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Abstract

A theoretical approach was applied to study the vibration of simple-supported submerged
horizontal plate. The derived analytical solution was used to determine natural frequencies
for a horizontal plate vibrating in fluid. The investigations were conducted for a very wide
range of material density and elasticity modulus covering all materials used in engineering
practice. Analysis shows that plate vibration frequency decreases with increasing plate
width and draft, and decreases with decreasing plate thickness. Moreover, the results show
that a substantial effect on vibration of submerged plate has mass of water above plate. The
results also show that plate vibration frequency decreases with increasing plate material
density and decreases with decreasing elasticity modulus. The dominant factors affecting
the vibration of the submerged plate are the plate width, the plate thickness, and elasticity
modulus. For moderate and low values of elasticity modulus, vibration frequency is becom-
ing lower than frequency of water waves. This is very important because wave frequencies
overlap with the natural plate vibration frequencies, which may lead to resonance and failure
of a structure. The problem is that the overlap of plate vibration frequencies and wave fre-
quencies occurs for very wide range of wave and plate parameters. Laboratory experiments
confirm theoretical results.

1. Introduction

The prediction of free vibrations and resonant frequencies of marine structures is one of the
main problems of coastal and offshore engineering. The development of techniques for the
modelling and prediction of the vibration and resonant frequencies of structures is necessary
to ensure the safety and reliability of the entire structures or their elements. The problem is
also of vital importance for the maintenance maritime structures. Constructions submerged in
seas, such as breakwaters, containers, pipelines, etc. are at risk of being damaged by the attack
of waves.

This kind of destruction depends on many factors including type of wave, submergence
depth, the geometry of structure, elastic properties of structure elements, etc. This study is
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devoted to the theoretical investigations of the vibration of an elastic plate submerged in water
and prediction of resonant frequencies by taking into account the parameters affecting this
phenomenon.

One of the first studies on wave attack on submerged structures were conducted by Brater
etal. [1]. They determined wave loads on submerged structures arising from wave attack.
Experimental studies were carried out depending on various wave factors. Hayatdavoodi and
Ertekin [2] investigated wave-induced pressures acting on a submerged plate. The study com-
prises wave loads arising from solitary and cnoidal waves. In the following studies Hayatda-
voodi and Ertekin [3] and Hayatdavoodi et al. [4] focused on the attack of gravity waves on a
thin submerged plate and calculated wave-induced vertical and horizontal forces.

The pressure distribution on a submerged horizontal plate was experimentally and theoreti-
cally investigated in [5]. The comparison of the theoretical results with experimental data for
the interaction of water waves with a submerged plate is presented in [6, 7]. The vibrations of
an elastic plate located on the water surface are investigated in [8].

Numerous theoretical studies have been carried out to analyze the deflection of a sub-
merged horizontal plate. At first, the reflective properties of submerged horizontal plates were
studied using the linear potential flow theory. Using the method of matched asymptotic expan-
sions, [9] presented an analytical solution of the reflection and transmission coefficients for
long incident waves over an infinitesimal, thin plate submerged in water of constant depth.
Based on this work, [10] developed a simplified solution that can be applied to short waves. He
showed that the wave reflection at a submerged horizontal plate in shallow water depends on
the length of a plate to the wavelength ratio, water depth to the incident wavelength ratio, and
the submergence depth of a plate. The derived model provides a reasonable prediction of the
transmission and reflection coefficients, however, wave loads were not calculated. Therefore,
more complex physical and numerical models are necessary. [11] compared experimental data
with numerical solutions obtained for the interaction of regular and random waves with a sub-
merged horizontal thin plate by applying a finite-element method and using the linear-wave
diffraction theory.

Wave motion characteristics and flexural modes were studied in finite water depths by
applying the generalized dispersion relation. The eigenfunction matching technique and the
Wiener-Hopf and Residue Calculus methods were widely used in the study of water-wave
interactions with semi-infinite floating elastic plates [12, 13]. In the case of solutions for float-
ing elastic plates of finite length, the problem was solved by applying semi-analytical solutions
[14, 15], the Wiener-Hopf and Residue Calculus methods [16], and Green’s functions [17, 18].

While the problem of floating elastic plates has been well studied because of numerous
practical applications and interest of oceanographers and geophysicists in the problem of wave
scattering by sea ice, much less attention has been given to a situation when the plate is sub-
merged. Pioneering work on this problem was conducted in [19]. In that paper, the problem
of a semi-infinite, finite, and circular submerged elastic plate has been investigated by using
the eigenfunction-matching method. Another solution for the submerged elastic semi-infinite
plate based on the Wiener-Hopf [WH] and Residue Calculus [RC] solutions has been pre-
sented in [20]. The impact of fluid flow and vibration on the acoustics of a subsonic flow is
examined in [21]. The analysis of wave diffraction in an anisotropic medium is presented in
[22, 23]. Recently, experimental investigations of wave-induced deflection of a submerged
rectangular cylinder of elastic bottom were conducted in [24]. Laboratory studies of the impact
of non-breaking waves on a horizontal emerged deck are in [25].

In the present study, the eigenfunction expansion technique is applied to derive an analyti-
cal solution for the vibration of a simply-supported horizontal submerged plate. First, the
boundary-value problem is formulated and solved by applying the method of matched
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eigenfunction expansions. The derived analytical solutions were applied to determine flow
fields and loads on a vibrating plate. The derived forces were applied in a motion equation to
predict natural frequencies for a simple-supported horizontal plate vibrating in a fluid. Then,
laboratory experiments are described and experimental data are presented. Finally, compari-
sons between theoretical results and experimental data are shown and conclusions are
specified.

2. Theoretical formulation
2.1 Governing equations

The problem of the free vibrations of a horizontal plate in the ideal fluid is investigated. The
situation under investigation is shown schematically in Fig 1. The problem is defined in the
right-hand Cartesian coordinate system selected such that the xy plane is horizontal and coin-
cides with the undisturbed free surface and z points vertically upwards. It is assumed that

o The fluid is inviscid and incompressible.
 The motion is irrotational.

o The sea bottom and the plate are impervious.

According to the assumptions the fluid motion is governed by a set of equations for the
incompressible fluid, namely, the continuity equation

V-V=0 (1a)

and the motion equation
1
Vt+;V(P+pgz) =0 (1b)

where Vis the fluid velocity vector, V is the two-dimensional vector differential operator, p is
the fluid density, P is the pressure, g is the acceleration due to gravity.

A submerged plate of width 2b is located in water of constant depth h. The submergence of
the plate is denoted by } and the distance from the water surface to the bottom of the plate is
d. The problem is described in two-dimensional Cartesian coordinates x, z with the vertical z-
axis directed vertically upwards from an origin at the still water level. The geometry of the
problem is shown schematically in Fig 1.

The boundary-value problem for the velocity potential can be described by the set of the fol-
lowing equations:

V0 =0 (2a)
at the free surface the velocity potential, @ (x, z, t), has to satisfy the dynamic boundary condi-
tion

®=0,z=0 (2b)
at the intersection of the plate and a fluid, a kinematic boundary condition must be fulfilled

O, =%, |x|<bz=—-h,—d (2¢)

z
at the sea bottom, the following boundary condition must be satisfied

D =0,z=-h (2d)
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Fig 1. Definitions sketch and coordinate systems.
https://doi.org/10.1371/journal.pone.0298290.g001
moreover, additional boundary conditions are required at infinity
®— 0, x — +o0 (2e)

where E(x,t) is the deflection of a plate.
The velocity potential, pressure, and deflection of a plate may be expressed as real parts of
the following expressions in brackets

D(x,z,t) = Re[p(x,z)e ] (3a)
P(x,z,t) = Re[p(x,z)e "] (3b)
=(x, 1) = Rel(x)e ™ (3¢)

where the quantities in brackets are complex-valued spatial functions and i = \/-1.
By applying Eq 3a, 3b and 3C and an elastic thin plate theory, the governing equation
describing the plate deflection may be written in the following form

9'¢(x) )

D= = mo’é(x) = plx. ~d) — plx, ~h), x| < b (4)

where D = Ee’/12(1-v*) is the flexural plate rigidity, E is the modulus of elasticity, e is the plate
thickness, v is the Poisson ratio, and m is the mass per unit width.

2.2. Solution technique

The plate deflection may be expanded in a set of modal functions

&= ZE,sin p(x+Db), x| <b (5a)

where E, is the amplitude of the r-th modal function and the eigenvalues must satisfy the
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following relations

B=Cr>1 (5b)

A velocity potential can be found by dividing the fluid domain into four subdomains R;,
Ry, Rj, and Ry where Ri: x < -b,-h <z < 0;Ry: |x| < b, h <z<O;Rs|x|<b -h<z<-d;Ry
x> b, -h <z <0 and determining a velocity potential in each subdomain. The velocity poten-
tials in each subdomain are determined in the form of eigenfunction expansions.

The velocity potentials in the semi-infinite domains may be written in the following form:

¢, =— l‘—gz R, cosa, (z+h)em™™ x < —b (6a)
o)
m=1

where R,,,,, m = 1,2, . . ., are the coefficients of the evanescent modes.
The eigenvalues must satisfy the following relations

_2m—1

*n = o

n,m>1, (6b)

The velocity potential in the sub-domain above the plate may be written in the following
form:

Gy = by + Py, |x[ < b (7a)
where
b= = B3 (A By e )cost, (24 ), x] < b (7b)
m=1
. E, . .
¢y = —iw Y, orsinhpf (z + h)sinf, (x + b)
Etanhf h -~
+iow Y, %ﬁ'coshﬁr(z + h)sinf (x +b), |x| < b
in which A,,, and B,,,,, m = 1,2, .. ., are the coefficients of evanescent modes in the sub-domain

above the plate, E, are the amplitudes of the r-th deflection mode.
The eigenvalues must satisfy the following relations:
_2m—1
2h

Ocm

T,m> 1, (7¢)
and
rm
- r>
p. Sl (7d)

The velocity potential in the sub-domain below the plate may be written in the following form:

by = Pg + by, X < b (8a)
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where

b= =5 ST IC (1~ 8y 8, 5/B) 4 D, W cosg, (2 4B, [ < b (8)
n=1

h
i Y o -4 ), ¢ < b

in which C,,,, and D,,,,, m =1, 2, . ., are the coefficients of the velocity potential in the sub-
domain underneath the plate and the eigenvalues must satisfy the following relations:

(m—1)n

lLLm: h_d ’mz]‘ (SC)

The velocity potentials in the semi-infinite domain after the structure may be written in the
following form:

lg _ _b
= — T coso, (z+h)e ™ x>b 9
¢4 w ; rm m( ) ? - ( )
where T,,,, m = 1,2, .. ., are the coefficients of the evanescent modes.

The derived velocity potentials describe standing-type wave fields. The analysis of the veloc-
ity potential shows that the velocity and pressure fields decay exponentially from the vibrating
plate.

Matching conditions are

O, = 07—d§z§—ﬁ’x:_b (10a)
Gy —h <z < —d
¢, ~h<z<0
o1 = s 2= (10b)
¢1:¢35_hSZ§_d

¢4x: (L_dgzg_il\axzb (IOC)
¢3x>_h§Z§_d
— 6, —h<z<0
by = Py, >z (10d)
¢4:¢37_h§2§_d

The coefficients of the velocity potential in the subdomain before the plate may be derived
from Eq 10a that may be written in the following form:

0 —d

/ ¢1 €Os OC + h)dz = / (¢21x + ¢22x)cos am(z + h)dz + / (¢31X + ¢32x)cos OCm(Z + h)dZ,

—h
—h
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Taking into account Eqs 6a, 7a, and 8a one obtains

1
R =

rm 0

o, /cosQ(xm(z + h)dz

—h

=1

0
{e, Y (A6 ™" — Ba,e") /cos&,(z + E) cos a,,(z + h)dz
T

(11a)

+e; 3 [Cowy + 0,/b)e ™ — Dype’] /COS.UI(Z + h)cos a,,(z + h)dz

I=1
—h

0 —d
+% /¢2zxcos o, (z+ h)dz + /¢32xcos a,(z+hydz |},m=1,2,..
n “h

—h

which results in

4
R =V
" 20,h + sin20, h
0

o~ sin(&l(zgz) —o,(z+ h)) . sin(&l(z +%{) Yo, (z+ h))
(061 - OCm) 2(“1 + am) R

sin(i(z+h) —a,,(z+h))  sin(y(z+h) +o,(z+ h))] - (11b)
2(1, — o,,) 2(y — 2t,,)

{e, 2o (A,2e" —Bde

+ey 2o [Colwy +6,,/b)e ™ — D,ypuet’] {

—h

0 —d
+2 /d)mcos o, (z+ h)dz + /¢32xcos o,(z+h)dz | },
g . J
m=1, 2, ..

or

4
R =
"™ 2u,,h + sin2a,h

-~

sin (&ﬁ — o, h) + sina,, (h — ﬁ) sin (&liz\ + ocmﬁ) — sina,, (h — h)

]

{e, >0 (Aze ™ — Boe”)]

2(0) — ) 20 +a,,)
+ey Do [Colpy +0,,/b)e ™t — Drl”lemb][sm(hQ(,uzd)(o;m) = * = (Z(,Uzdi(zm;r = ] (1Lc)

0 —d

"‘% /(Pzzxcos“m(z + h)dz + /q)i}?xcosam(z +h)dz | },

—h
—h

m=1, 2, ..
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The integrations

0
/ Gopc08 0, (z + h)dz (11d)
T

/ ¢apc08 o, (z+ h)dz

are conducted analytically and the results are included in S1 Appendix.
The coefficients of the velocity potential in the subdomain after the plate may be derived
from Eq 10c that may be written in the following form:

0

—d
/¢4xcos o,,(z + h)dz = /(¢21x + @, )c0s 0, (z + h)dz
Zh

o~

h (12a)

—d

+ / (Ps1, + P )08 @, (z + h)dz

—h

Taking into account Eqs 7b, 8b and 9 one obtains:

1

o, /coszacm(z + h)dz

—h

0
{&, >, (A, 2,e" — B a,e ™) /cos&l(z + ﬁ) cos o, (z+ h)dz
T

(12b)
—d
+ey > [Colpy +6,/b)e” — D e /cosu,(z + h)cos a,,(z + h)dz
—h
] 0 —d
iw
+— /¢22xcos o, (z+ h)dz + /¢32xcos o,(z+h) |dz},m=1,2,..
g -~ —h
—h
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which results in

4
T,=——F——"—
" 20, h + sin2a,, h

0

i sin(&(z—i—ﬁ) - ocm(z+h)) +sin<&l(z+ﬁ> +ocm(z+h))

{e, 2o (Aze — B e

2(0, — o) 2(a, + o) ~
e [8i0 (1 — +h) sin(u+o,)(z+h)] (12¢)
—+ . |C +6,,/b)ett — D wb |:Sm(:ul a,)(z i ] m
€5 D [Calky u/be ke ] 20, — 2,) 2+ o) .

0 —d
+§ /qﬁmcos o, (z+ h)dz + /¢32xcos o,(z+h)dz | }ym=1, 2,..
-~ “h

—h

or

0 —d
sin(h — d) (o, — ;)  sin(h —d)(a, + 1), i / /

= + = +— Gogcos o, (z+h)dz+ [ ¢y cosa, (z+h)dz | }om=1, 2,..(12d

e i) g | [t e [oncosste iz | ) (124

—h

/b)e"" — D,yue ||

The integrations

/ P08 o, (z + h)dz (12e)

—d
/ $yp.c08 o, (z + h)dz
)

are conducted analytically and the results are included in S1 Appendix.
The coefficients of the velocity potential in the subdomain above the plate may be derived
from Eq 10b and 10d. The first Eq 10b, may be written in the following form:

/0 ¢ cosil,, (z + E) dz = /U o8, (z + E) dz (13a)

—h —h
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Taking into account Eqs 6 and 7 one obtains

/ R,cos o,(z + h)cosa,, (z + /P;) dz =

; o 20, B+ sin2a, b
(S, +if,)(A,, e """ + B, &) w (13b)
am
. 0
—&—B/ ¢22cos&m<z+il\)dz, m=12...
g
—h
which results in
sin(a, h — ah) + sinoy(h — h)  sin(a@, h + ah) — sinoy(h — h
§o il = ) b sinoh = ) _sin(i,h + o) —sinay(h ) _
2(am - OCl) 2(am + OCl)
_ 28, h +sin23,h
H — 0, b % b m m
(S2 + l.ﬁz)(Arme + Brme ) 4&”‘ (13C)
. 0
—1—9 / (9,COSA,, <z—|—ﬁ)dz7 m=1,2,..
4
—h
The second Eq 10d, may be written in the following form
0 0
/ ¢, cos0,, (z + E) dz = / o8, (z + ﬁ) dz (14a)
T T
Taking into account Eqs 7 and 9 one obtains
0
/ T cos o,(z + h)cosa,, (z + ﬁ) dz =
=
—h
} s oy 28,1+ sin2a,h
(S, + if,) (A, e + B e *nb) w (14b)
am
. 0
+B / qbz?cos&m(z +ﬁ>dz,, m=12,..
g
—h
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which results in

sin(&”ﬁ — oyh) + sinoy(h — ﬁ) sin(&mﬁ + oclﬁ) — sinoy(h — E)
2(&;71 - OCI) 2<&m + O(l)

lel Trl[ ] =
25, h + sin2%, h
40 (14c)

m

(SZ + %)(Arme&mh + Brmei‘imh)

0
—1—9/q522coso_cm(z—|—i1\)dz,7 m=12,..
g

—h

The integrations

0
/ gy COSTL,, (z + E) dz (14d)
T

are conducted analytically and the results are included in S1 Appendix.
The coefficients of the velocity potential in the subdomain under the plate may be derived
from Eq 10b and 10d. The first Eq 10b, may be written in the following form:

—d —d
/ ¢pcosu, (z+ h)dz = / ¢p.cosu,, (z+ h)dz (15a)
Zn h
Taking into account Eqs 6 and 8 one obtains

—d
/ Z R,cos o(z + h)cosp,, (z + h)dz =
n m=1

—d
(SS + lf;i)[crm(l - 51m - 51m)e_HMb + DlmeMMb] /Cos2lum(z + h)dZ (ISb)

—h

—d
—1—%/ ¢socosu, (z+h)dz, m=1,2, ...
“h

which results in

sinh — d)(s, — ) _ sin(h— d)(s, + )

R, =
A e 2oy +n)
. . Hy(h — d) + sin2p,, (h — d)
(Sd + I,f:%)[crm(l - 51m - 51m)e b + Drmeﬂmh] 4'um (ISC)
—d
i
+—/ ¢spcosy, (z+h)dz, m=1,2, ...
g —h
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The second Eq 10d, may be written in the following form
—d —d
/ p,cosu, (z+ h)dz = / ¢.cosu,, (z+ h)dz (16a)
—h —h
Taking into account Eqs 8 and 9 one obtains

—d
/ Z T,cos o,(z + h)cosu,, (z + h)dz =
h m=1

—d
(S, + 1)(Con(L = 81+ 8,0+ D,y o) [ s, (e + h)de (16b)

—h

-d
+%/ ¢gocosu, (z+h)dz, m=1,2, ...
Zh

By conducting integration, Eq 16b, may be further simplified to the following form

> Trl[sin(h —d)(u, — o) sin(h—d)(u, + o)

1 —
| =

2(0 — 1) 2(0y + )
. _ fb — b :um(h - d) + sm2/1m(h - d)
(83 + lf;ﬁ)[crm(l 51m + 51m)e + Drme ] 4‘um + (16C)
—d
iw
—|——/ Gpocosp, (z+h)dz, m=1,2, ...
g —h
The integrations
—d
/ ¢aocosp, (z + h)dz (16d)
Zn

are conducted analytically and the results are included in S1 Appendix.

The formulation is general and comprises damping in the fluid sub-domains above and
below the plate. However, due to a large number of parameters, the analysis of results is con-
ducted for ideal fluid s, = 1,53 =1,£,=0,f;=0,e, = 1,e5 = 1.

2.3. Radiation problem and free vibrations

The derived semi-analytical solution/model is applied to determine velocity potentials for con-
secutive plate modes of unite amplitudes E, = 1, r = 1, 2,. . . This enables us to write the equa-
tion describing the plate deflection in the following form

—w*m Y Esinf,(x+b)+ DY Epsing,(x+b) = p(x,—d) — p(x,—h),|x| < b (17a)
r=1 r=1
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where
~ EtanhB h
plx,—h) = —pa* Y raz,iﬁ’sinﬁr(x +b)+
b b
E ; ; 17
P S [ (A B sin (x+ b)asing ()7
m=1
/sinzﬁ,(x +b)dx "

—b

E, coshf,(h —d)

PO =d) = P Y B B (= d)

sinf.(x + b)+

E

b
154 Zr:l Zl:l b / Z[CIM(]‘ - 51m + 51mx/b)eﬂmx + Dlmeiﬂmx](_:l)m*1
m=1
/ sin®f, (x + b)dx "

-b

sinf, (x + b)dx sinf,(x + b)

The comparisons of the coefficients of the Fourier series lead to the following set of equa-
tions

, E, coshf (h —d) ) Ertanhﬁjl\

4
O sinnpi—d) P p TPOE
El

—w?*mE, —p

b
pg lel b /Z[CZM(l - 51m + 61mx/b)eﬂmx + Dlme_ﬂmx]<_1)n17lsinﬁr(x + b>dx
m=1
/sin2ﬁ,(x + b)dx " (18)

%
5 b
+pgd 1 — ! / Z(Alme&m" + B, “*)sinf (x + b)dx = 0,r = 1,2..
m=1
/sin2ﬁr(x +b)dx "

—b

Eq 18 enables us to determine the free vibration frequencies of a submerged plate. Since the
first mode drastically dominates in the free vibrations of a submerged plate, the plate vibration
frequency may be determined analytically

w? =
b

Dﬁib + Pg/ Z{Alme&mx +B,,e " = [C,,(1 =6, + J,,x/b)e" + Dlmeiﬂmx](_l)mil}smm (x + b)dx (19)
m=1

cosh,(h—d)  tanhBh
Binhp,(h—d) "B,

—b

bim+p

]
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3. Theoretical results

The derived analytical solution was applied to investigate the effect of the geometry and mate-
rial properties of a simply-supported thin plate on the free vibrations of the plate submerged in
water. The calculations are conducted for a wide range of plate frequencies and several impor-
tant parameters of the model including the length and thickness of a plate, the plate submerged
rate as well as the material properties of a plate comprising the material density and stiffness
rate.

The first group of parameters affecting the vibration of a submerged plate is associated with
the plate geometry. The geometry of a plate is expected to have a significant effect on the vibra-
tion of a submerged plate. A typical dependency of the vibration frequency on the plate geo-
metrical parameters is presented in Fig 2. The plots show the dimensionless vibration
frequencies, m+/h/g, plotted versus the dimensionless plate length, 2b/h, for three ratios of the
plate thickness to the water depth e/h = 0.01, e/h = 0.005, and e/h = 0.001. The results are plot-
ted for h/h = 0.5,p/p = 2,and Elpgh = 5x10°.

The results in Fig 2 show that the plate width has a very significant effect on the magnitude
of the plate vibration frequencies. The results show that the plate vibration frequency decreases
with increasing the plate width. This outcome is of significant practical importance and
implies that the period of plate vibration increases with increasing plate width. Moreover, the
results show that the plate thickness has a significant effect on the magnitude of the plate vibra-
tion frequencies. The results show that the vibration frequency increases with increasing plate
thickness. This outcome is also of significant practical importance and implies that the period
of plate vibration increases with decreasing the plate thickness.

The next group of parameters affecting the vibration of a submerged plate is associated with
hydrodynamic conditions. Analysis indicates that the main parameter in this group of major
practical importance is the rate of the submergence of a plate. Fig 3 demonstrates the depen-
dency of the vibration frequency on the rate of the submergence of a plate. The plots show the

dimensionless vibration frequencies, w+/h/g, plotted versus the dimensionless plate length,
2b/h, for three ratios of the plate thickness to the water depth e/h = 0.001, e/h = 0.005, and e/

h = 0.01 and four ratios the plate submergence to the water depth E/ h=02, E/ h =04,

30 R
h
off £ od
25 h
e/h=0.01
20
E
= 5x108
15 pgA
Pl
10 P
e/h=0.005
S 2b
e/h=0.001 h

0
04 06 08 10 12 14 16 18 20 22 24

Fig 2. Effect of plate width and thickness on vibration frequency, E/pgh = 5x10° plp=2,
https://doi.org/10.1371/journal.pone.0298290.g002
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Fig 3. Effect of plate submergence rate on vibration frequency, E/pgh = 5x10° plp=2,

https://doi.org/10.1371/journal.pone.0298290.g003

h /h = 0.6, and /ﬁ/ h = 0.8. The results are plotted for moderate values of material density and
elasticity modulus, p/p = 2, and E/pgh = 5x10°.

The analysis of the plots in Fig 3 shows that the plate vibration frequency decreases with
increasing the rate of the submergence of the plate. The plate vibration frequency decreases
with increasing the plate submergence rate for all analyzed plate lengths and thicknesses. A
detailed analysis indicates that the process of the vibration of a submerged plate is affected by
the masses of water vibrating with a plate. A dominant effect on the process of the vibration of
a submerged plate has a mass of water above the plate. This explains why the plate vibration
frequency decreases with increasing plate submergence rate.

The third group of parameters affecting the vibration of a submerged plate is associated
with the properties of plate material. The plate material is expected to have a significant effect
on the vibration of a submerged plate. Figs 4-7 show the dependency of the vibration fre-
quency on the properties of plate material. The plots show the dimensionless vibration fre-
quencies, w\/W_ , plotted versus the dimensionless plate length, 2b/h, for three ratios of the
plate thickness to the water depth e/h = 0.001, e/h = 0.005, and e/h = 0.01, and four ratios the

plate submergence to the water depth E/h =02, ﬁ/h =04, E/h = 0.6, and ﬁ/h = 0.8. The
results are plotted for three values of material density p/p = 0.2, p/p = 2,and p/p = 20 and
three values of elasticity modulus, E/ph = 10”E/ph = 5x10°,and E/ph = 2x10°.
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Fig 4. Effects of plate material properties on vibration frequency, ﬁ/ h=0.2.

https://doi.org/10.1371/journal.pone.0298290.9004

The results in Figs 4-6 show that the properties of plate material have a moderate effect on
the vibration frequency. The results show that the plate vibration frequency decreases with
increasing the plate material density. A far more significant effect on the vibration frequency
has an elasticity modulus. The results show that the plate vibration frequency decreases with
decreasing elasticity modulus. For moderate and low values of elasticity modulus, the plate
vibration frequency is becoming lower than the frequency of water waves.

This outcome is of significant practical importance because wave frequencies coincide with
the natural plate vibration frequencies. The problem is very serious because the vibrations of a
plate are amplified by incoming waves, which may lead to resonance. The occurrence of a reso-
nance may lead to the failure of a structure. The analysis shows that the overlapping of plate
vibration frequencies and wave frequencies, and in consequence, a resonance, may occur for a
very wide range of wave and plate parameters.

4. Comparison with experiments
4.1. Laboratory experiments

Laboratory experiments were conducted in the hydraulic laboratory at the Institute of Hydro-
Engineering, Polish Academy of Sciences, Gdansk. The wave flume at the Institute of Hydro
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Fig 5. Effects of plate material properties on vibration frequency, ﬁ/ h=04.

https://doi.org/10.1371/journal.pone.0298290.9005

-Engineering is 64m long, 0.60m wide, and 1.4m deep. The side walls are made of 0.02m thick
and 1.4m high glass plates. The wave flume is equipped with a porous wave absorber of length
7.6 m and a slope of 15%. Water waves in the flume are generated by a programmable piston-
type wavemaker. The wave flume is equipped with a unique active wave absorption system.

The plate used in laboratory experiments conducted in a wave flume was made from thin
stainless steel. The length, width, and thickness of the plate were equal to 0.994m, 0.590m, and
0.004m, respectively. The density of the stainless steel was equal to p = 7900 kg/m* and the
modulus of elasticity was equal to E = 2.02 10" N/m”.

The plate is supported by four front and rear hangers that make the vertical part of the plate
supporting system [Fig 8]. The length, width, and thickness of the vertical elements of the plate
supporting system were equal to 0.842m, 0.060m, and 0.020m, respectively. The vertical hang-
ers are fixed to the upper plate support system constructed from longitudinal and transverse
beams. The plate support system is connected/fastened to the frame of the flume by a system
of rods. The system of rods is applied to change the vertical position of the plate.

A vertical displacement gauge/sensor was mounted on the frame supporting the plate. The
displacement gauge was installed in the middle of the plate. The gauge vertical movement was
secured by a system of bearings. A special edge support mechanism was constructed [by
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Fig 6. Effects of plate material properties on vibration frequency, ﬁ/ h=0.6.

https://doi.org/10.1371/journal.pone.0298290.9006

applying bearings] and built into the plate support system to secure the vanishing of deflection
and bending moments and to ensure that the constructed physical model represents a simply
supported elastic plate.

The model installed in the wave channel is shown in Fig 8. Dimensions and characteristics
of the individual elements of the laboratory model are summarized in Table 1.

Laboratory experiments were conducted with the plate installed in a wave flume filled with
water, h = 0.60m. The experiments were carried out for the plate of different submergence
drafts. The first series of experiments were conducted for the draft d = 0.20m which was
increased in subsequent experiments by 0.01 m up to d = 0.58m. For each position of the plate,
two tests were carried out with the vibrations initiated by a release of small initial displace-
ments, 0.003 m, and 0.006 m, and then an experiment was conducted with the vibrations initi-
ated by a hit with a rubble-covered bar. Alltogether, 127 experiments were conducted to
investigate the effect of a finite water depth on the free vibration of a plate in water.

4.2. Theoretical results and experimental data

The analyses of the free vibrations of the plate were conducted by applying a Fourier method
[26]. Moreover, the Kalman filters technique was applied to analyze the records of the plate
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Fig 7. Effects of plate material properties on vibration frequency, ﬁ/ h=0.38.
https://doi.org/10.1371/journal.pone.0298290.9007

guide with bearings
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articulated-sliding support measuring rod

displacement sensor

Fig 8. Laboratory model in the channel.
https://doi.org/10.1371/journal.pone.0298290.9008
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Table 1. Characteristic of the elements of the model.

Model element Characteristic
thin plate stainless steel plate
dimensions: 590x994x4 mm

flat bars aluminum, cross-section: 20x60 mm
front flat bars: 892 mm
rear flat bars: 842 mm

rod diameter: 6mm
grate 1102x414x100 mm
beams Dimension: 121x122x372
distance between the beams: 478 mm
plywood material
inductive displacement sensor range: 10 mm, accuracy: 0.01 mm

https://doi.org/10.1371/journal.pone.0298290.t001

displacements, especially, to decompose the records to determine their dominant components
in analogy to a similar technique applied by Sulisz et al. in [27]. Additionally, the free vibra-
tions of the plate were analyzed by employing a recognized technique widely used in the analy-
sis of damped vibrations of a structure [28].

A comparison between theoretical results and experimental data is shown in Fig 9. The
plots present the theoretical results and the experimental data of the plate vibration frequencies
obtained during laboratory experiments. The theoretical results and the experimental data are
plotted versus the clearance between the plate and the bed to demonstrate the effect of the sub-
mergence rate on the free vibration of a simply-supported plate.

The plots in Fig 9 show that the theoretical results are in reasonable agreement with the
experimental data. The derived theoretical model predicts fairly well the free vibration fre-
quencies of a simply-supported submerged horizontal plate. The agreement between theoreti-
cal results and experimental data is satisfactory for the whole range of the plate submergence
depths considered in laboratory experiments. It is interesting to note that a reasonable agree-
ment is observed between the theoretical results and experimental data even for cases when
the clearance between the plate and the bed is becoming small. Some discrepancies between
the theoretical results and the experimental data are likely due to simplifications applied in the
description of the physical model.

It is worth to noting that laboratory experiments confirmed that the plate vibration fre-
quencies may coincide with the incoming wave frequencies. The overlapping of the plate
vibration frequencies with the incoming wave frequency causes resonance. The problem is
very serious because the vibrations of a plate are amplified by incoming waves. The occurrence
of a resonance amplified by incoming waves may lead to the failure of a structure.

In the conducted analysis, the zero potential boundary condition is applied at the free sur-
face to determine the frequencies of the vibrating plate. For completeness, the wave kinematic
boundary conditions were also applied at the free surface to determine the frequencies of the
vibrating plate. The results were practically the same as in the present analysis.

5. Summary

A theoretical approach was applied to investigate the vibrations of a simply-supported hori-
zontal plate. A boundary-value problem was formulated within potential wave theory and was
solved by employing the method of matched eigenfunction expansions. The derived analytical
solution was applied to determine flow fields and loads on a plate. The derived forces were
applied in a motion equation to predict natural frequencies for a simple-supported horizontal
plate vibrating in a fluid.
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Fig 9. A comparison between theoretical results and experimental data.
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The derived model was applied to analyze the effect of the geometry of the plate and its
physical and material properties on the free vibration of the submerged plate. The effect of
flexural plate rigidity and immersion depth has been taken into account.

The results show that the plate width has a very significant effect on the magnitude of the
plate vibration frequencies. The results show that the plate vibration frequency decreases with
increasing the plate width. Moreover, the results show that the plate thickness has a significant
effect on the magnitude of the plate vibration frequencies. The results show that the vibration
frequency decreases with decreasing the plate thickness. Moreover, the results show that the
vibration frequency depends on the plate draft. The results show that the plate vibration fre-
quency decreases with increasing the plate draft. Analysis indicates that the process of the
vibration of a submerged plate is affected by the amount of the masses of water vibrating with
a plate. A detailed analysis shows that a dominant effect on the vibration of a submerged plate
has a mass of water above the plate, which explains why the plate vibration frequency decreases
with increasing plate submergence rate.

The results show that the properties of plate material have a significant effect on the vibra-
tion frequencies. The results show that the plate vibration frequency decreases with increasing
the plate material density. A far more significant effect on the vibration frequencies has an elas-
ticity modulus. The results show that the plate vibration frequency decreases with decreasing
elasticity modulus. For moderate and low values of elasticity modulus, the plate vibration fre-
quency is becoming lower than the frequency of water waves. This outcome is of significant
practical importance because wave frequencies overlap with the natural plate vibration fre-
quencies, which may lead to resonance and the failure of a structure. The problem is that the
overlap of plate vibration frequencies and wave frequencies occurs for a very wide range of
wave and plate parameters.

Laboratory experiments were conducted in a wave flume to verify numerical results. The
theoretical results are in reasonable agreement with experimental data.
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