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Abstract 

This paper concerns inspection of reinforced concrete elements, with particular 

emphasis on assessing the quality of the adhesive connection between steel and concrete. A 

novel theoretical model was developed to determine the paths of transmitted, refracted and 

reflected elastic waves as well as a creeping wave propagated along the inclusion surface. 

Imaging the internal structure of tested beams was based on wave propagation measurements 

carried out on their surface and computed tomography. The ray tracing was performed by the 

hybrid approach as a combination of the network theory and the ray bending methods. The 

obtained results indicated a great potential of ultrasonic tomography in detection of debonding 

in reinforced concrete structures. 
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1. Introduction

The condition assessment of reinforced concrete structures belongs to the greatest

challenges of modern non-destructive testing. One of the most developed diagnostic 

techniques dedicated to damage detection in objects made of concrete are those utilizing the 

phenomenon of elastic wave propagation, including acoustic emission, ultrasound testing, 

impact echo or ultrasonic-pulse velocity methods (e.g. [1–5]). Previous studies have also 

shown high efficiency in the use of ultrasonic waves for detection of debonding between steel 

bars and concrete or defects of rebars; however, in most of conducted works measurements of 

ultrasonic waves were conducted on reinforcing bars (e.g. [6–9]). Recent research trends are 

moving towards imaging the internal structure of a tested element based on measurements 

carried out on its surface. Among various non-destructive methods, ultrasound transmission 

tomography is of great importance in providing valuable information about the interior of the 

material. The existing literature shows that this technique can be effectively used to visualise 

internal defects, anomalies and inclusions embedded in concrete structures or to verify the 

effectiveness of structural repairs. Schuller and Atkinson [10] demonstrated the possibility of 

detecting different types of internal voids in concrete by the acoustic tomography. They 

considered anomaly regions with high velocity (steel), zero velocity (void) and intermediate 

velocity (low-density concrete). Martin et al. [11] studied post-tensioned concrete beams, 

identifying both the location of ducts and voiding in ducts. Shiotani et al. [12] applied 

tomographic reconstruction of the velocity distribution of P-waves for quantitative assessment 

of repair work based on cement and epoxy injection. Aggelis et al. [13] applied tomography 

procedure based on numerical wave propagation signals to detect different types of 

inhomogeneities in concrete, such as voids, deteriorated zones and reinforcing bars. Choi and 

Popovics [14] proposed a through-thickness ultrasonic technique based on tomographic 

reconstruction represent internal defects in large concrete elements. Choi et al. [15] developed 

integrated ultrasound tomography and a three-dimensional computer vision technique. They 

obtained volumetric internal images to evaluate a full-scale reinforced concrete column. The 

elastic wave tomography was used by Chai et al. [16] to visualise the tendon duct filling, as 

well as honeycomb defects, in concrete elements. Haach and Ramirez [17] dealt with the use 

of the ultrasonic tomography to image the location of cylindrical polystyrene blocks in 

concrete prismatic samples. Lluveras Núñez et al. [18] tested the ultrasound tomography to 

detect bars/tubes of steel, PVC and aluminium embedded in cylindrical concrete specimens. 

Lu et al. [19] investigated the ultrasonic tomography for grouting quality evaluation. They 
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examined fourteen cube specimens to study how different parameters (such velocity 

difference between concrete and grout, the material of the pipe and the type of a pre-stressed 

tendon within the pipe) influenced tomograms. They also proposed a simplified theoretical 

model of a cross section with rebar; however, the model included only two paths, through the 

grouted pipe and around the pipe before grouting. Zielińska and Rucka [20] presented a 

condition assessment of masonry pillars using ultrasonic waves and computed tomography. 

The research focused on the characterization of the internal structure of the pillars containing 

internal inclusions in the form of a hole, a steel bar grouted by gypsum mortar, and a steel bar 

grouted by cement mortar. 

The current challenge in ultrasound tomography is to assess the actual wave path from 

transmitter to receiver. Knowledge of the ray path is necessary to implement a weight matrix, 

which is part of the tomography algorithm. When a tested object is uniform or it contains 

regions characterized by moderate heterogeneity, the wave scattering effect is low, which 

make it possible to establish a straight wave transition. However, when the degree of material 

heterogeneity increases and material contains regions of significantly with higher or lower 

density, the refraction or reflection of the wave will occur inside the material, at boundaries 

between areas of different wave propagation velocities. In such case, the ray paths may bend 

around the inclusion of low velocity [10]. Previous studies showed that the assumption that 

the wave propagates in a straight line from the transmitter to the receiver can give satisfactory 

results (cf. [11–20]). However, a more appropriate approach is to take into account, the actual 

ray path. Early attempts at numerical ray tracing in ultrasound computerized tomography 

fields were presented by Andersen and Kak [21], and Bold and Birdsall [22]. Denis at al. [23] 

improved velocity image reconstruction by taking refraction into account. They compared 

straight and curved-ray approaches on the example of an agar-gel phantom. The problem of 

determination of the shortest path from a transmitter to the receiver was also described in 

Refs. [24–29]. Yanli [24] proposed algebraic reconstruction technique based on the shortest 

path ray tracing. The experiments conducted on concrete specimens with a circular void 

revealed that the use of shortest path ray tracing ensured more accurate imaging of the internal 

structures of concrete comparing with straight-line ray tracing. Ray-tracing algorithms, 

namely Dijkstra and A* algorithms, were developed by Nowers et al. [25] and then applied 

them for inspecting an anisotropic weld. Lin et al. [26] studied a Dijkstra’s path-finding 

algorithm as a ray tracing method to predict actual ultrasonic paths through multidirectional 

CFRP laminates. Espinosa et al. [27] used a ray-tracing method to evaluate the wood 

anisotropy and internal defects in oak disks tested. They concluded that curved rays should be 
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used to increase the quality of tomographic images. The network theory was investigated by 

Perlin and Pinto [28] to improve the ultrasonic tomography in concrete. Experiments were 

performed on concrete cubic specimens with internal inclusions of expanded polypropylene 

blocks. The results revealed the importance of ray tracing technique to improve tomograms. 

The most recently Perkowski and Tatara [29] presented a study on the imaging of brittle 

damage in concrete supported by the graph theory and Dijkstra’s algorithm. They determined 

real paths of ultrasonic waves propagated in reinforced concrete samples subjected to 

three‐point bending. 

The main contribution of the paper is coupled theoretical-numerical-experimental 

research on the condition assessment of reinforced concrete beams. The inspection was 

conducted using ultrasonic waves and transmission computed tomography. The first part of 

the study was devoted to comprehensive investigations of elastic wave propagation in a beam 

cross section. A novel theoretical model was developed to determine the paths of transmitted, 

refracted and reflected elastic waves propagating through the cross section with an embedded 

circular inclusion as well as a creeping wave propagated along the inclusion surface. This 

model allowed the validation of the hybrid network theory/ray bending method used in 

ultrasonic computed tomography. The second part of the paper presents experimental 

investigations conducted to evaluate the possibility of using the ultrasonic tomography to 

assess the adhesive connection and to detect debonding between steel bar and concrete. The 

tomography imaging obtained for straight and curved ray paths was compared. 

2. Elastic wave propagation in cross section with circular inclusion 

The investigations conducted in this paper are focused on the ultrasonic wave 

propagation in a concrete cross section with a single inclusion of circular shape (Figure 1). 

The wave excited at a point on the external edge of the cross section propagates into the 

material with a circular wavefront. When the wave encounters a medium with different 

material parameters, it can be reflected or transmitted (and refracted). The intensity of 

reflection and transmission depends on the acoustic impedance of two adjacent media. The 

match of acoustic impedance of two media minimizes the reflection. On the other side, when 

the acoustic impedance of two adjacent media differs considerably, nearly total reflection 

occurs. 

As the wave propagates through the boundary between different media, the relationship 

between the angles of incidence and refraction is governed by Snell’s law. Knowing the wave 
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propagation velocities in both adjacent media (c1 and c2), for a specific angle of incidence α, it 

is possible to determine the refraction angle β according to the formula [30]: 

 1

2

sin
sin

c
c

α
β
= . (1) 

 2.1. Theoretical model 

In this paper, we propose an accurate and complex theoretical model, enabling the 

determination of ray paths of ultrasonic waves propagating through a cross section with an 

embedded circular inclusion. Knowing the following parameters: the geometry of the cross 

section min max min max( , , , )x x y y , the propagation velocities of the longitudinal wave in the 

medium surrounding the inclusion 1c  and in the inclusion itself 2c , the coordinates of the 

inclusion centre ( , )I II x y  and the inclusion radius r , one can determine the coordinates of 

the point ( , )R RR x y  the wave will reach according to Snell’s law. The location of this point is 

correlated with the position of the transmitter ( , )T TT x y  and the angle ϕ  at which the wave 

passes through the element (Figure 1b). 

 

Figure 1. Scheme of wave propagation paths in the proposed theoretical model: a) transmitted, reflected 
and refracted paths, b) creeping wave reradiated along the tangent direction of the inclusion surface 

The procedure for determining the point ( , )R RR x y  to which the wave path comes from a 

specific point ( , )T TT x y  and at a certain angle ϕ  is presented below. The straight line traced 

from the transmitter location ( , )T Tx y  at the angle ϕ  can be described by the following 

equation: 
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 0Ax By C+ + = , (2) 

Coefficients A, B and C take values, depending on the angle ϕ , as: 

tan ,  1,  tan for 90
1,  0,  for 90

T T

T

A B C y x
A B C x
ϕ ϕ ϕ

ϕ
 = − = = − + ≠


= = = − =





. (3) 

The perpendicular distance of the inclusion centre to the straight line along which the wave 

passes through the element determines further direction of the wave. The distance d can be 

described by the formula: 

 
2 2

sgn( ) I IAx By Cd A
A B
+ +

=
+

. (4) 

If this distance is greater than or equal to the inclusion radius, i.e. d r≥ , ray path bypasses 

the inclusion and travels along a straight line to the edge of the element (path #p1 in Figure 1). 

The coordinates of point R can be determined from equations: 

max max

max

min( ; tan ( )) for 90
min( ; tan(180 ) ) for 90

T
R

T

y x x
y

y x
ϕ ϕ

ϕ ϕ
 ⋅ − ≤

= 
− ⋅ >





, (5) 

 tan
R

R T
yx x
ϕ

= + . (6) 

In other cases, i.e. d r< , the wave encounters the inclusion, where it is reflected and 

refracted. This ray is denoted as path #p2 in Figure 1. The wave which reaches the border of 

two materials (path #p2.1) at point ( , )P PP x y , goes to the adjacent medium, where is 

refracted at an angle β (path #p2.2). Then it returns to the medium surrounding the inclusion, 

refracting again at point ( , )Q QQ x y  at an angle α (path #p2.3). A remaining part of the wave 

energy is reflected (path #p2.4). For large values of the angle of incidence, i.e. 

2 11 sin ( / ) 1c cα− > ⋅ > , the wave can be completely reflected, without going to the adjacent 

medium. It should be noted, that the presented procedure takes into account only the first 

reflection from the inclusion. 

Below the equations describing coordinates of the point of incidence for particular paths 

from #p2.1 to #p2.4 are given. The coordinates of point ( , )P PP x y  for path #p2.1 can be 

determined from: 
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( ) ( )2 2

tancos sin(90 ) sin(90 )

tan arcsin

αϕ α α

 
 
 
 = + − − −           − + −   

P T

T I T I

x x r r
d

x x y y

, (7) 

( ) ( )2 2

tansin sin(90 ) sin(90 )

tan arcsin

αϕ α α

 
 
 
 = + − − −           − + −   

P T

T I T I

y y r r
d

x x y y

, (8) 

where the angle of incidence is: 

 
arcsin d

r
α  =  

 
. (9) 

The coordinates of point ( , )Q QQ x y  for path #p2.2 are given by: 

 
cos(180 2 )( ) sin(180 2 )( )Q P I P I Ix x x y y xβ β= + − − + − + , (10) 

 
sin(180 2 )( ) cos(180 2 )( )Q P I P I Iy x x y y yβ β= + − + + − + , (11) 

where the refraction angle is 

 
2

1

arcsin sin c
c

β α
 

=  
 

. (12) 

Path #p2.3 encounters the edge of the element at point R of coordinates: 

 
sgn( ) x

R Q QR Q ax x x x d= + − , (13) 

 

( )( )
( )

R Q QR Q
R Q

QR Q

x x y y
y y

x x

− −
= +

−
, (14) 

where: 

 
cos( 180 )( ) sin( 180 )( )QR P Q P Q Qx x x y y xβ α β α= − + − − − − + − − + , (15) 

 
sin( 180 )( ) cos( 180 )( )QR P Q P Q Qy x x y y yβ α β α= − + − − + − + − − + , (16) 

 

( )( )
( )

( )( )
( )

min max

min max
Q QR Q Q QR Q

QR Q QR Q

y y x x y y x x
a Q Qy y y y

x x x x x− − − −

− −
 = + +  

, (17) 

 
( ){ }( )min sgn( )x

a QR Q a Qd x x x x
+

= − ⋅ − . (18) 

The coordinates of point R for path #p2.4 are described by the formulas: 

 
sgn( ) x

R P PR P ax x x x d= + − , (19) 
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( )( )
( )

R P PR P
R P

PR P

x x y y
y y

x x
− −

= +
−

, (20) 

where 

 
cos( 2 )( ) sin( 2 )( )PR T P T P Px x x y y xα α= − − − − − + , (21) 

 
sin( 2 )( ) cos( 2 )( )PR T P T P Py x x y y yα α= − − + − − + , (22) 

 

( )( )
( )

( )( )
( )

maxmin
min max

P PR PP PR P

PR P PR P

y y x xy y x x
a P Py y y yx x x x x− −− −

− −
 = + +  , (23) 

 
( ){ }( )min sgn( )x

a PR P a Pd x x x x
+

= − − . (24) 

Longitudinal wave that encounters the internal inclusion can not only be reflected and 

refracted, but also be partially converted into a creeping wave, which propagates on the 

inclusion surface (Figure 1b). This phenomenon is particularly important in the case of 

inclusions where the wave velocity is lower in relation to the surrounding medium, because 

this type of wave reaches the receiver on the opposite side faster than the wave passing 

through the inclusion. The length of the creeping wave path k depends on the time step t 

according to the formula: 

 
1 2=k c t , (25) 

where 

 

( ) ( )2 2
1 1

2
1

− + −
= − S T S Tx x y y

t t
c

. (26) 

The path length k is measured from points S1 and S2 of coordinates: 

 
( ) ( )2 2 2

1 1 1sgn( )cos( )ϕ ϕ= + − + − −S T T I T Ix x x x y y r , (27) 

 
( ) ( )2 2 2

1 1 1sgn( )sin( )ϕ ϕ= + − + − −S T T I T Iy y x x y y r , (28) 

 
( ) ( )2 2 2

2 2 2sgn( )cos( )ϕ ϕ= + − + − −S T T I T Ix x x x y y r , (29) 

 
( ) ( )2 2 2

2 2 2sgn( )sin( )ϕ ϕ= + − + − −S T T I T Iy y x x y y r , (30) 
where: 

 ( ) ( )
1 2 2

arctan arcsinϕ
  −  = −   −  − + − 

T I

T I T I T I

y y r
x x x x y y

, (31) 

 ( ) ( )
2 2 2

arctan arcsinϕ
  −  = +   −  − + − 

T I

T I T I T I

y y r
x x x x y y

. (32) 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


9 

For each point 1 1 1( , )A A A
S SS x y  and 2 2 2( , )A A A

S SS x y  of the creeping wave path, the leaking 

energy reradiates along the tangent direction of the inclusion surface and converts into 

longitudinal waves, which wavefront is created by points 1 1 1( , )B B B
S SS x y  and 2 2 2( , )B B B

S SS x y : 

 
1 1 1( ) cos( )γ γ= +A i i

S Ix x r , (33) 

 
1 1 1( ) sin( )γ γ= +A i i

S Iy y r , (34) 

 
2 2 2( ) cos( )γ γ= +A i i

S Ix x r , (35) 

 
2 2 2( ) sin( )γ γ= +A i i

S Iy y r , (36) 

 
( )1 1 1 1 1 1 1 1( ) ( sgn( )90 sin( ) ( )

180
πγ γ ϕ ϕ γ γ = − − − − + 

 
B i i i A i

S Sx k r x , (37) 

 
( )1 1 1 1 1 1 1 1( ) ( sgn( )90 cos( ) ( )

180
πγ γ ϕ ϕ γ γ = − − − + 

 
B i i i A i

S Sy k r y , (38) 

 
( )2 2 2 2 2 2 2 2( ) ( sgn( )90 sin( ) ( )

180
πγ γ ϕ ϕ γ γ = − + − − + 

 
B i i i A i

S Sx k r x , (39) 

 
( )2 2 2 2 2 2 2 2( ) ( sgn( )90 cos( ) ( )

180
πγ γ ϕ ϕ γ γ = + − − + 

 
B i i i A i

S Sy k r y , (40) 

where: 

 
( )( ) ( )( )1 1 1 1 1sgn 90 ; sgn 90

180 180
π πγ ϕ ϕ ϕ ϕ∈ − − +i k

r
, (41) 

 
( )( ) ( )( )2 2 2 2 2sgn 90 ; sgn 90

180 180
π πγ ϕ ϕ ϕ ϕ∈ − − −i k

r
. (42) 

Below is an example illustrating the ray paths determined by the proposed model. 

Simulations were carried out for a concrete section with dimensions of 10 × 10 cm2, 

containing a circular inclusion with a diameter of 2 cm located at point (2.5 cm,5 cm)I . The 

position of transmitter T was constant and equal 0.5 cmTx = , 0 cmTy = . Figure 2 presents all 

possible ray paths determined using the above-described procedure. Only the first reflection 

from the inclusion was considered. Rays paths were calculated for the angle φ changing 

between 0° and 180° with a step of 2° at selected time instances, in both the section with steel 

bar and the section with air void. The connection of points marked by the ray paths for a 

specific time steps, allowed to determine the wavefronts. The process of finding the wavefront 

was shown for four selected time instances, namely 14 µs, 15.5 µs and 22 µs. Considering the 

section with the steel bar (Figure 2a), it can be seen that the wavefront in the vicinity of the 

steel bar propagates faster that the wavefront in concrete. In the case of the section with the 
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air void (Figure 2b), the wavefront has a delay due to the large difference in wave propagation 

velocity in concrete and air. 

 
Figure 2. Paths of waves traced using the proposed model in concrete element with inclusion at 

selected time instances: a) steel inclusion; b) circular air void 

In order to verify the wavefront traced using the proposed theoretical model, finite element 

method (FEM) simulations of the stress wave propagation were carried out in the 

Abaqus/Explicit software (cf. [20]). The simulation result is given in Figure 3 in the form of a 

snapshot of the magnitude of the displacement field at the selected time instances equal to 14 

µs, 15.5 µs, and 22 µs for both types of inclusions, namely steel bar (Figure 3a) and circular 

void (Figure 3b). High compatibility of numerical and theoretical wavefronts allowed 

confirming the correctness of the proposed theoretical model. 
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Figure 3. FEM snapshots of wave propagation patterns in concrete element with inclusion at selected time 
instances: a) steel inclusion; b) circular air void 

 2.2. Dijkstra’s algorithm for ray tracing 

Diagnostics using ultrasonic waves is mainly based on the travel time from the 

transmitter to the receiver. This involves the need to specify a path with the shortest wave 

transition time. The propagation path between the transmitter and receiver is governed by 

Fermat’s principle. The principle states that the actual path between two given points is that 

which minimize the transition time between them. This path can be determined based on 

Snell’s law, according to Eq. (1). However, such an approach may be not possible in the case 

of elements with unknown internal geometry. The solution may be using the ray-tracing 

technique based on the network theory, which was developed by Moser [31,32] for 

calculation of the shortest paths of seismic waves. In the network theory method, the region of 

interest is first discretized by a grid of interconnected points, and next efficient path-finding 

algorithms are used to determine globally minimal travel time [25,26,28,29,33]. 

In this paper, Dijkstra’s algorithm [34] was used to determine the fastest wave path in a 

concrete section with areas of variable speed of ultrasonic wave propagation. The algorithm 

takes into account a table of nodes between which the wave path can travel. The solution is 

based on the velocity of wave propagation between two adjacent nodes and the distance 

between them. All nodes are divided into two groups. In the first group (group I) there are 
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nodes for which the transit time is known. The second group (group II) contains the remaining 

elements. The schema od Dijkstra’s method includes the following steps (e.g. [25,28,29]): 

1. Assign all nodes to group II and give them an infinite cost except start node, which cost is 

zero. 

2. Choose node from group II with the lowest value. Name it as S (start node) and transfer this 

node to group I. 

3. Name as N (neighbour node) each node from group II that is connected to node S. 

4. Calculate time travel between S and each N node using equation: 

 
( ) min( ( ); ( ) )SNt S t S t N t= + , (43) 

 ( )
2

SN
SN

S N

dt v v=
+

, (44) 

where t(S) denotes the travel time to reach node S, t(N) denotes the travel time to reach 

node N, tNS is the travel time between nodes S and N, dNS is the distance between nodes S 

and N, vS and vN are the values of the ultrasonic wave velocity in nodes S and N, 

respectively. 

5. Repeat steps 2-4 until group II is empty. 

Dijkstra’s algorithm assumes checking each node. This ensures that a global, optimal solution 

is obtained for the entire tested model. 

Examples presented below illustrate the procedure of determination of the shortest 

paths and times using Dijkstra’s algorithm. Analyses were performed for a concrete cross 

section of dimensions 10 × 10 cm2 with an inclusion in the form of steel bar with a diameter 

of 2 cm. In the first stage, the fastest ray path was determined using Snell’s law (Figure 4). 

The positions of the transmitter (T) and the receiver (R) were predefined. The ray passed 

through three sections; however, two of them had the same material parameters. Therefore, it 

was possible to determine the angle of incidence α equal to 11.47° and the angle of refraction 

β equal to 17.33° (Figure 4a). Using these angles, it was possible to calculate transition time 

for each section and the total transition time as 24.53 µs (Figure 4b). 
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Figure 4. Determination of the fastest path between transmitter (T) and receiver (R) in concrete cross 
section containing circular inclusion: a) wave path determined using Snell’s law; b) path lengths in 

sub-areas and total transition time tTR 

The same calculation example was solved using Dijkstra’s algorithm. It was assumed 

that the wave could travel between nodes located on the element edges and on the border 

between the steel bar and concrete section, as shown in Figure 5. On both bottom and top 

edges of the concrete section, 19 nodes were assumed. The border between concrete and steel 

was divided by 36 nodes into sections about 17 mm long. Using such discretization, ray-

tracing was simulated from transmitter T (  0.5 cmTx = ) to receiver R (  3 cmRx = ). Figure 6 

illustrates selected results of searching for the fastest wave path between nodes T and R. Nine 

different paths are presented and total transition time for each of them is given. The fastest 

wave path was found for the case depicted in the first diagram in Figure 6. The result obtained 

was compared with the path determined using Snell’s law (Figure 4b). Transition time for 

individual sections differed slightly due to the discretization used (Figure 5); however, in both 

cases the same total time of transition (24.53 µs) was obtained. 

 

Figure 5. Arrangement of transmitting (T) and receiving (R) points and location of nodes on the border 
between concrete and steel inclusion. 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


14 

 

Figure 6. Selected results of searching for the fastest wave path from transmitter (T) to receiver (R) using 
Dijkstra algorithm 

Finally, the effect of the inclusion material was analysed. The inclusion was simulated by 

modifying the wave velocity with the coefficient ω, which was defined as the ratio of the 

longitudinal wave in concrete (c1) to the longitudinal wave velocity in the circular inclusion 

(c2): 

 

2

1

c
c

ω = . (45) 

In the example, the velocity of longitudinal wave propagation in concrete was assumed 

as 3961 6 m/s, while in the inclusion area the velocity was simulated as a higher (for ω > 1) 

and lower (ω < 1) than for concrete. The following variants of the ω parameter were used: 
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− ω = 1.15 → c2 =4555.8 m/s, 
− ω = 1.10 → c2 =4357.8 m/s, 
− ω = 1.05 → c2 =4159.7 m/s, 
− ω = 0.95 → c2 =3763.5 m/s, 
− ω = 0.90 → c2 =3565.4 m/s, 
− ω = 0.85 → c2 =3367.4 m/s. 

Results of calculating the wave paths using Dijkstra’s algorithm are shown in Figure 7. 

The paths from transmitters (T1 to T19) to receivers (R1 to R19) were calculated. A clear 

deflection of paths can be observed already for the parameters ω = 1.10 and 0.9. For 

inclusions with a propagation velocity greater than the surrounding material (ω > 1), the rays 

focus in the inclusion area. In the case when the parameter ω is less than one (ω < 1), the rays 

bypass the inclusion. Figure 8 additionally shows the paths for inclusions made in the form of 

a hole (ω = 0.09), and steel bar (ω = 1.50). Note that the model presented above is idealized, 

and the points where the path may bend are located only on the media border. 

 

Figure 7. Ray tracing results using Dijkstra’s algorithm for concrete section with inclusion of different 
values of parameter ω  
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Figure 8. Ray tracing results using Dijkstra’s algorithm for concrete section with inclusion: a) steel 
inclusion; b) circular air void 

3. Ultrasonic computed tomography 

Ultrasonic transmission tomography allows reconstructing the internal structure of a 

tested element based on information obtained from wave propagation signals passing through 

it. A scheme of cross sectional reconstruction is illustrated in Figure 9. The procedure begins 

with the division of the section into cells also known as pixels. They are marked with dashed 

lines in Figure 9a. Then, signals of ultrasonic waves passing through the tested specimen from 

the transmitter (T) to the receivers (R) are collected (Figure 9a, b). The result of ultrasonic 

transmission tomography is the velocity distribution within the medium. To each pixel, a 

specific, constant value of the wave propagation velocity is assigned (Figure 9c). 

 

Figure 9. Schematic diagram of ultrasonic transmission tomography: a) cross section divided into 
pixels, with indicated transmitter, receivers and simulated wave field; b) wave propagation signals; c) 

tomographic reconstruction image 

A typical information used in the image reconstruction is the time-of-flight (TOF). It 

can be represented by a line integral of the transition time distribution along the propagation 

way w: 
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1R R R

T T T

t dt sdw dw
v

= = =∫ ∫ ∫ , (46) 

where v is the average velocity, and s is the inverse of the velocity referred as the slowness. 

Based on the known element geometry and the TOF from the transmitter to the receiver, it is 

possible to determine the average velocity of wave propagation. The reconstitution of the 

velocity profile for each pixel (1,2,3,...,n), based on the time-of-flight obtained from ray paths 

(1,2,3,...,m), can be performed using the following formula: 

 1 1

1n n

i ij ij j
j jj

t w w s
v= =

= =∑ ∑ ,  1, 2,3, ,i m=  ,  1, 2,3, ,j n=  , (47) 

where ijw  denotes the transition way of the i-ray through the j-pixel, it  denotes the transition 
time of the P-wave between the transmitter and receiver along the i-ray, jv  is the velocity at 
pixel j and js  is the slowness at pixel j.  

The system of linear equations given by Eq. (47), can be expressed in a matrix form with 

known transition time along a given path (matrix t) and the length of the path passing through 

the cell (matrix w), and with unknown slowness (matrix s): 

 
1 1m m n n× × ×=t w s . (48) 

In the transmission tomography, the above system of equations usually has more equations 

than unknowns which means that it is an overdetermined problem. Therefore, special methods 

of solution have to be used. One of the most effective approach to solve such problems are 

iterative methods which include the algebraic reconstruction technique (ART) [35]. The ART 

involves calculating the time-of-flight for an assumed velocity in each pixel, comparing the 

calculated TOFs with measured ones and iterative modification of the velocity until a 

convergence criterion is achieved. In the first stage, each cell adopts the same value of the 

wave propagation velocity (i.e. the average velocity of wave propagation) assuming an 

examined section is homogeneous. Elastic waves in this case propagate along straight lines 

(Figure 10, 1st column). Then the iteration process begins and the correction is calculated 

according to the equation [36]: 

 

( ) ( 1)

2

1

ij ik k
j j n

ij
j

w t
s s

w

−

=

∆
= +

∑
. (49) 

where ∆ it  is the difference between the time of the original projection and the rebuilding 

time. After the first iteration, the object is no longer treated as composed of regions with 

constant propagation velocity; therefore, the path of the wave transition does not have to 

travel from the transmitter to the receiver in a straight line. 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


18 

In this paper, the ray tracing is performed by the so-called hybrid approach, which is a 

combination of the network theory and the ray bending methods (e.g. [37–39]). The new path 

is determined based on the value of the wave propagation velocity in individual pixels. The 

ray tracing follows Fermat’s principle according to which the path of first arrival is the 

shortest. The network method is used that creates a network of connected nodes. The wave 

path can only move between these nodes. After building the node network, there are several 

combinations of wave transition from transmitter to receiver. To determine which path is the 

fastest, Dijkstra’s algorithm is used. This method guarantees a global minimum time, but the 

traced paths are angular and seem unnatural (Figure 10, 2nd column). However, it can be a 

starting point for iterative improvement of their course through the ray bending algorithm. 

The straight lines are divided into an increasing number of straight, but not collinear 

segments. The paths produced in this way are more smoothly curved. At each iteration, the 

travel time is calculated. The process end when convergence is reached (Figure 10, 3rd 

column). Based on the newly determined paths the w matrix from Eq. (48) is redefined. The 

process of iterative determination of the pixel slowness by the ART method is performed 

again. The procedure is repeated until a convergence criterion is achieved. 

 
Figure 10. Schematic diagram of ray tracing approaches: straight rays (1st column), network method 
with Dijkstra algorithm (2nd column) and hybrid network theory/ray bending method (3rd column) on 
the example of concrete cross section containing circular inclusion: a) steel bar; b) circular air void 

Paths of waves traced using the hybrid network theory/ray bending method were 

validated by the proposed theoretical model. The results for the concrete cross section 
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with steel bar and with air void are compared in the Figure 11. The paths from both 

methods show high convergence, which confirmed the correctness of using the hybrid 

method for ray tracing. 

 
Figure 11. Comparison of the wave paths traced by the theoretical model (blue lines) and hybrid network 

theory/ray bending method (yellow lines) for concrete cross section containing circular inclusion: a) 
steel bar; b) circular air void 

4. Experimental investigations of debonding imaging in reinforced concrete beams 

 4.1. Description of specimens 

Ultrasonic investigations were performed on concrete beams with external dimensions of 

10 cm x 10 cm x 50 cm (Figure 12a). The samples were made of concrete including the 

following ingredients: Portland cement type CEM I 42.5R (340 kg/m3), sand 0–2 mm (755 

kg/m3), aggregate 2–8 mm (1130 kg/m3) and water (180 kg/m3). 

Four concrete beams were tested in this study. The first beam (#1) was prepared as a 

reference model. It was a purely concrete object, with no inclusions. Beams #2, #3 and #4 had 

a circular inclusion with a diameter of 2 cm (Figure 12b), situated at a distance of Ix = 2.5 cm, 

Iy = 5 cm. Beam #2 contained an embedded steel bar. In beam #3, the bar was tightly 

wrapped three times with a cellophane film with a thickness of about 30 µm to obtain a defect 

in the form of a thin layer of debonding between steel and concrete. Previous studies revealed 

that introducing a cellophane film provides a decrease of adhesion at the interface between 

steel and concrete introducing a discontinuity of stresses and displacements of propagating 

waves while providing some indirect contact between steel and concrete and maintaining the 

ability to carry a certain value of load in a pull-out test (e.g. [40]). Beam #4 contained a hole 

that was formed with a PVC pipe with a wall thickness equal 1 mm. This beam was intended 

to simulate the state of complete separation of bar from the concrete. The photographs of 

tested samples are given in Figure 12c. 
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Figure 12. Geometry of tested beams: a) 3D view with dimensions; b) types of inserts used to form inclusions 

(steel bar, steel bar wrapped with cellophane film and PVC pipe); c) plane views of specimens #1 to #4 

4.2. Equipment, data acquisition and processing 

Experiments were conducted using the ultrasonic pulse velocity (UPV) method. The 

experimental setup is shown in Figure 13. The PUNDIT PL-200 was applied for 

measurements the time-of-flight (TOF) of the P-wave between two 54 kHz exponential 

transducers. The transducers were used in the through transmission mode, and dry coupling 

was applied between them and the tested structure. 

Ultrasonic measurements were carried out in the cross section in the middle of the beam 

height. Measurement points were distributed at each beam edge (9 points at each edge, with a 

distance of 1 cm). The configuration of the measurement points is illustrated in Figure 14. 

The receiving transducer (R) was set at a given point, and then the transmitting transducer (T) 

was moved from the first to the last point on the opposite wall. From each transmitting point, 

transition times along 9 paths were registered. In total, transition times were measured along 

162 paths. The applied mesh consisted of 121 pixels, resulting in a 1 cm mesh.  

To perform tomographic reconstruction, the authors’ computer programs were developed 

in the Matlab® software. The image reconstruction algorithm was based on the ART method. 

The tomographic velocity maps were created using both straight ray paths and curved ray 

paths. To determine the curved paths, a grid of nodes was created in accordance with the 

network method. Each of 121 pixel was divided into nine equal squares. The nodes were in 

the center of each square resulting in 961 nodes. In order to find the fastest path Dijkstra’s 

algorithm was implemented. Then the paths were bent according to the ray bending method. 
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Figure 13. Experimental setup: a) schematic diagram of test rig; b) photograph of measurements in 
through transmission mode 

 
Figure 14. Configuration of measurement points and paths (transmission of waves at points T1-T18 and 

sensing of waves at points R1-R18) 

4.3. Results 

Ultrasound tomography images are shown in Figures 15, 16, 17 and 18 for tested beams 

#1, #2, #3 and #4, respectively. Velocity maps were calculated using both straight-line paths 

and curved rays determined by the hybrid network theory/ray bending method. In each set of 

results given in Figures 15 to 18, the first columns shows tomogram with indicated position of 

inclusion, the second – tomogram with rays and the third – traced rays. Each tomographic 

velocity image has its own colorbar with values covering the entire range of velocities. 

The tomographic velocity maps for the intact beam (#1), did not show significant changes 

in the wave velocity on the tested cross section (Figure 15). The difference between the 

smallest and the largest velocities was about 180 m/s for straight-line paths and about 300 m/s 

for curved paths. There are visible two areas, namely the area with smaller values of velocity 

at a bottom part of the beam and the area in the central and top part of the beam with higher 

values of velocity. It may be result of concentration of course aggregate at the bottom of the 

beam, which has been confirmed by its visual inspection. 
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Measurements made on the specimen with the steel bar (#2) revealed a clear region with 

a higher value of wave propagation velocity (Figure 16). However, the shape of this region 

varied with the approach used for ray tracing. When the straight rays were used in the 

ultrasonic transmission tomography, the area was spread, while for curved rays it was more 

concentrated. The difference between the minimum and maximum velocities was about 450 

m/s for straight paths and about 900 m/s for curved paths. These values were much higher 

compared to the intact beam. The traced curved rays were concentrated at the location of the 

steel bar, because of the increase of wave propagation velocity in this area. This indicated a 

good adhesive connection between the bar and the surrounding concrete. 

Figure 17 shows the results for the beam with the cellophane wrapped steel bar (# 3). 

This kind of inclusion was intended to simulate the lack of adhesive connection between the 

bar and the concrete. The location of the inclusion is visible on the maps as an area with 

reduced wave propagation velocities, indicating debonding of the bar from concrete. The 

difference between velocities for maps with straight-line and curved paths was about 350 m/s 

and 700 m/s, respectively. The use of the straight rays resulted to obtain satisfactory results; 

however, the damage imaging was improved when the network theory combined with ray 

bending approach was applied. In such a case, the area identified was more concentrated and 

closer to the actual size. Analysing the traced rays it can be observed that if the paths were 

curved they bypassed the inclusion area. 

The tomographic velocity maps (Figure 18) for the beam with a PVC pipe (# 4) revealed 

similar patterns as those for the beam with debonding (#3). It indicated that the ultrasonic 

tomography method was very sensitive in detection of defects in adhesive bonding, even in 

the case of debonding zone of very small thickness. Analysing the maps for the beam with air 

void, the location of the inclusion was also indicated as a region with reduced velocities. 

However, the map created based on curved paths showed greater uniformity on the area 

beyond the inclusion. The difference between the smallest and the largest velocities was about 

400 m/s for straight-line paths and about 700 m/s for curved paths. The course of curved paths 

was similar to the beam # 3, i.e. the waves also bypassed the inclusion site. 
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Figure 15. Tomographic velocity images for intact beam #1: a) straight-line paths, b) curved rays 
determined by hybrid network theory/ray bending technique 

 
Figure 16. Tomographic velocity images for beam #2 with a steel bar: a) straight-line rays, b) curved 
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Figure 17. Tomographic velocity images for beam #3 with a cellophane wrapped steel bar: a) straight-
line paths, b) curved rays determined by hybrid network theory/ray bending technique 

 
Figure 18. Tomographic velocity images for beam #4 with a PVC pipe: a) straight-line paths, b) 

curved rays determined by hybrid network theory/ray bending technique 

Table 1 presents a quantitative analysis of the wave propagation velocity in each of the 

four considered beams. The minimum, maximum and average velocities for the intact element 

(#1) and elements with inclusions in the form of a steel bar (#2), a bar wrapped with 

cellophane (#3) and PVC pipe (#4) are listed. Additionally, the measures of variability, i.e. the 

standard deviation (SD) and coefficient of variation (CV), were calculated.  
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The highest average value of the wave propagation velocity of 4036.23 m/s was obtained 

for the specimen with the steel bar (beam #2). The specimens with a cellophane wrapped bar 

(beam #3) and a PVC pipe (beam #4) revealed similar average velocity values of 3865.32 m/s 

and 3879.49 m/s, respectively. The standard deviation and the coefficient of variation also 

reached the highest values for the model with the steel bar. In this case, the standard deviation 

was equal to 17.17 m/s, while the coefficient of variation 0.43%. The smallest values of both 

coefficients were for the intact beam, where the standard deviation was equal to 7.83 m/s, 

while the coefficient of variation 0.20% 

Table 1. Wave propagation velocities in tested concrete beams (#1-#4). 

Concrete beam 
vmin  

[m/s] 

vmax  

[m/s] 

Δv=vmax-vmin 

[m/s] 

vavg  

[m/s] 

SD 

[m/s] 

CV 

[%] 

#1 

#2 

#3 

#4 

3749.81 4166.67 416.86 3950.62 7.83 0.20 

3579.64 4502.67 923.03 4036.23 17.17 0.43 

3480.10 4110.36 630.25 3865.32 10.72 0.28 

3355.70 4064.28 708.57 3879.49 11.44 0.29 

Conclusions 

In this paper, the condition assessment of concrete beams was carried out by the 

ultrasonic transmission tomography. The experimental and theoretical studies were aimed at 

verification how different inclusions in concrete beam affected the propagation of ultrasonic 

waves. 

The developed theoretical model was proved to enable precise determining ray paths of 

ultrasonic waves propagating through a cross section with an embedded circular inclusion. 

The fastest path, which is the most important in the transmission ultrasound tomography, was 

calculated using hybrid approach. It was found that using Dijkstra’s algorithm resulted in 

paths with a global minimum time, but an angular and unnatural shape. The application of the 

network theory combined with ray bending approach enabled obtaining paths consistent with 

the theoretical model. 

Conducted experimental investigations focused on the possibility of imaging different 

inclusions in a concrete cross section. Research was carried out on four laboratory specimens: 

one concrete beam and three concrete beams containing circular inclusions in the form of 

steel bar, debonded steel bar and air void. The cross sectional image was based on the 

reconstruction of the propagation velocity of ultrasonic waves. The steel bar was identified in 

tomograms as an area higher velocity values while the air void as an area with lower velocity 

values. It was found the use of the straight rays allowed to obtain satisfactory tomograms. 
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However, the application of the hybrid network theory/ray bending approach increased the 

quality of reconstruction, improving the imaging of the shape and size of the defect. The 

course of curved paths varied depending on the inclusion material. If the inclusion was 

characterized by a higher propagation velocity than the surrounding medium, then the rays 

accumulated in the inclusion area. For inclusions with lower velocity, the rays bypassed the 

place of inclusion. The quantitative analysis of the wave propagation values in the 

reconstructed images of beams containing an inclusion allowed concluding that the difference 

between the minimum and maximum velocities was about twice as larger for curved paths as 

compared to straight paths. 

Conducted study have also confirmed the high efficiency of ultrasonic tomography in 

imaging of the lack of adhesion between reinforcing bar and concrete, despite very small 

thickness of introduced debonding (about 90 µm). The tomogram obtained for the bar 

wrapped with a cellophane film was similar to that for the air void, i.e. it contained a distinct 

area with lower values of wave propagation velocity. It indicated large sensitivity of 

ultrasonic waves excited and measured on the concrete element surface to the debonding-type 

defects. 
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