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Do Leonardo da Vinci’s drawings, room 
acoustics and radio astronomy have anything 
in common?
Andrzej Kulowski*    

Abstract 

After introducing Leonardo da Vinci’s (LdV) predecessors in the field of light propagation research, his drawings on 
the topic of reflecting light by a spherical mirror are analysed. The discovery of LdV is presented, according to which, 
at an infinitely distant source of rays, a small fragment of the canopy is enough to generate a focus, while the rest 
of the mirror forms a caustic for which LdV did not indicate an application. An analytical description of the energy 
concentration in the focus and on the caustic is given, together with its reference to the geometric representation of 
the acoustic field in rooms. Based on the general principles of wave motion, symmetry is shown in the description of 
energy relations in acoustics and electromagnetism. It is explained why in the sound field in existing halls, instead of a 
whole caustic only its cusp is observed, which is perceived as a point-like sound focus. The size of the mirror aperture, 
shown graphically by LdV, is determined. How the development of receiving techniques increased the mirror aperture 
compared to the LdV estimate is also shown. The implementation of these improvements is presented via the exam-
ple of the Arecibo and FAST radio telescopes.
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Introduction
Early considerations about the propagation of light lie at 
the beginning of the research discipline that has devel-
oped into today’s physics. One of the earliest accounts 
on optics, i.e. the use of instruments interfering with 
the course of light, is the story from ancient times about 
Archimedes setting fire to Roman ships besieging Syra-
cuse with the use of mirrors reflecting sunlight [1]. A 
later treatise by Ptolemy from the second century AD is 
another significant work of the antiquity period concern-
ing the study of optics [2]. The scientific considerations 
he initiated were continued in the Middle Ages in the 
Islamic world. Leonardo da Vinci (LdV) carried out his 
works in reference to this tradition [3]. He paid particu-
lar attention to the application of the rules of geometric 

optics in architecture, painting and graphics, including 
studies in the field of perspective and chiaroscuro.

Leonardo’s sketches on optics include studies of a par-
ticular form of focusing rays of light, nowadays known 
as caustics (Fig.  1). In the convention of geometric 
optics, caustic is a surface formed by rays tangent to it 
after reflection from a concave surface or as a result of 
propagation in an inhomogeneous medium. Under cer-
tain circumstances, a cusp may form on the caustics. In 
the mathematical description of caustics, it corresponds 
to a singularity, i.e. the parameters of the field of rays at 
this point tend to infinity. The physical counterpart of 
the caustic cusp is the focus of the mirror. The focus can 
also form without a caustic accompanying it, but it only 
applies to a few specific cases, among them a source in 
the centre of a spherical reflector, a parabolic reflector 
with an infinitely distant source on its geometric axis, or 
an ellipsoidal reflector with a source in one of its foci.
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Leonardo showed that with an infinitely distant 
light source, only a small part of the spherical mirror 
is involved in creating the focus. The remainder of the 
mirror only forms caustics and is useless for focal for-
mation, leading to important practical conclusions. The 
idea of focusing light in this way is attributed to Archi-
medes, who lived many centuries earlier, but the quanti-
tative analysis shown graphically in Fig.  2 is Leonardo’s 
personal contribution to the study of the principle of the 
operation of a concave mirror.

Against this historical background, the article discusses 
the formation of foci and caustics in the acoustic field 
and in the electromagnetic field. Observations of room 

acoustics indicate that in the audible frequency range, 
caustics are so blurred by diffuse sound, wave reflec-
tions and interference that it is reduced to its singular-
ity. The observed form of caustic is then a compact area 
of increased sound pressure with a size dependent on the 
wavelength, which is the result of a diffractive broaden-
ing of a point-like focus known from graphic analysis. 
This occurs when the wavelength is of the same order or 
slightly shorter than that of the objects in the acoustic 
field, which is typical for rooms.

When the wavelength is much shorter than the objects 
in the wave field, the blur effect is much smaller and 
the caustic act as a clearly identified energy focus area. 

Fig. 1  a Drawing of caustic from Leonardo da Vinci’s notebook. The note below the picture in Fig. 1a, made in Leonardo’s famous reverse script, 
says that in concave mirrors of equal diameter, the one that has the shallower curve will concentrate the largest number of reflected rays onto a 
focal point, and “as a consequence, it will kindle a fire with greater rapidity and force” [9] © British Library Board, Source: Arundel MS 263. b Details of 
Leonardo’s drawing, (c, d) 3D views of the caustics created by spherical and cylindrical concave mirrors [10]
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Caustics formed in this way are present in many fields 
of technology and science concerning the propagation 
of light, ultrasounds and electromagnetic waves, e.g. 
hydroacoustics, aeroacoustics, laser technology, and even 
radio astronomy [4–6].

Based on the inspiration of caustic drawings in LdV’s 
works and his considerations on reflecting light by a 
concave mirror, the article presents a mathematical 
description of the effect of focusing rays. Against this 
background, the phenomena occurring on caustics in 
acoustic and electromagnetic fields are presented, taking 
into account their wave nature.

The main goal of this paper is to investigate the extent 
to which LdV observations of the formation of caustics 
and foci are present in modern technology. The arti-
cle shows how LdV’s estimate of a mirror aperture has 
expanded as radio waves receiving techniques have devel-
oped. The presence of Leonard’s thoughts in these activi-
ties is demonstrated through the example of the large 
radio telescopes in Arecibo (Puerto Rico) and Dawodang 
(China).

Caustics in the legacy of Leonardo da Vinci
The drawings of caustics in Leonardo da Vinci’s notes 
refer to his research in the field of optics in the years 
1510–1515 [7, 8]. You can find in them many sketches of 
caustics at different stages of their formation, the most 
complete drawing of a caustic is shown in Fig.  1. Leon-
ardo made his drawing 500 years ago with such compe-
tence that in the article it is quoted as a perfectly valid 
example of applying the principles of geometric optics in 
the formation of caustics.

Leonardo was interested in the potential utility of con-
cave mirrors as sources of heat, and the purpose of his 
research was to assess the focusing properties of a spheri-
cal mirror. Figure 2 shows the two mirrors differing in the 
depth of the canopy referred to in his reverse script in 
Fig. 1a. In his later works, Leonardo also planned to use 
the effect of focusing sunlight to heat or even boil water 
[11].

In light of today’s level of knowledge, Leonardo’s con-
cept is obvious. However, he lived 500 years ago and the 
accuracy of his explanations must be considered admi-
rable. The further part of the article shows that even in 
areas as distant from optics as room acoustics and radio 
astronomy, Leonardo da Vinci’s concept can be found.

According to modern technical terminology, the frac-
tion of the total energy incident on the mirror that is 
available at the receiver is called the mirror aperture. For 
the purposes of this article, the ratio of this area to the 
area of a full hemispherical mirror was adopted as the 
relative measure of aperture. Assuming the propagation 

Fig. 2  Illustration of Leonardo’s concept, in which a shallower mirror 
(bottom) concentrates a larger number of rays than the mirror with 
a deeper bowl of the same diameter (top) [9]. © British Library Board, 
Source: Arundel MS 263
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and reflection of the rays are lossless, the relative aper-
ture of the lower mirror shown in Fig. 2 is approximately 
0.4% (Eqs. 1, 2).

For the opening angle φ = 10° (Fig. 3), the arc length r is

and the aperture in relation to the surface of the full hem-
ispherical mirror is

Analytic description of energy concentration on the caustic
The LdV sketches present the effect of the energy con-
centration on a caustic in a graphical form. This section 
gives a quantitative assessment of this effect in an analyti-
cal form, using the original LdV drawing.

Consider the rays coming from an infinitely distant 
source and falling on a hemispherical mirror as a colli-
mated beam (Fig. 1a). After the reflection, the rays form 
the caustic described by Eq. (3) [12].

To calculate the density of rays on a caustic, consider 
two rings inside the reflector’s bowl: dS on its surface and 
dSc on a caustic (Fig. 4) [12, 13]. Since all rays reflected 
from dS are tangent to dSc, the relative density of rays 
on dSc is dS/dSc, where dS and dSc are the surfaces of the 
rings.

(1)r =
ϕ/2

180
�R =

�R

36

(2)
Sa

Sm
=

�r2

2�R2
=

1

2

(

�

36

)2

= 0.0038 ∼= 0.4%

(3)







x(θ) = R cos3 (θ)

y(θ) =
R

2

�

2 sin3 (θ)− 3 sin (θ)
�

0 ≤ θ ≤ �

The circumference and the width of the ring dS are 
2ΠRcos(θ) and Rsin(θ)dθ, so

Likewise, the circumference and the width of the ring 
dSc are 2Πx(θ) and dlc, so

where dlc is the element of a section of a caustic

and the derivatives over θ of x(θ), y(θ) are

An elementary transformation gives

Substitution of Eq. (7) to Eq. (6) yields

(4)dS = 2�R2 cos (θ) sin (θ) dθ

(5)dSc = 2� x(θ) dlc

(6)dlc =

√

(

dx(θ)

d(θ)

)2

+

(

dy(θ)

d(θ)

)2

dθ

(7)















dx

dθ
= −3R cos2 (θ) sin (θ)

dy

dθ
= −3R sin2 (θ) cos (θ)−

3

2
R cos (θ)

(8)

√

(

dx(θ)

d(θ)

)2

+

(

dy(θ)

d(θ)

)2

=
3

2
R cos(θ)

Fig. 3  Aperture of the shallower mirror from Fig. 2. Sm, R area and 
radius of the full hemispherical mirror, Sa, r area and radius of the 
aperture, φ opening angle read from Fig. 2, φ = 10o

Fig. 4  Caustic formed by rays incident on a hemispherical reflector. R 
radius of the reflector, dS, dSc ring on the reflector and on the caustic, 
x(θ),y(θ) Cartesian coordinates of the caustic (Eq. (3), dlc: the element 
of the section of the caustic [13]
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so

Finally, if the rays incident on the mirror are distributed 
evenly on the y = 0 plane (Fig. 4), the relative density of 
rays C (θ) over the caustic is

As θ tends to 0.5Π, C (θ) tends to infinity, which corre-
sponds to the cusp formation on the caustic (Fig. 4). This 
singularity results from the caustic cross-sectional area 
dSc tending to zero.

Let us denote the surface density of rays incident on the 
reflector as Io [W/m2]. The density of rays C(θ) in Eq. (11) 
multiplied by Io can be interpreted as the surface density 
of energy over the caustic per unit of time, i.e. the inten-
sity of the rays [W/m2].

Equation  (11) shows the surface power density on 
the surface of the caustic. It is a finite value except for 
the caustic cusp where C (θ) goes to infinity. However, 
when the energy density is considered on a cross sec-
tiona plane of a caustic, a different result is obtained. For 
example, following the dashed line from point M towards 
the origin of the XY coordinate system (Fig. 6), the sur-
face power density increases and reaches infinity at the 
caustic. In this case, the singularity applies to the entire 
caustic [6]. However, the article adopts the analysis of the 
surface power density not on a cross section of the caus-
tic but on its surface.

When the absorption coefficient α of the reflector is 
taken into account, where α = 0 and α = 1 relate to a total 
reflection and total absorption, respectively, the rays rela-
tive intensity is

The total intensity of the rays over the caustic Ic,res(θ) 
consists of the energy of incident rays Io and the energy of 
the reflected rays on the caustic.

The intensity level of the rays on the caustic, with Io as 
the reference intensity, is then Lc,res(θ) (Fig. 5).

(9)dlc =
3

2
Rcos(θ)dθ

(10)dSc = 3�R2 cos4 (θ) dθ

(11)C(θ) =
dS

dSc
=

2 sin(θ)

3| cos3(θ)|

(12)

Ic(θ) = Io(1− α)C(θ) = Io(1− α)
2 sin (θ)

3| cos3 (θ)|

[

W/m2
]

(13)
Ic,res(θ) = Io + Io(1− α)

2 sin(θ)

3| cos3(θ)|

= Io

(

1+ (1− α)
2 sin(θ)

3| cos3(θ)|

)

Caustics in the wave field
LdV’s concept of caustics and its development, as shown 
in Fig.  2 and “Analytic description of energy concen-
tration on the caustic”, are based on the geometrical 
approach. Despite the roots that are distant in time, this 
approach is a fully functional model of energy propaga-
tion, currently used, for example, in room acoustics, 
optics and radio communication. This section describes 
the formation of caustics in a wave field, the manifesta-
tion of which is the interference of the incident wave with 
the wave reflected from the mirror.

Let us consider a plane wave of the wavelength λ much 
smaller than the diameter of the reflector D, incident on 
the reflector [12]. At the point in time t = 0, the wave 
front lies in the plane y = 0 (Fig.  6). Propagating deep 
into the reflector, the wave interferes with the reflected 
wave, creating an array of interference fringes filling the 
mirror’s canopy and the space in front of it. The wave 
nature of the field is also the cause of wave deflection at 
the mirror edge [12]. The article concerns the caustic as 
presented by the LdV, therefore this chapter is limited to 
the description of the effect that occurs only in the caus-
tic itself, i.e. the incident and reflected wave interference.

(14)

Lc,res (θ) = 10 log
Ic,res (θ)

I0

= 10 log

(

1+ (1− α)
2 sin (θ)

3
∣

∣cos3 (θ)
∣

∣

)

[dB]

Fig. 5  Rays’ intensity level Lc,res(θ) [dB] on the caustic. α absorption 
coefficient of the reflector [12]
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According to the law of reflection, the reflected wave 
is tangent to the caustic. The distances SKN and SLMN 
travelled by the incident and reflected waves are

In spite of the essentially different nature of acous-
tic and electromagnetic waves, the general principles 
of wave motion describe the energetic relationships of 
acoustic and electromagnetic waves using the same equa-
tions, differing only in the physical interpretation of the 
individual components. Substantial difference concerns 
the superposition of waves, which is scalar or vector in 
nature for acoustic or electromagnetic waves, respec-
tively. In order to facilitate the comparison of the ener-
getic equations for both types of field, they are presented 
side by side.

The sound intensity Is and surface power density of 
the electromagnetic field Ie, both in [W/m2], are pro-
portional to the squared sound pressure p2 [Pascal] 

(15)
SKN =

R

2
|2 sin3 θ − 3 sin θ |

=
R

2

(

3 sin θ − 2 sin
3 θ

)

, 0 ≥ θ ≥ �

(16)

SLMN = Rsinθ +

√

(

R cos θ − R cos3 θ
)2

+

(

- R sin θ −

(

R

2

(

2 sin3 θ − 3 sin θ
)

))2

= Rsinθ +

√

(

R

2
sin θ sin 2θ

)2

+

(

R

2
sin θ cos 2θ

)2

= Rsinθ +
R

2
sinθ

√

(sin 2θ)2 + (cos 2θ)2 =
3

2
Rsinθ , 0 ≥ θ ≥ �

and squared amplitude of the electric field E[V/m], 
respectively

where ρ: density of the medium, [kg/m3], cs: speed of 
sound (in the air at atmospheric pressure and a tempera-
ture of 15 °C, cs = 331 m/s, ρcs = 415[kg/(m2s)]), μo: vac-
uum permeability (μo = 4Π10−7, [H/m]), cl: speed of light 
(cl = 3*108 [m/s]).

So the amplitudes pc(θ) and Ec(θ) of the sound pressure 
and the electric field’s, respectively, on the caustic are

(17)Is = p2/(ρcs)

(18)Ie = E2/(µocl)

(19)

pc(θ)=
√

Ic,s(θ)ρcs =
√

Ioρcs

√

2(1−α) sin(θ)

3| cos3(θ)|

(20)

Ec(θ) =
√

Ic,e(θ)µ0cl =
√

Ieµ0cl

√

2R sin(θ)

3| cos3(θ)|

Fig. 6  Directions of the incident and reflected waves KN and LMN overlapping each other on the caustic [12]. The result is the sum of the sound 
pressures.  R: radius of the reflector
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where Ic,s(θ): sound intensity on the caustic, [W/m2], 
Ic,e(θ): surface power density of the electromagnetic 
field on the caustic, [W/m2], Io: intensity of the incident 
sound, [W/m2], Ie: surface power density of the incident 
wave, electromagnetic field, [W/m2]. α: sound absorption 
coefficient, R: reflection coefficient of the electric compo-
nent of the electromagnetic wave.

Iabs , Ii : intensity of the absorbed and incident acoustic 
wave, pi,pabs:sound pressure amplitude of the incident 
and absorbed acoustic wave, averaged over a spherical 
angle of 2Π steradians. Ei,Erefl : amplitude of the inci-
dent and reflected electric field, averaged over a spherical 
angle of 2Π steradians. For the sake of brevity, the total 
reflection of the electromagnetic wave, i.e. R = 1, was 
adopted in the article.

At the point in time t, the sound pressure p(t) and the 
amplitude of the electric field E(t) of the incident acous-
tics and electromagnetic wave, respectively, in the plane 
y = 0 of the reflector are

where ω = 2Πf, f: frequency, [Hz].
Assuming lossless wave propagation, after travelling 

the distance SKN by the acoustic wave, the incident sound 
pressure pi(t) is

and after travelling the distance SLMN, the sound pressure 
prefl(t) of the reflected wave on the caustic according to 
Eq. (19) is

(21)α =
Iabs

Ii
=

(

pabs
pi

)2

(22)R =

(

Erefl

Ei

)2

( 23)p(t)=
√

Ioρcssin̟ t

(24)E(t) =
√

Ieµ0cl sin ̟ t

(25)pi(t)=
√

Ioρcssin̟(t +�t1)

(26)�t1 = SKN/cs

(27)

prefl(t, θ) =
√

Ioρcs

√

2(1−α) sin(θ)

3| cos3(θ)|
sin̟ (t +�t2)

The sound pressure pres(t,θ) resulting from the scalar 
summation of the sound waves is

The rest of this point concerns the phenomena occur-
ring in the acoustic field.

The path difference of the direct and reflected front of 
acoustic waves makes pres(t,θ) to fluctuate on the caus-
tic over time. The fluctuations are described by Eq. (30), 
which is obtained by substituting Eqs.  (15), (16) to (26), 
(28) and then to (29).

The fluctuations are in the form of amplitude modula-
tion, the maximum range of which results from Eq. (31).

For a given θ, Eq.  (30) describes the fluctuations at 
a given point of the caustic. Solving Eq. (31) i.e. finding 
the function t(θ), determines the amplitude of the fluc-
tuations on the entire caustic. The solution of Eq. (31) is 
given in Eq. (32). For details see the Appendix, Eq. (49).

where

Substituting t into Eq. (30) yields the maximum range 
of amplitude modulation of sound pressure pres,Max(θ) 
[Pa] over the whole caustic.

(28)�t2 = SLMN/cs

(29)

pres(t, θ) = pi(t)+ prefl(t, θ)

=
√

Ioρcs

(

sin̟(t +�t1) +

√

2(1−α) sin(θ)

3| cos3(θ)|
sin̟ (t +�t2)

)

(30)

pres(t, θ) =
√

Ioρcs

[

sin̟

(

t +
R

2cs

(

3 sin θ − 2 sin
3 θ

)

)

+

√

2(1−α) sin(θ)

3| cos3(θ)|
sin̟ (t +

3R

2cs
sinθ)

]

(31)
d

dt
pres(t, θ) = 0

(32)t =
1

̟
arctg(q)−�t1

(33)q =

√

3| cos3 θ |
2(1−α) sin θ + cos

(

̟ R sin3 θ
cs

)

sin
(

̟ R sin3 θ
cs

)

(34)pres,Max(θ)=
√

Ioρcs

[

sin
(

arctg (q)
)

+

√

2(1−α) sin(θ)

3| cos3(θ)|
sin

(

arctg (q)+̟
R sin3 θ

cs

)]
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Case studies
The mechanism of caustic formation and the circum-
stances of the focal formation, graphically shown by LdV 
in Fig. 1a, are shown in this section on real objects. The 
presented examples concern the formation of caustics 
indoors and in outdoor acoustic installations with a dem-
onstration function. How the development of the receiv-
ing technique related to the detection of radio waves 

extended the mirror aperture estimated by LdV is also 
shown.

Caustics in sound field
Figure  7 a, b presents the graph of Eqs. (30) and (34) 
for sound waves with a frequency of f = 1000  Hz and 
f = 2000  Hz, reflected by a hemispherical reflector with 
the diameter of D = 2  m. In both cases, the wavelength 

Fig. 7  a, b Resultant sound pressure of the plane waves with the frequencies f = 1000 Hz and f = 2000 Hz, respectively, incident on a hemispherical 
reflector with the radius R = 1 m and interfering with the wave that forms the caustic. pi : amplitude of the incident wave, α : sound absorption 
coefficient of the reflector. Thin black lines: sound pressure of the resultant wave pres(t,θ) at the points in time t = 0, T/8, 7 T/8 where T = 1/f, at 
α = 0.9. Green, red and blue lines: amplitude of fluctuations pres,Max(θ) at α = 0.9, α = 0.6 and α = 0, respectively. Due to symmetry, the range 
0 ≤ θ ≤ Π/2 is shown. c, d Resultant sound pressure level SPLres (θ) of the interfering waves described above. SPLi: level of the incident wave
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λ is much smaller than the diameter of the reflector D 
(λ/D = 0.17 and λ/D = 0.085, respectively). The directions 
of the waves shown in Fig. 6 therefore meet the principles 
of geometric optics, and the diffraction of the wave at the 
reflector’s edge can be neglected.

Let us assume that the intensity of the incident wave 
Io is 10–8 [W/m2], which corresponds to sound pressure 
with an amplitude of 0.002 [Pa] and sound pressure level 
SPLi = 40 dB re. 2 × 10–5 [Pa] (Eqs. 35, 36).

The sound pressure pres (Eq.  30) and the correspond-
ing pressure level SPLres (Eq.  37) fluctuate around these 
values. The amplitude of the fluctuations increases with 
the increasing effect of wave concentration on the caustic 
(Fig. 7 a, b).

At the cusp of the caustic, the concentrated energy of 
the reflected waves significantly exceeds the energy of the 
incident wave, which reduces the fluctuation effect (Fig. 7 
c, d).

The result of interference outside the focus is the 
arrangement of nodes and antinodes formed by the 
superimposition of incident and reflected waves on the 
caustic. In real conditions, its regularity shown in Fig. 7 
is disturbed by the broadband nature of the sound and by 

(35)pi =
√

Ioρcs =
√

10−8 ∗ 415 ∼= 0.002 [Pa]

(36)SPLi = 20 log
(

0.002/(2 ∗ 10−5)

)

= 40 [dB]

(37)SPLres(θ) = 20 log
(

pres,max(θ)/(2 ∗ 10
−5)

)

the reverberant field of the room. This is combined with 
the diffraction of the incident low frequency wave at the 
edge of the canopy. As a result, the presence of caustics 
in the room is usually difficult to detect by hearing, and 
the audible effect of sound focussed by acoustic mirrors 
is reduced to a compact area of increased sound pressure.

Figure  7 shows how much sound amplification can 
be expected at the cusp of the caustic. When the level 
of incident sound on the mirror is about 40  dB, which 
corresponds to e.g. a quiet conversation (Fig.  7 c, d), 
the sound level felt in the focus is so high that this phe-
nomenon can be used for acoustic demonstrations or for 
eavesdropping of conversations practiced in historical 
times. Figure 7 shows that in the focus, the surface sound 
power density may increase by approx. 45  dB or more, 
which is accounted for by a small part of the canopy. It is 
a computational illustration of LdV’s concept, as shown 
in Fig. 2. The opening angle of the canopy in the original 
LdV drawing, for obvious reasons not supported by cal-
culations, is approx. 10° .

The field installations found in educational parks are 
a contemporary implementation of LdV’s observation 
(Fig. 8a). The whisper caves shown in Fig. 8b, apart from 
demonstrating the echo effect [10], also serve as an ele-
ment of historical park architecture and a place of shelter 
from rain. Therefore, their shape is wider than required 
by the demonstrated phenomenon of reflection.

There are numerous architectural objects in which 
caustics are formed in the form shown in LdV’s draw-
ings. We are talking here primarily about historical inte-
riors with a sacred and ceremonial function, containing 

Fig. 8  Outdoor installations erected to demonstrate acoustic curiosities. a Contemporary outdoor installation made by 3D printing [15–17], photo 
courtesy of M. Kladeftira.  b Eighteenth-century Whispering Grottoes in Oliwa Park, Gdańsk, Poland [10, 14], photo courtesy of T. Strug
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large areas in the form of a dome (Fig. 9). Caustics in the 
described form were also created in Nineteenth-century 
theaters and concert halls with concave vaults, which 
were the then canon of the neo-renaissance style (Fig. 10) 
[12].

Caustics in electromagnetic fields
The Arecibo radio telescope in Puerto Rico (Fig. 11) was 
put into operation in 1963 and initially the reflector aper-
ture was small. It was significantly upgraded in 1997 by 
the use of the Gregorian subreflector system, which con-
centrates the energy of the caustics sections adjacent to 
the cusp into the single focal point (Fig.  12). The sub-
reflector system consists of two shaped surfaces called 
secondary and tertiary reflectors hidden inside on the 
geodetic dome. The first is the parabolic reflector and the 
second constitutes the pair of elliptic reflectors (Fig. 13) 
[20].

The upgraded aperture of the AArecibo radio telescope is 
approx. 30,000 m2, which is approx. 7% of the hemisphere 
surface with a radius of RArecibo = 265 m (Eq. (38)) [21].

Compared to the reflector analysed by LdV with 
an aperture of approx. 0.4% of the hemisphere area 
(see Fig.  3, Eqs.  1 and 2), the relative aperture of the 
Arecibo radio telescope reflector is 17 times greater 
(0.068/0.004 = 17), i.e. by 1 order of magnitude. This is 
due to the fact that, according to LdV, the energy concen-
trated by the reflector is contained in its focus, while the 
Arecibo radio telescope enlarges it by the energy of a sig-
nificant part of the caustic.

(38)
AArecibo

2�R2
Arecibo

=
30000

2�2652
= 0.068 = 6.8%

Prior to upgrading the Arecibo telescope, the receiver 
recorded the reflected wave concentrated in the focus 
and the wave coming from space. After the telescope was 
upgraded with the Gregorian subreflectors, receiver hid-
den inside on the geodetic dome is shielded by the sec-
ondary reflector as well as by the geodetic dome itself 
(Fig.  13) and does not record space signal. This change, 
however, is negligible, as the level of the signal concen-
trated in the focus exceeds the level of the space signal by 
several dozen dB (see Fig. 5).

On December 1, 2020—a tragic day for the scientific 
community—the Arecibo radio telescope was destroyed 
due to the cables breaking and the 900-ton main platform 
falling onto the radio telescope’s canopy.

Parabolic reflector
In 2016, 53  years after the radio telescope in Arecibo 
was launched, the FAST radio telescope (Five-hundred-
meter Aperture Spherical radio Telescope) was put 
into operation in Dawodang (China). Its antenna with a 
diameter of 520 m is a section of a sphere with a radius 
of RFAST = 300  m (Fig.  14). A receiver weighing 3 tons, 
which moves over the dish by a system of cables, enables 
the observation of radio-sources contained in a cone with 
an opening angle of aperture of 80 degrees. The FAST 
radio telescope is a receiving device, while the Arecibo 
radio telescope was a transmitting and receiving device 
[25].

The canopy of the FAST radio telescope consists of 
4500 movable elements, the position of which can be cor-
rected in such a way that a selected part of the spheri-
cal reflector is transformed into a paraboloid segment 
(Fig.  15), including a circle with a diameter of 300  m. 

Fig. 9  Historical rooms with large dome-shaped areas. a Hagia Sophia in Istanbul, Turkey, photo courtesy of Keep & Share, [18]. b Dome of the Rock 
in Jerusalem, Israel, ©CC by 2.0 [30] 
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Fig. 10  a Assembly Hall of Poznań University. This neo-renaissance building was erected according to the design of Edward Fürstenau in 1905–
1910, photo courtesy of Poznań Film Commission [19]. b Cross-sections of a 3D caustic as predicted by LdV [12]
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The corrected part of the reflector thus creates an aper-
ture with a diameter of AFAST = 300  m and a depth of 
DFAST = 40.2  m [26], which gives an area of approx. 
38,000 m2, i.e. approx. 6.7% of the hemisphere area 
(Eqs. 39, 40). This shows a different direction of upgrade 
of LdV’s concept over Arecibo. It involves manipulating 
the curvature of the reflector, while in Arecibo, the useful 
range of the caustic was manipulated.

(39)
2�× 1

2AFAST × DFAST = 2�× 150× 40.2 ≈ 38000m2

(40)
38000

2�R2
FAST

=
38000

2�3002
= 0.067 = 6.7%

Fig. 11  Spherical radio telescope in Arecibo, Puerto Rico, photo taken before 01.12.2020 [22] Photo by the Public Domain of the National Space 
Foundation Multimedia Gallery. Below: diagram of the Arecibo telescope [20]
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Fig. 12  Bowl of the Arecibo reflector and the caustic it forms. The active part of the reflector and caustics is shown (red). a, b, c Directions of wave 
arrival − 20o, 0o, + 20o relative to the zenith. Illustrative sketch based on [20]
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The caustics present in the LdV sketches, also known a 
spherical aberration, are treated as a limitation in the use 
of a spherical mirror. In the case of a parabolic mirror, 
such a limitation is a coma aberration. It occurs when the 
observed object is located off the mirror axis and consists 
in blurring the focus into a loop caustic called a coma 
(Fig. 16). In a spherical mirror, aberration is an irremova-
ble element of its functioning, while in a parabolic mirror, 
it disappears completely with the axial incidence of the 
rays. In the FAST radio telescope, the coma aberration is 
limited by positioning the receiver with a few-millimetre 
accuracy, with a deviation from the paraboloid axis not 
exceeding 8 arc seconds [27].

Concluding remarks
In the achievements of many leading fields of science, you 
can find ideas from hundreds of years ago, often coming 
from areas unrelated to the field. The article shows the 
presence of the concept of reflecting light by a spherical 
mirror, formulated by Leonardo daVinci about 500 years 
ago, in the development of seemingly distant fields of 
science and technology, such as acoustics and radio 
astronomy.

Leonardo conducted his theoretical research using a 
spherical mirror. He showed that less than 0.5% of the 
hemisphere area is enough to concentrate energy coming 

from an infinitely distant source, e.g. from the Sun. With 
the application of this mirror, the rest of the canopy is 
useless. This idea, obvious from the point of view of 
modern knowledge, but formulated 500  years ago, is 
present today in many areas of technology and science—
the aperture of modern spherical mirrors is only a small 
part of the hemisphere. Their functioning in the field of 
architectural acoustics, in optical instruments, as anten-
nas in radio telescopes, etc., is fully in line with the LdV 
predictions.

During the research on the phenomenon of light con-
centration, LdV showed a method of graphically deter-
mining the surface accompanying the focus, on which 
the reflected rays are concentrated. This surface is known 
today as a caustic and is present in many fields of tech-
nology and science. LdV, however, did not develop the 
idea of caustics, being apparently unaware of the impor-
tance of his discovery. In modern technical knowledge, 
you can encounter both of the above-mentioned ele-
ments of the functioning of mirrors discovered by LdV, 
i.e. foci and caustics. In the example shown in the arti-
cle, when the caustic energy is added to the focal energy, 
the aperture increases from the approx. 0.5% predicted 
by LdV to approx. 5–7%. After local adjustment of the 
spherical mirror surface to the curvature of the parabola, 
the aperture increases to a similar extent. The aperture 
of the mirror determined by LdV has therefore under-
gone a significant upgrade as a result of the development 
of receiving techniques. The technical implementation 
of the described improvements are the 300 m radio tel-
escope in Arecibo (Puerto Rico) and the 500  m FAST 
radio telescope in Dawodang (China). Internet reports 
inform about the concept of building a 1000 m radio tel-
escope, located on the dark side of the Moon away from 
the Earth’s electromagnetic smog, but due to the early 
stage of this idea, it is not discussed in the article [29].

The caustics found in LdV’s drawings are also formed 
in acoustic field indoors. However, wave phenomena 
occurring in a room, reverberation and noise floor make 
it difficult to audibly identify the caustics. As a result, 
the effect of sound focusing by large curved surfaces in 
rooms, e.g. arched vaults and concave walls, is reduced 
to a point focus at the caustic cusp, and the rest of the 
caustic becomes inaudible. For this reason, the concept 
of caustics is almost unknown in the field of architectural 
acoustics.

Fig. 13  Ray tracing of the secondary and tertiary reflectors of the 
Arecibo Gregorian Optics [23]. In addition to the energy of the focus, 
the Gregorian subreflector system also uses the energy concentrated 
on the part of caustic marked in red. The pair of ellipses defining the 
shape of the tertiary reflector is shown
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Fig. 14  Five-hundred-metre antenna of the FAST radio telescope [24]. Photo by permission from Springer Nature, license number 5315900703664. 
Below: a diagram of the FAST telescope [27]
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Appendix

Substituting, 

and 

yields, 

(41)

d

dt
pc,res(t,θ) =

d

dt

[

√

Ioρcs

(

sin (̟ (t +�t1))+

√

2(1−α) sin(θ)

3| cos3(θ)|
sin (̟ (t +�t2))

)]

=

√

Ioρcs̟

(

cos (̟ (t +�t1))+

√

2(1−α) sin(θ)

3| cos3(θ)|
cos (̟ (t +�t2))

)

= 0

(42)τ = t+�t1

(43)b =

√

2(1−α) sin(θ)

3| cos3(θ)|

(44)cos̟(τ) = − b cos̟(τ−(�t1 −�t2))

and after expansion,

regrouping yields,

and then,

since,

(45)

cos̟(τ) =− b [cos (̟τ) cos (̟ (�t1 −�t2))

+sin (̟τ) sin (̟ (�t1 −�t2))]

(46)
sin (̟τ)

cos (̟τ)
=

1
b + cos (̟ (�t1 −�t2))

− sin (̟ (�t1 −�t2))

(47)

̟(t+�t1) = arctg

(

1
b + cos (̟ (�t1 −�t2))

− sin (̟ (�t1 −�t2))

)

(48)

�t1 −�t2 =
R
2

(

3 sin θ − 2 sin3 θ
)

cs
−

R
2 3 sin θ

cs
= −

R sin3 θ

cs

(49)

t =
1

̟
arctg







�

3| cos3 θ |
2(1−α) sin θ + cos

�

̟ R sin3 θ
cs

�

sin
�

̟ R sin3 θ
cs

�






−�t1

Fig. 15  One of the tested solutions, showing how to adapt a section of the spherical mirror of the FAST radio telescope to the curvature of the 
paraboloid [26]

Fig. 16  Cross-section of a parabolic mirror with its typical distortion 
in the form of comatic aberration. When the source is located off the 
mirror axis, the focal point takes the form of a loop caustic, known as 
a coma [28]
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Abbreviations
LdV: Leonardo da Vinci; FAST: Five-hundred-meter aperture spherical radio 
telescope.
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