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Abstract
This article is intended to analyze forced vibrations of a piezoelectric-piezomagnetic ceramic
nanoplate by a new refined shear deformation plate theory in conjunctionwith higher-order nonlocal
strain gradient theory. As both stress nonlocality and strain gradient size-dependent effects are taken
into account using the higher-order nonlocal strain gradient theory, the governing equations of the
composite nanoplate are formulated.When the nanoplate is subjected to a transverse harmonic
loading and all the edges are considered as simple boundaries, the governing equations can be solved
with a closed-form solution, fromwhich themaximumdynamic deflections are obtained. To validate
the results of the newproposed plate theory, the comparisons between ours and thewell-known
papers in the literature are presented. The influences of different nonlocal parameters andmaterial
properties on the nanoplate’s dynamic responses are also studied.

1. Introduction

Due to their amazing features such as high temperature stability, high strength and high corrosion resistance,
specialmagnetic and electrical properties (piezoelectricity, superconductivity, insulating or semiconducting and
etc), the advanced nanoceramics are on the list of the crucial and strategic components inmany industries. For
example, in the aerospace industry, the resistance of thesematerials against heat is so important, and also in the
electronic and communications industries, due to their good optical and electrical properties, they are
considered as important components [1, 2].

BaTiO3 is one of the useful nanoceramics for various applications. The experimental studies on thismaterial
showed that it has excellent optical properties [3, 4] and also structural studies showed its amazing elastic and
heat properties [5]. It is interesting whenwe got the electromagnetic nanostructure by combining BaTiO3with
CoFe2O4 in order to achieve novelmaterials. During the past decade such amaterial wasmade by routine
industrial ceramicmanufacturingmethodswithinwhich the newmaterial has bothmagnetic and electric
reactions in itsmolecular structures [6–10]. Of course, consideringmechanical behavior of such a newmaterial
can have advantages for advanced industries. Although there have been awide range of studies about assessing
mechanical behavior of nanostructures, electromagnetic nanostructures have been far from the attention of
researchers around theworld yet. Thismight be because of complicate behavior of suchmaterials that leads to
complex computational formulation to examine them. Ke et al [11]modeled a piezoelectric nanobeamon the
basis of nonlocal elasticity theory of Eringen. They studied natural frequencies for thick nanobeams. In another
study, Ke et al [12] investigated stability and post stability of piezoelectric nanobeams in electrical and thermal
environments. Critical buckling loads and natural frequencies of nanoplates included piezoelectricity were
evaluated by Jiang andYan [13]. In a special case, Fang andZhu [14] embedded a nonhomogeneous shell in a
mediumwith piezoelectricity property and calculated its natural frequencies. Fang et al [15] studied the impact
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of surface energy for orthotropic tube nanoshells and its nonlinear frequencies were computed. Bidirectional
stability of natural frequencies of double-layered nanoplates rested on visco-Pasternak substrate were analyzed
in electrical andmagnetic environments by Jamalpoor et al [16]. Their problemwasmodelled by classical plate
theory and nonlocal elasticity one. Post stability of a rectangular nanoplate incorporates both electrical and
magnetic properties was investigated byGholami andAnsari [17]. They applied higher-order shear
deformations theories by using various functions such as Parabolic, Trigonometric, Hyperbolic and Exponential
for several boundary conditions. The nonlocal elasticity theory of Eringenwas accompaniedwith the equations
and generalized differential quadraturemethodwas employed to calculate the deflections of post buckling. Arefi
andZenkour [18] dynamicallymodeled a nanocomposite plate in electrical andmagnetic environments which
was placed on a visco-Pasternakmedium.Natural frequencies were obtainedwhilst the small scale effects were
considered by nonlocal continuum theory. Barati and Shahverdi [19]presented forced vibration of a
heterogeneous nanoporous plate by combining amodified shear deformation plate theory and lower-order
strain gradientmodel. Galerkin’smethodwas considered to solve the equations. Ebrahimi andBarati [20]
studied damping vibration of graphene sheets by applying lower-order strain gradient theory on a higher-order
refined plate theory. TheDQMwas used to obtain numerical results for fully simply supported boundary
conditions. Also, there have been donemany valuable researchwithinwhich the nanostructures have been
investigated in various conditions [21–35].

This work provides and reports a new refinedfirst-order shear deformation theory to assess excitation
frequencies for electromagnetic nanoplates. The nanoplate is exposed to a transverse dynamic harmonic load
and stayed in electrical andmagnetic environments. By using nonlocal strain gradient theory the stress
nonlocality and strain gradient size-dependent effects are taken into account.Moreover, theNavier solution
technique is applied to solve the forced vibration equations considering fully simply-supported edges.
Eventually, the dynamic deflections are obtained for various conditions and some new results are presented in
this category.

2.Mathematicalmodeling

2.1. A newone variable shear deformation plate theory (OVFSDT)
Figure 1 illustrates a continuumnanoplate which is subjected tomagnetic (ψ0) and electric (j0)fields on its
upper and lower layers. A transverse dynamic load uniformly acted on the nanoplate q(t). The three-
dimensional picture of the nanoplate shows Lx for its length, Ly for its width, and h represents its thickness,
respectively.

Initially, according to the first-order shear deformation theory (FSDT), the displacement field of the
nanoplate can be defined as follows [36]:
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Inwhich u, v andw are the displacement vectors ofmid-surface in x, y and z directions, respectively. In
addition, for the angles of rotation of the elements of the nanoplate around y and x axis,j andψ are defined,
respectively. First, let us reconsider the simple first-order shear deformation theory (S-FSDT)withinwhich it
was assumed [37–42]:
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Moreover, thej andψ angles were expressed as follows:
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Substituting equations (2), (3) in equation (1) the displacement field of the S-FSDT is presented [37–42]:
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The expression = +w w wb s might lead to some ambiguities, since the visualization of shear deflection is
hard. That’s why, equation (5)would be refined:
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As it is clear, the bending deflection is a conceptual item to capture the parametric value of the shear
deflection. So, the bending deflection can be used tofind the non-numerical value ofws:
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Let us use the fourth equation of FSDT in order to calculatews based onwb:
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Imposing equation (6) into equation (7), we have:
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Integrating equation (8) based on x, ignoring the integral constants and then simplifying, the shear deflection
is captured as:

Figure 1. (a)Composite nanoceramics plate subjected tomagnetic and electric fields in 3DCartesian coordinate system,
(b)Distribution of the transverse dynamic load on the nanoplate.
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whereA andB parameters are explained:
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Then, the new shear deformation plate theory can be obtained as follows:
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Here, the potential energy of the plate (V )would be derived according to theHamilton’s principle as
below [43]:

òd d= + W - =( ) ( )V S T dt 0 12
t

0

where δS is the variation of strain energy and for the variation of kinetic energy δT has been allocated, and also δV
is the variation of works done by external forces. The strain energy by kronecker delta would be calculated:
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Inwhich themagnetic displacement andfield areBk andHk, the electric displacement and field are Dk and
E ,k and also the stress and strain tensors are sij and e ,ij respectively as follows [16–18, 37, 44, 45].
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Inwhich kij is the dielectric tensor, qk ij shows the piezomagnetic tensor, ek ij depicts the piezoelectric tensor,

Cijkl represents the elastic tensor and dij denotes the electro-magnetic tensor, respectively. These tensors are
developed below:
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In order to define themagnetic and electric potentials, the following linear relationswere presented [16–18,
37, 44, 45].
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Inwhich F( )x y, and Y( )x y, denote the electric andmagnetic displacements and also f0 and y0 represent
electric andmagnetic voltages, respectively. Afterwards, the electromagnetic field can be developed below:
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The kinetic energy of the plate would be expressed [19, 20, 43]:
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So the kinetic energy in variational formwould be expanded as follows:
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Inwhich themassmoments of inertias are presented in the following:
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If δV=0, then the nonlinear constitutive equations ofmotion can be obtained below:
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whereNi,Mi, andQi (i=x, y, xy) are nonlocal stress resultants, respectively. The Di and Bi parameters in
equation (29) are expanded below:

ò

p

p

p p

= =

¶
¶

+
¶
¶ ¶

+
¶F
¶

+
¶Y
¶

¶
¶ ¶

+
¶
¶

+
¶F
¶

+
¶Y
¶

-
¶
¶

-
¶
¶

- F - Y

-

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎧
⎨⎪
⎩⎪

⎫
⎬⎪
⎭⎪

⎧

⎨

⎪⎪⎪

⎩

⎪⎪⎪

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎫

⎬

⎪⎪⎪

⎭

⎪⎪⎪

⎧

⎨

⎪⎪⎪⎪

⎩

⎪⎪⎪⎪

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎫

⎬

⎪⎪⎪⎪

⎭

⎪⎪⎪⎪

( )
/

/
D

D

D

D
z

h

D
z

h

D
h

z

h

dz

E A
w

x
B

w

x y
X

x
Y

x

E A
w

x y
B

w

y
X

y
Y

y

E
w

x
E

w

y
X Y

cos

cos

sin

30
x

y

z
h

h

x

y

z

2

2

15

3
0

3

3
0
2 11 11

15

3
0

2

3
0

3 11 11

31

2
0

2 31

2
0

2 33 33

ò

p

p

p p

= =

¶
¶

+
¶
¶ ¶

+
¶F
¶

+
¶Y
¶

¶
¶ ¶

+
¶
¶

+
¶F
¶

+
¶Y
¶

-
¶
¶

-
¶
¶

- F - Y

-

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎧
⎨⎪
⎩⎪

⎫
⎬⎪
⎭⎪

⎧

⎨

⎪⎪⎪

⎩

⎪⎪⎪

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎫

⎬

⎪⎪⎪

⎭

⎪⎪⎪

⎧

⎨

⎪⎪⎪⎪

⎩

⎪⎪⎪⎪

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎫

⎬

⎪⎪⎪⎪

⎭

⎪⎪⎪⎪

( )
/

/
B

B

B

B
z

h

B
z

h

B
h

z

h

dz

F A
w

x
B

w

x y
Y

x
Y

x

F A
w

x y
B

w

y
Y

y
Y

x

F
w

x
F

w

y
Y Y

cos

cos

sin

31
x

y

z
h

h

x

y

z

2

2

15

3
0

3

3
0
2 11 22

15

3
0

2

3
0

3 11 22

31

2
0

2 31

2
0

2 33 44

The constants in equations (30), (31) can be exploded as follows:
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The stiffnessmatrix for tension and flexure of the electromagnetic nanoplate are as follows:
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Here, it is tried to explain the in-plane loads as below:
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Inwhich Nij
Mag and Nij

E are the in-planemagnetic and electric forces as follows [16, 37, 44]:

ò
f

=
-

( )
/

/

N N e
h

dz a,
2

38x
E

y
E

h

h

2

2

31
0

ò
y

=
-

( )
/

/

N N q
h

dz b,
2

38x
Mag

y
Mag

h

h

2

2

31
0

2.2.Higher-order nonlocal strain gradient theory
According to this higher-order non-classical hypothesis the following equation is employed [46–48]:
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whereμ0,μ1, and l are lower and higher-order nonlocality parameters and strain gradient length scale constant,
respectively.We can easily convert equation (39) into the other forms of size-dependent theories:

(a) Lower-order nonlocal strain gradient theory:
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(b) Eringen’s nonlocal elasticity theory:
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By using higher-order nonlocal strain gradient theory and applying it on the stress resultants, we get:
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The local forms of stress resultants were defined as follows:
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Now, by substituting equation (17) into the equation (44) the stress resultants will be given in the formof
equation below:
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Then, equation (45) can be employed to re-formulate the stress resultants whichwill lead to the forms as
follows:
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Eventually, by assembling equations (46)–(48) and using equation (38) and inserting them into
equation (29), the electromagnetic forced vibrations equationswill be acquired.

3. Analytical approach

To solve the vibrational equations of the nanoplate with four sides of the simply-supported, theNavier solution
method is used. In the case ofNavier approach, the displacement functions are considered as Fourier series
expansion, in addition to satisfying the equations, the boundary conditions of the nanoplate with fully simply-
supported are also satisfied [20]:
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InwhichW0mn,Φ0mn, andΨ0mn represent the displacement and potentials unknown variables,m and n denote
the half-wave numbers andωn shows the natural frequency related to intrinsic properties of the system such as
mass and stiffness. The dynamic load is distributed uniformly and harmonically on the nanoplate that was
showed infigure 1(b) and is taken in the formof the following expression [19]:
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Inwhich qm is the Fourier coefficient, q0 is the uniform load amplitude andωex is the excitation frequency,
respectively. By substituting equation (50) into the equations ofmotion, the algebraic equations can be obtained:
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3) denotes themassmatrix extracted in the following:
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To obtain the natural frequencies, the determinant of the coefficientmatrix should be set to zero. After
calculating natural frequencies, we can solve the linear algebraic equations ofmotion in order to calculate
maximumdynamic deflections by the help ofmany simplemethods. In this paper, the general Cramer’s explicit
rule is used as below:
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LetKq=(I, J) be then×nmatrix formedby replacing the is columnofKby the js columnofq, for all s=1,K, k.
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4.Numerical results and discussions

Initially, in order to validate the results which are developed from the newfirst-order shear deformation theory
(OVFSDT) this comparison section should be presentedwithinwhich several well-known references are
investigated. In the first glance, table 1will show the results of [49–51]which are comparedwith the present
formulation inwhichmolecular dynamic simulation (MD) and alsofirst-order shear deformation theory
(FSDT)were applied. It is worth noting that with enlarging the dimensions of the nanoplate the results of the
OVFSDT inclined to theMD results. Principally, table 1 represents that the results of theOVFSDT are in an
excellent agreement with othermethods. To further validate the presentOVFSDT, table 2 is documented. This
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table used the previousmentioned references in another consideration. Although the first gander will tell us the
more difference among the results of the presentmethodology with those obtained by [50, 51], the results can be
proportionally acceptable.

To have a contradistinctive conceptualization about theOVFSDT in terms of electromagnetic nanoplates,
[17] is employed. As long as thematerial is chosen electromagnetic in the current work, themechanical behavior
of thismaterial is validated in table 3 for the present formulation. It is clearly visible that about the greater values
of small scale factor aswell as thinner plates, the results obtained by this paper aremore adjacent to the ones
obtained by [17]. As a rule, table 3 can confirm the accuracy of the results of the proposed formulation.

The benchmarked electromagnetic nanoplate employed in this paper has simply-supported boundary
conditions andmade of BaTiO3-CoFe2O4 that themechanical, electrical andmagnetic properties are presented
in table 4.

Various small scale cases versus variations of themagnetic and electric fields are considered by figures 2(a)–
(c). In thefirst case (figure 2(a)), the higher-order nonlocality case is examined using several external electrical
voltages. It is seen that with an increase in the higher-order nonlocal parameter the dynamic deflection’s values
are reducing but the influence is not asmuch as the increasing effect of the external voltage on the deflections.
Second case (figure 2(b)) studies a specific conditionwithinwhich the nonlocal case of Eringen is evaluated
regardingμ1=l=0 nm. It is interesting to state that the outcomes of this figure are greater than those
presented in the previous figure that will lead to amarked result that higher-order nonlocal strain gradient case
makes nanoplate harder. Thismight be because of strain gradient length scale factor, but the higher-order
nonlocality factor has a noticeable role in this category. The last case (figure 2(c)) shows the variations of the
magnetic field. Thefigure presents that the nanoplate will be considerably impressed by amagnetic field rather
than electric voltages. This can be observed due to the numerical gaps between the curves of figure 2(c) in
comparisonwith the former figures. It can be concluded that the impacts of the electric field is less on the
dynamic deflections than themagnetic field. It can be noted that increasingmagnetic parameter decreased

Table 1.Results of critical biaxial buckling loads for a square nanoplate
obtained from the present theory and [52].E=1 TPa, υ=0.16, ks=5/6,
μ=1.81 nm2, SSSS. Reprinted from [52], Copyright (2018), with permission
fromElsevier.

The critical buckling load of a biaxially loaded nanoplate (nN nm−1)

OVFSDT

FSDT-

DQM

[49]

FSDT-

DQM

[50]

MD

results

[51]
Lx=Ly
(nm)

1.0274 1.0749 1.0809 1.0837 4.99

0.621 51 0.6523 0.6519 0.6536 8.080

0.438 32 0.4356 0.4350 0.4331 10.77

0.261 22 0.2645 0.2639 0.2609 14.65

0.170 75 0.1751 0.1748 0.1714 18.51

0.119 63 0.1239 0.1237 0.1191 22.35

0.088 56 0.0917 0.0914 0.0889 26.22

0.069 18 0.0707 0.0705 0.0691 30.04

0.055 68 0.0561 0.0560 0.0554 33.85

0.044 88 0.0453 0.0451 0.0449 37.81

Table 2.Results of critical biaxial buckling loads for a
rectangular nanoplate obtained from the present theory and
[52].E=1 TPa,υ=0.16, ks=5/6,μ=1.81 nm2, SSSS.
Reprinted from [52], Copyright (2018), with permission
fromElsevier.

The critical buckling load of a biaxially loaded nanoplate

(nN nm−1)

OVFSDT FSDT [50] MDresults [51] Lx/Ly

0.524 49 0.5115 0.5101 0.5

0.562 23 0.5715 0.5693 0.75

0.642 25 0.6622 0.6595 1.25

0.755 76 0.7773 0.7741 1.5

1.0134 1.0222 1.0183 1.75

1.1703 1.1349 1.1297 2
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deflections that this is reversed about variations of the electricfield.On the other hand, diminishing influence of
nonlocality factors over thesefigures will lead to an interesting result that the impact of electric potential ismore
profound on the nonlocality than themagnetic one.

Figures 3(a) and (b)depict the lower-ordernonlocal strain gradient condition versus variations of electric and
magneticfields. By looking atfigures 2(c) and (b), it is seen that themagneticfieldhasmore impactedon the strain
gradient theory condition (μ0=μ1=μ, l=0.5 h) in comparisonwithEringen’s nonlocal elasticity theory condition
(μ1=l=0 nm). Inotherwords, themore changes indynamicdeflections offigure 3(b) than those infigure 2(c) lead
to a significant conclusion that thedecrease indeflections bynonlocal factor in the strain gradient case ismore
significant than thedecrease indeflectionsbynonlocal factor in theEringen’s case. Figure 3(a) alsodemonstrates the
changes in electricfield fornonlocal strain gradient case inwhich thederived conclusions couldbe confirmed.

A general study on the excitation frequency of the electromagnetic nanoplate by change in some factors in
the higher-order condition has been shown byfigure 4. From all thefigures, it can be vividly seen that when

Table 3.Comparisons of the non-dimensional biaxial critical biaxial buckling loads of fully simply-supported the
electromagnetic plate computed by various plate theories (h=10 nm,j0=−0.3 V,ψ0=0.01 A,ΔT=100 K,
Γ0=μ0/Lx, = /P N A0 0 11) [52]. Reprinted from [52], Copyright (2018), with permission fromElsevier.

Non-dimensional biaxial buckling load (P0)

Non-dimensional nonlocal parameter (Γ0)

Lx/h References Theory 0 0.01 0.02 0.03 0.04

8 Present, ENET*a OVFSDT 21.4653 21.4586 21.3995 21.2211 20.9757

[17]-ENET*a KPT*b 23.9006 23.8593 23.7365 23.5349 23.2592

MPT*c 21.8250 21.7877 21.6768 21.4948 21.2459

RPT*d 21.8447 21.8074 21.6963 21.5141 21.2648

PSDPT*e 21.8393 21.8020 21.6910 21.5088 21.2596

TSDPT*f 21.8489 21.8116 21.7006 21.5183 21.2690

HSDPT*g 21.8666 21.8294 21.7187 21.5370 21.2885

ESDPT*h 21.8589 21.8216 21.7105 21.5282 21.2787

12 Present OVFSDT 26.7203 26.6820 26.5618 26.3590 26.1315

[17] KPT 27.6888 27.6475 27.5245 27.3228 27.0469

MPT 26.6753 26.6360 26.5191 26.3273 26.0650

RPT 26.6842 26.6449 26.5280 26.3361 26.0737

PSDPT 26.6817 26.6425 26.5255 26.3337 26.0712

TSDPT 26.6862 26.6469 26.5299 26.3380 26.0756

HSDPT 26.6946 26.6553 26.5384 26.3466 26.0843

ESDPT 26.6908 26.6515 26.5346 26.3426 26.0801

20 Present OVFSDT 39.7291 39.5684 39.4276 39.1298 38.8589

[17] KPT 39.8097 39.7683 39.6450 39.4427 39.1661

MPT 39.3684 39.3280 39.2078 39.0106 38.7408

RPT 39.3719 39.3315 39.2112 39.0140 38.7441

PSDPT 39.3709 39.3305 39.2103 39.0130 38.7432

TSDPT 39.3726 39.3322 39.2120 39.0147 38.7449

HSDPT 39.3787 39.3389 39.2213 39.7208 38.7752

ESDPT 39.3744 39.3340 39.2138 39.0165 38.7466

30 Present OVFSDT 44.8205 44.7622 44.6527 44.5038 44.2281

[17] KPT 45.9379 44.8576 44.7635 44.5699 44.4315

MPT 44.9031 44.8627 44.7425 44.5453 44.2755

RPT 44.9067 44.8663 44.7460 44.5488 44.2790

PSDPT 44.9057 44.8653 44.7451 44.5478 44.2780

TSDPT 44.9074 44.8670 44.7468 44.5496 44.2797

HSDPT 44.9137 44.8741 44.7577 44.5599 44.2949

ESDPT 44.9093 44.8689 44.7487 44.5514 44.2816

a Eringen’s nonlocal elasticity theory (Γ0≠0,Γ1=0, l=0).
b Kirchhoff’s plate theory.
c Mindlin’s plate theory.
d Reddy’s plate theory.
e Parabolic shear deformable plate theory.
f Trigonometric shear deformable plate theory.
g Hyperbolic shear deformable plate theory.
h Exponential shear deformable plate theory.
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Figure 2. (a)Different values of the higher-order nonlocal parameter versus several external electric voltage (μ0=0.2 nm, l=0.5 h,
ψ0=0.05 A,m=n=1,Δr=0.1, q0=0.05 GPa, x0=y0=0.5Lx, c1=c2=Lx). (b)Different values of the nonlocal parameter
versus several external electric voltage (μ1=l=0 nm,ψ0=0.05 A,m=n=1,Δr=0.1, q0=0.05 GPa, x0=y0=0.5Lx,
c1=c2=Lx). (c)Different values of the lower-order nonlocal parameter versus several externalmagnetic potential (μ1=l=0 nm,
j0=0.05 V,m=n=1,Δr=0.1, q0=0.05 GPa, x0=y0=0.5Lx, c1=c2=Lx).
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Δr=1 the plate passes through resonance conditions. It can also be seen that the dynamic deflections after
resonance area are less than previous values and they become smaller and smaller when frequency ratio is further
away from1.Obviously, by assessing infinite values of excitation frequencies, the deflection values are very small

Figure 3. (a). Various nonlocal parameter versus different external electric voltage (μ0=μ1=μ, l=0.5 h,ψ0=0.05 A,
m=n=1,Δr=0.1, q0=0.05 GPa, x0=y0=0.5Lx, c1=c2=Lx). (b)Various nonlocal parameter versus different external
magnetic potential (μ0=μ1=μ, l=0.5 h,j0=0.05 V,m=n=1,Δr=0.1, q0=0.05 GPa, x0=y0=0.5Lx, c1=c2=Lx).

Table 4.Properties of BaTiO3-CoFe2O4 nanoplate [52–56].

Elastic properties (GPa)

C11=C22=226, C12=125, C13=C23=124,C33=216, C44=C55=44.2, C66=50.5
Piezoelectric quantities (C m−2)
e31=e32=−2.2, e15=e24=5.8, e33=9.3
Dielectric quantities (C/V.m)
κ11=κ22=5.64e-9,κ 33=6.35e-9
Piezomagnetic quantities (N/A.m)
q31=q32=290.1, q33=349.9, q15=275
Magnetoelectric quantities (N.s/V.C)
d11=d22=5.367e-12, d33=2737.5e-12
Magnetic quantities (N.s2/C2)
η11=η22=−297e-6, η33=83.5e-6
Other quantities

h=4 nm, Lx=Ly=60 nm, ρ=5.55e+3(kg m−3)
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whichmeans that the plate does not have a vibrational behavior. Fromfigure 4(a), it is shown that whatever the
distribution area of the harmonic load is smaller the deflections are smaller.Moreover, by comparing
figures 4(a) and (b), it is vivid that whatever the centroid of the load distribution is getting farther from the center
of the plate, the dynamic deflection values have become smaller. The influence of the transverse load is

Figure 4. (a) Several frequency ratio versus various distributed loads (μ0=0.2 nm,μ1=0.4 nm, l=0.5 h,j0=0.05 V,
ψ0=0.05 A, q0=0.05 GPa). (b) Several frequency ratio versus various distributed loads (μ0=0.2 nm,μ1=0.4 nm, l=0.5 h,
j0=0.05 V,ψ0=0.05 A, q0=0.05 GPa). (c) Several frequency ratio versus various load value (μ0=0.2 nm,μ1=0.4 nm,
l=0.5 h,j0=0.05 V,ψ0=0.05 A, x0=y0=0.5Lx, c1=c2=Lx). (d) Several frequency ratio versus various electric voltages
(μ0=0.2 nm,μ1=0.4 nm, l=0.5 h,ψ0=0.05 A, q0=0.05 GPa, x0=y0=0.5Lx, c1=c2=Lx). (e) Several frequency ratio
versus variousmagnetic potentials (μ0=0.2 nm,μ1=0.4 nm, l=0.5 h,j0=0.05 V, q0=0.05 GPa, x0=y0=0.5Lx,
c1=c2=Lx).
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considered byfigure 4(c). It is shown that increase of the transverse load increases dynamic deflections and this
will bemore intensified afterΔr=0.4 for bigger loads. It can be stated that with increase in the transverse load,
the effect of excitation frequencywill be greater on the deflections. Additionally, figures 4(d) and (e) studied the
effects ofmagnetic and electric fields by the variations of the frequency ratio. It is simply seen that themagnetic
field has further impact on the vibrational behavior of the nanoplate than the electric one. It was concluded from
the lastfigure and here this conclusion ismore confirmed.

A study in terms of higher-order nonlocal conditions is presented infigure 5. As amatter of fact the
parametersμ0,μ1, and l are compared in a special case. It is worth noting that when the case ofμ0=0.5 nm,
μ1=1 nmandμ0=1 nm,μ1=0.5 nm are taken into consideration, increasing the value of the strain gradient
length scale factormakes the results of two nearby cases closer to one another. It can be concluded that whenever
the nanoplate’s stiffness is greater, the use of higher-order nonlocal strain gradient conditions cannot be
important. It can be also seen that in condition ofμ0=0 nm,μ1=0 nmwhere the stress nonlocality is ignored,
the deflections are largest values.

5. Conclusions

This research has discussed forced vibrations of a piezoelectric-piezomagnetic nanoplate under external electric
andmagnetic fields whilst a new first-order shear deformation theorywas proposed. The higher-order nonlocal
strain gradient theorywas evaluated to consider the effects of quantum in a small scale.Moreover, an analytical
solutionwas employed to present the numerical results. By comparing the results obtained from the present
theory for various benchmarked nanoplates with those obtained from several well-known theories in literature,
the accuracy of the present theory was justified. Finally, with regard to the notable results, the following phrases
are addressed as significant outcomes in the current article:

• The effects of magnetic field are remarkably further on the vibrational behavior of the nanoplate than the
electric field influences.

• Increasing magnetic field decreases dynamic deflections and vice versa with an increase in the electric
potential the deflectionswill be increased.

• The impact of electric potential on the nonlocality ismore profound than themagnetic one.

• Strain gradient length scale parameter increases the stiffness of the nanoplate and decreases the maximum
dynamic deflections.

• It is interesting to declare that by increasing stiffness of the nanoplate the results of higher and lower-order
nonlocal parameters will be similar to each other.

Figure 5.Different values of the strain gradient length scale parameter versus higher and lower-order nonlocal parameters (l*=l/h,
j0=0.05 V,ψ0=0.05 A,m=n=1,Δr=0.1, q0=0.05 GPa, x0=y0=0.5Lx, c1=c2=Lx).
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