modify it to lim,—c [T" f|l1 = 0. Therefore, if T is kernel, doubly
Markovian with finite X4(T) = X4(T*) = X(T) and W is an atom of period r,
then LZ(W, X1(S), uw) = {tlw :t € R}. Thus, for all f satisfying fw fduw =0
we have lim,_oo |5 fl1 = 0 and lim,—oo [|S* fIl; = 0. Notice that [, [f —
(fW fduw)lwlduw =0forall f € Ll(u). We have obtained:

Corollary2 LetT : L' () — L'(n) be a kernel double Markovian operator. If 4(T)

is finite (by Theorem 3 equivalently X;(T*) is finite) then for each atom W € X4(T)
with period r we have

1
lim | T f — —— dp )1 =0,
nggoll f W) (/Wf M) wllh

and by symmetry

1
lim || T*" ——(/ du>1 i =0,
AT =y Uy T )

forall f € L'(u) concentrated on W.

Moreover, denoting {A1, . .., A} to be the family of all atoms of X4(T), there exists
(see our Lemma 1) a permutation o : {1,...,a} — {1,...,a} such that T1,; =
lAa(j) and T*IAJ. = lAa—l(j)'

Now we are in a position to formulate the main result of the paper.

Theorem4 Let T : L'() — L'(w) be a kernel doubly Markovian operator. Then
the following are equivalent

(1) X4(T) (or X4(T*)) is finite with atoms {A1, Az, ..., A},
2) Xy(T) = Xg(T*) = X((T) are finite,
(3) T and T* are simultaneously asymptotically periodic with

lim
n— 00

-3 ( f | fdu> Loy

J=1 N4

T"f - ; ( /. fdu> Vi,

= lim
n— 00
J 1

1

forall f € L'(w), where the permutation « is described in our Lemma 1,
(4) T is asymptotically periodic,
(5) T is constrictive,
(6) T is weakly constrictive,
(7) T is smoothing.
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Proof The implication (1) = (2) is proved in our Theorem 3, (3) = (4) is obvious.
The implications (4) < (5) < ... < (7) may be recognized today as classical and
hold for general (doubly) Markovian operators.

(2) = (3) follows from Corollary 2. Let A, Aa, ..., A, be atoms of Xy(T) =
X4(T*). For a fixed f € L'(u) consider its partition f = Z?:l 14, f. Let g be the
least common multiple of all (minimal) periods of atoms. Then

a
s o
lim T f_angroloT A4, f)

n— o0
j=1

S
= du ) 1y.,
jgl wu(Aj) (/Aj / M) A

in the L' norm.
On limit functions the iterates behave periodically:

a

T* Z(/A_fdu> 1, =Xa:</A_fdM> L4k,

j=1 J j=1 J
and

a

ek Z(/A.fdu) 14, =2a:</A_fdp,> La, 0,

j=1 J j=1 J

The operators 7 and T* are asymptotically periodic.

The proof of implication (7) = (1) may be borrowed from [10]. For the sake of
completeness of this paper we provide its proof (especially because we have replaced
X4(T*) for X4(T)). Actually, we need only a fraction of Iwata’s argument.

Let§ > 0, n > 0Obe as in Definition 2. Suppose that an atom W € X;(T*) satisfies
w(W) < §. Forall n > 1 we have u(W,) = w(W), where T7"1y = 1w,. Then

T*"1w, = 1w. Now let us consider the density f = WIW‘ We have

/ T"fduz/ fT*”anduzf flwdu =1
W, X X

for all n € N, where u(W,) < 4. But the smoothness assumption requires
an T"fdu < n < 1if n is large enough, a contradiction. Hence u(W) > § are
separated from O for all atoms W € X;(T*). The o-algebra X, (T*) is finite, so
X 4(T) is also finite. O

Corollary3 Let T : L! () — L} () be a kernel doubly Markovian operator. Then
the following are equivalent
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(1) T is asymptotically stable,

(2) T* is asymptotically stable (as a doubly Markovian operator on L' (1)),
(3) 2a(T) ={¥, X},

) Zg(T*) = {9, X}.
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