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In this work, we study second-order Hamiltonian systems under small perturbations.
‘We assume that the main term of the system has a mountain pass structure, but do not
suppose any condition on the perturbation. We prove the existence of a periodic solution.
Moreover, we show that periodic solutions of perturbed systems converge to periodic
solutions of the unperturbed systems if the perturbation tends to zero. The assumption
on the potential that guarantees the mountain pass geometry of the corresponding action
functional is of independent interest as it is more general than those by Rabinowitz
[Homoclinic orbits for a class of Hamiltonian systems, Proc. R. Soc. Edinburgh A 114
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1. Introduction

In [7], Kajikiya studied semilinear elliptic equations with a small perturbation

{Au = f(z,u) + Ag(z,u) in Q,
(ESy)
u=0 on 0%,
where Q is a bounded domain in R"™ with a smooth boundary 9Q2, n > 1, f(x,u)
and g(z,u) are continuous on  x [0,00) and || is sufficiently small. He imposed
conditions on f(z,u) such that the system (ES,)) has a mountain pass structure for
A = 0, and therefore it has a positive solution. He proved the existence of positive
solutions of (ES,) for sufficiently small |\| without any assumptions on g(z,u).
In this work, we will be concerned with the problem of existence of periodic
solutions for a class of perturbed Hamiltonian systems in R",

{ﬁ(t) + Vi(t,u(t)) + AGy(t,u(t)) =0, in [0,T],

. . (HS))
u(0) = uw(T), @(0)=u(T),

where V: R x R® — R and G: R x R® — R are C'-smooth, T-periodic with
respect to the time variable, and A is a small real parameter. The requirement
on V is that (HS,) possesses a mountain pass structure for A = 0, and hence
it has a nontrivial T-periodic solution. The most typical potentials are V(t,xz) =
~Y(L(t)z, ) + W(t,z) or V(t,2) = —K(t,x) + W(t,x), where L: R — R™ is
a continuous T-periodic positive definite symmetric matrix-valued function and
K,W:R xR" — R are C'*-smooth potentials T-periodic in ¢ such that K satisfies
the so-called pinching condition:

e there are by, by > 0 such that for all t € R and x € R™,
bilz|? < K(t,z) < bolz|* and K(t,z) < (K,(t,x),z) < 2K(t,x),

max{W(t,x): t € [0,T],|z] = 1} < b and W satisfies the well-known
superquadratic growth condition by Ambrosetti and Rabinowitz:

e there is p > 2 such that for all £ € R and = # 0,
0 < )W (t,x) < (Walt, 2), 2).

The potential V (¢, ) = —1(L(t)z, z) + W(t, ) was studied by Rabinowitz [I3] and
V(t,x) = =K (t,z) + W(t,z) was studied by the authors [G].

The first aim of this paper is to prove the existence of a nontrivial T-periodic
solution of (HS,) for sufficiently small A and without any conditions on G. Second,
we show that these periodic solutions of the perturbed systems (HS,) go to a
periodic orbit of the unperturbed system (H.Sp) as A tends to 0.

Set

M = max V(t,x)

te[0,T]
|z|=1
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and
m = max min V(¢,z).
|z|=1t€[0,T]

We will make the following assumptions about V:
(V1) V(t,0) =0 for all ¢t € [0,T].
(V2) There exist a positive constant « and a negative constant 3 such that a+205 >

0, —(a+28)"t<m<M< (a+26)"! and

aV(t,x) + B(Vu(t,x),z) < —|z[* fort€[0,T], R

Our theorem reads as follows.

Theorem 1.1. Let V: R x R® — R and G: R x R® — R be C-smooth and T-
periodic with respect to the time variable. Under Assumptions (V1) — (V2), the
following assertions hold.

(i) There exists Ao > 0 such that for all |\ < Xo, (HSA) has a T-periodic solu-
tion uy.

(ii) For any sequence A\, — 0 as m — oo, there exists a subsequence uy,, converging
to ug in W2 (R, R™), where ug is a T-periodic solution of (HSp).

The important point to note here is Assumption (V2). This simple condition
is essential for the proof as it guarantees that the action functional associated to
(HSp) has a mountain pass geometry and satisfies the compactness condition of
Palais and Smale. Let us note that (V2) is more general than the assumptions in
[0, I3] provided that by — by is sufficiently small. Indeed, for V = —K + W let

y 1
iy T T

Then we get

Ktz | (Ku(t,z),)
(1 —2)by (1= 2)by
pW(t,z) (Wt ), x)
(H=2)b1  (p—2)b

@—pWK(tx) _ Kt

on(t, .CE) + ﬂ(vu (tv .CE), .CE) =

= — < —|z|?.
(- 2)bn oo =l
Moreover, it is seen at once that
+ 20 ! d M<b L
= — a = .
@ b, T o123
If additionally
by — b1 < max min W(t,z),
|z|=1t€[0,T
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then

m + =m-+by >—b;+b =0.

a+20

Similar considerations apply to V(t,z) = —i(L(t)z,z) + W(t,x) as the term

2(L(t)z, z) causes no problem. Indeed, it is enough to take K (t,z) = —(L(t)z,z)
and repeat the above argument.
An easy example of V satisfying our assumptions is V(z) = ax? + ba3, x € R,

a < 0and 0 < |b] < —2a. We choose 3 =1/a and o = =30 so that
aV(z) + B(VV(z),z) = (aa + 2Ba)z? + (ab + 36b)a® = —2?.

In the late 1970s, Rabinowitz initiated the use of the minimax approach in the
study of periodic solutions of Hamiltonian systems. In the last four decades, a lot of
progress has been made in the use of variational methods for investigating periodic
orbits for Hamiltonian systems. Both minimization and minimax arguments have
been used to obtain them. Some basic material can be found, e.g., in [2| [0 12| [T4].
Periodic solutions for perturbed Hamiltonian systems have been studied in [T} [4} [5]
8 10,

The variational formulation for Lagrangian systems usually leads to action func-
tionals. To study periodic solutions of the problem (HS})), a technical framework
will be introduced at the beginning of Sec. 2] to treat the action functional in an
appropriate Sobolev space.

The idea of the proof of Theorem [[LT]is vaguely similar to [7] in the sense that
we show that for A sufficiently small the perturbed system (HS,) has a mountain
pass structure. However, as mentioned before, Kajikiya studied semilinear elliptic
equations. We study Hamiltonian systems and this requires serious modification of
every single argument of Kajikiya’s work [7].

2. Proof of Theorem [1.1]

In this section, we shall prove Theorem [Tl The proof will be divided into a sequence
of lemmas. From now on we assume (V1) — (VV2). We emphasize that our theorem
does not need any assumptions on G.

Let W%’2 be the Sobolev space of functions u € L?(0,T;R") having a weak
derivative @ € L?(0,T;R"). Let us recall that, if u € W%’Q,

u(t) = /0 Ci(s)ds + ¢

and u(0) = u(T). The norm over W,'? is defined by

[Jull = (/0 (Ju(t))® + |u(t)|2)dt>
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Let us recall that

T 3
lull e = ( / |u<t>|2dt>

= ma t)|.
lelloo = mace (o)

and

Proposition 2.1 (see [9, Proposition 1.1]). There exists Cy > 0 such that, if
u € WI{’Q, then

[ulloo < Collul|- (1)
For (HS,]) with A = 0 we define the Lagrangian functional I : Wr}’2 — R by

no(w) = | ' (31a0P - vie.uwy) .

Lemma 2.2. [ satisfies the Palais—Smale condition.

Proof. Let {uj}ren C W,° be a sequence such that {Io(us)}ren is bounded and
Ih(ug) — 0 in W* := L(W,% R) as k — oo. Hence there is C' > 0 such that

Io(ui)| < C and [ y(u) - < C,

for each k € N. An easy computation shows that

%WWZA(@@W@%%%@MWW@WM
which gives

alo(ug) + BI5 (g )ug
T

T
= (5+8) [ tinPa— [ @Vt ) + AVt (0) ue(e)
> min{ (5 +8) 1} ul?,
by (V2). Consequently, for each k € N, we have
min { (5 +8) 1} luel® < aC + [BC

which implies {uy, } ren is bounded in the Sobolev space Wr}’2. Then there is a weakly
convergent subsequence of {uy}ren. Using the standard method (see the proof of
[6, Lemma 2.4, p. 7], we can prove that this convergence is strong. O
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Lemma 2.3. Iy has a mountain pass geometry, i.e. there exist constants a,p > 0
and uy € W* such that Io(ui) < 0, ||lu1] > o and

Ip(u) > a when ||lu|| = o.

Proof. Set v = «a+ 2. By (V2), v > 0. First we prove that for all € € (0,1) and
for all 0 < |z] < ¢,

Vita) <V (65 ) e 5 - S pap,
|| v

where ¢(¢) is a decreasing function, ¢(¢) > 0 and ¢(¢) — 1 as € — 0.
Fix z € R". Let g: (0,00) — R be given by
g(r) = (W (t,r7@) + [rPaP)re.

Differentiating g we obtain

g (r) = y(aV(t,rPz) + B(Vi(t, rPx), rPz) + [rPx|?).
By (V2) it follows that g is nonincreasing. For |z| < 1 we have g(1) < g(|x|7%),
and hence
X _a 1 _a_9 2
Vit,e) <V It,— ||x|7 7 —=(1—|z|" 5 x|~
o)<V (65 ) kel F - 2=l 3
Define

c(e) = (1-e"77%),

for € € (0,1). It is obvious that ¢(g) is a desired function.
Fix £ € (0,1). Then for ||ullcc < & we get

1. c(g) T u(t) _a
() = ghil + Sl - [ (1 50 ol ar

1. c(e)
> Sl + 2=l - a1l
1
> min (—, o) M) Jull®.
2"y

Choose p > 0 such that CEy—Q) — M >0and p < Ciov where Cy is given by (). We
thus get

1
Ip(u) > min (5, ||u||2

0y
Y
for all ||u|| < o. In this way, we obtain
1
a := min (—, @ — M) 0%
2y
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The task is now to find uq. For |z| > 1 we have g(|x|7%) < ¢(1), which implies

(23 1 (e
v (t, —‘ﬂ) o~ = =(1 = [2| 75 2)ef? < V(t, ).
Y

|x
Consider ug(t) = wzosin®Zt, where zyp € S™7! is a point such that m =
min{V (¢, z9): t € [0, T]}. Fix £ > 0. Set

A={tel0,T]: [Cuo(t)] <1}
and

B={te[0,T]: |cuo(t) > 1}.

By assumption, there is C' > 0 such that [V (¢,2)] < C for all |x| <1 and ¢t € R. It
follows that

To(€uo) < il + > Iguold ~ [ Vit guolt)at +

- [ (v + 2 ) lewntol P

11
< max (—, —> §2||uo||2 +TC +
2y

T
- (m-i—%) 5*%/0 luo ()|~ % dt + (m—l—%) T.

From this we see that there is £ > 0 large enough such that ||€ug|| > ¢ and Io(€ug) <
0. We set u; = &ug, which completes the proof. O
Define
I = {g € C([0,1],W?): 9(0) = 0,9(1) = w},
where u; € Wr}’2 is given in Lemma 23] and let

— inf .
co = inf max Io(g(t))

Lemma 2.4. c¢q is a critical value of I.

This follows by Mountain Pass lemma (see [3, [9] [I1]). This lemma has been
widely applied and generalized (see [I1] for a clear survey and references).
An immediate consequence of Lemma is the following.

Lemma 2.5. There exists a constant K > 0 such that if u € W:,{’Z s a critical
point of Iy corresponding to the critical value ¢y then ||u|| < K.

By Lemma 23] we have K > 0 such that
Jul| < K,
for any critical point of Iy corresponding to the critical value ¢y. Let us choose

a smooth function h: R™ — R satisfying the following conditions: h(xz) = 1 for
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|z| <2KCy, h(x) = 0for |z] > 4KCyand 0 < h(x) < 1 for z € R™. We will consider
the behavior of the family of functionals I defined as follows. For u € W%’z,

T
In(u) = /0 <%|u(t)|2 —V(t,u(t)) — )\h(u(t))G(t,u(t))) dt.

Critical points of a functional I are solutions of
i(t) + Vu(t, u(t)) + M(u(t))Gu(t, u(t))
+ AVh(u(t))G(t,u(t)) =0, in[0,T] (AHS))
w(0) = u(T), u(0)=u(T).

Let us outline the proof of Theorem[[.J] We first observe that for A small enough,
I has a mountain pass geometry. Next we prove the existence of a mountain pass
type solution wu) of an auxiliary system (AHS,). Finally, we show that |Juy|/c <
2K Cy, hence that h(uy) = 1 and Vh(uy) = 0, and consequently, uy satisfies (HS)).

Applying the same arguments as in the proof of Lemma 2.2 with the fact that
h(z)G(t, z) and its derivative are bounded, we get the following lemma.

Lemma 2.6. For each A € R, I satisfies the Palais—-Smale condition.

Lemma 2.7. There is Ao > 0 such that for all |\| < Ao, I has a mountain pass
geometry.

Proof. Let a, ¢ and uy be the same as in Lemmal23 Fix R > g such that [ju1]| < R.
Since G(t,x) is bounded on compact subsets of R x R™, there is L > 0 such that
|G(t,z)] < L for all t € [0,7T] and |z| < CoR. We obtain

In(u) — [NTL < In(u) < Ip(u) + |\TL, (2)
for ||u|| < R. From this it follows that for A small enough,
In(w) > a~ [NTL >3 when [luf = ¢
and
I(u1) < Ip(up) + |ATL <0,

which completes the proof. O

Define

ex = Inf max Ix(g(1)).

By @), cx — co as A — 0.

Lemma 2.8. Let A\, € R, m € N, be a sequence converging to 0. Assume that v,
is a critical point of Iy, corresponding to the critical value cy,, .
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Then, up to a subsequence,
. 1,2
U — v in Wy as m — oo,

where vy is a critical point of Iy corresponding to the critical value cq.

Proof. By assumption, I, (vy) = ¢y, and I§ (v,) = 0. We will prove that
{Vm }men is bounded in W*. There is C' > 0 such that |G(t,2)Vh(z)| < C and
|h(2)Gy(t, )] < C for all t € [0,T] and |z| < 4K Cy. There is also C' > 0 such that

¢, < C for all m € N. We have

aC > acy,, = aly, (vm) + ﬂ]/’\m (U )V

T
= aly(vm) + BL) (Vm)vm — a)\m/ h(vm (£))G(t, v (t))dt +
0
T
B / B0 () (Gt v (£)), v (£)) it +

T
ﬂ)\m/o (VA (1)), vm (£))G(t, vm (t))dt

> min{(% +5) ,1} v = TaroC + 2VTBAC|vmll.

From this it follows that {v,,}5°_; is bounded, and consequently a subsequence of
{om }59_, converges weakly to a limit vy € WI{’Q. By the compact embedding of
W% into C([0,T], R™), we obtain v, — v, up to a subsequence, in C([0, 7], R™).
Standard arguments (compare the proof of [6, Lemma 2.4, p. 7]) show that up to a
subsequence v,,, converges strongly to vy in W%’2. Hence Ip(vg) = ¢o and I (vg) = 0.

O

Lemma 2.9. Any mountain pass solution uy of I\ with X sufficiently small satisfies

EHSLD-

Proof. As mentioned before, it suffices to show that ||uj|lcc < 2KCy for all
Al < Ao.

On the contrary, suppose that there are sequences { A, }2°_; and {un, }5°_; such
that A, goes to 0, u,, is a mountain pass solution of I and |[tum| > 2KCh.
By Lemma [Z8 along a subsequence u,, converges uniformly to a critical point
ug of Iy corresponding to the critical value ¢g. Since ||ug|]] < K by Lemma 2]
we get [|uplleoc < CoK, and consequently |[um||eoc < 2CoK for m large enough. A

contradiction occurs. O
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