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Electro-thermal buckling of elastically supported double-layered piezoelectric nanoplates affected by an

external electric voltage

Abstract

This paper aims to present the electro-thermal buckling of double-layered piezoelectric nanoplates (DLPNSs) using
modified couple stress theory. DLPNs are subjected to a uniform temperature which developed from a thermal
environment and an external electric voltage (EEV) is applied on the plates. Due to the existing thermal buckling
analysis in which thermal stress resultants depend on the thickness only; therefore, a comprehensive method by
considering thermal stresses at both length and width of the plate is investigated. A simplified four-variable shear
deformation plate theory is employed and the governing differential equations are obtained using the variational
formulation. Modified couple stress theory is applied in order to consider size-dependent effects. Because the
presented temperature distribution method is relatively new particularly in nanostructures and there has never been
similar studying, so, in order to compare the results, a validation is done with the results of graphene sheets. Results
are presented by change in some parameters such as aspect ratio, effects of boundary conditions and influence of the

length scale parameter on the thermal stability of DLPNSs.

Keywords: Electro-thermal buckling; Double-layered piezoelectric nanoplates; External electric voltage; Modified

couple stress theory; Simplified four-variable shear deformation plate theory

1. Introduction

Piezoelectricity effect has been defined as a linear-electromechanical reaction between both electrical and mechanical
states in adiabatic materials and crystals which do not have central symmetry. Indeed, piezoelectric is a material in
which electrical field is created under mechanical pressures or stresses. This phenomenon is called direct
piezoelectric effect which is a returnable process. Reversely, whenever a material with such a property is embedded
in the electric field, the mechanical deformation will occur (reverse piezoelectric effect) [1]. By the help of
piezoelectric nanomaterials, the minute produced waste oscillating energies in the noises environment, power of wind
and the movement of water or waves can be collected and used as propulsion for directly water decomposition and
producing of energy. Currently, the major limitation of such advanced materials is their use in the nanoscale devices.
Scientists are cutting, fragmenting and grinding these materials in order to use them in nanodevices; however, the
operations have low precision and are done as a trial and error method [2].

Due to the importance of mechanical behavior forecast of piezoelectric nanomaterials and according to difficulties in

the use of experimental methods as well as the high cost for analyzing in the laboratory, so, it can be highly
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recommended to use the theoretical methods for investigating nanoscale materials. Therefore, many kinds of research
have been presented over the past years for prediction of the mechanical behavior of nanomaterials which are briefly
shown by the following studies. Ke et al. investigated the nonlinear vibration [3] and post-buckling [4] behaviors of
nonlocal Timoshenko piezoelectric nanobeams under combined thermo-electro-mechanical loadings. Vibration and
buckling analysis of a piezoelectric nanoplate considering surface effects and in-plane constraints have been
presented by Jiang and Yan [5]. Free vibration analysis for single-layered graphene sheets in an elastic matrix via
modified couple stress theory was studied by Civalek and Akgoz [6]. They used classical plate theory and analytical
Fourier series approach in the research. Results presented that the effect of the material length scale parameter is
more significant for higher modes of vibration. Dai et al. [7] investigated buckling analysis of a piezoelectric
viscoelastic nanobeam subjected to van der Waals forces. Wang et al. [8] examined the nonlinear pull-in instability
and free vibration of micro/nanoscale plates with surface energy using a modified couple stress model. Their results
showed that the effect of the surface energy and the material length scale decreased if the size of the plate increased.
Shariati et al. [9] studied post-buckling of functionally graded nanobeams based on modified couple stress theory
under general beam theory. The obtained results indicate that the first-order beam theory has some errors in
estimating the amplitude of buckling. He et al. [10] analyzed buckling and post-buckling analyses of piezoelectric
hybrid microplates subject to thermo-electro-mechanical loads based on the modified couple stress theory. They used
first-order shear deformation theory for deriving governing equations and applied Galerkin method in order to solve
the equilibrium equations. Malikan et al. [11] published buckling of double-layered nanoplates under shear and
thermal loads based on the elastic matrix using differential quadrature method. Moharam and Alireza Habibnejad
Korayem [12] studied modeling of atomic force microscope (AFM) with a piezoelectric layer based on the modified
couple stress theory with geometric discontinuities. Pan et al. [13] extended free vibration of three-dimensional
anisotropic layered composite nanoplates based on modified couple stress theory. Their results revealed that the
material length scale has a much larger effect on the natural frequencies in the thin plate than those in thick plate.
Malikan [14] presented electro-mechanical shear buckling of a piezoelectric nanoplate using modified couple stress
theory based on a simplified first-order shear deformation theory. The results showed that the effect of external
electric voltage on the critical shear load occurring on the piezoelectric nanoplate is insignificant.

Size effect is a subject of current increasing interest due to the fact that current applications in modern technology
involve a variety of length scales ranging from a few centimeters down to a few nanometers [15]. Structural materials
display a strong size-dependence when deformed non-uniformly into the inelastic range: smaller is stronger. This
effect has important implications for an increasing number of applications in structural failure, electronics, functional
coatings, composites, micro-electro-mechanical systems (MEMS), nanostructured materials, micro/nanometer
fabrication technologies, etc. The mechanical behavior of these applications cannot be characterized by classical
continuum theories because they incorporate no ‘material length scales’ and consequently predict no size effects. On
the other hand, it is still not possible to perform guantum and atomistic simulations on realistic time and structures. It
was therefore necessary to develop a scale-dependent continuum theory bridging the gap between the classical
continuum theories and the atomistic simulations in order to be able to design the size-dependent structures of
modern technology [15]. Modified couple stress theory is applied in this work for this purpose, in which a material

length scale is implicitly and explicitly introduced into the governing equations. It is worth noting that the couple
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stress theories are forms of strain gradient theories by taking the first strain gradient parameter of Mindlin [16]. In
couple stress theory the potential energy-density is assumed to be a function of the strain and the curl of the strain
instead of the strain alone [17-19].

This paper investigates double-layered piezoelectric nanoplates in a thermal environment in order to consider
temperature effects on such materials. Regarding existing thermal buckling of nanoplates, we have seen thermal
stresses differential along the thickness of nanoplates in order to obtain critical buckling temperature. As a matter of
fact, there has never been any considering about presence of thermal stresses based on the nanoplate’s dimensions
dependency and thermal stress resultants are only a function of thickness, which in fact, cannot be comprehensive.
So, current research studies thermal buckling analysis with investigating thermal stresses based on the thickness as
well as length and width of the plate. On the other hand, finding a thermal function which shows heat transfer in
nanomaterials among atoms is so difficult, and it has not already derived. Therefore, a thermal function which was
derived for macro materials is employed. In order to obtain governing equations, the nonlinear strains of Von-
Ka&rméan have been considered. In addition, the small-scale effects are studied with utilizing modified couple stress
theory. Moreover, Galerkin analytical solution is used to solve the stability equations in various boundary conditions.
Finally, the effects of different parameters such as; changes in the length scale parameter, aspect ratio, and boundary

effects of edges in various conditions under thermal stresses have been evaluated.

2. Governing equations

A double-layered rectangular piezoelectric nanosize plate is assumed as Fig. 1 in the thermal environment under an
external electric voltage. The plate is embedded in a two-parameter Winkler-Pasternak elastic foundation thoroughly
in the linear form. Also, van der Waals forces are assumed to be linear spring interlayers. For terminology of the plate
sizes, Ly and Ly are used for presenting length and width of the nanoplates respectively, and h has shown the thickness

of either of the nanoplates.

vdW springs

Piezo Nanoplate-2

=  Winkler springs

Fig. 1. Schematic figure of rectangular double-layered piezoelectric nanoplates on the Winkler-Pasternak matrix
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Not to mention that a complete plate theory cannot be easily found and compulsorily the current theories should be
refined. Even though, over the past two decades, many researchers have studied the mechanical behavior of the
nanostructures based on the first-order shear deformation theory (FSDT) which has the more accurate results than
classical one. It should be noted that the FSDT has some considerable assumptions. For example, in the theory, the
shear stress distribution will be invariable during deformation along the thickness of the plate. This assumption can
no longer be true when the remarkable thickness to length ratio will be considered because transverse shear stress is
significant in such a plate and should be presented in its actual distribution. In the paper, FSDT has been refined and
simplified in a different form in order to remove minor errors in the contractual theory. Therefore, in this paper, the
governing equations are derived based on the simplified first-order shear deformation theory (S-SFDT) [14].
Considering the S-FSDT, the displacement field can be presented as:

u(x,y)—z—awba(;’y)
U(x,y, z) owy ()
V (x,y,2) = v(x,y)—sz’y (la-c)
WOV D],y g (x,)

where wy denotes bending component of deflection and the shear component is defined with ws. Also, u and v are the
displacement components along x and y-axis, z is a variable related to thickness of the plate.

All continuum theories used these days have been presented for considering size-dependent influences [17, 19-20].
Recently, the modified couple stress theory [21-22] has been applied in which a length scale parameter has been used
to calculate the effect of small-scale. According to this higher-order continuum theory and using Hamilton’s
principle, the governing equations of a rectangular piezoelectric nanoplate will be derived. Hence, the equations of
the total potential energy (V) are expressed as:

V =S +0Q )
In which S and Q are strain energy and work done by external loads, respectively. The virtual strain energy can be

calculated as:

oS :J-‘[J.(O'u §gij +mij 6}(” _Dk §Ek )dV :J._[I[(O-]J— +O'iz'n )58itjptal +mij 5/'{” _Dké‘Ek :|dV =0 (3)
Vv Vv

where oy, off , &, My, zj. D, and Ey are thermal stress tensor, mechanical stress tensor, Lagrangian strain tensor,

deviatoric part of the couple stress tensor, symmetric curvature tensor, electric displacement and electric field
vectors, respectively [3, 23-28]. Then, the stress and electric fields are:

0ii=Cijén —&ijEx » Di=eién + KiiEx (4a-b)
In which Cy, is stiffness matrix of the material, ey, and «; are piezoelectric and dielectric quantities respectively,

which should be defined as:

[0 0 ea
0 0 ey k1 0 0
ekij = 615 0 0 y eik| =ekijT y Kij = O ;11 0 (Sa—c)
0 g5 O 0 0 &3
0 0 O
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The Lagrangian strain tensor will be expressed as follows:

.o
gy M i A Q03 (6)
2{ 0Xj  OXj  OXj OX;
au _o'w, 1(6\ij2 1[aws 2 ow, ow,
——z +o == += +———
X x> 2\ ox 2\ ox ox  ox
v otw, 1[6wa2 1(6\%)2 oW, Ow,
E — It = | +t= T
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Dl ow, (7a-e)
Xz aX
7/yz aws
Yw] |y
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oy ox oxoy \ ox ox )L oy oy

And symmetric curvature tensor (z; ) and also couple stress quantity (m; ) can be defined in the following

equations:
1{ o6, 5% .. 1
i == ——+—|,ij=1,2,3, ==Curl (u 8a-b
Zi z{axj o, 1 ,curt (u) (8a-b)
1 282Wb+62w5
2| " oxoy  oxoy
1 0% Ow,
Zx 2| oxoy  oxoy
X
a0t ot o o,
Iy (= i v + ay2 - v + 8y2 (9a-e)
Xxz 2 2
1{ ov 07U
Ayz ==
4\ ox*  oxoy
1( o o%v
— __+_
4( oy®  oxoy
2
mij :2ny| ZIJ (10)

In which Gy is shear elastic modulus and ¢ is the rotation vector. Also,Cj is the elastic constant, | is a material

internal length scale parameter that is related to size effect. The length scale parameter showed effect of small size
and could be taken values in between zero to unspecified positive micro/nano values which have to be determined in
laboratory for various nanomaterials under many situations. The parameter for nanomaterials has not been already
determined and by using a nondimensional form of this parameter it can be correctly used. In order to physically
explain the length scale parameter, it is worth defining that the parameter depends on the crystal structure and the
nature of physics of the material. As a physical interpretation, the domain of the applicability of classical field
theories is intimately connected to the length and time scales. If L denotes the external characteristic length (e.g.,
crack length, wave length, a length over which applied loads are smooth) and | denotes the internal characteristic
length (e.g., granular distance, lattice parameter, distance between atoms) then the region L/I>1, classical field
theories predict sufficiently accurate results. On the other hand, when L/I~1, classical theories fail and the non-

classical theories must be taken into account for long-range interatomic attractions [29].
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To confirm the Maxwell equation, the distribution of external electric potential for the present nanoplate model is
assumed as a combination of a cosine and linear variation [28, 30-31].

21V,

5(x,y,z):—cos(ﬂz)<1> (x,y)+ (11)

where g=xz/h and ® (x,y) is the spatial of the electric potential in the mid-plane of the nanoplate, and also Vy is the

external electric voltage. Then, the components of electric field can be written as:

= oD oD
Ex =—— -
x =" cos(ﬁz)ax
= 00 oD
Ex =yEy =——}= cos(fz )— 12a-c
_ D . Y
E, __o® —psin(pz )d-=—2
oz h
ow oD
— Els_axs +X116_
Dx " D, cos(fz) X
= ow oD
D =I D, cos(pz) pdz = Eg—>+X— -
-y hi2] Y (ﬂ ) 15 oy 11ay (13a-c)
D, D, Bsin(fz) 2w 2w
b b
Ex 2 Ea o2 —X 3@

The coefficients in Egs. (13) can be expressed respectively.

Eq E_slﬁz sin(fz)
E h/2 | eiscos(pfz
Sl j - (2 ) (14a-d)
Xa| J-hi2| kypcos®(pz)
X33 ;33,[)’28in2([)’2 )

Here, to define a thermal stress function within which thermal stresses are a function of length and width of the plate,

the following function is employed [32]:

1 5= 12y 2 16y 8 . 2X . 2X 2X 2X
Fy=—Ly “AuAT |1-——+—— || B, xsinh| R,— |xsin| R,— |+ B, xcosh| R,— |xcos| R, — |+1] ;
0 48 y 11 [ L 2 Ly3 :l_>< 1L X 2LX ZX lL X ZL

y X X X

Ly
——<y <0

) y

(15)

(Fo: stress function defining thermal stresses in an unbuckled plate)
in which By, Bz, R1 and R; are defined in the following:

_ kyxsinh Ry x cos R, —k, xcosh Ry xsinR, (16a)

kg xsin Ry xCoS R, + k, xsinh R; x cosh R,

k; x cosh Ry xsin R, —k, xsinh R; x cos R,
B,=- . - (16b)
ky xsin Ry x €os R, + K, xsinh Ry x cosh Ry

Rl = klﬂ (173.)

R, =k, (17b)
Lx

p-gt (18)
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4(21+\h365)
k=———F— (19a)
13Ly

4(—21+\h365)
SR S — (19b)
13Ly

The main reason for use of the above-mentioned stress function is the measurement of thermal stresses induced in a
flat plate subjected to a known steady-state temperature gradient. This temperature distribution was validated
experimentally [32]. Note that the function is far from the real function of heat transfer in a nanomaterial related to its
atomic structure. Although the function was used for a local continuum material (ALa), the function is an
approximate mathematical relation which was made based on the following assumptions to show a known and a
comprehensive heat transfer in a plate [33]:
1. Temperatures in the plate are constant through the thickness and distributed in a tent like manner over the
faces (Fig. 2).
2. No external loads are applied and the plate is free to expand in all directions so that all stresses are due to the
uniform temperature distribution.
3. The properties of the material do not vary with temperature and the stresses are within the elastic range.
4. Elastic displacements are small.

5. Shear stress due to temperature distribution is supposed to be appeared on the plate (ojg =0).

To the best of the author’s knowledge, in all of the thermal buckling studies in the literature, the thermal buckling
relation resulted from the axial thermal strain (aAT). For an instance, ref. [11] in which thermal buckling of double-
layered orthotropic graphene nanoplates was studied. So, as it can be seen in Eq. (51) in the ref. [11], the thermal
buckling functions are not related to the kind of material. This means that if the mechanical properties of e.g., steel
alloys, aluminum alloys, etc. were used in Eq. (51), it can be employed for macro materials, and also if the
mechanical properties of nanoplates were used, it can therefore be employed for nanomaterials. Of course, the
function should be different between macro and nanomaterials, and for either of nanomaterials a function should be
used which shows the heat transfer between the atoms of nanostructure in a real form (because either of
nanomaterials has a specific atomic lattice with different interatomic behavior). But, there has never been presented
such a function for a nanomaterial and a general function has to be employed. Similar formulations can be seen in

other references in which thermal buckling has been studied.

The thermal stress in the plate which resulted from Eq. (15) is given by:

2 f—
aI°=a—F2°=/111AT 2y 1 lesinh(Rlz—X]xsin(Rzz—xj+Bzxcosh(Rlz—ijcos(Rzz—xjH (20)
oy Ly 2 Lx Lx Lx Lx
2 2 3
T, OF 1= 12y < 16y . ( ZXJ ( 2xj ( 2xj ( ZXJ
0,0 =——>=—AuAT | 1-=——+—— || D, xsinh| R;— |xsin| R,— |+ D, xcosh| R;— |xcos| R, — 21
Y T2 1M [ TR 1y 21, )t P2 1y 20y (21)
2 2
T, O0FR 1- 4y . ( 2xj ( 2xj ( 2xj ( 2xj
0,0 =———==A1AT | 1-—— || Dyxsinh| R;— |xcos| R,— |+ D4 xcosh| R;— [xsin| R, —
Y oy 2 11 [ Ly? 3 1y 2y 4 Uix 2% (22)
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where A11and AT are thermal modulus and temperature changes (For the current nanoplate at reference temperature
T, the temperature rises uniformly to the final temperature To which AT=T,-T (T=300 K: Normal room temperature)
[11]), Also, D1, D,, D3 and D4 are described as:

Dy = By (K — K3 | - 2Bykik, (23a)
D, = B (K k3 )+ 2Bk, (23b)
D; = Bik; + By (23c)
D, = Bk, — Bk, (23d)

The temperature Ay is distributed similar to a tent on the faces and A4 is the constant temperature along thickness of

the plate (in the present study, it was assumed Ay=A=AT).

Fig. 2. Tent like temperature distribution according to the Eq. (15) [32-33]

Here, by integrating Eqgs. (20-22) with respect to the x and y, the temperature differential over three dimensions of the

plate are derived as [33]:

U omptementary =thf [GI" [Z?(NJ J+a§° (661“'2' ]+a§; (%H&m dxdy , i=b,s 24)
NTo =_/_111A;h|'x {[Bl o7 Jlr(b)z (acos(c)sin(d ) ~bsinh(c)cos(d )) + BZ—(a)2 i(b ~(asinh(c)cos(d ) +b cosh(c)sin(d ))]

—[Blm(acosh(—c)sin(—d )—bsinh(—c)cos(—d ))+B, %(asinh(—c )cos(—d )+b cosh (¢ )sin(-d ))H

(@) +(b)

TO—i_n x (1- g2 ;acosc sin(d )—bsinh(c )cos + ;asin c)cos(d )+bcosh(c)sin
e =2 ZnaThix 1 ﬁ)ﬂol(a)z+(b)z( ()sin(d)-bi(e)oos(8)) + D asinh(c)es(d ) «besh(c) (d))}

- 1; acosh(—c )sin(—d )—bsinh(—c)cos(—d ))+ 2—1 asinh(—c )cos(-d )+b cosh(—c )sin(—d ]}
[D (a)2+(b)z( (-c)sin(-d) (-¢)cos(-d)) D(a)z+(b)2( (-c)cos(-d) (-¢)sin(-d))
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N g = —%EMATth ﬂ{l:Ds %(acosh (c)cos(d)+bsinh(c)sin(d ))+ DLl%(asinh(c)sin(d )—b cosh(c )cos(d ))}

()" +(b) () +(b)

- %%(acosh(—c)cos(—d )+bsinh(c)sin(-d ))+ DLl%(asinh(—c)sin(—d )—b cosh(—¢ )cos(—d ))
(a)"+(b (a)"+(b)
(25a-c)
In which:
a=2a 2o o kg ke (26)
Ly’ Ly 2° 2
Using the variational formulation the nonlinear constitutive equations are derived as follows:
(O'Ix +o )é‘sxx
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Tyzé'aawys
XZ58WS
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S _M{ ( 5u+—5vj—z-z[ J bi ow, + 2 2 h)+ (aw 9 sw, a"vbiﬁwsj
x 0y oy ox oy ox ox oy
+7 (ﬁw ac‘)‘Wb+aWbi&st+I[awsi . i&NSH:O
ox oy oy ox Y1 ox oy oX

(29)
The work of external forces is expressed as follows (Index 1 is used for the upper layer and index 2 for the lower

layer, respectively) [34]:

&, I J. ((Wh J +We ) — (Wi + Wi )) Swidlxdy 5 i=1, j=2 (30)

Q; I I o (W +Ws j)— (wbi+W5i))—kw(wbj+Wsj)+kGV2(ij+Wsj))5wjdxdy;i:1,j:2 (31)

where k, and kg denote the Winkler and Pasternak stiffness coefficients of the elastic matrix, and k, represents the

van der Waals (vdW) interaction bonds between the layers. Finally, the thermal stability equations will be derived

using the principle of minimum total potential energy (67=0) in the following equations:

aIVS

ow, |=0:
o

Q, 0Q, r(dw, dw,) (oW, dw,) o [dw,  dw, ) /0¥ o N
x oy '\I”(ax2+ax2 N 8y2+6y2 + 2Ny 88y+6xay %axay }/axay % V + =0
M, ,OM, OM, oMy My oMy (S, o, ) e (0, a?w a?w L Oy
. s LN -N +2N]

ox° oxoy  oy:  ox? axay oy’ x| X’ o ayz Y| oxoy axay
oY, azvyy oY oy
ox 0y 6x8y %ay %5X

Ih/z{ancos(ﬂz)_l_@;y (ﬂz)+5zﬂsin(ﬂ2)}iz =0

-h/2| ox

(32a-c)
Ni, M;, and Qi (i= X, y, Xy) are axial, moment and shear stress resultants, respectively, and also Y;; (i= X, y, Xy) are non-
zero curvature resultants.
On the other hand, the non-classical boundary conditions originated from the couple stress theory are obtained as:

L oY oY
jx LMo 10y gy o Moo 280w 5 gy —0 (33a)
o L2 ox 4 oy ox 2 oy
Ly oY oY oY oY
J’ 1%y 100y S+ Ny 1Ny Sw, tdy =0 (33b)
0 2 0y 4 ox y 2
In Egs. (32) the bending moments raised from temperature are as follows:
h/2
(MI,M;,MIy):ﬂMJ‘ AT (i, j,k)zdz=0 ; uniform temperature distribution (34a)
-h/2
T hlz - - - . .
My, M M y)=ﬂMJ. AT (i, j,k)zdz#0 ; nonuniform temperature distribution (34b)
-h/2

Thereafter, the stress resultants and non-zero curvature resultants are expressed as:
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The in-plane stress resultants are explained as follows:
Total Mech. Elec. T,
[NU]Oa :[NU] e +[N“:| e +|:NIJ] (37)
where NF andN yE are the in-plane electric loads as [35-36]:
hiz _ 9y
NE,NE:I ea—2dz 38
A YA (38)

Also [Nij]Me"h' are neglected in the present research and [Ny ]T° are mentioned in Eqgs.

displacement field by using Egs. (35) and (37) are redefined in the following:

25. The stress resultants in
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au 1[awb)2 1(aw3)2 ow, ow, |
-+ = + — +
ox 2\  ox 2\ ox oX 0OX
v 1[8ij2 1(5\1\/5)2 oW, ow,
=4z += + _ N To
. oy 2\ oy 2\ oy ay oy 2e3V X
- b TD
o] et 0 0 00 0010 o o | |2 |
~ AuhAr 00 0 0 0 0| I "5 % "%y Ty 0 Ny
A 0 00
M, 8 8 SGDO D 8 0 0 .l c X
x| _ 11 Y12 « ox 2 +9 Eg® ;—< 0 (39a-h)
M, 0 0 0DyDy 0 0 0 S, 0 0
Mxy 0 0 0 O 0 D66 O 0 - ayz aq) 0
Q, 0000 0 0AyO 2 _E15§ 0
Q, | L0000 0 0 0A,] -—2 oD
J oX oy —Ejs—
ow, 2
OX
aWS
i oy J

In Egs. (39), Ajj and Dj; are extensional stiffness and extension-bending coupling matrix respectively, as follows:

h h
Aij :IZhC_:ij dz (i,j :1,2,4,6) , Dij :J‘Zhaijzz dz (i i :]_,2,6) (40a-b)
2 2
C2
— C,, —=213
Cu H Ca3
celle, S (41a-d)
— 12
Ca Cas
C 66 Cu
Coes
_ e _ Cygss
ea1 1T
33
2 = (42a-d)
K11 K11
_ o2
K3) |, 4 538
Cas

Inserting Egs. (36, 39) into Egs. (32), the thermal stability equations in the form of displacement components and

based on S-FSDT also including couple stress effects for DLPNs are expressed which lead to Egs. (43):

NG NEOAR Fui | o, H(E NI O, S o (Bl G )
ox® oyl ox®  ox? y 2 oy’ I oxoy  oxoy
o*Di o*Di {3( ow,i 1 oW, ] 1(6‘\Nbi 1ow,i ow,i 10w |H
AS S + = = s 4 = s =0

—F-E —-A/| = += + +
Bax? P opy? 2l ox%y? 2ox%y?) 4l ox* 2 x* oyt 2 oyt

Ko (W +w j)—(w,i+w,i))-E

i=1, j=2
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ox* x? ot EYEREYE
. : —_ —_ . .
i oW i +62WSI . 316 CDZI +E316 CDZI A3 6”\i\/b|2+£ 6‘\2\/S|2 .
oxoy ooy ox oy ox oy’ 20x %y

l(zawg' +m"’3' +26Mg' +8M3' H:o; i=1, j=2
4{ 0ox OX oy oy

Dllml\/bI +D226‘\NZI +(2D12+2D66)—aﬁ\9"’|2+(2§3N0—NI°)>< ow,f +62WSI +(2§3}\/0—NT°)>< ow, +87va| +
oy Ox "0y ’

Ko (Wyj +Wj)—(w,i+w,i))+2N

A, 87""—;%8%"’;’ (28, —N o) a?"v—°21+62""—;] (280, N )x ‘37‘“'—"2’+‘37""—5'2J e[ OWad O]
oX oy ox oX Y oy oy " oxoy  oxoy
O’ Dj RO 3(ow,j 1 oWw,j
15_2_E15 2 Al A2 5 A A 2
ox oy 2\ ox%y?  20x %0y

—ko((wbj W) — (Wi +w i ))—kW (Wyj+w,j)+keVi(w,j+w,j)-E

1[6‘\%1 JLlowj o, +15Wsjﬂ:o- i1, j=2

Al xt 2 ' oyt 2 oyt
Dna;“’l;‘ +D,, a;"’yg’ +(2D12+2D66)§XA\’2V—8[’;2+<2§3}\/0—NXT°)X[62N—"ZJ+6;N—SZJJ+(2631VO—N;°)X[G;Ny—sz+a;/vy—zjj—
X X X

. . . . . . . . ow,j ow.j O’Dj O’ Dj
Ko (W +w j)—(w,i +WSI))—kW(WbJ+Wsj)+kGV2(ij+Wsj)+2N:y”(aX—5;+aX—5;]+ 3lasz+ Slay—zj—
Ao QWol  LoW.j) 1f 0w, oW oW, oW.jll 4. iq j=

oxZoy? 20ox%y?) 4T xt | ox ° oy

2 H 2 H 2 H 2 H 25 25
Els(a wi 0 Wslj-Esl(a wi 0 wbuj”(u(a ®'+aqz'J—x33q>i=o; =12

oy oy oy
(43a-f)
In which As is defined by:
h
A = _[_ZEI 2Ces dz (44)
2

3. Analytical solution
In this section, to obtain critical temperature of DLPNs with simply-supported and clamped boundary conditions

(B.Cs) the essential and natural B.Cs are presented in the following [14, 37]:

Simply-supported (S):

®=wp,=ws=M=0;atx =0, Ly (452)
d=wp,=ws=My=0;aty=0,L, (45b)
Clamped (C):

d=w,=ws=0;atx=0, Lyandy =0, L, (46)

In order to solve the stability equations the Galerkin variational method has been used. In the method, the responses

are assumed to be as follows:

wsi(x,y):iiAmi.Xmn (x,y) i=1,2 (47a)
Wbi(x,y):iiani.Xmn (x,y) i=1,2 (47b)
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SCoi Xy (y), 15,2 (47¢)

1n=1

M

@i (x,y )=

In which X (x,y) are shape functions on the basis of x and y which satisfy the boundary conditions in Egs. (45)

3
1

and (46). And Am, Bm and Cyn are the constant coefficients which should be calculated. The admissible shape

functions are listed in Table. 1.

Table 1. Shape functions

Boundary conditions X, (X) Y, )

SSSS Sin(ax)  Sin(By)

ccee Sin’(ax)  Sin*(By)

where a = m%x and g="7/  mand n are the half-waves numbers. Substituting Egs. (47) into Egs. (43), a residual

Ly
in the algebraic form will be obtained, based on the Galerkin approach, the residual must be perpendicular on the
shape functions, which will be presented by:

HR (X, y)- X, (x,y)dxdy =0, m,n=1,2,3,... (48)

On the basis of Eq. (48), the homogenous algebraic equations system will be obtained as:

Ky K Ky Ky Ky Ky [[A
Ky Ky Ky Ky Ky Ky ||By
Ka Kp Ky Ky Ky Ky ||Cy -0 (49)
Ku Ko Kg Ky K KgllA,
Ko Ky Kg K Kg Ky |]B,
[Ke K Kg Ko Kg Kg |G,

where (A, B,,C,, A,, B,, C, ) are the unknown variables. Also [Kij] are coefficients of unknown variables as follows:

< 2 2 _ 2 _ 2 52)(
Ku=[. [ Au Xy O ay +(2e3y0—NIu)%xn+(2e3N0—NT°)&x NP2 kXX,
o [T Ty ox* oy’ oxay

(3 X 10y a“x

— +— nX XX ddX
*l4ox%y? 8 ox* " H y

- 02 X
+(2e3N —N“) OXux JyoNTo| T2mn |y x x _
ayz m Xy 6X6y [} m n

}X X ,dydx

Ko=["[" {(26&/0 ~NT ){

30X, 154
*l 20ox20y? 46x "

L ey | 82X m X n
K13 :_Els'[o .[0 |:?X nt oy 2 X m:|X mx ndde
Lx pLy 2 2
K=K, [, [ X o, "dydx

K =k, [ [."X X 2dydx

K =0
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Kok, [. [0 X 02X, Pdydx
Ks = 0

2
KS":LLX IOL{_kDX WX =k, X X 4k V(X m’n)+2NXTy0%+(253N0—N10)a;(2m X, +(2e/,-N ;o)aazjzn X, -

(3 X 18X, 18X

- += Xy +=—X 0 | X o X dydx
28X28y2 4 ax4 n 4 ay4 mJ:| m”tn y

Lx pLy 62X 84Xm aAXn 54)(
K55:.[o jo {—koxmxn—kwxmxn+ka2(xmyn)+2NxT; axa";,MD“WX“+D22WX”(2D“+2D“)&X2—6”;”2

%xﬁ(z&yo—mo)

+(253}\/0—NI°)

Xy [29%Kma 10X, 1'%,
zxm s| 972~ 2 T 4Xn+ 4
ox2y? 2 ox 2 oy

X mﬂx X dydx

oy | 02X, X,
K56:E31'[0 J.O {WXH+?Xm}X mX ndde

oy | 02X, o°X,
Koo =Ess, [, {8x2 X, + 5 Xm}xmxndydx

ey | 02X, °X,
Kes=—Ea] [ {6x2 X, + " Xm}xmxndydx

2

2 2
Kao= " Ly{xn(%x Xy rn]—xssx X n}x X dydx
oy
(50a-f)

So, to have a non-zero response, the determinant of [Kj] must be set to zero and then with solving the obtained

equation, the critical buckling temperature would be harvested.

4. Results and discussions

In this section, based on the graphene sheets and nonlocal elasticity theory the accuracy and precision of the current
formulation would be validated. Therefore, in order to compare the outcomes, some well-known available references
are employed. Hence, Table 2 is used in which the results are verified with refs. [37-38]. The Table is given for the
critical buckling temperature of single-layered graphene sheets in which FSDT and nonlocal theory of Eringen have
been applied. From Table 2, a high correspondence of the results in the presented study with the results in refs. [37-
38] can be seen. Due to using nonlocal FSDT in ref. [37], and nonlocal new first-order shear deformation theory
(NFSDT) in ref. [38], it can be concluded that by the application of the simplified first-order deformation theory by
which the shear correction factor has been removed, so, the results with a satisfying accuracy are obtained and that
the values of the critical buckling temperature are a slightly lower in comparison with the nonlocal FSDT.
Furthermore, it is obvious that whatever the plate sizes are bigger, the critical buckling temperature will be noticeably
reduced. The lower results might be due to a longitudinal and lateral distribution considered in the present work
which lead to the weaker plate; however, the value of the length scale parameter is so impressive. Another

comparison has been presented by Table 3 for showing the difference between current function of temperature with
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those developed from ref. [38]. As can be seen, the values of results at lower aspect ratios () are much more than the
higher ones. These differences can be acceptable when the results of classical plate theory (CLPT) are taken into
consideration. In addition, whatever the aspect ratio is getting further, the results of current thermal function would
be in an excellent agreement. For further verification of thermal buckling obtained here, other comparative examples
are shown in Table 4 by which non-dimensional critical buckling temperature subjected to uniform temperature in
local condition is investigated. To achieve this aim, refs. [39-41] are used within which the refined plate theory
(RPT), the sinusoidal shear deformation theory (SPT) and the four-variable hyperbolic plate theory (FHPT) were
applied. As it is observed, by an increase in the length to thickness ratio the dimensionless critical buckling forces
have become closer to the other research results. However with increasing the aspect ratio the closeness of the

outcomes will be in an excellent agreement which can be noticeable.

Table2 E=1.06TPa, »v=0.25, h=0.34nm, u=1.81nm?, 1=0.6h* a =1.1x 10K, ks=5/6, Ny,=0, SSSS [37-38]

Table3 E=1.06TPa, »v=0.25, h=0.34nm, u=0 nm?, [=0 nm, a =1.1 x 10°K™, ks=5/6, NT,,=0, SSSS [38]
E=1.06TPa, v=0.25, Lx=Ly=10nm, h=0.34nm, x=0nm?, I=0nm, a =1.1x 10°K™, T"= 1000a4T, NTx,=0,
SSSS [39-41]

Table 4

* The value has been freely chosen and at such a value the results were compared with the other research results. Note that the value

might not be the exact value of the current model which means that such a value should be obtained in an experimental work.

Table 2. Validation of the results of critical buckling temperature for single-layered graphene sheets obtained from
[37-38].

[37] (K)- [38] (K)- Present study (K)-
Lx (hm) Ly (nm)

NFSDT FSDT S-FSDT
10 10 1010.7 1013.0 1011.0
20 10 702.43 703.99 701.01
20 15 424.44 426.33 422.15
20 20 315.32 316.92 313.50
25 10 661.12 662.18 658.04
25 15 375.02 376.56 373.00
25 20 262.50 263.84 260.18
25 25 207.99 209.11 205.33
30 10 638.30 638.98 636.55
30 15 347.63 348.90 345.27
30 20 233.19 234.32 231.0
30 30 146.89 147.70 144.0

Table 3. Comparison of critical buckling temperature for single-layered graphene sheets developed from ref. [38]
(The data in the Table are calculated by using Egs. 8 and 18 in ref. [38]).
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[38] (K) Present study (K),

Le/ Ly

CLPT FSDT S-FSDT

0.5 3457.4 3405.5 3390.6
1 1382.9 1374.6 1357.2
15 998.79 994.42 991.41
2 864.33 861.06 860.41
2.5 802.10 799.28 790.74
3 768.30 765.71 758.23
3.5 747.91 745.46 733.31
4 734.68 732.32 728.55
4.5 725.61 723.30 717.23
5 719.12 716.86 715.15

5.5 714.32 712.09 710.4
6 710.68 708.46 707.68
6.5 707.83 705.63 705.23
7 705.58 703.39 702.96

Table 4. Comparison of dimensionless critical buckling temperature for single-layered graphene sheets with refs.
[39-41]

L«/h
Ly / L« Plate theory
5 10 15 20 25
[39]-RPT 41.31747 11.97825 5.48623 2.00643 0.50499
[40]-SPT 41.33314 11.97928 5.48645 2.00646 0.50502

[41]-FHPT 41.31705 1197825 5.48623 2.00643 0.50499
Present, S-FSDT  40.15970 9.33687 4.09660 1.90833  0.46243

[39] 27.73011 7.63918 3.46061 1.25824 0.31589
[40] 27.73639  7.63958 3.46070 1.25826 0.31591
[41] 27.73004 7.63918 3.46061 1.25824  0.31589
Present 26.3310 6.27304 2.76394 1.18566  0.29915
[39] 24.99110 6.81615 3.08138 1.11913 0.28083
[40] 2499608 6.81646 3.08145 1.11915 0.28085
[41] 2499106 6.81615 3.08138 1.11913 0.28083
Present 23.39520 5.60301 2.4710 1.02185 0.26886

Table 5. Mechanical and Electrical properties of a piezoelectric nanoplate [14, 24]

C11=132GPa, C1»=71GPa, C13=73GPa,

A C33=115GPa, C44=26GPa, Cs=30.5GPa,
piezoelectric e31=-4.1 C/m?e15=10.5 C/m?, e33=14.1 C/m?,
nanoplate x11=5.841e-9 C/V.m, K 33=7.124e-9 C/V.m,

J11=4.738e+5 N/m?K, 133=4.529e+5 N/m?K



http://mostwiedzy.pl

Downloaded from mostwiedzy.pl

A\ MOST

Fig. 3a displays the changes of the length scale parameter in both SSSS and CCCC boundary conditions in the
presence and absence of the elastic foundation. It can be clearly seen that in the I=0, the outcomes of critical buckling
temperature in simple boundary condition are higher than clamped ones. However, with an increase in the length
scale parameter, the trend will be steady. As a matter of fact, the outcomes demonstrate the effects of flexible
boundary conditions and show that whatever the boundary conditions are more flexible, the results are further than
others. Additionally, Fig. 3b shows the changes in the length scale parameter versus various EEV in CCCC. It is
found that by increasing EEV, the critical buckling temperature is decreased. Using low values of EEV proves the
major influence of EEV on the thermal buckling problems. This means that the use of greater EEV can ineffective the
high resistance of nanoplates for occurring thermal buckling and at this situation, plates will buckle under low

temperatures.

3600
= 5555-kw=1.13GPa/nm t

== 5555 -kw=0

3000 —— CCCC-kw=1.13GPa/nm

o CCCC-kw=0

3300

2700

2400

2100 ¢

1800

1500

Critical temperature (K)

1200

900

600

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
7*

Fig. 3a. The length scale parameter versus different boundary conditions (Vo=0 V, m=n=1, Lx=Ly=30h, I*=I/h, ko=1GPa/nm)
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Fig. 3b. The length scale parameter versus different external electric voltage (CCCC, m=n=1, Lx=Ly=30h, I*=l/h,
ko=10GPa/nm)
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In order to examine the van der Waals (vdW) forces between layers, Fig. 4a and 4b are drawn. As shown in the Fig.
4a, by an increase in vdW forces the critical buckling temperature outputs after ko=4GPa/nm will be gradually
converged. Before that, the slope of the diagrams tends to steeply upward. Indeed, in lower values of vdW,
nanoplates have separated behaviors, and we can see asynchronous buckling in which each plate has isolated
buckling. On the other hand, when the vdW forces are raised the plates will be simultaneously buckled. So, it is
reasonable if we say in synchronic buckling the critical temperature must be bigger than another one [11]. Moreover,
it can be observed that whatever the sizes of plates are smaller, the critical buckling temperature values will be
greater. In addition, by focusing on the graph, it is vivid that the impact of the plate’s dimensions is more than
boundary conditions effects on the vdW differential. From the second figure which considers the vdW differential
versus EEV, it can be found that the greater vdW forces have not a noticeable impressed by the EEV.

2000
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5000 |)
4500

Q\ 40&':} iy

o 3500

5 == | x=Ly=10nm), 5555

*@ 3000 == x=Ly=30nm), 5555

3 2500 e | x=Ly=10nm, CCCC

= === |x=Ly=30nm, CCCC

&8

E

=

o

O

1000

500 §

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
ko (GPanm)
Fig. 4a. The Van der Waals coefficient versus different size of plate (Vo=0 V, m=n=1, |=2h)
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Fig. 4b. The Van der Waals coefficient versus different external electric voltage (SSSS, Lx=Ly=30h, m=n=1, |=4h)

Fig. 5 is plotted to show the EEV changes in the several half-waves for both CCCC and SSSS boundary conditions.

As can be seen, in the first half-wave number the increase of the EEV leads to decreasing critical buckling
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temperature. However, after evaluating the second half-wave number the trend is getting slower, which means that
the second half-wave decreases the impact of EEV. It can be importantly noted that by investigating every boundary
condition while EEV is removed, the results of CCCC in both half-waves are remarkably closer to each other against
SSSS. After applying EEV on the DLPNs, EEV has a tremendous impacted on the CCCC outputs and made the far

more difference between the results of half-waves. The result is seen with lesser intensity in SSSS.

4000

o §555-M=n=1 === CCCC-m=n=1
3600

'y S555-M=N=2 el CCCC-m=n=2

3200

2800 I
2400
2000
1600

1200 ©

Critical temperature (K)
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0

0 0.01 0.02 0.03 0.04 005 0.06 0.07 0.08
Vo(V)
Fig. 5. The effect of different external electric voltage on different half-waves (Lx=Ly=30h, I=h, ko=1GPa/nm)
The several aspect ratios (f) in various EEV are illustrated in Figs. 6. Initially, Fig. 6a is shown over which Ly is
constant and Ly is changeable, and also SSSS boundary condition is used. It can be clearly seen that an increase in j
parameter leads to a remarkable decrease in critical buckling temperature results. In other words, the kind of
distribution of temperature might be directly caused. This means that while temperature other than thickness is raised
in both longitudinal and lateral dimensions, the impact of dimensions of the plate is fundamentally grown. Moreover,
increasing dimensions of the plate has a considerable influence on the EEV which leads to proximity of results in
various EEV. As a rule, it can be concluded that by increasing length of the plate the effects of EEV are declined.
From Fig. 6b in which Ly is constant and Ly is variable the conclusion of previous figure is not seen and decreasing of

the critical forces has slower trend against Fig. 6a.
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Fig. 6a. The effect of external electric voltages on aspect ratio changes (SSSS, m=n=1, Ly=30h, I=h, ko=4GPa/nm)
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Fig. 6b. The effect of external electric voltages on aspect ratio changes (SSSS, m=n=1, Lx=30h, I=h, ko=4GPa/nm)

Fig. 7a studies the effects of elastic foundation on the EEV changes by taking into account simple boundary

condition. It can be easily found that by increasing the strength of the matrix the critical buckling temperature has

been monotonously increased. The considerable slope has been made whenever the foundation is ignored. Moreover,

the elastic foundation changes do not have a significant impact on the results of any EEV. Moreover, several in-plane

thermal stress resultants are shown to investigate the effects of the temperature function in various directions by

changing the elastic foundation in Fig. 7b. According to the figure, the strongest condition for the DLPNs system is

when Ny, is neglected and the weakest condition is when N'yy is set to zero. In other words, it can be noted that the

most impressive stress resultants are N'w> N',> N'y,, respectively.
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Fig. 7a. The effect of elastic foundation on external electric voltage results (SSSS, m=n=1, Lx=Ly=30h, I=h, ko=5GPa/nm)
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Fig. 7b. In-plane thermal stress resultants versus elastic foundation (SSSS, Vo=0.05 V, Lx=Ly=30h, m=n=1, |=h, ko=5GPa/nm)

6. Conclusions

This study analyzed the electro-thermal buckling of double-layered piezoelectric nanoplates under external electric
voltage in the thermal environment. To achieve this aim, a simplified first-order shear deformation theory was
employed to obtain the governing equations by taking into account the Von-Kéarméan assumption. The effect of the
small-scale was investigated by using modified couple stress theory. Moreover, an analytical solution was used to
extract the results by changing various parameters. In conclusion, some of the important results achieved from the

present study are as follows:

e EEV has a considerable impacted on the results of various half-waves in all boundary conditions.
e By increasing EEV, the reduction of critical buckling temperature in higher half-waves is remarkably slower than
lower half-waves.

e By considering long lengths, the effect of EEV on the critical temperature will be markedly decreased.
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