Calc. Var. (2021) 60:73

https://doi.org/10.1007/500526-021-01942-6 Calculus of Variations
()

Check for
updates

Homoclinics for singular strong force Lagrangian systems in
RN

Marek Izydorek' - Joanna Janczewska' - Nils Waterstraat?

Received: 30 October 2019 / Accepted: 31 December 2020
© The Author(s) 2021

Abstract

We will be concerned with the existence of homoclinics for Lagrangian systems in RY
(N > 3) of the form % (VO (1)) + V,V(t,u)) =0, where r € R, ®: RY — [0, 00)
is a G-function in the sense of Trudinger, V: R x (RN \{& }) — Ris a C2-smooth potential
with a single well of infinite depth at a point £ € RV \{0} and a unique strict global maximum
0 at the origin. Under a strong force type condition around the singular point &£, we prove the
existence of a homoclinic solution u: R — RM\{£} via minimization of an action integral.

Mathematics Subject Classification Primary 37J45 - 46E30; Secondary 34C37 - 70HO5

1 Introduction

Tanaka showed in [28] the existence of homoclinic solutions for singular Lagrangian systems
in RN, N > 3, of the type
i(t) + Vy V() =0, (1

where V:RV\{£} — R for some & # 0 has a unique global maximum at 0 € RN and
[V(x)] — oo as x — &. Roughly speaking, these homoclinic orbits were obtained by
considering an approximate problem on a finite interval whose solutions are the critical
points of a functional. Under suitable assumptions on the potential V, critical points of this
functional can be obtained by a minimax argument, and they, as well as their minimax values,
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can be estimated uniformly in the length of the finite interval. This finally allows to construct
a sequence converging weakly to a homoclinic orbit of (1). More precisely, his theorem reads
as follows.

Theorem 1.1 Assume that

(Vo) V: RV\{&} = R, where € e RN\{0}, is a C2-smooth potential such that

lim V(x) = —o0,
x—£&

(V) forall x € RVN\{0}, V(x) <0and V(x) =0 iffx =0,
(V;) there is a negative constant Vy such that

limsup V(x) < V,

|x|—o00

(Va) there is a constant § € (0, 3|&) such that V (x) + (V' (x), x) < 0 forall x € Bs(0),
where Bs(0) = {x € RY; |x| < 8},

(V.) there are a neighbourhood N° C RN of the singular point & and a function U €
CYN\{€}, R) such that |U (x)| — oo as x — &, and for all x € N\{&},

IVU@)? < =V (x).
Then (1) possessess at least one (nontrivial) solution such that
u(),u() —> 0 as t — Foo.

In this work we will be concerned with the more general problem of existence of solutions
for the nonautonomous Lagrangian systems

L (VD)) + ViVt u(t)) =0,
. . . (LS)
lim u(t) = lim u(t) =0,
t—+o0 t—+o0

where t € R, ®: RV — [0, 00) is a G-function in the sense of Trudinger, and V: R x
(RM\{£}) — R is a C2-smooth potential which is I-periodic in ¢ and has as in Tanaka’s
Theorem 1.1 a well of infinite depth at a point £ € RV \{0} and a strict global maximum 0 at
the origin. Moreover, we extend several preliminary results in [17] to the case N > 3, which
is of independent interest.

Let us first introduce the notation that is needed to state our main theorem. We assume
that the C'-function ®: RY — R satisfies the following conditions:

(G1) ©(0) =0,

(G2) @ is coercive, i.e. lim|x|- o0 %T) = 00,

(G3) disconvex,ie. ®(ax + (1 —a)y) <ad(x)+ (1 —a)d(y) foreacha € [0, 1] and
allx,y € RN,

(G4) @ is symmetric, i.e. (x) = &(—x) forall x € RV,

(G5) V& € CHRN\{0}, RM).

Note that every ® that satisfies (G1)—(G5) is a G-function in the sense of Trudinger (compare
[29]), and moreover ®(x) > 0 for all x € RV.
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The Fenchel transform ®*: RY — R of ® is defined by

Q*(y) = sup ((x,y) — ®(x)), (@)

xeRN

where (-, -): RY x RY — R is the standard inner product in RV (cf. [21,27]). Tt is well-
known that ®* is continuous and satisfies (G1)—(G4) (cf. [20]), as well as ®** = @ (cf.

(3D.
Throughout the paper we assume that ® and ®* are globally Aj-regular [19], i.e. there is
a constant L > 0 such that for each x € RV

®(2x) < Ld(x) < %eb(Lx). (A2)

Applying the Mean Value Theorem to the convex function ®, we obtain the inequality
Px) = P(x —y) = (VO(x),y) =< Px +y) — P(x), 3

which is satisfied for every x and y in RY. Setting y = x and using the (A) property, this
yields

(VO (x), x) < ®(2x) < Ld(x), xRV, “4)

If a convex map is C', then its Fenchel transform is just the classical Legendre transform
[21, §2]. Consequently,

(VO(x),x) = ®(x) + P (VO(x)), xeRY,
and we obtain from (4)
(VO (x)) = (VO(x),x) — P(x) < (VO(x),x) < LDP(x), x¢€ RV, (®)]

We next want to derive from @ a function ¢ that is needed in the assumptions on the
potential V in our main theorem. Consider the function ¢: R — R defined by

¢(r) = min{®(x): |x| =r}

and ¢ (—r) = ¢(r), where | - |: RN — [0, 0o) is the standard norm. Let us recall that the
epigraph of a function f: RY — R is the set

epi (f) = {(x.0) eRY xR : f(x) <1}
(cf. [21]). As in [17], we define the supporting function ¢: R — R for ® by the formula
¢ = conv (¢),
which means that epi ¢ = conv (epi ¢). Obviously,
®(x) = p(lx|) for x € RY, ©)
and one can easily check that

e ¢ is continuous and satisfies (G1)—-(G4);
e ¢ satisfies the (A)-condition, i.e. ¢ and ¢* are globally Aj-regular, where ¢* is defined
as in (2).

Finally, let us consider the potential V in (LS), for which we will assume that
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(V1) V: Rx (RV\{£}) — R, where & € R¥\{0}, is a C2-function which is 1-periodic in
t € R and such that

lim V(t,x) = —o0
x—&

uniformly in the time variable ¢,
(Vo) forallr € R, x € RV\{0}, V(¢,x) < V(t,0) = 0and V" (¢, 0) is negative definite,
(V3) there is a negative constant Vy such that for all € R,

limsup V (¢, x) < W,

|x|—o00

(V4) there are a neighbourhood V' C R¥ of the point & and a function U € C'(M\{£}, R)
such that |U (x)| — oo asx — &, and forall x € M\{¢} and ¢ € R,

P* (VU < =V (2, x).
Let us note that it follows from (V7) and (V;) that

(V,) there is a constant § € (0, 5£]) such that V (¢, Ax) > AV (t,x) forallt e R,0 < 1 < |
and x € Bs(0).

We are now ready to state the announced strengthening of Theorem 1.1.

Theorem 1.2 Let ®: RV — [0, 00) satisfy (G1)—-(G5) and (Aj), and assume that the
potential V: Rx (RN \{&}) — Rsatisfies (V1)—(Va4). Then there exists at least one nontrivial
homoclinic solution of the problem (LS) that begins and ends at 0.

Let us emphasize that we mean by solution an absolutely continuous function in
L2(R, RY) that satisfies (L S) weakly and such that the function as well as its first derivative
converge to 0 as + — =oo. Thus the reader might be tempted to believe that our result is
weaker than Tanaka’s Theorem 1.1. This, however, is not the case as the regularity of the
obtained solution in Theorem 1.2 improves if ® satisfies common additional assumptions.
If we require in (G3) that ® is not only convex but strictly convex, then the solution has a
classical first derivative. Moreover, in the latter case we even obtain a classical solution of
(LS) if ®* € C*(RN, R). We shall explain these facts in our final remarks in Sect. 4.

There are various important examples of functions ® which satisfy (G1)-(G5). Firstly, if
we substitute ®(x) = %|x|2, x € RV into (LS), then we get (1). Moreover, we obtain the
p-Laplacian for ®(x) = %|xlp, x € RV, p>1,as

d . d , . 9.
- (Veum) = — (la ()P ~2u(0)) .

Note that it follows from the above comments that we obtain from Theorem 1.2 classical
solutions in these cases as long as 1 < p < 2. Finally, for ®(x) = x(|x|), where x: R - R
is a so-called N-function (i.e. a G-function of one variable which satisfies additional growth
conditions, cf. [4]), we obtain a x-Laplacian.

If we compare our assumptions on the potential V in Theorem 1.2 to those in Theorem 1.1,
we firstly see that (V) and (V,) are special cases of (V1) and (V3). Moreover, in case that
d(x) = %|x|2, x € RV ie. if (1) is just (LS) with an autonomous potential, it is readily
seen that (V,) follows from (V4). Note that (V,) was introduced by Gordon [12] and in the
literature it is known as the strong force condition or Gordon’s condition. Finally, Tanaka
states in [28] that (V}) is a kind of concavity condition near 0. We have instead (V,), which
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follows from our assumptions (V1) and (V;). Note that (V) is slightly more restrictive than
(V) as Tanaka allows an inconclusive second derivative test at the strict global maximum O.

In the last three decades, a lot of progress has been made in the use of variational methods
for investigating homoclinic solutions for Lagrangian systems. Some basic material on vari-
ational methods can be found, e.g., in [2,9-11,15,21,22]. As homoclinics are global in time,
global methods seem to be the natural approach to study their existence. Both minimization
and minimax arguments have been used to obtain them (see [5,7,8,14,16,18,23]).

The variational formulation for Lagrangian systems usually leads to action functionals.
However, even though there may be a natural class of curves or functions as domain of the
functional, there is not always a canonical choice of an associated norm or metric. Conse-
quently, it is often challenging to find a good setting in which to formulate the variational
problem. To study homoclinic solutions of the problem (L.S), a technical framework will be
introduced in Sect. 2 to treat the action functional in an appropriate Orlicz—Sobolev space.
Section 3 contains the proof of our main result. Let us emphasize that the idea of the proof of
Theorem 1.2 differs from [28] as we do not obtain the homoclinic solution as limit of periodic
solutions on a finite time interval. Instead we find a candidate for a solution as weak limit of
a minimizing sequence and show directly that it is a critical point of the action functional. In
Sect. 4 we make final remarks on possible generalisations and future research.

2 Preliminaries

Section 2 introduces an appropriate Orlicz—Sobolev space setting and presents some prelim-
inary results about an action functional. The Lemmas 2.4 and 2.5 are similar to Lemmas 2.3
and 2.7 of [17] for the case N = 2. For the convenience of the reader we include their proofs,
thus making our work self-contained.

In what follows, we assume that ®: RN — [0, co) satisfies (G1)—(G5) and (A»).
We define for an open interval Q2 C R

Lo () = {u: Q—>RY: uis Lebesgue measurable and / O(u(t))dt < o0 } ,
Q

which is a Banach space with respect to the Luxemburg norm (cf. [29])

||u||<1>:inf{v>0: /¢<@)dt§1}, (7
Q

Since ® is Ap-regular, L (€2) is separable and reflexive (cf. Rem. 8.22 and Thm. 8.20 in
[4D.

Sety =g@o|-|,ie ¥(x) = @(|x|) for each x € RV It follows from (6) that the space
L (£2) is continuously embedded in Ly (£2) (cf. Thm. 8.12 in [4]),

ch(Q) C Lw(Q).

Note that ||u|ly = ||lulll, and let us recall that Holder’s inequality (cf. [3], Par. 8.11) states
that

[ wvtdn <2y toly, we Ly@. ve Ly, ®)
Q
Moreover, it is readily seen that
Mullly <1 +/ e(u®)))dt, ue Ly (). )
Q
@ Springer
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For simplicity of notation, we abbreviate L¢ (R) by L. Moreover, even though (7) depends
on the domain 2, we write || - || for the norms of L (€2) for different intervals Q C R. The
domain 2 will always be clear from the context. In what follows, we will use without further
reference that on Q = (a, b)

_ #y—1 1 -
e = (5]

which follows directly from the definition.
Let L2(R, RY) be the standard Lebesgue space of square integrable functions and let E
denote the (mixed) Orlicz—Sobolev space

E= {u e LR, RY): it € Lo(R, RN)},
where u is the weak derivative of u, with the norm
> = Nuell3 + il

We note for later reference that E is a separable reflexive Banach space (see [26]).
As usual L (R, RY) denotes the space of Lebesgue measurable essentially bounded
functions from R into RY with the norm

llulloo = ess sup [u(?)]

and C(R, RV) is the space of continuous functions.
Let us note that if u € E, then u is locally absolutely continuous.

Proposition 2.1 The inclusion map E — LR, RY) N C(R, RY) is continuous, i.e. there
is a constant Co > 0 such that for allu € E

max [u(t)] = |[ullooc < Collull.
teR

12
/ u(s)ds

t
/zk(s)ds)dt
i l+% t 2 %
= / /ﬂ(s)ds) d‘c:|
— T
t+% t 2 %
/1 (Iu(r)l2+ / i(s)ds )dt:|
= T
t+5 t 2 %
/1 (Iu(r)|2+</ |L't(s)|ds> )dti|
= T
43 t+1 2
2/1 |M(t)|2-i-</1 |L't(s)|ds> dt
- —1

2

Proof Since

lu(@®)] < |u(0)] +

the claimed inequality follows from

t+31
()| s/ : <|u<r>| 4
t_

1
2

(IM(T)I +

IA
)

IA
)

IA
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1
1

t+31 5 I
/1 lu(T)“dT 42 (20|l 112t ll)
=3

1 1
< [20ul3 + 8ISl ]> < (2+ 811115+)? Hlull,

where we have used (8) for functions restricted to Q = [t — %, t+ %]. Note that here || - ||,
denotes the norm of L, (£2), but Co := (2 + 8|1 IIé*)% is independent of ¢ as ||1]|,+ only
depends on the length of the interval . O

The following proposition shows that functions in £ have the right limiting behaviour for
studying homoclinics.

Proposition 2.2 Ifu € E, then lim u(t) =0.
t—+o0

Proof As in the proof of Proposition 2.1, we obtain

1
1 1

t+§ l‘+7 272
()] <2 / |u(r)|2dr+<fl |u<s>|ds> .
- -1

1
2 2

Since u € Lz(R, RN), one has

t—+o0

t+§
lim /1 lu(z)|>dt = 0.
=3

Furthermore, if it € Lo then |it| € L, and so fR @(Ju]) < oo. Consequently, as ¢ is convex,
we obtain by Jensen’s inequality [26, Prop. I11.5]

t+3 43
lim ¢ /t lie(s)lds St—lglinoo/t_; e(lu(s)Dds =0,

-2

which finally implies that
+3
lim 1 lu(s)|ds = 0.

t—+o0 =1
O

The following proposition once again considers the embedding of £ into L® (R, RY).
Proposition 2.3 Every weakly convergent sequence in E contains a subsequence converging
in L° (R, RM).

Proof Let {uy}ren converge weakly to ug in E. By Proposition 2.1, {ux}ren also converges
to ug weakly in L® (R, RY). Moreover, |jux|| < M for some M > 0 and every k € N.
Letnowa <s <t < b forsome a < b. Then

t t
/ i (27| < / i (0)]de

< 2|[Hlgg Motk lllpq < 21Hlgg llukl

-1
<2M <(<p*)’1 (i» ,
t—s

and thus {ug }ren 1s a sequence of equicontinuous functions.

lug (1) — up(s)| =
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By the Arzela—Ascoli Theorem, {uy }ren contains a subsequence converging to some i in
C([a, b], RN). It follows from the uniqueness of the weak limit that i = u(, which completes
the proof. O

In what follows, let ®: RN — Rand V: R x (RV\{£}) — R satisfy the assumptions
of Theorem 1.2.
We define foru € E

I(u) = / (DG(t)) — V(t,u(t)))dr. (10)
Let
a. =inf{—=V(t,x): x ¢ B:(0)}, (11)

where 0 < ¢ < %|§-‘| and B¢ (0) is the ball of radius € centered at the origin. Note that ¢, > 0
by (V1) — (V).

Proposition 2.4 Ifu € E and u(t) ¢ B.(0) fort € [a, b], then there is C; > 0 such that

(I(u) + 1)? = C; - length (u)jq,p7) > Celu(b) — u(a)|. (12)

Proof As the second inequality clearly follows from

b
/ u(t)dt

we only need to prove the first one. We note at first that by (8)

b
lu(d) —u(a)| = = / lie(1)|dt = length (uj(a,p)),

b
length (u|[4.6) = / la()lde < 2[lalllgIT]lp=-
a
Hence, if we set § = length (u(4,5)) and T = b — a, then
1 1 1
e = =81 ==8- ()7 (= ).
el = > I, 2 (™) (T>

As @ is nonnegative, we obtain from (9)
b b b
I(u) z/ (Du(t)) — V(t,u(t)))dt:/ dJ(zl(t))dt—i—/ —V(t,u(t))dt
b
> [ otionds + ace = il -1+ oot
1 ] (1)
> =5 (¢") — ) =14 agt. (13)
2 T
Thus

(@M 7K) + e,

1w +12 259 (1) +aer = 22
u —_— . —_— a — —
=200 - T =0Tk

where the natural number £ satisfies Tk > 1 and the last inequality follows from the fact that
(¢*)~! is concave. We now choose the smallest k with the property Tk > 1. In particular, we

set k = 1 if T > 1. In the latter case,

16
f@o=5-" @' ) + et
T

@ Springer


http://mostwiedzy.pl

Downloaded from mostwiedzy.pl

AN\ MOST

Homoclinics for singular strong force Lagrangian systems in... Page9of18 73
has its minimum at the point
1
(5 : (<p*)1(1))2
Tmin = | — ,
20,
which is equal to fuyin = (28a5(¢*)_1(1))%. If t < 1 then
16 sy —1 1 sy —1 1 Hy—1
- . o Z5 - 1.
2Tk (@) (k) + et > 45 (") (k) +aeT = 45 (" (D)
Now the claim follows by setting
1
Ce = min {2%@*)*(1), Z((ﬂ*)’l(l)} :
O
In the next proposition, we make use of the Gordon type condition (Vy).
Proposition 2.5 If [a, b] is an interval such that u([a, b]) C N\{&} then
U @) — U @@)| <20 w) + 1) (14)
Proof We first note that by (8),
ba
Vo) < W@+ | [ S uao
a
b
< |U(u(a)|+ f (VU u()), u(t)) dt
a
b
< U (u(a)) +/ VU (u()la(r)|dt
a
< U @(@)| +21IVU @)l Izt ll -
Since by (Va),
b b
VU @)+ < 1+f P*(IVU (u()hdt < 1+/ =V, u())dt,
a a
it is now readily seen from (6) and (9) that
\Uub))| < |Uu@))| + 2(I ) + 1).
O

Itis clear from (14) that u(¢) # & fort € R provided that /(1) < oo (cf. [23], Eq. (2.21)).

In fact, we obtain the following corollary.

Corollary 2.6 (cf. [16]) If the action functional I is bounded on a certain set W C E, say
1(W) C [0, B], then there is p > 0 depending on B such that for everyu € W andt € R

one has |lu(t) — &| > p.

Our next aim is to show that preimages of bounded sets under / are bounded, which is

crucial for our proof of Theorem 1.2.

Proposition 2.7 For every 8 > 0 the set 1~1([0, B1) is bounded in E.
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Proof If I (1) < B, then

f O (u(t))dt < B and / —V(t,u(t))dt < B.
R R

Hence, in particular ||it]|¢ < S + 1, and it remains to find a bound for ||u||;. By (V) and
(V») there is y > 0 such that

—V"(t,0)(v, v) = 2y ol
fort € Rand v € R¥. Since V" is continuous there exists 8§ > 0 such that
—V(t,v) = ylvf?
whenever |v| < §andt € R. Set
Ps={t eR: |u(t)| >6} and Qs ={r € R: |u()| <$6}.

From the inequality
/33/ —V(t,u(t))dt—i—/ —V(t,u(t))dt
Ps Qs

> g - ju(Ps) + y/ lu(r)|*dt,

Os
we conclude that

w(ps) < £ and / e < 2.
as Y

QOs

Here o is defined by (11) and p denotes the Lebesgue measure. By Proposition 2.4
(I) +1)* = C5Qllulloo — 29),
and thus

2 2
(I +1D +8§(ﬂ+1) s

<
Il < =5 2,

Hence we finally obtain

2
||u||%=f |u(r>|2dt=/ |u<r>|2dt+f () 2di < (MH) B LB
R Ps 05 2C;

os Y

We now consider the open set
A:peE:mmcRﬁ@ﬂca

and note that u € A iff I (1) < oo by Corollary 2.6.
We claim that the restricted functional /: A — R is continuously differentiable. We
begin with some auxiliary results.

Lemma 2.8 Let {u,};>, C Lo andu € Lo. Suppose that u, — u a.e. and fR S (uy)dt —
Jg ©(w)dt. Then u, — uin Lg.
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Proof Since @ is convex and symmetric, one has

> 0.

uy(t) — Lt(t))

1
5 (@n () + Qu®)) — @ ( 5

By our assumptions, the right hand side of the above inequality converges to ®(u) a.e.
Applying Fatou’s Lemma we obtain,

o 1 un (1) — u(r)
/ @ (u(r))dt < lim mf/ |:§(d)(un(t)) + Q@) - (7)] dt
R n—o00 R

2
i 1 imi up(t) — u(t)
= lim *(CD(Mn(t)) + q)(u(t)))d[ + liminf _g (D) mul)y
n—oQo R 2 00 " 2
t) —ul(t
=/ D (u(t))dt —lim sup/ 1) <M) dt.
R n—oo JR 2
This implies that
/ ® (M) g0
R 2
and ||u, — ulle — O since ® satisfies A,-property. m]

Let us note that if u € Lg then V® (1) € Lo+, which is a consequence of the inequality

(5).

Lemma 29 Themap Ly > u — V®(u) € Lo+ is continuous.

Proof If a sequence {u,};° | converges to some u in Lg, then

/ D (u,(t) — u(t))dt — 0.
R

Furthermore, {u,};° | contains a subsequence converging to u a.e. on R. We keep denoting

this subsequence by {u,}52 ;. Consequently ®*(V®(u,)) — ®*(VP(u)) a.e. on R. By the
Aj-property and the convexity of @,

L L L? L?
O Quy,) = Qu + 2u, —2u) < 5@(2u) + §¢(2un —2u) < 7®(u) + 7<I>(u,, —u)

and therefore
L? L?
|P* (VP (un)) — P*(VO ()| < ®Q2uy) + P(2u) < (7 + L) Q) + 7d>(un —u)
< L(®u) + @ (uy — u)),
where L' = %2 + L. Applying Fatou’s Lemma to the sequence
L'(®@ ) + @y — u)) — |D*(VO(up)) — D" (VO (1)),

we obtain

/ L' ®u)dt
R

< liminf/ [L'(® @) + ®(un — 1) — | (VD (uy)) — O (VD (u))|] drt
R

n—o0
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lim / L'(®(u) + ®(uy — u))dt + lim inf/ — " (VD (up)) — ®* (VO (u))|dt
n—oo R n—oo R

= / L'®u)dt —limsup/ |D* (VD (uy,)) — (VP (n))|dt.
R R

n—o0
Consequently,
lim [ | D" (VO (u,)) — (VO (u))|dt = 0.
n—00 R
We finally get the assertion if we apply Lemma 2.8 to the sequence {V® (u,)}72 m}

Let us now denote
I(u) = / ®(u(t))dt and J(u) = / =V (t,u(t))dt,
R R
so that I (u) = Z(u) + J(u).
Proposition 2.10 Z € C'(E, R), and

Ty = fR VO (1) (1) (15)

Proof Obviously, if u € E, then Z(#) < oo. It is enough to show that Z has at every point
u € E a directional derivative Z'(u) € E* given by (15) and that the map Z': E — E*
is continuous. Since |(V®(x), y)| < ®(x + y) + ®(x) for every x, y € RY, which is a
consequence of (3), one has

/|Vd><u<r>+sx/'f(t>)t/>(t>|drs/d><a(o+<s+1)¢<r))dt
R R

+/ D) + s¥ (1))dt < oo.
R
Thus 7 has a directional derivative and

d
Ty = — T +sy)

= f VO (i (1))yr (1)dr.
R

s=0

It follows from Holder’s inequality (8) that

17wy = '/RVCD(it(t))lﬁ(t)dt <2VO@ g 1V llLe < CllII.

Now it is enough to show that if u,, — u in E, then Z'(u,) — Z’'(u) in E*. This is a
consequence of the estimate

7' )y =T Wy | = ‘/R(Vd>(ﬂn(t)) — V@)Y (dt
<2V (n () = VU g 1V (1) Loy = O,

which follows from Lemma 2.9 and Holder’s inequality. O

To obtain the differentiability of 7, we need to restrict the domain to the open subset A
of E. We skip the proof of the following proposition as it is a standard argument.
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Proposition 2.11 7 € C'(A, R), and
T )y =/ VV (i, u@)yt)dr. (16
R
We summarize for later reference the statements of the previous two propositions.

Corollary 2.12 The functional I : A — R is continuously differentiable.

Each function # € A describes a closed curve in R\ {£} that starts and ends at 0. We will
consider (A, wp) as a pointed space with the constant map wo = 0 as distinguished point.
Letk: (—1, 1) — R be the homeomorphism defined by the formula

k() =

t
N
Ifo € Athené: [—1,1] — RV \{£}

. {U(K(z‘)) if —1<t<1,
o(t) = .
0 if 1e{—1,1),

is a loop at the origin. Let us view the pointed (N — 1)-sphere (SV~!, %) as the quotient
space
7 SN2 =1 1] = SV x =1, 11/(SV T x (=1, 1} U () x [—1, 1])

where 7 is the corresponding quotient map. .
Given a continuous map h: (S¥72,%) — (A,wp) we define h: (S¥N71, %) —
(RV\{£}, {0}) to be

h(r(x, 1)) = h(x)(0).

This correspondence preserves homotopy classes and induces an isomorphism of homotopy
groups

H: Ty_o(A, wo) — My_1(RV\{£}, {0}).

Consequently, [Ty_2(A, wy) = l'IN_l(]RN\{“;‘}, {0}) = Z. Let T be an element of
My_2(A, wp). We will write 1 € T if h: (SN2, %) — (A, wp) represents the homotopy
class I'.

Define

c= inf max [I(h(x)), a7
hel'#0 xesN-2

which is a nonnegative number.

Definition 2.1 A sequence {u,};> | C E is called a Palais-Smale sequence at level ¢ ((PS),
for short) if

lim I(u,) =c and lim I'(u,) =0.
n—0o0 n—o0
The function 7 is said to satisfy (PS). if all (PS). sequences are compact.

It is a consequence of the General Minimax Principle (see Thm. 1.8 in [1]) that any
minimizing sequence for (17) is a (PS),. sequence.
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3 Proof of Theorem 1.2

Let {h,: (SN_Z, *) = (A,wp)} n =1,2,...be asequence of maps representing nonzero
elements of TIy_»(A, wp) and let I o h,: S¥~2 — R achieves its maximum at x,. Set
u, = hy(x,) and suppose that {u,}° | is a minimizing sequence for (17). We now show
Theorem 1.2 in five steps.
Step1c¢ > 0.

We can assume with no loss of generality that

c<I(u,) <c+1, neN. (18)

Since h, € T # 0, there are g, € h,(SY~2) and numbers v, as well as 6, > 1 such that
Gn(vy) = 6, - £. In particular,

lgnlloo > 1]

Moreover, there are o, i, and t, € [0, (t,] such that:

a. gp([on, unl) C RN\B% 0),

b. |gn(on)| = lgn(un)l = 31E1.
¢ |gn(@)l = lignlloo

As I(u,) > 1(gq,), we obtain from (13),
1 oot 1
C"‘ZZI(‘IH)"'IZE(S'(‘;O) ; + .t

with ¢ = %|f§| and § > |£|. Hence there are M > m > O suchthatm <t < M.
In particular, i, — 0, > m for each n € N. Consequently,

¢ =inf{l(u,); n € N} > inf{l(g,); n € N} > azm > 0.

Step 2 A minimizing sequence for (17) is bounded in E.

This is an immediate consequence of (18) and Proposition 2.7.
Step 3 {u,},2 | admits a nonzero weak limit Q € A.

Since E is reflexive, the sequence {u,} - | has a subsequence that converges weakly to
some Q € E. With no loss of generality we denote this subsequence by {u,,}° ;, and assume
by Proposition 2.3 that {u, }72 | converges strongly in L7 (R, RM).

It follows from Fatou’s Lemma that /(Q) < c¢. Thus Q € A by Corollary 2.6.

We now want to prove that Q # wq. Let h: (SV72,%) — (A, wp) be homotopically

nontrivial and let max(/ o h) < s - ¢ for some s > 1. Consider ig: (SV72, %) = (A, wp),

_ ey i R oo < 8,
h‘)(x)‘{h(f) it Al > 5. (19)

where § is the constant from (V,). Obviously, /¢ is homotopic to 4.
If h(x) = o and [|o ||o = ¢ then by (V)

I(ho(x)) = /oo <cI> (%d(z)) -V (t, %U(t))) dt < % -I(h(x)) < c.

Thus, I o ho achieves its maximum at some xo € SV=2 such that ||7g(x0)|lec > g. Let us
note that I (ho(x)) < I(h(x)) for every x € SN=2,
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Consequently, we can assume that the minimizing sequence {u,}3>  for (17), i.e. u, =

3 for every

hy(xp), I(hy(x,)) < s, -c, s, > 1andlim,_, o 5, = 1, satisfies ||, (x;)]lco0 > 5

n e N.

For a later step of the proof, let us slightly modify the sequence {u,}> ;. Letyx: A — A
denote the shift yxo () = o (t+k). Since the potential V is 1-periodic one has I (yxo) = I (o)
for k € Z. Every o € A can be shifted in such a way that its sup-norm is achieved on the
interval [0, 1]. Therefore, we can suppose that every element of the minimizing sequence
{1,152, has this property.

Since Q is the weak limit of {u,}32, in E, it is also the limit in L} (R, RY) and thus
1Qllse = 6.

Step4 1I'(Q) = 0.
It suffices to prove that for any v € C(‘)>o (R, RM),

o0
Q)] = / (VR(Q@))0(t) — VV,(t, Q)v(1)) dt =
—00

LetT > Obesuchthatsupp(v) C [—T, T]. Letusrecall from Step 3 that our (P §). sequence
{1,152 has the nonzero weak limit O € A. As the modulus function increases essentially
slower than ® near infinity, the sequence {ttn )52, converges to O strongly in Lloc (R, RM).
In particular, {i,}}? =) converges to O strongly in L'([—7, T],R") and thus contains a
subsequence converging to Q almost everywhere on [—7, T']. With no loss of generality we
keep denoting this subsequence by {un}52 . As VCD is continuous, the sequence {V® (ii,,) } ;2.
converges to VCD(Q) almost everywhere on [T, T]. By (5), it follows that

/ O (Vb (i (1))t < L / B (1))t < L [un) < L (c + 1),

where we have used (18) in the last inequality. Consequently, the sequence {V® (i1,,)},2 | is
bounded in L¢+, and so it contains a subsequence that converges weakly to some 1o € Lg+.
By [6, Thm. 2.3], the modulus function increases essentially slower than ®* near infinity,
and so we see that the latter sequence actually converges strongly to uq in LZOC(R, RM).
Thus it contains a subsequence converging to 1o almost everywhere on [—7, T']. As before,
we do not change the indices of our sequence for the sake of simplicity of notation. In
summary, the sequence {V®(i1,)}2 | converges to V<1>(Q) almost everywhere on [ T,T]
and it also converges to ug almost everywhere on [—7, T]. Consequently, Vd>(Q) = up
almost everywhere on [T, T]. As ug is the weak limit of {Vdi'(un)}n:1 in L+, we obtain

T
/v(t)VCD(un(t))dtm) i)(t)uo(t)dt:/ D(Huo(t) dt
R R -T

T
=/ ﬁ(t)Vd>(Q(t))dt=/ﬁ(t)VCI>(Q(t))dt, (20)
-T

where we have used that supp(v) C supp(v) C [T, T]. Moreover, as {u, },> | converges to
Q strongly in LY (R, R™) (see beginning of Step 3), we have

/v(t)VVu(t,u,,(t))dt
R
T N T
:/ v(t)VVu(t,un(t))dtu)/ V() VV,(t, Q1)) dt
-T —-T

:/ v()VV,u(t, Q1) dt. 2D
R
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Finally, we obtain from (20) and (21)

'(Q)[v]

/R(WD(Q'(t))ﬁ(t) — VVu(t, Q)v (1)) dt

= lim | (VO (t)0({) — VVu(t, un(t))v(t)) dt
R

n—oo

= lim I'(uy)[v] =0,
n—oo

where we have used in the last equality that {u,,};2 ; is a (PS). sequence.

Step5 Q(t) —> 0,1 — £o0.

In this final step of our proof we show that Q is homoclinic to 0, i.e. O(t) - 0ast — Foo.
Note that we have already shown that Q(t) — 0 ast — Foo since Q € A by Step 3. To see
that the derivatives have the right limiting behaviour as well, we set for t € R

x(1) := VO(Q(1)).

Note that x is continuously differentiable, as its weak derivative is the continuous map
=V V(t, Q(1)), and

xX() = %(VQ(Q'(t))) =-V, Vi, Q@) -0, t— too. (22)

In what follows we only consider the case t — 00 as the necessary modifications for the
other limit are obvious. Let ¢ > 0 be given and let §; > 0 be such that if ®*(v) < §; for
v € RV then |v| < ¢. Let us note that the existence of §; follows from the convexity of ®*
and is a simple exercise in analysis. By (22), there is R; > 0 such that

[X(t)| <e, t=>Ry. (23)
Asx = V@(Q) € Lo+ (see Step 4),

/ ®*(x (1)) dt < 00
R

and so there is Ry > 0 such that

+00
/ O*(x(1)) dt < 81. 24
R

2

We now set R := max{R;, R,} and lett > R. For R > R such that ¢ € [R, R + 1] we have
by (24)

R+1
/; D*(x(s))ds < 8.
R

Consequently, by the Mean Value Theorem there is some 7y € [R, R + 1] such that
D*(x(tp)) < 81 and so |x(fg)| < & by our choice of §;. We obtain from (23)

t R+1
/ x(s)ds| < / [x(s)|ds < e
0] 3

[x(®)] < |x(t)| + & < 2e.

lx() — x(10)] =

and so
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In summary, we have shown that for every ¢ > 0 there is some R > 0 such that. lx(t)] < 2e¢
for + > R. Consequently, x(t) — 0 as t — +oo, which in turn implies that Q(t) — 0 as
t — oo since 0 is the only critical point of ® and limy_, , [V®(x)| = 0.

4 Final remarks

The Gordon type condition (V4) in Theorem 1.2 excludes gravitational potentials. Unfor-
tunately, it is crucial for our argument as it gives a sufficient condition for the existence of
nontrivial homotopy groups of the loop space A C E. Analogously to the winding number
considered by Rabinowitz for N = 2 (see e.g. [23]), elements of nontrivial homotopy groups
are essential for defining minimax values of the action integral / for N > 3.Itis an interesting
open problem if other methods might yield Theorem 1.2 under a weaker assumption than
(V4) to include gravitational potentials.

A further interesting problem related to our work is the existence of multibump solu-
tions for (LS). These are solutions near sums of sufficiently separated translates of a basic
homoclinic solution, which exists for (L S) by our Theorem 1.2. The only results for singular
Hamiltonians we are aware of concern the case N = 2 (see [24,25] and references therein).
It is an interesting question whether a similar approach also works in higher dimensions and
Orlicz-Sobolev spaces, which we shall address in a future publication.

We conclude our work by explaining the regularity of solutions of (LS) in case that  is
strictly convex. Let us first recall that the map x(¢) = VCD(Q(t)) in Step 5 is continuously
differentiable. It follows from Corollary 4.1.3 and the formula (0.2) in Section E of [13] that, if
® is strictly convex, then V&: RN — R is invertible and its inverse map (V®)~! = Vd*
is continuous. Thus Q(t) = V®*(x(r)) is continuous and so our solution Q is continuously
differentiable. Moreover, if in addition V&* is C, then Q is a composition of C!' maps and
consequently Q is C?, i.e., a classical solution. Finally, let us point out that these additional

assumptions are in particular satisfied for ®(x) = %, 1 < p <2, as in this case ®*(x) =
x17 1,1 _ >
7 forp+q_1,sothatq_2.
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