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ABSTRACT
Absolute grand-total cross section for electron scattering from titanium tetrachloride, TiCl4, molecule was measured at electron-impact ener-
gies ranging from 0.3 to 300 eV, in the linear electron-transmission experiment. The elastic integral, differential, momentum transfer, and
total ionization cross sections for TiCl4 molecule were also calculated for low and intermediate collisional energies at the level of various the-
ories. The low-energy elastic integral, differential, and momentum transfer cross sections were calculated with the Schwinger multichannel
method implemented with pseudopotentials, in the static-exchange and static-exchange plus polarization levels of approximation, for ener-
gies up to 30 eV. The integral cross section calculated for low-energy electron scattering with the R-matrix method within the static-exchange
and static-exchange plus polarization approximations for energies up to 15 eV are also reported. By the inspection of the cross sections, the
presence of resonances is discussed. In particular, the calculated integral cross sections and the measured total cross section display a mini-
mum at around 1 eV, which is consistent with the presence of a Ramsauer–Townsend minimum and a sharp increase at low energies, which is
consistent with the presence of a virtual state. Additionally, interactions in elastic and ionization channels for intermediate collision energies
were investigated with the additivity rule and the binary-encounter-Bethe methods.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0116713

I. INTRODUCTION

Electron driven collisional processes in complex environments
are crucial in many chemical, astrochemical, astrobiological, and
technological processes.1 Comprehensive knowledge about electron
interaction with molecules is important for a detailed description
of the plasma assisted chemical vapor deposition (PA-CVD) and
the molecular precursor fragmentation processes in focused electron
beam induced deposition (FEBID) methods. Among the complex

precursors used in these thin nanometric film deposition tech-
niques, one of the simplest is titanium tetrachloride molecule, TiCl4
(Fig. 1).2–5 Hence, detailed information concerning electron–TiCl4
collisions, including cross section data for different scattering chan-
nels and also total cross section, in a wide electron energy range, is
strongly required.

There is not much research available in the literature on elec-
tron scattering from titanium tetrachloride molecules. Moreover,
these studies are not too comprehensive and are limited to a few
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FIG. 1. Chemical structure of the TiCl4 (generated with MacMolPlt19).

major scattering channels, such as the dissociation, ionization, and
elastic channels. To date, experimental works on electron–TiCl4 col-
lisions focused mainly on the formation of positive and negative
ions. The molecular structure of TiCl4 has been determined by the
gas electron diffraction method.6–8 Fractional relative abundance of
ions as well as appearance potentials have been studied with time-
of-flight and double focusing mass spectrometers.9 Negative ions
formation due to low-energy (1–8 eV) electron interaction with
TiCl4 molecules has also been experimentally studied by Bennett
et al.10 Mathur et al.11 studied negative ion formation from TiCl4
in collisions with Cs atoms. Photoelectron spectra of TiCl4 have
been measured by Egdell and Orchard.12 Absolute total and par-
tial electron-impact ionization cross sections have been measured
by Basner et al. with the time-of-flight mass spectrometer13 for
energies ranging from the ionization threshold up to 500 eV. Dis-
sociative electron attachment study of titanium tetrachloride in the
incident electron energy ranging from 0 to 18 eV has been per-
formed with a trochoidal electron spectrometer and quadruple mass
spectrometer.14 The resonant character of electron driven processes
in TiCl4 has been observed and confirmed in the transmission elec-
tron experiment for impact electron energies between 0 and 10 eV.15

So far, no measured absolute total cross section for electron scatter-
ing from TiCl4 molecules has been reported. Only a relative total
cross section, obtained in the energy range from 2.5 to 9 eV, eval-
uated from the derivative electron transmission spectrum, has been
announced.15

To our knowledge, the only theoretical studies available
reported the elastic cross section obtained using the multiple-
scattering Xαmethod (MS Xα)15 and the elastic integral, differential,
and momentum transfer cross sections derived with the Schwinger
multichannel method in the static-exchange approximation.16 The
latter studies have has also reported the total ionization cross
section calculations with the binary-encounter-Bethe method, in
which target properties have been obtained using the Hartree–Fock
method with a 3-21G(3d) basis set.16 Total ionization cross section
for impact-electron energies ranging from the ionization thresh-
old to 500 eV has been also calculated with the semiempirical
Deutsch–Märk (DM) method.17 The ionization peak cross section
value has been evaluated using the binary-encounter-Bethe method
with effective core potentials.18

The objective of the present study is to analyze low- and
intermediate-energy electron interactions with titanium tetrachlo-
ride molecules. We report the results of measurements of total
electron scattering cross section (TCS) from titanium tetrachloride
molecules in low and intermediate energies. The results of the-
oretical calculations of elastic integral (ECS), differential (DCS),
momentum transfer (MTCS), and ionization cross sections are also
presented. This work is a continuation of our previous research on
electron scattering from simple compounds with tetrahedral sym-
metry that are potential simple FEBID precursors of semiconducting
and conducting layers, X(CH3)4 (X–C, Si, Ge)20,21 and SnCl4.22,23

II. EXPERIMENTAL
Experimental absolute TCS for the electron collisions with

titanium tetrachloride molecules has been measured using the
electrostatic electron spectrometer working in the linear transmis-
sion configuration under single collision conditions. As a detailed
description of the applied method,1 as well as the device24 and pro-
cedures used,25 was presented in our earlier works, only a brief
summary is presented here.

The electron beam produced with an electron gun with
thermionic filament is monoenergized (ΔE ≃ 80 meV) in an energy
dispersing cylindrical electrostatic 127○ condenser and then is
directed by an electrostatic lens system into a scattering cell, which
is filled with the target vapor under study. The electrons leaving
the collision chamber through the exit orifice in the forward direc-
tion are energetically discriminated with the retarding-field analyzer
and finally are collected with the Faraday cup detector. The accep-
tance angle of the used electron detector system, defined by the
lens apertures, is near 0.8 msr. The absolute total cross section,
Q(E), at each selected collision energy, E, is determined with the
Beer–Lambert–Bouguer attenuation formula (BLB):

Ig(E) = I0(E) exp(−nLQ(E)),

where I g(E) and I0(E) are the intensities of the electron beam trans-
mitted across the scattering cell measured with and without the
target in the cell, respectively. L (=30.5 mm) is the path length of
electrons in the reaction cell, while n denotes the number density
of the target vapors determined from the measurements of the gas
target pressure and temperatures of the scattering cell and manome-
ter head. As the temperature of the cell (310–320 K) usually differs
slightly from the temperature of the capacitance manometer head
(kept at 322 K), the correction of gas target pressure reading due
to the thermal transpiration effect26,27 was taken into account. The
TCS measurements have been carried out at different target-vapor
pressures inside the scattering cell, which typically lay between 80
and 150 mPa. Under these conditions, no systematic variation of
the measured TCSs with pressure is observed; thus, one can assume
that multiple scattering events are not significant. The experimental
absolute energy scale was calibrated against the well-known resonant
oscillatory structure around 2.3 eV in molecular nitrogen,28 while
overall inaccuracy of the electron energy scale is estimated as about
0.1 eV. As a source of target TiCl4 molecules, commercially available
sample of declared purity better than 99.995% (Sigma-Aldrich) has
been used.
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The electrostatic electron spectrometer is maintained in a
vacuum chamber with a background pressure of 10−5 Pa, obtained
with the diffusion pump and a two-stage mechanical rotary pump
system. The magnetic field in the electron optics and the reaction
chamber is reduced by Helmholtz coils to the value below 0.1 μT.
After opening/closing the leak valve, a relatively long delay was nec-
essary to stabilize the target conditions in the scattering cell, which
may generate some TCS uncertainty related to the target pressure
determination.

The final TCS value at a given energy is an average of a large
number of data measured in independent series (6–14) of individual
runs (usually 10 in a series). Statistical uncertainties (one standard
deviation of weighted mean values) are below 1% over the entire
energy range studied. The direct sum of all potential individual
systematic errors, related to determination of quantities necessary
to TCS derivation, has been estimated to be up to 12% at the lowest
energies applied, decreasing gradually to about 8% between 10 and
100 eV, and increasing to 10% at the highest collision energies that
we operated. The reported data are not corrected for the forward-
scattering effect (cf. Ref. 29). The quantities in the attenuation BLB
formula are taken directly in the course of the experiment and, there-
fore, the TCS values reported in this work are given in absolute units,
without any normalization procedure.

III. THEORETICAL AND COMPUTATIONAL METHODS
A. Low-energy elastic integral, differential,
and momentum transfer cross section calculations:
The Schwinger multichannel method

The Schwinger multichannel method (SMC)30 is a variational
approach used to obtain the scattering amplitude, and the present
calculations were performed with the implementation that employs
norm-conserving pseudopotentials,31 in which the parameters of
Bachelet, Hamann, and Schlüter (BHS)32 were used to represent
the nuclei and the core electrons in heavy atoms. This method has
recently been revised,33 and here, we focus on the discussion of the
essential aspects concerning the present calculations. The scattering
amplitude in the SMC method is written as33

f SMC
(k⃗f , k⃗i) = −

1
2π∑m,n

⟨S⃗kf
∣V ∣χm⟩ (d−1

)
mn
⟨χn∣V ∣S⃗ki

⟩, (1)

where

dmn = ⟨χm∣
1
2
(PV + VP) − VG(+)P V +

Ĥ
N + 1

−
1
2
(ĤP + PĤ)∣χn⟩.

(2)
In the equations above, the (N + 1)-electron trial bases of con-
figuration-state functions (CSFs), {∣χm⟩}, are given as products of
target states with single-particle scattering orbitals with the proper
spin-coupling and will be discussed in detail in the following para-
graph. ∣S⃗ki( f)

⟩ is an eigenstate of the unperturbed Hamiltonian H0,
represented by the product of a target state and a plane wave with
momentum k⃗i( f ); V is the interaction potential between the inci-
dent electron and the electrons and nuclei of the target; Ĥ ≡ E −H,
where E is the collisional energy, and H = H0 + V is the scattering

Hamiltonian; P is a projection operator onto the elastic channel, and
G(+)P is the free-particle Green’s function projected on the P-space.

The calculations were performed in the static-exchange (SE)
and static-exchange plus polarization (SEP) levels of approxima-
tions. The CSFs are constructed as

∣χmn⟩ = A∣Φ(2s+1)
m ⟩⊗ ∣φn⟩, (3)

where A is the antisymmetrization operator of N + 1 electrons,
∣Φ(2s+1)

m ⟩ is a state of the molecular target, and ∣φn⟩ is a scattering
orbital. In the SE approximation, only the ground state of the molec-
ular target ∣Φ1

1⟩ (m = 1, s = 0) described at the Hartree–Fock level is
used to construct the CSFs. In the SEP approximation, the configu-
ration space is enlarged and, in addition to the ground state, virtual,
singly excited Slater determinants ∣Φ(2s+1)

m ⟩ (m > 1) representing the
promotion of an electron from an occupied hole orbital to an unoc-
cupied particle orbital with multiplicity 2s + 1 (1 for singlets and 3
for triplets) are also included in the construction of the CSFs. Only
CSFs with 2s + 1 = 2 (doublets) are included in the expansion of the
(N + 1)-electron trial function.

We optimized the ground-state geometry of the target with the
6-31G(d) basis set at the Hartree–Fock level of theory, using the
package GAMESS34 in the Td point group. With this, we obtained
the value of 2.173 Å for the length of the Ti–Cl bond, which is
close to the experimental value of 2.170 ± 0.002 Å.8 In the scattering
calculations, we employed the local-density norm-conserving pseu-
dopotentials of BHS32 to represent the nuclei core electrons of Ti
and Cl atoms. In order to describe the valence electrons of titanium
and chlorine atoms, we employed the Cartesian Gaussian (single-
particle) basis using 5s5p5d for Ti (with exponents shown in Ref.
16) and 7s5p2d for Cl (with exponents shown in Ref. 23) atoms,
which were generated using a variational method described in
Ref. 35.

The scattering calculations were carried out within the C2v
group, since the SMC method deals only with Abelian groups.
Whenever possible, the results were discussed in terms of the C2v
and Td groups. Table I shows the correlations between these two
point groups. In the SE approximation, we used the canonical
Hartree–Fock orbitals. On the other hand, in the SEP approxima-
tion, we used improved virtual orbitals (IVOs)36 to describe the
particle and scattering orbitals [see Eq. (3)]. The IVOs were gener-
ated using the highest occupied molecular orbital of the a1 symmetry
as the hole orbital. The configuration space was constructed respect-
ing the degeneracy of the Td group, in such a way that in the SEP
approximation, we use all 16 occupied orbitals as hole orbitals and
the lowest 61 IVOs as particle and scattering orbitals. This proce-

TABLE I. Correlation table of Td and C2v point groups.

Td C2v

A1 A1
T1 A2 + B1 + B2
T2 A1 + B1 + B2
E A1 + A2
A2 A2

J. Chem. Phys. 157, 154301 (2022); doi: 10.1063/5.0116713 157, 154301-3
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dure gave 15 531 CSFs for A1, 14 924 for B1 and B2, and 14 327 for
A2 symmetries, providing a total of 59 706 configurations.

B. Low-energy elastic integral cross sections
calculations: The R-matrix method

Scattering calculations were performed with UKRmol+ suite37

with the R-matrix method, a detailed description of which can be
found elsewhere.38 The main concept of the R-matrix method lies in
dividing the space into two areas: inner and outer region, separated
by a sphere of a chosen radius a. In the inner region, N electrons of
the target and the scattered electron are treated equally, taking into
account exchange and correlation effects, under the assumption that
one of the electrons is placed in the continuum or virtual orbital. The
total scattering wavefunction is expanded with the basis functions ψk
having the following form (following the standard notation37):

ψk = A∑
ij

aijkϕi(x1, . . . , xN)γj(xN+1) +∑
m

bmkχm(x1, . . . , xN+1), (4)

called the close-coupling expansion. In this equation, A is the anti-
symmetrization operator, ϕi stands for the ith target state, γj refers
to the continuum orbital of appropriate symmetry, and finally, χm
denotes so-called L2 functions. The ψk functions are imposed to
be eigenvectors of the N + 1 Hamiltonian, from which the expan-
sion coefficients aijk and bmk are obtained, as well as the R-matrix
poles (Ek). Until this point, the calculations are independent of the
scattering energy. The energy-dependent R-matrix can now be con-
structed from the basis functions and target states (cf. Refs. 37 and
38), and used in the outer region calculations. It is assumed that only
one electron, placed in the single centered potential, can be found
outside the sphere with radius r = a. The problems with the com-
plexity of the target and exchange interactions are thus omitted. In
the next steps, R-matrix is propagated39 to a large radius am ≫ a, and
by matching to the asymptotic expansion of the outer-region radial
function,40 the K-matrix can be obtained. From simple algebraic
relationships with S-matrix and T-matrix, other scattering quantities
are readily computed.

Several models can be used for the description of the scattering
process.37 Two simple approaches can be applied for obtaining elas-
tic cross sections, differing by the included χm functions from Eq. (4),
namely, (1) static-exchange (SE) and (2) static-exchange with polar-
ization (SEP) models, involving N + 1-particle configurations of
types

( core)N−Nv( valence)Nv( continuum)1, (5)

( core)N−Nv( valence)Nv( virtual)1, (6)

( core)N−Nv( valence)Nv−1
( virtual)2, (7)

where Nv is the number of valence electrons, and N is the total
amount of the target electrons. The configurations in (6) and (7) rep-
resent possible shape resonances. The third configuration is actually
used only in the SEP model, which we focus on in this work. The
interpretation of cross sections has been preceded by the time-delay

analysis, implemented in TIMEDELn41 program. The time-delay
matrix, or Q-matrix is expressed by the formula

Q(E) = −ih̵S∗
dS
dE

, (8)

where S is the S-matrix. The largest eigenvalue of the Q-matrix cor-
responds to the longest time-delay of the scattering electron, q.41

In the vicinity of the resonance, as a function of energy it can be
described by a Lorentzian

q(E) =
h̵Γ

(E − Er)2 + (Γ/2)2 + bg(E), (9)

where Γ is the resonance width, Er is the resonance position on
energy scale, and bg(E) is the background contributions from other
scattering processes. By fitting the appropriate Lorentzian, infor-
mation about the position and width of the resonance can be
obtained.

Target orbitals were obtained with the Hartree–Fock method
in cc-pVDZ basis set. The optimization with MOLPRO42–44 in this
basis resulted in bond length r(Ti–Cl) = 2.177 Å, which is not so
far from experimental value8 2.170 ± 0.002 Å. The first electron
affinity determined experimentally is 2.88 eV,11 whereas the ver-
tical electron affinity (computed as the energy difference between
the neutral molecule and anion, both in neutral geometry) obtained
in our calculations is 4.09 eV. The valence electronic structure
of the ground state and lowest-lying unoccupied orbitals is as
follows:

(1a1)
2
(1t2)

6
(2a1)

2
(2t2)

6
(1e)4

(3t2)
6
(1t1)

6, (10)

(2e)(4t2)(3a1)(5t2)(6t2)(3e)(4a1)(7t2)(5a1), (11)

in Td point group, in accordance with Nakatsuji et al.45 However,
the calculations with MOLPRO and UKRmol+must have been per-
formed in the C2v group. The identification of Td orbital symmetries
was carried out with the use of the following relations introduced in
Table I. All the single transitions from valence orbitals listed above
in (10) were included in calculations. A total of 51 (19, 12, 12, and
8 of a1, b1, b2, and a2 symmetry, respectively) virtual orbitals (VOs)
were used, giving 96 orbitals overall. The R-matrix radius was set to
18a0 so that the GTO basis could be applied, but it limited the pos-
sibilities of increasing the number of VOs included in calculations,
as well as the use of diffuse functions. The exponents for the contin-
uum GTOs were taken from Ref. 46 for l ≤ 4 and from Ref. 47 for
l = 5. Calculations in quadruple precision with deletion thresholds
set to 10−17 allowed keeping 99, 73, 73, and 48 continuum orbitals of
a1, b1, b2, and a2 symmetry, respectively. In the free scattering mode,
with such calculational setup, the eigenphase sums were below 10−3

rad, for collisional energies up to 9 eV. Radial charge densities were
verified to be below 3 × 10−6 at the R-matrix radius in the cc-pVDZ
basis set. The radius at which asymptotic expansion was applied was
set to 100a0.
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C. Ionization and intermediate energy elastic cross
section calculations: The binary-encounter-Bethe
and the additivity rule methods

To calculate electron -impact ionization cross section and
elastic cross section for intermediate collisional energies, we have
applied the binary-encounter-Bethe (BEB)48 and additivity rule
(AR)49,50 methods, respectively.

Within BEB methods, the total cross section, σIon, for the
electron-induced ionization can be obtained as the sum of cross
sections for ionization of each individual molecular orbital (MO)

σ Ion
=

n MO

∑
i=1

σBEB
i , (12)

where nMO is the number of given MOs. The electron-impact ion-
ization cross section per individual MO orbital can be calculated
according to the following formula:

σBEB
=

S
t + u + 1

[
ln t

2
(1 −

1
t2 ) + 1 −

1
t
−

ln t
t + 1
], (13)

where u = U/B, t = T/B, S = 4πa2
0NR2

/B2, a0 = 0.5292 Å,
R = 13.61 eV, and T is the electron impact energy. All molec-
ular parameters, such as the electron binding energy, B, kinetic
energy of the orbital, U, and orbital occupation number, N, have
been calculated for the ground states of the geometrically optimized
titanium tetrachloride molecules at the Hartree–Fock method level
using the GAUSSIAN code,51 and Gaussian 6-31++G basis set.
Moreover, the ionization energies of the valence orbitals have been
corrected using outer valence Green function calculations.52

According to the additivity rule (AR)49,50 the total elastic cross
section (ECS) can be calculated from cross sections for elastic
electron scattering from constituent atoms of the target molecule.

To obtain the elastic electron-scattering cross sections for
respective atoms, the radial Schrödinger equation

[
d2

dr2 −
l(l + 1)

r2 − 2(V stat(r) + V polar(r)) + k2
]ul(r) = 0 (14)

has been solved numerically with partial wave analysis. In calcula-
tions, the electron–atom interaction has been represented by static,
Vstat(r),53 and polarization, Vpolar(r),54 potentials.

IV. RESULTS AND DISCUSSION
The energy dependence of the present experimental absolute

total cross section for electron scattering from TiCl4 molecules
is shown in Fig. 2. Numerical TCS data are listed in Table II.
No experimental absolute electron-scattering TCS data for TiCl4
molecules have been found in the literature for comparison. The
positions of the resonances found experimentally and theoretically
are summarized in Table III.

With respect to the magnitude, the measured TCS values for
the TiCl4 molecule are relatively high. Over the whole energy range
investigated (0.3–300 eV), the TCS exceeds 18 × 10−20 m2. Such high
TCS is, at least in part, related to the large geometrical size of the
TiCl4 molecule; the gas kinetic cross section, σgk, for this molecular

FIG. 2. Measured absolute total cross section for electron scattering from TiCl4
molecules. Error bars shown at selected energies correspond to estimated overall
experimental uncertainties.

target (based on the van der Waals constant b55) amounts to
18.3 × 10−20 m2.

According to the shape of the TCS energy curve, two very
pronounced enhancements are visible, separated with the deep
minimum located near 1.1 eV. Below this energy, TCS increases
very sharply up to 76.7 × 10−20 m2 at the lowest investigated energy,

TABLE II. Absolute experimental electron-scattering total cross sections (TCSs), at
impact energy E (in eV), for the titanium tetrachloride (TiCl4) molecule in units of
10−20 m2.

E TCS E TCS E TCS

0.3 76.7 3.0 28.6 22.5 69.7
0.4 72.5 3.5 35.8 25 69.3
0.5 58.1 4.0 48.6 27.5 67.7
0.6 41.5 4.5 59.2 30 67.2
0.7 30.0 5.0 68.6 35 64.4
0.8 22.4 5.5 76.5 40 61.3
0.9 21.3 6.0 85.0 45 60.7
1.0 17.8 6.5 86.8 50 57.8
1.1 17.3 7.0 85.4 60 55.2
1.2 19.1 7.5 91.5 70 51.5
1.3 20.0 8.0 99.8 80 50.0
1.4 19.8 8.5 101.0 90 47.9
1.5 18.0 9.0 97.4 100 46.3
1.6 18.0 9.5 96.9 110 44.8
1.7 20.6 10.0 97.4 120 43.7
1.8 21.5 10.5 94.6 140 39.4
1.9 21.3 11.0 89.9 160 36.8
2.0 23.0 12.0 84.1 180 33.8
2.2 26.3 14.0 79.1 200 30.2
2.4 24.0 16.0 77.1 220 26.6
2.6 23.6 18.0 74.9 250 21.6
2.8 29.3 20.0 72.3 300 17.7
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TABLE III. Position of the resonances (in eV) found experimentally (Expt.) and theoretically (Theo.) through the R-matrix and SMC calculations in the SEP approximation and
previously reported in the literature through a time-of-flight mass spectroscopy (ToFMS),9 dissociative electron attachment (DEA),10,14 and electron transmission spectroscopy
(ETS)15 experiments.

Present Kiser et al.9 Bennett et al.10 Bjarnason et al.14 Tossell et al.15

Expt. Theo. Theo. Expt. Expt. Expt. Expt.
Resonance TCS R-matrix SMC ToFMS DEA DEA ETS

T2 4.8a 5.06 4.80 5.5 3.8 3.6 3.6
A1 6.5 6.3 6.30 6.5 5.7 5.3 5.8
⋅ ⋅ ⋅ 8.0a

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 8.2
⋅ ⋅ ⋅ 9.9 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

aEvaluated due to detailed analysis of the main TCS maximum (see Fig. 7).

0.3 eV. Such strong increase toward thermal energies, which is not
typical for non-polar targets (μD = 0D), can be related to the rel-
atively large value of the static electric polarizability of the TiCl4
molecule (α ≈ 15.1 × 10−30 m3) and, hence, relatively strong induced
polar interactions and also to the formation of a virtual state, which
will be discussed latter. It is worth noting that the TCS curve clearly
changes slope and becomes less steep below 0.4 eV. Above 1.5 eV,
the TCS again increases and reaches its maximum value of about
101 × 10−20 m2 close to 8.5 eV. Beyond the maximum TCS curve
decreases with energy increase down to 18 × 10−20 m2 at 300 eV, the
upper limit of employed energy. On both sides of the main max-
imum, around 6.5 and 10 eV, two weak resonant-like features are
visible. Two additional weak local maxima are discernible at around
1.3 and 2.2 eV, respectively. It is worth noting that the maxima at
6.5 and 10 eV were noticeable in each measurement series, while
the other two discernible at around 1.3 and 2.2 eV, respectively, are
somewhat statistical in nature. Due to the lack of detailed experi-
mental data on individual scattering channels, the origin of the latter
is rather unclear at the moment.

Strong and sharp changes in the TCS energy dependence
can represent the resonant nature of scattering; however, detailed
explanation of the resonant-like structures’ origin is rather diffi-
cult without additional studies for particular scattering channels. In
electron transmission studies of Tossell et al., 15 broad structures
were observed at around 3.6, 5.8, and 8.2 eV. It was also concluded
by theoretical calculations that TiCl4 with the addition of electron
in the two lowest unoccupied orbitals (2e and 4t2, following the
standard enumeration, see also Sec. III B), form a stable anion,
whereas two next orbitals (3a1 and 5t2) may contribute to the near-
threshold region of cross section. Thus, the rapid increase of TCS
values toward the lowest measured energy can be partially assigned
to the creation of metastable negative ion, TiCl−4 . DEA studies of
Bjarnason14 showed the maxima of formation for TiCl−3 anion at
3.6 eV and Cl− at 5.3 eV. By the analysis of the UV spectrum of
TiCl4, the first structure was attributed to a shape resonance of E
symmetry or a Feshbach resonance of T1 symmetry, and the sec-
ond one was proposed to be the result of overlapping core-excited
resonances. In the work of Bennett et al.,10 the maxima of ion cur-
rent after DEA were located at 3.8 and 5.7 eV and in studies of Kiser
et al.9 at 5.5 and 6.5 eV for TiCl−3 and Cl−, respectively. Argumenta-
tion provided in (Bennett10) suggests that the lower energy process
may involve species in their ground states, whereas in the second

one, the remaining fragment (TiCl3) must be in its excited state or
other intermediate mechanisms occur. Calculations of cross sections
for elastic scattering from TiCl4 have been performed by Azevedo
et al.,16 showing a resonant-like structure around 6 eV and a large
bump centered at 14 eV. Cross sections for electron impact ion-
ization of TiCl4 were also investigated both experimentally13 and
theoretically.16 The measurements of electronic spectra in UV56–58

revealed an electronic excitation threshold at around 4.4 eV, which
was attributed to the (1t1 → 2e) transition by SAC-CI calculations of
Nakatsuji et al.45

Figure 3 shows elastic integral cross sections (ECSs) for TiCl4 in
the scattering symmetries of C2v point group and the sum of them
obtained using the R-matrix method within the SEP approximation.
Since the symmetries b1 and b2 always occur in pairs in relations
from Table I, these cross sections coincide. Below 7 eV, no clear,
narrow resonance structures are observed. It was found that the R-
matrix poles associated with configurations (g.s.)⊗ (2e)1 and (g.s.)

FIG. 3. Elastic cross sections (ECSs) obtained from the SEP approximation with
the R-Matrix method; in particular, scattering symmetries and the sum of them.
Inset shows the SE results for comparison.

J. Chem. Phys. 157, 154301 (2022); doi: 10.1063/5.0116713 157, 154301-6

Published under an exclusive license by AIP Publishing

 26 February 2024 09:36:07
D

o
w

nl
o

ad
ed

 f
ro

m
 m

o
st

w
ie

d
zy

.p
l

https://scitation.org/journal/jcp
http://mostwiedzy.pl


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

⊗ (4t2)
1 lay ∼4 eV below the ground state of neutral target, showing

that these two states should not be observed as shape resonances.
This is also supported by the results in Ref. 15. The narrow peaks
at around 7 eV and above that energy are likely to be pseudoreso-
nances, which are structures with no physical meaning that appear
in the ECS as a result of energetically accessible channels that are
treated as closed in this level of approximation. The dominant con-
figuration for the pole at 6.96 eV (exactly at the position of the first
peak) corresponds to the first electronic transition (1t1 → 2e), with
a scattering electron placed at 3a1 orbital. Below 7 eV, by detailed
inspection of eigenvalues of the time-delay matrix (Fig. 4), two struc-
tures have been found that can be pre-attributed to broad and rather
weak resonances. The one lower in energy occurs in 2A1, 2B1, and
2B2 scattering symmetries of C2v point group, which corresponds
to the T2 symmetry in Td group. The result of Lorentzian fit by
TIMEDELn located the resonance at Er = 5.06 eV, having a very
large width Γ = 4.49 eV. The biggest wavefunction coefficient for
the closest pole common to A1, B1, and B2 symmetries at 4.86 eV
is 0.61, corresponding to the (g.s.) ⊗ (6t2)

1 state, while the others
are less than 0.1. A small bump was also observed in the time-delay
analysis in SE calculations (not shown). Therefore, this resonance
may be off shape or mixed shape and core-excited type. The sec-
ond structure was detected only in the A1 symmetry at Er = 6.3 eV,
with a width Γ = 3 eV. The largest coefficient for the nearest pole
is equal to 0.44 and corresponds to (g.s.) ⊗ 5a1 configuration, but
4a1 and higher orbitals of a1 symmetry (in Td point group) are not
negligible. In SE calculations (time-delay not shown), where pseu-
doresonances are not observed, at least three resonant-like structures
(one in A1 and two in T2 symmetry) were found around 8 eV;
so, the A1 resonance may also be of shape character, partially or
fully.

In Fig. 5, the ECSs obtained from the SMC calculations are
presented in the SEP and SE approximations, alongside the sym-
metry decomposition of the SEP ECS according to the C2v point

FIG. 4. The largest eigenvalue of the time-delay matrix obtained from the SEP
approximation in 2A1 and 2B1 scattering symmetries.

FIG. 5. Elastic integral cross sections obtained from the SEP approximation with
the SMC method in the symmetries of the C2v point group and the sum of them.
The inset shows the SE results for comparison.

group. The overall behavior of the cross section is similar to the
one obtained from the R-matrix calculation, where no distinct, sharp
resonant structure can be seen. Yet, a small shoulder in the A1, B1,
and B2 symmetries in the SMC calculations can be observed around
4.5 eV, which may be associated with a shape resonance of the
threefold-degenerate T2 symmetry of the Td point group. A mini-
mum in the ECS can be seen around 1 eV and below this energy, the
A1 symmetry dominates the behavior of the cross section. The struc-
tures in higher impact energies are pseudoresonances. In the inset,
the ECS calculated in the SE is presented and is in good agreement
with the calculations performed by Azevedo et al.16

From the diagonalization of the scattering Hamiltonian in the
CSF basis set used in the SEP SMC calculations, we obtained that the
lowest state of E and T2 symmetries lay 4.83 and 4.18 eV below the
ground state, respectively. These results corroborate the ones found
by the present R-Matrix calculations, where two R-matrix poles also
lay ∼4 eV below the ground states, and are supported by the the-
oretical calculations of Tossell et al.15 Beyond that, two resonant
states were found. The first one at 4.80 eV in the A1, B1, and B2
irreducible representations of the C2v point group (T2 symmetry
of Td) is associated with the first resonance found in the R-Matrix
calculation (5.06 eV). It is worth noting that this resonance has the
same symmetry and is close in energy to the small shoulder around
4.5 eV observed in the SMC cross section. Another resonant state
of A1 symmetry was found at 6.30 eV, corresponding to the second
resonance found by the R-Matrix calculations (6.3 eV).

It should be emphasized that the theoretically obtained res-
onance structures are very weak and are barely observed in the
calculated cross sections. The ETS features presented in the work
of Tossell et al.15 are also broad and are not strongly accentuated in
the simulated cross section obtained from the derivative of transmit-
ted current, although they appear lower in energy, as in other works
on DEA of TiCl4.9,10,14 However, the described computational setup
has many shortcomings, including a small number of virtual orbitals
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and lack of diffuse functions in the basis set, whereas some of the
orbitals included in calculations may be of Rydberg character.45 Note
that positions of resonances can be significantly shifted toward lower
energies if diffusion functions are included in calculations. Another
likely reason why the structures obtained are relatively weak and
positioned at higher energies is their possible core-excited character.
It is worth noting that the ECSs presented here greatly disagree with
the one calculated by Tossell et al.15 due to the different methods and
approximations used in the calculations.

The comparison between the calculated ECSs and the measured
TCSs is presented in Fig. 6. Although the theoretical cross sections
agree well, they are lower than the experimental ones over the whole
studied energy range. It is worth noting that the calculations are
restricted to the elastic channel, while the measurements involve
every accessible channel, including vibrational and rotational exci-
tations, in addition to the elastic scattering. Therefore, the cross
sections presented in Fig. 6 are not directly comparable. A sharp
increase in the calculated SEP cross sections toward low energies
in A1 symmetry as well as in the TCS, is consistent with the pres-
ence of a virtual state. Besides, the minimum seen in both R-matrix
and SMC SEP ECS, and in the TCS, is consistent with the presence
of a Ramsauer–Townsend minimum. We argue that no low-energy
resonance nor sharp increase toward 0 eV or minimum is observed
in the SE approximation (see the insets in Figs. 3 and 5), since these
two features depend on the proper description of polarization. Below
4 eV, the curve is not smooth, which could be partially explained by
the existence of the lower structure appearing in the studies listed
above around 3.6 eV. On the other hand, and attempt to approx-
imate the TCS curve with the sum of Gaussian functions in the
4–12 eV energy range showed that four resonances may be observed,
centered at around 4.8, 6.2, 8.0, and 9.9 eV, see Fig. 7. It is worth not-
ing here that the grand-TCS, on the one hand, represents a sum of
scattering information, and definitive assignments of broad features
visible in the energy dependence of the TCS to particular scattering
events are somehow uncertain. On the other hand, in TCS mea-
surements, contrary to DEA experiments, all resonance signatures

FIG. 6. Comparison of the experimental TCS with results of R-matrix (dashed violet
line, ECS R-matrix) and SMC (full wine line, ECS SMC) calculations of the elastic
integral cross section.

FIG. 7. Approximation of the TCS in 4–10 eV with four Gaussian curves, after the
subtraction of the background scattering (assumed linear in this energy range).

will be present regardless of their decaying mechanisms.59 Addition-
ally, structures in TCS originating from the DEA process may be
distorted or even obscured by contributions from other accessible
processes, such as elastic scattering. When the resonance structures
are broad, and the successive resonant states are close to each other,
some weaker structures can also be partially masked by overlap with
the low energy tail of the higher more intense resonance, result-
ing often in the shift of the energy position of a particular resonant
structure. Moreover, the potential shift of the maximum in the DEA
ion yield, as compared to the electron transmission spectroscopy
(ETS) experiments, can be related to competition between autode-
tachment and dissociation in the relaxation of the initially formed
transient negative ion. In the ETS spectrum, whole resonance width
is reflected, and autodetachment will dominate over dissociation at
higher energies. Thus, the DEA ion yield can be shifted to lower
energies in comparison to the resonance positions observed in the
ETS type experiments.14 Since the DEA processes described above
can be shifted toward higher energies in TCS, the structure at 4.8 eV
may also correspond to the lower DEA process. For the reasons
listed above, we think it is possible that it coincides with the weak
resonance observed in ECS in T2 symmetry at 5.06 and 4.80 eV,
according to the R-matrix and SMC calculations, respectively. We
used the fixed-nuclei approximation (FNA) in our calculations. In
the FNA, the cross section is rotationally summed and vibrationally
elastic. Up to 4 eV, the calculations fairly well reproduce the exper-
imental curve qualitatively, and we believe that the quantitative
differences are due to the lack of vibrational excitation channels in
the calculations, since these inelastic cross sections may be of the
order of 10 Å2 (see, for instance, Christophorou et al.60). The lack of
vibrational excitation cross sections in the literature for the TiCl4
molecule makes it impossible to verify this hypothesis. A lack of
polarization in the calculations of the cross sections of A1 symmetry,
responsible for the background of the Ramsauer–Townsend mini-
mum, as shown in Fig. 8 (contribution of l = 2 partial wave), can
also be playing a role in these differences. Unfortunately, improving
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FIG. 8. Upper panel: Partial wave decomposition of the ECS: full red line, SEP
ECS; full wine line, s-wave; dashed purple line, p-wave, and dashed-dotted orange
line, d-wave. Middle panel: s-wave eigenphase. Lower panel: DCS SEP calculated
with the SMC method at 1.0 eV. Both cross section and eigenphase support a
virtual state and a Ramsauer–Townsend minimum.

the polarization scheme would be computationally unfeasible. The
electronic excitation threshold45 lies around 4.4 eV, which would
explain the discrepancy between theory and experiment above this
energy. It is reasonable to assume that the peak at 6.5 eV in the exper-
imental TCS is moved toward higher energies due to the overlapping
with higher resonances and electron-impact excitation processes

(see Fig. 7). Therefore, we ascribe the 6.5 eV structure in TCS to
the A1 resonance at 6.3 eV in the theoretical R-matrix and SMC
ECSs. Because it is much more pronounced in the TCS (in which,
in general, resonances are blurred by inelastic processes), it is likely
that this structure would be better described by calculations in which
inelastic processes will be taken into account. Above 12 eV, the theo-
retical curves seem to follow the trend of experimental TCS, but due
to the enormous amount of pseudoresonances, it is difficult to draw
specific conclusions.

In order to investigate the SEP ECS behavior at the low energy
regime in more detail, we plot in Fig. 8 the partial wave decompo-
sition of the ECS, the s-wave eigenphase, and the differential cross
section (DCS) at 1.0 eV, obtained from the SMC calculations. The
s-wave results support the presence of a Ramsauer–Townsend min-
imum at around 0.99 eV, where the cross section goes to zero and
the eigenphase changes sign, indicating that the effective potential
felt by the electron, which is the combination of the attractive static
polarization and the repulsive exchange interactions,61–63 changes
from attractive to repulsive. Although this minimum is observed,
the ECS does not tend to zero around its position. This is a conse-
quence of the d-wave (l = 2) contribution to the scattering process
in this energy regime. In fact, both the partial wave decomposition
and the DCS at 1.0 eV indicate that the electron–TiCl4 interaction
around this collisional energy is dominated by the d-wave scatter-
ing. We also observe a high magnitude in the s-wave cross section as
the energy tends to zero. In polar molecules, the high magnitude in
the low energy regime is due to the long-range dipole interactions
between the target and the incident electron, while for non-polar
molecules, such as TiCl4, this sharp increase near zero energy may
be associated with the formation of a virtual state. The virtual state is
a resonance at zero energy, wherein the ideal case the cross section
tends to infinity, the eigenphase tends to π/2, and the scattering
length tends to negative infinity as the incident electron energy tends
to zero. In the case of real molecules, a negative scattering length
indicates the presence of the virtual state. Through the modified
effective range theory (MERT)64 we estimate the scattering length
to be −49.70a0 from the calculated SMC cross section, supporting
the formation of a virtual state.

In Fig. 9, we present the DCSs calculated in both SE and
SEP approximations for the impact energies of 3, 5, 10, 15, 20,
and 30 eV obtained through the SMC method. The results in the
SE approximation agree very well with the results from Azevedo
et al.,16 as expected. At 5 eV, the DCSs present a d-wave behavior.
For the other energies, there is no dominant partial wave, indicating
that distinct partial waves contribute to the scattering.

To complete the set of cross sections for the scattering of elec-
trons by TiCl4, in Fig. 10, the momentum transfer cross section
(MTCS) calculated with the SMC is presented in the SE and SEP
approximations. The dependence of the MTCS on impact energy is
analogous to the ICS. Again, a good agreement between the present
results in the SE approximation and the one from Azevedo et al.16 is
observed, as expected. The MTCS is a very important piece of infor-
mation for plasma modelers, because of its relation to the transport
of electrons in low-temperature plasma. For instance, the presence
of a Ramsauer–Townsend minimum in the MTCS, as is the case for
TiCl4, favors the negative differential conductivity (NDC) effect. The
NDC is the decrease of the electron drift velocity as a function of the
density-reduced electric field E/N (where E is the electron field and

J. Chem. Phys. 157, 154301 (2022); doi: 10.1063/5.0116713 157, 154301-9

Published under an exclusive license by AIP Publishing

 26 February 2024 09:36:07
D

o
w

nl
o

ad
ed

 f
ro

m
 m

o
st

w
ie

d
zy

.p
l

https://scitation.org/journal/jcp
http://mostwiedzy.pl


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

FIG. 9. Elastic differential cross sections for the scattering of electrons by TiCl4 obtained through the SMC method. Dotted gray line, DCSs calculated in the SE approximation;
full line, present SEP DCSs; dashed-dotted green line, SE DCSs from Azevedo et al.16 A d-wave behavior is observed at 5 eV.

N is the neutral number density), as E increases65 and can be avoided
or enhanced depending on the application.66

Finally, in Fig. 11, experimental TCS values for intermedi-
ate electron energies are compared with integral (ECS) and total

FIG. 10. Momentum-transfer cross section for the scattering of electrons by
TiCl4, obtained through the SMC method. Dotted gray line presents results in the
SE approximation; full line presents SEP approximation; and long-dashed green
line presents SE MTCS from the work of Azevedo et al.16

ionization (ICS) cross sections obtained using AR and BEB methods,
respectively. The calculated threshold for ionization is 11.609 eV,
and a maximum of 13.24 × 10−20 m2 for the single ionization pro-
cesses is predicted at 85 eV. Calculated ionization cross section is

FIG. 11. Comparison of measured TCS with results of elastic (ECS) and ionization
(ICS) cross section calculations at intermediate collisional energies. The sum of
ECS and ICS (ICS + ECS), as well as experimental13 (ICS exp) and theoretical17

(ICS DM) total ionization cross sections are also shown for comparison.
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in quite acceptable agreement with the experimental results,13 but
the ICS values are lower than experimental ones. In fact, the dis-
crepancy between experimental and theoretical ICSs is mainly due
to the fact that the results of the calculations take into account, in
contrast to the experimental data, only single ionization processes. It
is worth noting, that on one hand, the total ionization cross section
calculated with the semiclassical DM formalism17 is in much better
agreement with experimental data than the results of our calcula-
tions. In addition, the value of the ionization cross section maximum
(17.5×10−20 m2) estimated using the BEB method with effective core
potentials18 is consistent with the experimental results. On the other
hand, the present theoretical results are higher than those obtained
previously16 with the same method, but with a much more limited
basis set [3-21G(3d)] used in the calculations of target electronic
properties. From Fig. 11, it is clear that the elastic scattering pre-
dominates collisional processes above 30 eV. Below 25 eV, calculated
ECS is too high and even exceeds the TCS, which is associated with
limitations of the AR model used in the computations.

To estimate the TCS for electron scattering from the TiCl4
molecule at high impact energies, which lay beyond the upper acces-
sible limit, in our experiment we have used the sum of calculated
ECS and ICS. While, due to limitations of the methods used in the
calculations, such approximation is rather simple and rough, it has
been shown that it can lead to satisfactory results.67 For collisional
energies between 30 and 200 eV, the sum of ECS and ICS is close
to the measured TCS values. Above 200 eV, the experimental TCS
values are clearly below the data from the theoretical estimations,
which shows, on the one hand, the limitations of this approach, and
on the other hand, it may indicate that TCS measured for the high-
est energies can be somewhat underestimated due to not sufficient
discrimination of electrons scattered inelastically into the forward
direction.

V. CONCLUSIONS
Measured TCS for the scattering of electrons by TiCl4 was

reported in the 0.3–300 eV energy range. The TCS is large for near-
threshold collisional energies, it presents a minimum at around
1.5 eV, and resonant structures around 6.5, 8.5, and 10 eV. An
attempt to approximate the TCS in the 4–10 eV with Gaussian
curves showed that 4 resonances centered around 4.8, 6.2, 8.0, and
9.9 eV may be present in the scattering process. Calculated ECS,
DCS, MTCS, and total ionization cross sections for TiCl4 were also
reported with different levels of theory. A good qualitative agree-
ment was found between the calculated ECSs and the measured
TCSs below 4 eV. Although no distinct, sharp resonant structure is
observed in the calculated ECSs, the R-matrix and SMC calculations
at the SEP level of approximation showed two weak resonances,
one centered around 4.8 eV of T2 symmetry and another around
6.3 eV of A1 symmetry. Below 1 eV, both the experimental TCSs
and calculated ECSs show a large increase as the collisional energy
decreases. Investigations of the very low-energy s-wave cross section
and eigenphase obtained with the SMC SEP calculation support a
Ramsauer–Townsend minimum near 1 eV and the formation of a
virtual state at the lowest impact energies. Diagonalization of the
scattering Hamiltonian of the SMC SEP calculations and analysis
of the R-matrix poles showed that the two lowest scattering states
lie below the ground state. While the cross sections reported here

form a good and reliable dataset, further work regarding other scat-
tering channels, such as the electronic excitation channels, is needed
to provide a complete set of electron–TiCl4 cross section for plasma
modelers.
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Możejko, Phys. Rev. A 94, 042706 (2016).

J. Chem. Phys. 157, 154301 (2022); doi: 10.1063/5.0116713 157, 154301-12

Published under an exclusive license by AIP Publishing

 26 February 2024 09:36:07
D

o
w

nl
o

ad
ed

 f
ro

m
 m

o
st

w
ie

d
zy

.p
l

https://scitation.org/journal/jcp
https://doi.org/10.1140/epjd/e2020-100646-0
https://doi.org/10.1007/bf01447150
https://doi.org/10.1021/jp013239q
https://doi.org/10.1016/s0022-0248(99)00133-5
https://doi.org/10.1016/j.sse.2019.05.003
https://doi.org/10.1021/ja01326a044
https://doi.org/10.1039/tf9413700393
https://doi.org/10.1063/1.1727535
https://doi.org/10.1021/ba-1968-0072.ch012
https://doi.org/10.1016/0020-7381(74)80042-2
https://doi.org/10.1016/0020-7381(74)80042-2
https://doi.org/10.1016/0020-7381(79)80107-2
https://doi.org/10.1039/f29787400485
https://doi.org/10.1016/s0040-6090(00)01143-3
https://doi.org/10.1016/s0040-6090(00)01143-3
https://doi.org/10.1140/epjd/e2014-50091-9
https://doi.org/10.1088/0022-3700/20/3/018
https://doi.org/10.1088/0953-4075/33/24/301
https://doi.org/10.1088/0953-4075/33/24/301
https://doi.org/10.1016/s1387-3806(99)00257-2
https://doi.org/10.1002/sia.2091
https://doi.org/10.1016/s1093-3263(99)00002-9
https://doi.org/10.1063/1.5086689
https://doi.org/10.1103/physreva.102.022812
https://doi.org/10.1063/1.5116307
https://doi.org/10.1063/5.0011749
https://doi.org/10.1016/s0042-207x(01)00238-x
https://doi.org/10.1088/0953-4075/31/17/016
https://doi.org/10.1002/andp.19093360110
https://doi.org/10.1016/0042-207x(83)90098-2
https://doi.org/10.1088/0031-8949/54/3/006
https://doi.org/10.1063/1.4982827
https://doi.org/10.1103/physreva.24.2473
https://doi.org/10.1103/PhysRevA.30.1734
https://doi.org/10.1103/physreva.47.1111
https://doi.org/10.1103/physrevb.26.4199
https://doi.org/10.1140/epjd/e2015-60192-6
https://doi.org/10.1140/epjd/e2015-60192-6
https://doi.org/10.1063/5.0005188
https://doi.org/10.1002/(sici)1097-461x(1996)60:4&tnqx3c;821::aid-qua4&tnqx3e;3.0.co;2-z
https://doi.org/10.1002/(sici)1097-461x(1996)60:4&tnqx3c;821::aid-qua4&tnqx3e;3.0.co;2-z
https://doi.org/10.1016/0009-2614(69)80154-5
https://doi.org/10.1016/j.cpc.2019.107092
https://doi.org/10.1016/j.cpc.2019.107092
https://doi.org/10.1016/j.physrep.2010.02.001
https://doi.org/10.1016/0010-4655(84)90025-0
https://doi.org/10.1016/0010-4655(84)90145-0
https://doi.org/10.1016/j.cpc.2017.01.005
https://www.molpro.net
https://doi.org/10.1002/wcms.82
https://doi.org/10.1002/wcms.82
https://doi.org/10.1063/5.0005081
https://doi.org/10.1063/1.463095
https://doi.org/10.1088/0953-4075/41/20/205204
https://doi.org/10.1063/1.5081813
https://doi.org/10.1063/1.471116
https://doi.org/10.1016/0375-9601(91)91070-t
https://doi.org/10.1007/bf01437846
https://doi.org/10.1002/jcc.540140105
https://doi.org/10.1103/physreva.36.467
https://doi.org/10.1103/physreva.29.1742
https://doi.org/10.1016/0584-8539(73)80101-1
https://doi.org/10.1016/0371-1951(65)80034-0
https://doi.org/10.1007/bf00527013
https://doi.org/10.1021/acs.jpclett.2c01704
https://doi.org/10.1063/1.555986
https://doi.org/10.1103/physreva.39.4312
https://doi.org/10.1103/physreva.44.4296
https://doi.org/10.1088/0953-4075/27/11/023
https://doi.org/10.1088/0953-4075/27/11/023
https://doi.org/10.1103/physreva.88.012704
https://doi.org/10.1088/0963-0252/23/4/043001
https://doi.org/10.1088/0963-0252/23/4/043001
https://doi.org/10.1109/tps.1986.4316598
https://doi.org/10.1103/physreva.94.042706
http://mostwiedzy.pl

