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Abstract. In the present study, the dynamic buckling of the graphene sheet coupled by a viscoelastic matrix was 
studied. In light of the simplicity of Eringen's non-local continuum theory to considering the nanoscale influences, 
this theory was employed. Equations of motion and boundary conditions were obtained using Mindlin plate theory 
by taking nonlinear strains of von Kármán and Hamilton's principle into account. On the other hand, a viscoelastic 
matrix was modeled as a three-parameter foundation. Furthermore, the differential quadrature method was applied 
by which the critical load was obtained. Finally, since there was no research available for the dynamic buckling of 
a nanoplate, the static buckling was taken into consideration to compare the results and explain some significant 
and novel findings. One of these results showed that for greater values of the nanoscale parameter, the small scale 
had further influences on the dynamic buckling. 

Keywords: Dynamic buckling; Graphene sheet; Viscoelastic matrix; Differential Quadrature method 

1. Introduction 
The study of dynamic stability of structures under impact loads was conducted over the past two decades. The main 

concept of the dynamic buckling is the stability of structures under time-dependent loads. The dynamic problems based on the 
type of load and the structural behavior are divided into three categories: high-velocity, mean-velocity, and low-velocity impact 
buckling. In the event that the loading time is very low (high velocity), within a few microseconds, and regarding high values 
of the load, the loading can be simplified as a pulse load called the pulse buckling. In problems with an applied load under the 
low velocity, the load value is lower and the loading time is much more than other problems. This type of loading can be 
simulated as a step load with a limited value and a high applied duration [1]. 

Mechanical analysis of nanostructural elements, in particular the nano-graphene sheet, under an in-plane impact load is an 
interesting problem. In fact, if a plate is loaded suddenly and then the load is released, the plate can sustain a much higher load 
than the static load. Most researchers have worked on the static buckling of nanoplates and far less (given the authors' 
awareness) on the dynamic in-plane resistance. Concerning the dynamic buckling studies of nano-graphene sheets, Hosseini-
Ara et al. [2] have studied the buckling of a nanotube under thermal effects based on the non-local theory and applied classical 
continuum theory to derive the linear equations. Haftchenari et al. [3] have studied the dynamic analysis of a composite shell 
using a numerical method. The formulation was based on the Love’s thin shell theory. Tamura and Babcock [4] have 
investigated the buckling of a cylindrical shell under a dynamic load. The critical step load required to produce the buckling of 
a cylindrical shell was determined by an approximate method and taking into account the inertia in the axial direction. Jabareen 
and Sheinman [5] have presented the buckling of beams on a foundation with the nonlinear elastic behavior under a rectangular 
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dynamic load. They used the classical plate theory to derive equations and an analytical method was used to solve governing 
equations. The nonlinear dynamic buckling of imperfect rectangular plates with different boundary conditions subjected to 
various pulse functions and using the Galerkin method was presented by Ramezannezhad Azarboni et al. [6]. They used the 
classical plate theory and nonlinear strains. Wang et al. [7] have investigated the dynamic stability of multi-walled carbon 
nanotube-reinforced composites via an analytical method. They used Donnell-shell theory and considered surface effects of 
nanomaterials. Petry and Fahlbusch [8] have studied the buckling of a plate exposed to dynamic loads using the simply 
supported boundary condition via the classical plate theory. Kubiak [9] have proposed the criteria of dynamic buckling 
estimation of a thin structure exposed to pulse loads. 

In the present research, the dynamic stability of the orthotropic graphene sheet (Gs) is investigated. For this purpose, the 
plate is embedded in a viscoelastic matrix and governing equations are derived with the help of the first order shear 
deformation theory based on the von Kármán residual strains and with respect to the non-local continuum theory of Eringen. 
The equations in conjunction with boundary conditions are solved by the differential quadrature method (DQM). All in all, the 
outcomes of buckling force are investigated by changing many measurable factors, for example; the nanoscale parameter, 
dimensions of the plate, the growing ratio and the viscoelastic medium. 

2. Mathematical formulation 
The Gs is modeled as a rectangular nanoplate and the foundation is defined by a three-parameter viscoelastic foundation. 

An elastic foundation is the one in which both in-plane and pressure resistances are exhibited as a shear parameter and stiffness 
modulus. As a matter of fact, a polymer material could be defined as an elastic matrix in static analyses. On the other hand, in 
order to examine the dynamic analysis, for both plate and foundation, the viscoelasticity property can be taken into 
consideration (in the present paper, the viscoelastic property for the graphene sheet is neglected). In fact, the property is used 
for strengthening the materials against impact loads by which they can show flexibility. Generally speaking, viscoelasticity is a 
property of materials that show both viscous and elastic characteristics. Some polymers as well as metals display viscoelastic 
effects at high temperatures.  

Fig. 1 shows the idealized and continuum paradigm for a Gs resting on the three-parameter foundation with length Lx, width 
Ly, and thickness h collateral to the x, y, and z axes of the right-handed coordinate system, respectively. 

 
Fig. 1. Schematic appearance of the graphene sheet on the viscoelastic foundation 

 
Based on the first order shear deformation theory and by using Hamilton's principle, the governing equations are 

formulated. Regarding the theory, the displacement field is developed as follows: 

     , , , , , , ,U x y z t u x y t z x y t                                 
(1a) 

     , , , , , , ,V x y z t v x y t z x y t  
                              

(1b) 

   , , , , ,W x y z t w x y t
                                   

(1c) 

In Eqs. (1), the movement components of the neutral axis at x, y, and z directions are u, v, and w, respectively. For defining 
the swirl of plate elements around y and x axis, φ and ψ are used. The orthotropic nanoplate is considered for which properties 
is defined as follows: 
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Considering the von Kármán hypothesis, the Lagrangian strains are exhibited as [10]: 
21
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               
                           (3a-e) 

For defining the potential energy in the whole domain of the plate, the following equation is available:  

 
0

0
t

S T V dt                                         (4) 

where S is the energy stemmed from strains, T is the energy raised from movements, and also V is a work which are done upon 
an external object as a force. The strain energy by kronecker delta is expanded as follows: 

  0xx xx yy yy xy xy xz xz yz yz
v

S dV                                  (5) 

The kinetic energy of the orthotropic plate via FSDT is calculated as 

 
2 2 2

/ 2

/2

1 , 0
2

h

h A

U V WT z T dAdz
t t t




                          
                     (6) 

Therefore, the kinetic energy in the figurative form is expanded as 
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 
     (7) 

in which the mass moments of inertias are presented as follows: 

    2
0 1 2, , , 1, ,

A
I I I z T z z dA                                    (8) 

When the mechanical behavior of nanoplates and generally thin plates are studied, the plates should be deployed on a base as 
an impressive stability factor. In this paper, an elastic foundation called Pasternak is used and due to examining a dynamic 
problem, a viscous matrix is added to Pasternak medium in order to consider the damper effects in the foundation. Indeed, the 
effect of damping is needed to consider in the foundation while the plate is under dynamic loads. For this aim, the Visco-
Pasternak foundation is developed as an external force defined as follows [11]:  

2
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y xL L

G w d
wV k w k w C wdxdy
t


                                   (9) 

 Where kw, kG, and Cd denote Winkler, Pasternak, and Damper modulus parameters, respectively. By applying the variational 
formulation, the nonlinear equations of motion are derived as 

2 2

0 12 2 0 
NLNL
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NN uI I
x y t t
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   

   
                           (10a) 
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y x t t

   
   

   
                           (10b) 

2 2 2 2
2

02 2 22 0
NLNL
y NL NL NLx

x xy y G w d

QQ w w w w wN N N k w k w C I
x y x y tx y t

     
         

      
      (10c)

 
2 2

1 22 2 0 
NLNL
xy NLx

x

MM uQ I I
x y t t

    
         

                       (10d) 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


  M. Malikan and M.N. Sadraee Far, Vol. 4, No. 3, 2018  

Journal of Applied and Computational Mechanics, Vol. 4, No. 3, (2018), 147-160 

150
2 2

1 22 2 0 
NL NL
xy y NL

y

M M vQ I I
x y t t

    
         

                       (10e) 

where the non-local stress resultants are shown by index NL, and thereafter, index L denotes the local ones. The stress 
resultants in the local form are specified by the following relations: 

 2

2

( , , ) , ,
h

L L L
hx y xy x y xyN N N dz  


                              (11a) 
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2

( , , ) , ,
h

L L L
hx y xy x y xyM M M zdz  


                             (11b) 

   2

2

, ,  
h

L L
hx y s xz yzQ Q k dz 


                                (11c) 

In Eqs. (11c), ks is a factor for correcting the shear stress distribution over the thickness in the FSDT plate. Regarding a 
non-local continuum principle created by Eringen, the nanoscale influences and forces generated by atoms are embedded into 
constitutive equations directly [12]. The nonlocal stress tensor is as follows: 

     ( ) ,  NL
j j

v

X k X X C X dX                                  (12) 

A differential form of Eq. (12) is as follows [12]: 

 2 2
01  ,  , , ,  ( )NL L

j j j x y xy e a                                   (13) 

in which e0a term is equal to (0 < e0a ≤ 2nm) [13-15]. Moreover, 2 is the Laplace operator as follows: 
2 2

2
2 2x y

 
  

 
                                      (14) 

Afterwards, the stress resultants are related to each other in both local and non-local subjects with the help of Eq. (13): 

 21 ,  , ,NL L
j jN N j x y xy    ,  21 , , ,NL L

j jM M j x y xy    ,  21 , ,NL L
j jQ Q j x y       (15a-c)

 
Subsequently, by substituting Eqs. (15) into Eqs. (10), the nonlinear equations of motion can be rewritten as 
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Moreover, all boundary conditions are satisfied by the following equation originated from the energy variational 
formulation. These boundary conditions are used in the solution section. 
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The equations obtained for the nanoplate under the in-plane step load are shown in Table 1 [6]. 
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Table 1. Types of biaxial dynamic buckling loads 

 

Load type Function Load type Function 

Sinusoidal 
 sin , 0

  ; r=x,y
 0 ,  T < t  

rs
r

tN t T
N lr

        

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 Damping  e  sin  , 0  ; r=x,y

 0 ,  T < t  

t
lrD rr

tN t TN lr


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 


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


 

Exponential  e , 0  ; r=x,y
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rr N t TN
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 


  


 Rectangular 
 , 0  ; r=x,y

 0  , T < t  
R r
r

N t TN
  


 

By inserting the stress resultants in Eqs. (16), the nonlinear dynamic stability equations with respect to the displacement 
unknowns are provided as 
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  (18e) 

in which ,R R
x yN N are the in-plane step loads in the biaxial dynamic buckling. In order to study the dynamic stability of the 

graphene sheet, a solution for the displacement and rotation fields (k (x,y,t)) is assumed and exerted in the following form [2, 
16-17]: 

1 1 1 1 1 1 1( , , ) ( , ) ,  ( , , , , ;  , , , , )ftk x y t k x y e k u v w k u v w                        (19) 

where k (x,y,t) are time independent parameters and k1 (x,y) are the magnitude of k (x,y,t). Moreover, f is the complex 
frequency that is a type of frequency dependent on two parameters and is presented as f=σ + θω (θ=√-1). The real term of f is 
defined as the neper frequency (σ (Neper/s)) which controls magnitude of a signal and shows a growing ratio with respect to 
instability. Furthermore, the imaginary term is called ω which controls rotation of a signal and also demonstrates the rotational 
speed or angular frequency (Rad/s) of a vibrational mechanism [2, 16-17].  

By substituting Eq. (19) into Eqs. (18), Eqs. (18) are rewritten as follows: 

2 2 2 2
2 21 1 1 1

0 1 1 12 2 2 2 0u uI u I
x y x y

 
    

         
                        

                  (20a) 

2 2 2 2
2 21 1 1 1

0 1 1 12 2 2 2 0 v vI v I
x y x y

 
    

         
                        

                 (20b) 

   

 

2 2 4 2 4
1 1 1 1 1 1 1

55 442 2 2 2 2 4

2 4 2 22 2
1 1 1 1

1 12 4 2 2 2 2

2
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x y x
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w
I w

 
 

  

 

           
                       

          
                             




2
1 1

2 2 =0
w

x y
  

      

       (20c) 
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 
2 2 2 2 2

21 1 1 1 1 1
11 12 66 66 55 1 1 12 2 2 2

2 2
2 1 1

2 1 2 2 0

w u u
D D D D H I u

x y xx y x y

I
x y

  
  

 
  

                              
   

        

       (20d) 

 
2 2 2 2 2

21 1 1 1 1 1
22 12 66 66 44 1 1 12 2 2 2

2 2
2 1 1

2 1 2 2 0

w v v
D D D D H I v

x y yy x x y

I
x y

  
  

 
  

        
                      

   
        

      (20e) 

For convenience, the equations are rewritten in terms of non-dimensional variables produced as follows: 

1
1 1 1 1 1

2 2 2
55 441 1

1 1 1 23 3

0 1 2
D 0 1 2 2

0 0 00

,  ,   ,   ,  ,  ,  ,  , 

,  = ,  ,  , , ,   

C
C ,  ,  ,  ,  ,

x x G
G

x x y y xy

w x x x
W x

xy xy x x xy xy

d x

xy

L L kw x yW K
L h L L L G h

k L H L H Lu vK L U V
G h G L L G h G h

L I I I
I I h I hG I h

     

  

   

         


  
     

  

     11 22
1 23 3

6612
3 43 3 2

 , ,  

,  = ,   =

xy xy

xy xy x

D D
G h G h

DD
G h G h L

 


 

 
 

 
 

       (21) 

Subsequently, Eqs. (20) are obtained as follows: 
2 2 2 22

2 2 21 1 1 1
1 12 2 2 2 0U UU  

   
            

                             
             (22a) 

2 2 2 22
2 2 21 1 1 1

1 12 2 2 2 0V VV  
   

            
                             

             (22b) 
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       (22c) 
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     
          

   (22d) 
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     


 
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                           

     
          

  (22e) 

3. Differential quadrature method 
The numerical methods to solve partial differential equations play a very important role in many engineering's sciences. 

Since the solutions of the equations are hard or impossible, they can be converted into simple and solvable equations by 
numerical methods. Although it is conjuncted with some minor errors, the results are acceptable. One of these numerical 
methods is the differential quadrature method (DQM) in which nth differential of continuous function f (x, y) based on the x at 
the point x′ is written from weighting's functions at the whole points in a linear domain [18-19]. The method for the first time 
was proposed to solve the differential equations with initial values [20] and used for modelling several boundary conditions 
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[21]. Turning to the stability equations, DQM is now implemented in Eqs. (22) to discretize them [22-24]: 
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                                                                          (23a-e) 

By assembling Eqs. (23 a-e) with boundary conditions, an algebraic equation in the matrix form is obtained as follows [24]: 

 
 

 
     

0 0bb bi b b

ib iii iib ii

K K d d
N

KN KNd dK K

      
     

                                 (24) 

in which [Kbb] and [Kbi] define submatrixes relating to boundary conditions, [Kib], [Kii], [KNib], and [KNib] denoting 
submatrixes related to stability equations. Furthermore, regarding displacements field, di and db explain inner and edge points, 
respectively. Subsequently, Eq. (24) is transformed into an eigenvalue equation by eliminating {db} [24]. 

      0total iK N I d                                    (25) 

where                
11 1

total ib bb bi ii ib bb bi iiK KN K K KN K K K K
             

 and I means a unit matrix. Therewith, by using a 

MATLAB program and using Eq. (25), the critical load (N) is obtained. 
   

4. Boundary conditions 
In the present study, to solve the equations, several kinds of boundaries are taken into account and applied in the standard 

form below: 

Free edge (F):     
0  :  0,1
0  :  0,1

Q M M
Q M M
  

  





   

   
                                                            (26) 
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Clamped (C):    
0   :  0,1
0   :  0,1

W
W




     
     

                                                          (27) 

Simply supported (S):     
0   :  0,1
0   :  0,1

W M
W M









    

    
                                            (28) 

5. Results and discussions 
To emphasize the numerical outcomes and due to the fact that there is not any research available to study the dynamic 

buckling of GS, the static buckling is considered. Therefore, the results are compared with those of another study [22] as shown 
in Table 2. Besides, for further clarification, another research results [25] in which the molecular dynamic simulation was used 
is added to Table. 2. According to the validity section, the results are properly consistent with those of other studies.  

Table 2. Comparison of results for critical biaxial static buckling loads of single-layered graphene sheet and all edges simply supported the 
results obtained from DQM [22], and molecular dynamics simulation [25], (Ref. [24] was added from a work related to the authors) 

E=1TPa, υ=0.3, h=0.34nm, kw=0, kG=0, CD=0, μ=1.81nm2, β=1, k1=1, k2=1, SSSS 

Critical load (Pa.m) Lx=Ly  
(nm) Ref. [22] MD results [25] Ref. [24] 

σ=0 (Static buckling) 
1.0749 1.0837 1.0809 4.99 
0.6523 0.6536 0.6519 8.080 
0.4356 0.4331 0.4350 10.77 
0.2645 0.2609 0.2639 14.65 
0.1751 0.1714 0.1748 18.51 
0.1239 0.1191 0.1237 22.35 
0.0917 0.0889 0.0914 26.22 
0.0707 0.0691 0.0705 30.04 
0.0561 0.0554 0.0560 33.85 
0.0453 0.0449 0.0451 37.81 

Geometrical and mechanical properties of Gs and the foundation parameters used in the present study are taken from [26-
31]. Moreover, the value of ρ=2250 kg/m3 is allocated for the density of graphene sheet [32]. First of all, the convergence 
rating for DQ method should be checked. For this purpose, grid points are changing on the basis of the two boundary 
conditions as shown in Fig. 2. As can be seen, in order to achieve precise and appropriate results, there is no need to use more 
than nine nodes for splitting the plate′s axis.  

 
Fig. 2. Grid points convergence into two directions for the rectangular plate (Ω=2, CD=0.1, e0a=2nm, k1=1; k2=0, Lx/Ly=1). 

The effects of nanoscale factor on the non-dimensional critical loads are presented in Figs. 3(a), (b), and (c). These figures 
illustrate that the non-local loads are smaller than local ones and much more differences are shown by an increase in σ 
parameter. It can also be mentioned that by an increase in the nanoscale factor, the critical loads decrease accordingly. This 
means that, the nanoscale factor has a reduction effect on buckling load values. In addition, the neper effects increase the 
critical buckling for a variety of nanoscale factors. As expected, the critical loads with σ=0 are lower than critical dynamic 
ones in the same conditions. 
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Fig. 3 (a). The influences of the nanoscale factor on the dimensionless critical dynamic load (CCCC, CD=0.1, k1=1; k2=0, β=1) 

 

 
Fig. 3 (b). Non-local parameter versus growing ratio (CCCC, CD=0.1, k1=1; k2=0, Lx/Ly=1). 

 

 
Fig. 3 (c). The influences of the nanoscale factor versus growing ratio (CFCF, CD=0.2, k1=0; k2=1, Lx/Ly=1) 

Fig. 4 indicates the influences of small scale factor on two kinds of loads. In the first and second cases, the dynamic load is 
into x (k1=1, k2=0) and y (k1=0, k2=1) directions, respectively. As shown, by having the critical load only into y direction, 
higher results are obtained in contrast to another one. It can be seen that by paying attention to e0a=0, the gap of the results is 
becoming less than other studies. Although, by considering and increasing the nanoscale factor, the difference will be greater. 
Therefore, it can be concluded that the increase of small scale parameter is more effective than the orthotropic plate influences 
for both cases of load direction. 
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Fig. 4. Comparing x, y axial critical dynamic loads (CFCF, CD=0.1, Lx/Ly=1). 

Fig. 5 is plotted based on the several boundary conditions versus the nanoscale parameter to reveal the critical dynamic load. 
It is illustrated that if the numbers of free edges increase, the impact of the nanoscale factor on borderline conditions will 
decrease. Besides, regarding less flexible borders, the dynamic loads will be raised. As can be seen, for whole constraints 
between μ=0 and μ=2nm2, the lines have a steep slope and a downward trend. Although, for values of more than μ=2nm2, the 
slope of the diagrams may be approximately gradual. Moreover, by the increase of the nanoscale factor, the dynamic loads for 
different boundaries are nearly close to each other.  

 
Fig. 5. The effects of small scale parameter on various boundary conditions (Ω=2, CD=0.1, k1=1; k2=0, Lx/Ly=1) 

 
Fig. 6. Growing ratio versus different types of boundary conditions (e0a=2nm, k1=1; k2=0, β=1). 
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Fig. 6 presents the influences of growing ratio versus the viscous parameter for the non-local critical dynamic load. It can 

be seen that by an increase in the growing ratio, the difference of results for two boundary conditions will increase as well. It is 
obvious that as the flexibility of boundary conditions decrease, the difference between outcomes in two damper's values will 
decrease as well. Fig. 7 illustrates the critical dimensionless load versus Winkler stiffness of viscoelastic medium in various 
boundary conditions. It can be seen that by taking less flexible boundaries into consideration, the changes in kw have more 
impact on the dynamic loads. In addition, after adding certain value of the medium′s stiffness, the increase of the Winkler 
parameter will not be comprehensible. 

Fig. 8 shows the effect of the viscous parameter in various boundary conditions. The effects of viscous damper in CCCC 
will be higher than the other ones. Moreover, it is obvious that by increasing the damping value, the differences among various 
boundary conditions will increase as well. 

 
Fig. 7. Winkler stiffness in viscoelastic foundation versus various boundary conditions (Ω=2, CD=0.1, e0a=2nm, k1=1; k2=0, β=1, kG=1.13 

Pa.m) 

 
Fig. 8. Viscous damper in viscoelastic foundation versus various boundary conditions (Ω=2, e0a=2nm, k1=1; k2=0, β=1, kG=1.13 Pa.m, 

kw=1.13GPa/nm). 

Fig. 9 displays the nanoscale factor versus a dimensionless ratio (h/Lx). To this aim, both longitudinal and lateral 
dimensions of the plate are the same and fixed, and its thickness can be changed. Two cases for loading versus two boundary 
conditions were considered. As the thickness increases, the impact of the nanoscale factor on the outcomes increase as well. As 
shown, due to the striking difference between the studied cases, as the boundaries are less flexible, the effect of the load type 
(uniaxial or biaxial) on the boundary conditions will dramatically increase. All in all, it should be stated that the thickness has a 
significant effect on both value and kind of dynamic loads. 
To consider the difference percent between the dynamic and static buckling, Eq. (29) is defined as follows: 

  1000 0

0

Dynamic buckling load Static buckling load
Different percent DP

Static buckling load
 




            (29) 
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Fig. 9. Thickness to length ratio′s influence on the critical dynamic load (Ω=2, CD=0.1, k1=1; k2=0, β=1) 

The defined DP versus the nanoscale factor and the aspect ratio are plotted in Figs. 10 (a) and (b). As shown in Fig. 10 (a), 
the difference percent of results after μ=3nm2 is dramatically increased. In fact, before adding the above-mentioned value, the 
small scale effect has not shown noticeable effect on the outcomes of dynamic buckling loads versus static ones which means 
that for the larger nanoscale factor, the difference percent is quite important. 

Fig. 10 (b) shows the results for which greater aspect ratio leads to a reduction in DP. It should be remarked that the 
difference percent for greater aspect ratio is much less than the lower one. On the whole, it is obvious that the length of the 
plate has a considerable effect on the critical dynamic loads of Gs. 

 
Fig. 10 (a). The influences of the nanoscale factor on the difference percent (CFCF, CD=0.2, k1=0; k2=1, Lx/Ly=1). 

 
Fig. 10 (b). The impact of β on the difference percent (CCCC, e0a=2nm, k1=1; k2=0, β=1, kw=1.13GPa/nm, kG=1.13 Pa.m) 
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6. Conclusion 
In the present study, the dynamic stability of a nanoplate embedded in a viscoelastic medium was assessed. The constitutive 

equations were formulated using FSDT and were analyzed based on the non-local continuum theory of Eringen to examine the 
nano size effects. DQM helped us to conjunct several boundary conditions with stability equations and meet valuable outcomes. 
It is noteworthy that all the results of this study were obtained for the first mode of buckling. The following remarks are 
presented as valuable outcomes of the present research: 
 As the growing ratio increases, the effect of the aspect ratio will show a considerable growth as well. 
 Regarding the load direction effects, there is a major difference in non-local outcomes in contrast to local ones. 
 As the Winkler parameter increase and boundaries show less flexibility, more influences on the dynamic loads are 

observed. 
 For larger values of the nanoscale factor, the small scale has a noticeable impact on the dynamic buckling results versus 

static ones. 
 For greater aspect ratios, the difference percent outcomes are relatively close to each other. 
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