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A B S T R A C T   

This paper presents the results of experimental fracture test of flat PMMA specimens under biaxial 
loading condition tension with torsion (proportional). The specimens were made in two thick
nesses: 5 and 15 mm and were weakened with V-type edge notches with different root radii: 0.5; 2 
and 10 mm. Thanks to the ARAMIS 3D 4 M non-contact vision system, measurement of the 
elongation and twist angle were recorded. During experimental part all of the deformation pro
cesses were observed using PHANTOM cameras. Obtained records made it possible to precisely 
indicate the moment of crack initiation (tensile force and torsional moment values). Using the 
microscopic observations the location of crack initiations were determined. Results obtained for 
biaxial loading were compared with those obtained for uniaxial tension and torsion. Based on 
experimental data the numerical calculation with FEM were carried out. The principal stress and 
plastic strain distribution under critical load, were obtained. The points of occurrence of stress 
maxima and plastic strain were indicated, which were taken as potential crack initiation sites. On 
the basis of the stress and plastic strain values measured at the critical points, a stress–strain 
fracture criterion was formulated, which was then positively verified. Additionally, new form of 
stress–strain fracture criterion was proposed. The bilinear form of the fracture criterion can be 
successfully used to predict fracture in PMMA flat specimens, regardless of the notch root radius, 
type of load or element thickness.   

1. Introduction 

By far the most common experimental and numerical studies of the fracture of notched elements made of Polymethylmethacrylate 
(PMMA) concern simple loading conditions and pure crack/notch failure types. The fracture of this type of component during mode I 
has been described in a number of works in tension [1,2,3,4,5,6,7,8] also in compression [1,9,10,11,12,13,14]. Similarly, PMMA 
fracture during mode III in twisted components has been the subject of several scientific publications [15,16,17]. Under real operating 
conditions, these components most often experience fracture in mixed modes, which determines the current focus of research in works 
on fracture mechanics. Components made from plastics can be found in many industries: architecture, furniture, transport, electronics, 
but above all in medicine. Polymethylmethacrylate (PMMA) is used, for example, as a glass substitute in construction and architecture. 
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Its high impact strength and weather resistance have also made PMMA widely used in the automotive industry, e.g. in caravan 
windows, covers on motorbikes, aircraft, helicopters. The transparency of this material makes it ideal for optical and lighting appli
cations. It can also be found in electronics, such as LCD monitors. It is also found in medical applications due to the biocompatibility 
and biodegradability of this material. A wide group of works deals with the fracture of plastics (mainly PMMA) during mixed-mode I +

Nomenclature 

g specimen thickness 
E Young’s modulus 
n the vector normal to the physical plane 
R0.2 yield stress 
R0.05 elastic limit 
u̇ linear displacement velocity 
x0 the vector defining the location of crack initiation 
ϕ̇ torsion angle increment of the specimen base 
F I critical tensile force obtained in pure tension tests 
Ms

III critical torsional moment obtained in pure torsion tests 
F I/III critical tensile force obtained in biaxial test 
Ms

I/III critical torsional moment obtained in in biaxial test 
ε1

p maximum principal plastic strain 
εc critical value of plastic strain 
εp

max maximum value of plastic strain 
εgr limit deformation used in the stress–strain fracture criterion 
σ1 maximum principal stress 
σmax maximum value of stress 
σn the normal stress on the physical plane 
σc the failure stress in the damaged material 
σc0 the failure stress in the undamaged material 
ω damage state variable. 
ρ notch root radius 
v Poisson’s ratio  

Fig. 1. Test stand: 1 − MTS 809.10 testing machine, 2 − ARAMIS 3D 4 M vision system, 3 − PHANTOM v1610 camera, 4 − PHANTOM v2011 
camera, 5 − specimen, 6 − LED lights. 
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II. Bahrami et al. [18] studied experimentally and theoretically fracture in PMMA SENB-type components. The moment of crack 
development was predicted using the theory of critical distance (TCD) together with the generalised strain energy density criterion 
(GSED). The approach adopted was that a crack propagates when the strain energy reaches its critical value at a certain critical 
distance. A better performance of the GSED criterion, compared to the classical strain energy density criterion (SED), was established 
in predicting the fracture of notched components made of PMMA. 

Notched PMMA SCB (semi-circular bend) specimens were subjected to three-point bending [19]. The fracture of the components 
was analysed for pure mode I, mode II and mixed-modes I + II. It was shown that the traditional maximum tangential stress criterion 
(MTS) criterion does not allow the prediction of the critical load value and the direction of crack growth with reasonable accuracy. A 
generalised MTS criterion was therefore applied, taking into account the effect of T-stress. Crack propagation was simulated using the 

Table 1 
Test parameters: tensile with torsion.  

Nominal notch root radius Nominal specimen thickness u̇ ϕ̇ 

[mm] [mm] [mm/s]  [◦/s] 
0.5 5 0.04  2.85 
0.5 15  0.88 
2 5 0.04  1.65 
2 15  0.68 
10 5 0.04  1.00 
10 15  0.40  

Table 2 
Critical values of tensile force, torsional moment, base elongation and twist angle for notched specimens subjected to biaxial loading.  

Specimen Actual specimen thickness 
[mm] ± 0.01 

Maximum twist angle 
[◦] 

Critical torsional moment value** 
[Nm] 

Maximum elongation 
[mm] 

Critical tensile force value* 
[kN]    

average  average  average  average 

RS 05–1-5  4.90  5.82   5.44   0.07   1.24  
RS 05-2-5  4.90  6.10  6.08  5.84  5.68  0.07  0.07  1.22  1.25 
RS 05-3-5  4.92  6.31   5.77   0.08   1.29  
RS 05-1-15  14.43  2.96   41.63   0.09   4.11  
RS 05-2-15  14.64  2.60  2.76  39.07  39.58  0.09  0.09  3.76  3.88 
RS 05-3-15  14.55  2.71   38.03   0.09   3.77  
RS 2-1-5  4.95  9.50   8.29   0.19   2.86  
RS 2-2-5  4.93  8.30  9.08  8.26  8.17  0.17  0.19  2.82  2.82 
RS 2-3-5  4.92  9.45   7.95   0.20   2.79  
RS 2-1-15  14.07  4.41   52.20   0.18   7.08  
RS 2-2-15  14.04  4.21  4.36  49.34  51.29  0.17  0.18  6.65  6.90 
RS 2-3-15  14.08  4.45   52.33   0.18   6.97  
RS 10-1-5  4.92  13.19   9.43   0.43   5.23  
RS 10-2-5  4.94  19.94  17.89  11.57  10.92  0.65  0.59  6.40  6.03 
RS 10-3-5  4.92  20.54   11.75   0.68   6.45  
RS 10-1-15  14.27  14.01   59.25   0.96   18.09  
RS 10-2-15  14.31  13.46  14.62  60.79  58.95  0.93  1.02  18.25  18.29 
RS 10-3-15  14.19  16.40   56.80   1.17   18.53  

*Percent error of tensile force: ≤ 1.999kN – 0.06 %; ≤ 4.001kN – 0.06 %; ≤ 8.007kN – 0.08 %; ≤ 10.009kN – 0.09 %; ≤ 20.024kN – 0.12 %; 
**Percent error of torque: ≤ 20Nm – 0.10 %; ≤ 40Nm – 0.12 %; ≤ 60 Nm – 0.15 %. 

Table 3 
Critical values of tensile force and torsional moment for specimens with notches subjected to biaxial loading.  

ρ g Critical torsional moment value** 
m =

MI + III
s
MIII

s 

Critical tensile force value* 
f =

FI + III

FI 

m
f 

[mm] [mm] [Nm]  [kN]     

III I/III  I I/III   

0.5 5  13.92  5.68  0.41  2.74  1.25  0.46  0.89  
15  76.88  39.38  0.51  8.88  3.88  0.44  1.16 

2 5  12.92  8.17  0.63  4.55  2.83  0.62  1.02  
15  81.76  51.29  0.63  12.94  6.90  0.53  1.18 

10 5  14.38  10.92  0.76  7.88  6.03  0.76  1.00  
15  84.70  58.95  0.70  23.05  18.29  0.79  0.89 

*Percent error of tensile force: ≤ 1.999kN – 0.06 %; ≤ 4.001kN – 0.06 %; ≤ 8.007kN – 0.08 %; ≤ 10.009kN – 0.09 %; ≤ 20.024kN – 0.12 %; 
**Percent error of torque: ≤ 20Nm – 0.10 %; ≤ 40Nm – 0.12 %; ≤ 60 Nm – 0.15 %. 
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finite element method. It was shown that the adopted technique provides a very good estimate of the crack growth path in PMMA tests 
if the crack growth direction is determined by the generalised MTS criterion. PMMA components of the Brazilian disc (CCBD) and 
asymmetric semi-circular bending (AASCB) types were subjected to compression tests in the work of Bahrami et al. [20]. In the 
considerations described, the focus was on taking into account the frictional forces occurring during compression and their influence 
on the accuracy of the prediction of the fracture process. A procedure was developed using the concept of the MTS criterion sup
plemented by the results of finite element method (FEM) calculations, and critical load values corresponding to the crack initiation 
moment during compression were obtained. The simplicity and effectiveness of the described method was demonstrated, and it was 
pointed out that neglecting the effect of frictional forces during fracture analysis for the compression case can result in an underes
timation of the critical load by up to 60 %. Brazilian disc type specimens were also used in their study by Ayatollahi and Aliha [21]. 
PMMA components weakened by a central diamond-shaped notch were subjected to compression tests, thus mode I, mode II and 
mixed-mode I + II fracture was realised (depending on the angle of the notch formation with respect to the loading axis). The MTS 
criterion was extended to the case studied by formulating the RV-MTS criterion. Good agreement was shown between theoretical 
predictions and experimental results for both mixed-mode fracture toughness and fracture initiation angle. The authors have followed 
up similar work [22]. 

A paper by Aliha et al. [23] investigated the effect of loading speed (from 1 to 200 mm/min) on the fracture process in specimens 
made from notched-beam PMMA − short bend beam (SBB) type. The study analysed fracture in modes I, II and mixed-modes I + II. In 
order to predict the fracture process, the GMTS criterion was used, which allowed the critical load values to be close to the experi
mental data. Similar considerations have also been described in other works [24,25]. Foti et al. [26] analysed the fracture of flat 
specimens (thickness equal to 3 mm) made of PMMA, weakened on both sides with U-notches. Tensile tests were conducted at a speed 
of 2 mm/min. By using different angles of inclination of the symmetry axis of the notches with respect to the main axis of the specimen, 
the components were subjected to both mode I, II and mixed-mode I + II fracture. Different notch root radii were also used. Using the 
SED criterion and TCD theory, high agreement between numerical predictions and experimental data was obtained. The use of the 
digital gradient sensor (DGS) method to directly investigate the notch-bottom deformation of notch-weakened PMMA specimens is 
described in the work of Zhang et al. [27]. In this study, the values of stress intensity factors were determined for pure I, II and mixed- 
modes I + II, and the results were compared with data obtained by numerical FEM calculations. The effectiveness and practicality of 
the DGS method for measuring stress intensity factors (SIF) was confirmed. Using ABS fibres by 3D printing, U-notched diagonally 
loaded square plate (UNDLSP) specimens were fabricated and subsequently subjected to mixed-mode I + II [28]. The virtual isotropic 
material concept (VIMC) was used to predict fracture in the cases studied, together with two well-known brittle models MTS and MS. 
The paper confirms that both the VIMC-UMTS and VIMC-UMS criteria accurately predict the critical load values experimentally. 
Ayatollahi and Aliha [29] described an experimental study of PMMA cracking during tensile fracture of a square plate-shaped spec
imen centrally weakened by a diagonal notch (DLSP). Fracture during mixed-mode I/II was analysed. Based on the experimental data 
obtained, the effectiveness of fracture prediction using the MTS criterion was positively verified. Ayatollahi and Torabi [30] proposed 

Fig. 2. View from cameras used in the study: a-b) ARAMIS cameras, c) PHANTOM v1610 camera and d) PHANTOM v2011 camera.  
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the UMTS criterion for predicting the brittle fracture of U-notched elements under static loading during mixed-mode I + II. Based on 
the three-point bending tests carried out, it was shown that there is a good agreement between the results of the UMTS criterion and the 
experimental data. 

Bidadi et al. [31] proposed a maximum tangential strain criterion for predicting fracture during mixed-mode I + III. Based on this 
criterion, the out-of-plane crack initiation angle and fracture toughness were theoretically predicted under I + III mixed-mode loading 
conditions. The results showed that the T-stress has no effect on the out-of-plane crack initiation angle. In this study, this criterion was 
verified for various brittle and quasi-brittle materials during mixed-mode I + III, such as specimens of the edge notch disc bend (ENDB) 
[32], rectangular beam with an inclined crack (ISENB) [33] and the semi-circular bend (SCB) [34]. The predicted results were 
consistent with the data obtained in the experiments. Shen et al. [35] confirmed the effectiveness of the modified 3D G-criterion for 
predicting fracture under mixed-mode I + III. Experimental and theoretical values of: inclination angle, torsion angle and critical stress 
intensity factors (SIF) for PMMA and GPPS were compared. Axially-symmetric ring-notched specimens were fabricated from PMMA 
and also from 7050 aluminium alloy, and then subjected to tensile tests with torsion [36]. The prediction of fracture processes was 
based on the determination of the maximum normal stress and the maximum shear stress on an inclined plane at the same distance 
from the crack face. The ratio of these two types of stress was compared with the fracture toughness of the material. It was found that 
under proportional loading conditions, the ratio of these stress components can maintain almost the entire elastic range up to fully 
plastic, which can contribute to effective predictions of fracture processes. Similar aluminium alloy specimens were also subjected to 
tensile-torsion fracture tests, the results of which are described in [37]. A new general criterion for mixed-mode fracture based on the 
concept of maximum potential energy release rate (MPERR) is presented. This criterion can be easily transformed to a pure mode 
fracture criterion and can also be reduced to the commonly accepted mixed-mode fracture criteria I + II. The experimental results are 
consistent with the predictions of the proposed criterion. Susmel and Taylor studied PMMA specimens under tension with torsion [38]. 
Different fracture mechanisms were established depending on the contribution of each type of loading. The prediction of the moment 
of crack initiation was done using the extended TCD concept, allowing predictions to be made within an error range of approximately 
± 20 %. Ayatollahi and Saboori [39] proposed a new approach to study fracture in PMMA during mixed-mode I + II. They described 
the concept of the device that was used in the experimental studies. The results of numerical calculations determined the device 

Fig. 3. Notched specimens: ρ = 0.5, 2, and 10 mm; g = 5 and 15 mm.  
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configurations and corresponding loading conditions. The experimental critical load values and fracture angles were determined 
relatively accurately based on the maximum tangential stress criterion (MTS). The discussed stand was also used by Saboori et al. [40]. 
They conducted a series of fracture experiments on U-notch weakened PMMA specimens on it. Two brittle fracture criteria were 
verified, i.e.: the point stress (PS) criterion and the mean stress (MS) criterion. It was found that in the studied cases both criteria are 
accurate enough to predict the fracture process. It was indicated that the angle of out-of-plane fracture caused by pure mode III is 
constant and independent of the notch root radius. Flat pieces with keyhole-shaped notches were made of PMMA and subjected to 
tension with shear [41]. Samples were prepared with three different notch root radii to evaluate the effect of its on fracture toughness. 
Notch stress intensity factors (NSIF) were determined based on the maximum tangential stress (MTS) and mean stress (MS) criteria. It 
was shown that for all notch root radii, the results obtained for the MTS and MS criteria are consistent with experimental data. Sysmel 
and Taylor [38] developed a test apparatus study the fracture behaviour of PMMA notched flat specimen subjected to tensile and shear 
loads (Mode I and II) and circumferentially notched bar specimen subjected to combined tensile and torsional loading (Mode I and III). 
It has been shown that the fracture behaviour for superimposed modes I and III indicates a strong influence of non-linear deformation, 
which causes the mixed-mode strength to depend on the order and type of loading. 

The SED criterion [42] has been used to predict fracture in specimens made of PMMA weakened with notches given mixed-mode I 
+ II [43]. The authors verified the usefulness of this criterion on the basis of independently conducted fracture tests, but also on data 
collected in the literature, paying particular attention to the different values of the mixed-mode ratio. It was shown that there is good 
agreement between theoretical estimates and experimental data. 

Currently, PMMA material is the subject of many studies on fracture. The most recent considerations are related to the study of the 
phenomenon of fracture under biaxial loading conditions, which is due to the real operating conditions of components made of plastic. 
The main objective of the research described in the literature is to learn about the fracture phenomenon of these materials, including, 
first of all, the determination of critical load values and also the location and angle of crack initiation. Another important step is to 
establish a relationship that will allow to predict this process and thus prevent its negative consequences. Among the most popular 

Fig. 4. Tensile curves for specimens with notch root radius equal to ρ = 10, 2 and 0.5 mm, with nominal thickness (a) g = 5 mm, (b) g = 15 mm.  
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criteria in the context of PMMA fracture appear the classic brittle fracture criteria, i.e. PS, MTS or MS, which allow to accurately 
predict, for example, the value of the critical load, when the nature of the tested material is typically brittle or quasi-brittle. In the 
literature, there is a lack of fracture tests in the mixed-mode I + III on flat specimens directly loaded with torsional moment and tensile 
force. Results of such studies are available, but for tensile tests carried out using additional equipment. Also, no fracture tests of PMMA 
taking into account the thickness effect were found, as mostly thin specimens were tested by maintaining plain stress state. In addition, 
most of the PMMA fracture test procedures described in the literature were carried out at relatively high strain rates; in the present 
study, a relatively low value of the averaged strain rate was used, which forces a pronounced plasticisation of the test material, 
especially during torsion and complex loading states. This article attempts to describe in detail the phenomenon of fracture in PMMA 
under conditions in which this material is characterized by high nonlinearity and significant influence of plastic strain. Flat elements 
were weakened with V-notches with different notch root radii and subjected to tension with torsion (proportional loads). The results 
obtained were compared with those obtained under uniaxial tension and torsion [16,44]. These two papers describe, respectively, 
experimental testing [16] and numerical modelling [44] of the fracture processes of PMMA notched specimens operating under simple 
loading conditions. They discuss the results of experimental testing and numerical modelling for the separate cases of (a) uniaxial 
tension and (b) torsion. In this way, fracture processes during pure notch failure types, i.e. mode I and mode III, were analysed. These 
investigation was the starting point for conducting fracture studies in the complex loading condition, i.e. mixed-mode I + III, which are 
described in this manuscript. The tensile-torsion tests required separate tensile and torsion tests to be carried out beforehand, in order 
to determine the critical load values − these determined later, i.e. in the tensile-torsion tests, the percentage of both types of load. 

The results obtained experimentally for mixed-mode I + III, were used for numerical calculations using the finite element method, 
which made it possible to estimate the values of stress and plastic strain under critical loading conditions. The present considerations 
allowed the formulation of the stress–strain form of the fracture criterion, which allows the prediction of critical load values with an 
accuracy that makes it possible to apply the method in engineering practice. 

Fig. 5. Torsional curves for specimens with notch root radius equal to ρ = 10, 2 and 0.5 mm, with nominal thickness (a) g = 5 mm, (b) g = 15 mm.  
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Fig. 6. Distribution of equivalent plastic strain on the front face of the specimen moments before the initiation of rupture. Specimen thickness equal 
to 5 mm: (a)-(b) and 15 mm (d)-(f). 
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Fig. 7. Specimens with notch root radius ρ = 0.5 mm after the biaxial tests: a) g = 5 mm and b) g = 15 mm.  

Fig. 8. Specimens with notch root radius ρ = 2 mm after the biaxial tests: a) g = 5 mm and b) g = 15 mm.  
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2. Testing procedure and results 

Test were carried out using an MTS 809.10 dynamic biaxial testing machine (with a measuring range of tensile force: ± 100 kN and 
torque ± 1100 Nm). The test stand is shown in Fig. 1. The process was recorded using two PHANTOM cameras. The cameras recorded 
at the following speeds: 220 000 frames/s – Phantom v2011, 160 000 frames/s – Phantom v1610. As the crack initiated once in the left 
and once in the right notch, each camera observed one of the notches. The Phantom cameras were used in order to more accurately 
indicate the moment and location of crack initiation. Synchronising the testing machine with the Phantom cameras allowed a more 
accurate indication of the critical load value (responsible for crack initiation). Without them this would not have been possible; the 
load–displacement curves do not show significant changes in their trends at the time of crack initiation, which is additionally not 
visible to the naked eye. Without the use of the cameras, it would be possible to determine that a crack is already at an advanced stage 
of its development. Two LED lamps were used to illuminate the samples from the side of the lenses. 

The torsion angle and elongation of the measuring base was measured by using the ARAMIS 3D 4 M vision system, which is used for 
non-contact displacement measurements by means of digital image correlation. The recording speed was between 10 and 20 frames 
per second. The vision system was used in the following settings: camera lens: 100 mm, tilt angle of the cameras: 25 degrees, CP20 
calibrator 55 mm x 44 mm, distance from the tested object 685 mm, distance between cameras 274 mm, matrix resolution 2400x1728 
pixels, calibration deviation: 0.025 pixel, calibration coefficient: 0.018–0.025 pixel. The system was also synchronised with the testing 
machine. Using the results obtained from the displacement of the grips of the measuring machine would have generated large errors. 
The lack of extensometers with the required measuring range necessitated the use of a non-contact measuring system. Both systems 
were used simultaneously. Each of them was synchronized with the testing machine. The observations with the Phantom cameras did 
not interfere with the observations with the ARAMIS 3D 4 M vision system, as each of the systems was observed from two different 
sides. 

The experiment was conducted under displacement control. Experimental investigations of fracture under a biaxial loading con
dition, i.e. tensile with torsion began by determining the linear displacement velocity u̇ and torsion angle increment ϕ̇ of the specimen 
base (Table 1). The loads were applied proportionally, i.e. the specimen was loaded simultaneously with a tensile force and a torsional 
moment so that, at a given moment, the specimen experienced a load equal to the same proportion of the critical tensile force obtained 
in pure tension tests f and the same proportion of the critical torsional moment m obtained in pure torsion tests [16]. A linear 
displacement velocity of 0.04 mm/s was assumed (on a measuring base of 50 mm − the same conditions as in the pure tensile tests 
[16]. The angular displacement velocity was then varied so that the ratio of the m/f parameters (Table 3) was as close to unity as 
possible. The procedure was repeated for each specimen type. The loading velocities were selected to maintain the same average strain 
rate in all test samples, consequently a single hardening curve could be used for numerical modelling. 

In addition, Fig. 2 shows the perspectives from which the sample was observed during the test. In each experiment, two recordings 
were obtained from the ARAMIS video system cameras (on the side of the painted sample, Fig. 2a,b) and two recordings from the 

Fig. 9. Specimens with notch root radius ρ = 10 mm after the biaxial tests: a) g = 5 mm and b) g = 15 mm.  
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Fig. 10. Microscopic images of fracture surfaces of specimens subjected to: a) tension [16], b) tension with torsion and c) torsion [16], weakened by 
V-notches with rounding radius ρ = 0.5 mm: places of crack initiation and their characteristic dimensions. 
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Fig. 11. Microscopic images of fracture surfaces of specimens subjected to: a) tension [16], b) tension with torsion and c) torsion [16], weakened by 
V-notches with rounding radius ρ = 2 mm: places of crack initiation and their characteristic dimensions. 
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Fig. 12. Microscopic images of fracture surfaces of specimens subjected to: a) tension [16], b) tension with torsion and c) torsion [16], weakened by 
V-notches with rounding radius ρ = 10 mm: places of crack initiation and their characteristic dimensions. 
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PHANTOM cameras, each set to observe a different notch (Fig. 2c,d). 

2.1. Material and specimens 

The subjects of the study are flat specimens weakened with V-notches with different notch root radii ρ = 0.5, 2 and 10 mm. The 
shape of the specimens is shown in Fig. 3. The components were made from cast polymethylmethacrylate (PMMA) sheets in two 
thicknesses g = 5 and 15 mm. The basic properties of the PMMA tested were determined by the tests described in Bura and Seweryn 
[16]: Young’s modulus E = 3254 MPa, tensile strength Rm = 72.10 MPa, elastic limit R0.05 = 24.51 MPa and Poisson’s ratio v = 0.38. 

2.2. Experimental results of notched element fracture in uniaxial tensile test 

As a tests result, the dependence of tensile force as a function of specimen base elongation (for g = 5 mm – Fig. 4a, and for g = 15 
mm – Fig. 4b) and torsional moment as a function of specimen base twist angle (for g = 5 mm – Fig. 5a and for g = 15 mm – Fig. 5b). was 
obtained. The relevant numerical data are summarised in Table 2. In all cases, fracture occurred at lower critical load values than in the 
case of uniaxial conditions (Table 3), as described in the work of Bura and Seweryn [16]. Thus, the simultaneous action of two types of 
loading accelerated the crack initiation process. The nature of the torsion and tensile curves for all specimens, except those with a 
notch root radius of ρ = 10 mm, is close to linear. The smaller the notch root radius ρ, the fracture initiation occurred with a smaller 

Fig. 13. The hardening curve for Polymethyl methacrylate (PMMA).  

Fig. 14. Boundary conditions used in the numerical calculation of a notched specimen subjected to tension with torsion.  
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Fig. 15. Finite element meshes for notched specimens with root radius ρ equal to: (a) 0.5 mm, (b) 2 mm and (c) 10 mm.  

Fig. 16. Tensile curves of notched specimens with nominal thickness g = 5 mm and radius: (a) ρ = 10 mm, (b) ρ = 2 mm and (c) ρ = 0.5 mm. Black 
− experimental results, red − numerical results of biaxial tests. 
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measurement base elongation and a smaller tensile force value. It should be noted that for the two smallest notch radii, fracture 
initiated at similar levels of gauge-base elongation regardless of specimen thickness g. As in the pure torsion test, for the biaxial loading 
condition, i.e. tensile with torsion, crack initiated at different levels of torsion angle of the gauge base. 

The smaller the notch root radius ρ, the smaller the critical torsional angle value. In the case of a biaxial loading condition, the 
radius ρ also varied the critical torque value (as a reminder: in the case of pure torsion, very similar critical torsional torque values were 
obtained, irrespective of the notch root radius). The smaller the notch root radius, the smaller both the maximum torsional angle and 
the torsional torque value. Invariably, the smaller the cross-sectional dimensions of the specimen at the notch base, the more sus
ceptible it is to torsion, even in tensile participation (thin specimens fractured at the larger notch base torsion angle). After the tests 
were carried out, the correctness of the selection of the speed of setting the angle of rotation of the measuring base was verified. For this 
purpose, critical load values from fracture tests in uniaxial (F I, Ms

III) and biaxial (F I/III, Ms
I/III) loading conditions were compared 

(Table 3). 
As can be seen, the ratio of the m/f parameters determined from the experimental data is close to unity. Thus, it can be concluded 

that the adopted linear displacement velocity and rotation angle of the test base allowed the biaxial loading condition − torsion with 
tension − to be realised with similar proportions of both types of loading. 

Using the data recorded by the ARAMIS 3D 4 M vision system, which was used for non-contact measurement of the elongation and 
torsion angle of the measurement base, Fig. 6 shows the equivalent strain fields distributions on the observed specimen wall. It can be 
seen that the largest deformations occur in the vicinity of the notch bottom, the larger the root radius and the thicker the specimen. 

Figs. 7-9 show the specimens after the fracture tests carried out in the biaxial loading condition. In addition, these figures show 
example specimens of the same shape subjected to uniaxial tensile and also torsion tests, the results of which are described in the work 
of Bura and Seweryn [16]. The observed nature of the failure does not correspond to any of the previously studied uniaxial states [16]. 
The cracks form a more flattened area than in pure torsion (effect of tensile loading). The main branches arrange themselves in a near- 
triangular shape. The larger the notch root radius ρ, the later − with respect to the moment of crack initiation − the pronounced 
branching appears. The smaller the radius ρ, the arms of the main branches reach closer to the edge of the jaws of the testing machine. 
For specimens with notch root radius ρ = 10 mm, the image of the damaged specimen is similar to that obtained in the pure tensile test 
[16], but the angle of inclination of the crack initiation surface to the plane of notch symmetry is different. 

The numerous cracks in the specimens definitely hampered the analysis of the fracture surfaces after the tensile-torsion tests. 
Figs. 10-12 show the nature of the fractures. The site of crack initiation assumes the shape of a semi-ellipse or its quadrant, which was 
respectively observed in the fractures of specimens subjected to pure tension and pure torsion [16]. The characteristic smooth surfaces 
occurring in the form of a quarter ellipse are cracks that initiated from the edge of the specimen or from very close to it. There is 

Fig. 17. Torsional curves of notched specimens with nominal thickness g = 5 mm and radius: (a) ρ = 10 mm, (b) ρ = 2 mm and (c) ρ = 0.5 mm. 
Black − experimental results, red − numerical results of biaxial tests. 
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therefore a relationship between the location of the crack initiation site and the loading conditions. The torsional moment leads to 
crack initiation from the edge of the specimen, the tensile force induces a crack from near the centre of the specimen thickness, and in 
the case of the complex condition we are dealing with an intermediate situation, i.e. the prediction of the crack initiation location 
should concern the area between the main symmetry plane of the specimen and its lateral surface. 

3. FEM Modeling 

Numerical calculations were carried out using the finite element method in the MSC Marc Mentat 2021.1 (build 800397, 2021/03/ 
19). The environment of this program was used for all stages of FEM analysis, also for pre- and postprocessing. The general-purpose 
finite element method analysis code was used. PMMA was described by an elastic–plastic material model with isotropic hardening rule 
and von Mises plasticity condition. The linear elastic range is described by the generalised Hooke’s law, which assumes values of 
Young’s modulus E = 3254 MPa and Poisson’s ratio v = 0.38. The above were determined in tensile tests on paddle specimens [16]. 
The stress–strain relationship in the plastic part was described by a hardening curve (Fig. 13) established by a hybrid method involving 
the identification of the actual material hardening curve from iterative FEM calculations. The process of establishing this relationship is 
discussed in more detail in the work of Bura and Seweryn [16]. Numerical models of the specimens were prepared using spatial HEX8 
elements, the given boundary conditions are shown in Fig. 14. Fig. 15 shows the subdivision grids for the completed elements. The 
convergence of the numerical solution is described in [44]. 

3.1. FEM results 

Numerical calculations for specimens subjected to tension with torsion were carried out by controlling the torsion angle and 
displacement of the specimen, until the maximum torsion angle of the gauge base determined in the experimental tests was reached 
(Table 2). As a result of the numerical calculations carried out, tensile curves, i.e. the dependence of the tensile force and the elongation 
of the gauge base, and torsional curves, i.e. the dependence of the torsional moment as a function of the gauge base twist angle, were 
obtained. The results of the numerical calculations were compared with the experimental data (Fig. 16- 19). The relative error between 
the critical tensile force value and the experimentally determined average tensile force value (value marked with “B”) for specimens of 
nominal thickness g = 5 mm is 2–8 % (Fig. 16), and 0.5–3 % for specimens of nominal thickness g = 15 mm (Fig. 18). Relative error 
values were also determined for the critical torsional torque value in relation to the experimentally determined average torque value 
(value marked with the letter “B”). For specimens with a nominal thickness of g = 5 mm, the error in this case is 5–13 % (Fig. 17), while 

Fig. 18. Tensile curves of notched specimens with nominal thickness g = 15 mm and radius: (a) ρ = 10 mm, (b) ρ = 2 mm and (c) ρ = 0.5 mm. Black 
− experimental results, red − numerical results of biaxial tests. 
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for specimens with a nominal thickness of g = 15 mm, it is 1–5 % (Fig. 19). A high convergence between numerical results and 
experimental data was obtained. For thicker specimens, the value of the relative error is considerably lower. 

As a result of the numerical calculations, the distributions of maximum principal stress and maximum principal plastic strain at the 
time of reaching the critical load value (experimentally averaged value for a given specimen type) were obtained. The stress and strain 
fields are shown on the undeformed specimens in Fig. 20 and Fig. 21. Fig. 20 shows the distributions of maximum principal stress σ1 for 
all tested specimens. 

The maximum normal stress values are similar for most specimen types and occur near the notch bottom near its edge. A gentle 
increase in the maximum value of σmax in the specimen is observed as the notch root radius ρ decreases. 

Fig. 21 shows the maximum plastic strain ε1
p distribution. The highest strain values were located at the notch bottom. The larger the 

notch root ρ, the larger the maximum plastic strain value εp
max and, at the same time, the larger the yield zone. The highest maximum 

plastic strain values were observed in notched specimens with notch radius ρ = 10 mm. At the same time, the thicker the specimen, the 
higher the strain values. The locations of the points where the maximum stress and plastic strain values were indicated varied with the 
notch root radius and the specimen thickness. Experimental investigations proved that during tension with torsion, in most cases the 
crack initiated from the region of the notch bottom and the lateral surface of the specimen. For specimens with notches with a radius of 
ρ = 10 mm, the initiation points occurred closer to the centre of the specimen thickness and were significantly distant from the notch 
bottom. Table 4 describes the location of the points at which the maximum values of principal stress σ1 and plastic strain ε1

p occurred, 
where: xm is the distance of the point from the notch surface and zm is the distance of the point from the side surface of the specimen 
measured on a plane parallel to the notch symmetry plane and offset by ym. For each specimen type, two points of σmax and εp

max were 
indicated, one on each half of the specimen (Fig. 22). 

The points of occurrence of the maximum values of stress and plastic strain were determined by cross-sections in which the 
variation of these values as a function of specimen thickness and as a function of the distance between notches was analysed. The 
maximum value of normal stress σmax (Fig. 23 for g = 5 mm and Fig. 24 for g = 15 mm) is not reached at the same point for each radius 
ρ. 

In the case of thinner specimens (Fig. 23), the smaller the radius ρ, the higher the maximum stress value σmax is and located closer to 
the specimen sidewall (Fig. 23a) and the notch surface (Fig. 23b). When ρ = 10 mm, the maximum stress value appears at the centre of 
the specimen thickness. Analysing the distribution of σ1 as a function of the distance between notches, as many as two locations of the 
maximum σmax value are noted. The locations of these points are similar to the locations of the experimental crack initiation points 
(Figs. 10–12). The stress distribution σ1 for the specimen with the largest notch root radius ρ is close to symmetrical with respect to the 
main symmetry planes of the specimen, while in the other cases a significant decrease in stress values is observed at the opposite side 

Fig. 19. Torsional curves of notched specimens with nominal thickness g = 15 mm and radius: (a) ρ = 10 mm, (b) ρ = 2 mm and (c) ρ = 0.5 mm. 
Black − experimental results, red − numerical results of biaxial tests. 
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wall of the specimen. Similar trends are observed for specimens with a nominal thickness of g = 15 mm (Fig. 24), except for the one 
with the largest notch radius. 

The distributions of plastic strain ε1
p by specimen thickness and by distance between notches are shown in Fig. 25 and Fig. 26 for the 

thinner and thicker specimens, respectively. For specimens with nominal thickness g = 5 mm, the distributions are close to symmetrical 
with respect to the main specimen symmetry planes. The maximum value of strain εp

max occurs in the vicinity of the specimen sidewall 
(Fig. 25a) and moves closer to the sidewall surface the smaller the notch root radius. The values of plastic strain ε1

p decrease 
dramatically after reaching the maximum. The opposite is true for the distribution of this strain along the distance between notches 
(Fig. 25b) − large strain gradients are observed near the notch bottom. In this case, the values are again distributed almost sym
metrically. The red markers in the figure indicate the maximum values, but the differences between the plastic strain values in the 
opposite notches are small enough that both locations can be considered as potential sites for crack initiation. 

By analysing the plastic strain distributions for specimens with a nominal thickness of g = 15 mm (Fig. 26), similar conclusions can 
be drawn to those for thinner specimens. Again, the larger the notch root radius ρ, the further the point of occurrence of the εp

max 
maximum is from the lateral surface of the specimen (Fig. 26a). For notched specimens with a radius of ρ = 10 mm, the maximum of 
this strain occurs ideally in the centre of the specimen thickness. The obtained values of σmax and εp

max in the following section were 
used to formulate a stress–strain fracture criterion. 

4. Fracture predictions 

As a result of the numerical calculations carried out, the stress and strain distributions under the critical loading conditions were 
obtained. The calculations made it possible to identify the locations of the maximum values of the highest principal stress and the 
highest principal plastic strain (σmax and εp

max, respectively). These locations were considered as potential crack initiation sites and the 
data obtained were used to formulate a fracture criterion. Table 5 and Table 6 show the values of stress σ1 and the corresponding values 
of plastic strain ε1

p measured at the point of occurrence of maximum stress σmax and maximum plastic strain εp
max at the time of fracture 

initiation during tensile-torsion (Table 5 and Table 6). The values of maximum principal stress and maximum principal plastic strain 
measured at the points of maximum normal stress and plastic strain obtained from the numerical calculations are shown in Fig. 27. It 

Fig. 20. Maximum principal stress σ1 distribution in specimens with notch root radius ρ equal to: (a), (d) 0.5 mm, (b), (e) 2 mm and (c), (f) 10 mm 
(tensile with torsion). 
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was determined in which cases the location of the maximum stress σmax or plastic strain εp
max coincides (or is close) with the exper

imentally verified location of the crack initiation site (Figs. 10–12) – points marked in red. The data from these points were then 
adopted in establishing the form of the fracture criterion. 

The resulting relationships of highest principal stress and highest principal plastic strain measured at the points of occurrence of the 
maximum of these values can be described by a linear function, and the fracture criterion can take the form proposed in the work of 
Bura and Seweryn [44] The quoted relationship assumes that normal stress and plastic strain (the largest principal) are responsible for 
crack initiation, and that these influence the material’s resistance to fracture (measured by the critical value of normal stress). The 
higher the level of plastic strain, the lower the resistance. Thus, the stress–strain criterion for fracture can take the form in this case 
[44]: 

Fig. 21. Maximum principal plastic strain ε1
p distribution in specimens with notch root radius ρ equal to: (a), (d) 0.5 mm, (b), (e) 2 mm and (c), (f) 

10 mm (tensile with torsion). 

Table 4 
Location of occurrence of stress and plastic strain maxima − numerical calculations.  

Notch root radius 
ρ [mm] 

Averaged specimen thickness g [mm] Maximum stress σmax – location point [mm] Maximum plastic strain εp
max – location point [mm]   

xm ym zm xm ym zm 

0.5  4.92 0 0.19  0.41 0 0.26  0.51   
14.5 0.06 0.28  0.87 0 − 0.24  0.71 

2  4.92 0 − 0.39  1.23 0.15 0.94  0.82   
14.5 0 − 0.77  1.35 0.15 0.94  1.66 

10  4.92 2.46 0  2.46 0 0  2.46   
14.5 10.00 0  7.25 0 − 0.41  3.73  
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max
(n,x0)

σn

σc
= max

(n,x0)

σn

σc0(1 − ω)
= 1 (1)  

where: σn – the normal stress on the physical plane, σc – the failure stress in the damaged material, σc0 – the failure stress in the 
undamaged material, x0 – the vector defining the location of crack initiation, n – the vector normal to the physical plane, ω - damage 
state variable. The damage variable ω can be described as the ratio of the value of the highest plastic strain ε1

p and the critical value of 
plastic strain εc, namely: 

ω =
εp

1

εc
(2)  

In the work cited above, the stress–strain criterion was successfully used to predict the fracture of planar notched PMMA components 
subjected to simple loading states, i.e. uniaxial tension and torsion [16,44]. This paper shows that a similar form of the criterion can be 
used to predict fracture processes under biaxial loading condition i.e. tension with torsion. In order to obtain the full form of the 
criterion, the values of the critical parameters of stress σc0 and plastic strain εc were determined, which were: σc0 = 97.99 MPa, εc =

0.2865, respectively. The above criterion was verified and the verification results in the form of relative error between the stress value 
obtained from the σc criterion and the value obtained from the numerical calculations are summarised in Table 7. A similar form of the 
criterion was used by Derpeński and Seweryn [45,46] to predict fracture in axisymmetric tests made of aluminium alloy subjected to 
tensile torsion. The authors proposed to include in the criterion not only maximum normal stresses, but also tangential stresses 
depending on plastic deformation. 

The data presented for tensile-torsion presented in this work and the data presented in the works [16,44] concern the same types of 
specimens and PMMA from the same batch, so it was decided to compare them. Analysing the individual linear functions used to 
describe the relationship between the highest principal stress and the highest principal plastic strain, it should be noted that for tensile 
and tensile-torsion these functions take on similar parameter values. Only the relationship of these quantities for torsion specimens 
apparently differs. Thus, Fig. 28 shows the relationship between the highest principal stress and the highest principal plastic strain for 
all the load states tested. It is noted that the data points obtained for the twisted elements, which exhibited significantly higher levels of 
plastic strain at the time of crack initiation, deviate from the linear relationship represented by the other points, so the points in 
question are described by two linear functions. One trend line refers to the data (values of the highest principal stress and the highest 
principal plastic strain) obtained for uniaxial tension and torsion with tension, while the other trend line describes the points collected 
from the torsional fracture analysis. The point of intersection of the lines was considered as the limit of applicability of one and the 
other relationship. The critical values of the parameters σc0 and εc were for strains equal to or no greater than εgr = 0.0491: 

Fig. 22. Location of points (red dots) of occurrence of maximum values of monitored quantities (stress and plastic strain maxima) on the example of 
a notched sample. 
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- σc0 = 102.26 MPa, εc = 0.2820 

and for strains greater than εgr = 0.0491:  

- σc0 = 85.98 MPa, εc = 2.7420. 

The above form of the criterion was verified by calculating the relative error between the stress value determined on the basis of the 
σc relation discussed above and the value obtained from the numerical-experimental analysis. The values obtained are summarised in 
Table 8. An average relative error of 8 % was obtained. The error values are larger than for the criteria relating to each state separately, 
but are still at a satisfactory level. This approach will make it possible to effectively predict fracture in flat notched specimens made of 
PMMA regardless of the specimen thickness, the notch root radius and the loading condition (tension, torsion, tension with torsion). 
Improvements in the results obtained may be possible following refinement of the numerical model (selection of a different material 
model), i.e. improving the convergence of experimental results and numerical calculations. Bura et al. [47] used classical brittle 
fracture criteria in combination with the equivalent material concept (EMC) [48] and the fictitious material concept (FMC) [49] to 
predict fracture in notched specimens, also described in this paper, subjected to uniaxial tension. The paper shows that both concepts 
yield significantly better results than using the basic forms of the MTS criterion [50] or the MS criterion [51]. However, it was pointed 
out that, depending on the size of the notch root radius and thus the size of the plastic zone, the effectiveness of EMC and FMC varies. 
The form of the criterion presented in this paper can be effectively used to predict fracture irrespective of the notch root radius, the 

Fig. 23. Maximum principal stress σ1 distribution for specimens with nominal thickness g = 5 mm: (a) along the specimen thickness − for xm, ym (z 
− distance from the specimen side surface, g − nominal specimen thickness), (b) along the specimen width − for zm, ym (r − distance from the 
bottom of the notch, s − distance between notches). 
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Fig. 24. Maximum principal stress σ1 distribution for specimens with nominal thickness g = 15 mm: (a) along the specimen thickness − for xm, ym (z 
− distance from the specimen side surface, g − nominal specimen thickness), (b) along the specimen width − for zm, ym (r − distance from the 
bottom of the notch, s − distance between notches). 
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Fig. 25. Maximum principal plastic strain ε1
p distribution for specimens with nominal thickness g = 5 mm: (a) along the specimen thickness − for xm, 

ym (z − distance from the specimen side surface, g − nominal specimen thickness), (b) along the specimen width − for zm, ym (r − distance from the 
bottom of the notch, s − distance between notches). 
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thickness of the specimen or the loading condition (tension, torsion and also proportional tension with torsion). 
This stress–strain fracture criterion was used to determine the critical load values. For this purpose numerical calculations in 

tension, torsion and tension–torsion of the test specimens were carried out until its conditions were met at any node of the specimen 
model. For a given load, the values of maximum principal stress σ1 and maximum principal plastic strain ε1

p were read at each node. The 
value of the critical stress σc was then determined. If the stress σ1 at a given node was greater than or equal to: 

Fig. 26. Maximum principal plastic strain ε1
p distribution for specimens with nominal thickness g = 15 mm: (a) along the specimen thickness − for 

xm, ym (z − distance from the specimen side surface, g - nominal specimen thickness), (b) along the specimen width − for zm, ym (r − distance from 
the bottom of the notch, s − distance between notches). 

Table 5 
Values of stress σ1 and corresponding plastic strain ε1

p measured at the point of occurrence of maximum stress σmax at the time of crack initiation.  

Notch root radius 
ρ [mm] 

Averaged specimen thickness g [mm] Stress [MPa] Strain [%]   

σmax ε1
p 

0.5  4.92  85.40  3.08   
14.5  87.77  2.68 

2  4.92  80.89  2.71   
14.5  84.87  3.05 

10  4.92  80.98  2.54   
14.5  99.71  3.23  
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σc = 102.26 ⋅ (1 −
εp

1

0.2820
), for εp

1⩽0.0491,

σc = 85.98 ⋅ (1 −
εp

1

2.7420
), for εp

1 > 0.0491,
(3)  

the load was considered to be the critical load and the calculation was terminated. The obtained critical tensile force (Fig. 29) and 
torsional moment (Fig. 30) values for all tested specimens and the loading type were compared with the experimentally obtained 
values. An average relative error of 17 % was obtained, which, according to the authors, is still a satisfactory result, as the predictions 
for most of the specimens are well below this error. The authors will certainly continue to work on the criterion form in order to obtain 
even better results. 

Table 6 
Values of stress σ1 and corresponding plastic strain ε1

p measured at the point of occurrence of maximum plastic strain εp
max at the time of crack 

initiation.  

Notch root radius 
ρ [mm] 

Averaged specimen thickness g [mm] Stress [MPa] Strain [%]   

σ1 εp
max 

0.5  4.92  84.35  3.15   
14.5  87.23  3.70 

2  4.92  79.10  3.84   
14.5  83.76  3.92 

10  4.92  70.78  7.66   
14.5  68.59  18.03  

Fig. 27. The maximum principal stress σ1 as a function of: (a) the maximum principal plastic strain ε1
p. Numerical results for tensile torsion read 

from the points of occurrence of σmax and εp
max. 

Table 7 
Values of stress σ1 and corresponding plastic strain ε1

p measured at the point of occurrence of maximum stress σmax and plastic strain εp
max and relative 

error.  

ρ [mm] g [mm] The point of maximum stress σmax 

value* 
The point of maximum plastic strain εp

max 

value** 
The failure stress [MPa] The relative error 

[%]   

σmax [MPa] ε1
p [%] σ1 [MPa] εp

max [%] 
σc = σc0(1 −

εp
1

εc
)

* | σmax − σc | / σc 
** | σ1 − σc | / σc 

0.5  4.92  85.401  3.081  84.35  3.15  87.46 2*   
14.5  87.771  2.681  87.23  3.70  88.84 1* 

2  4.92  80.891  2.711  79.10  3.84  88.73 9*   
14.5  84.87  3.05  83.761  3.921  84.58 1** 

10  4.92  80.98  2.54  70.781  7.661  71.78 1**   
14.5  99.711  3.231  68.59  18.03  86.93 15* 

1Data from the experimentally verified location of the crack initiation site. 
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5. Conclusions 

This paper presents the results of fracture experimental testing and numerical calculations flat PMMA notched specimens of 
different shape and thickness subjected to biaxial loading condition (tension + torsion), i.e. mixed-mode I + III. Digital image cor
relation (DIC) was used to measure the displacements on the surface of the specimens and, in particular, the twist angle of the 

Fig. 28. Critical values of the maximum principal stress σ1 as a function of the maximum principal plastic strain ε1
p. Numerical results for all load 

cases read from the points of occurrence of σmax and εp
max. Data for uniaxial tension and torsion obtained from the work of Bura and Seweryn [44]. 

Table 8 
Values of stress σ1 and corresponding plastic strain ε1

p measured at the point of occurrence of maximum stress σmax and plastic strain εpmax and 
relative error for all loading conditions (Fig. 27).  

ρ [mm] g [mm] The point of maximum stress σmax 

value* 
The point of maximum plastic strain εp

max 

value** 
The failure stress [MPa] The relative error 

[%]   

σmax [MPa] ε1
p [%] σ1 [MPa] εp

max [%] 
σc = σc0(1 −

εp
1

εc
)

* | σmax − σc | / σc 
** | σ1 − σc | / σc 

Tension [44] 
0.5  4.92  96.711  1.791  92.70  3.59  95.79 1*   

14.5  104.781  1.801  93.69  4.87  95.73 9* 
2  4.92  90.74  2.10  87.301  4.031  87.63 0**   

14.5  95.54  1.69  91.151  3.711  89.30 2** 
10  4.92  88.52  3.89  78.161  8.351  83.36 9**   

14.5  93.951  3.691  82.05  7.41  88.88 6* 
Torsion [44] 
0.5  4.92  90.181  28.151  72.93  87.37  77.15 17*   

14.5  91.011  10.121  74.95  66.69  82.80 10* 
2  4.92  80.411  6.321  68.37  23.75  84.00 4*   

14.5  85.95  8.48  76.711  51.111  69.95 10** 
10  4.92  77.631  4.331  62.43  16.16  86.54 10*   

14.5  78.90  14.90  55.201  42.631  72.61 24** 
Tension with torsion 
0.5  4.92  85.401  3.081  84.35  3.15  91.09 6*   

14.5  87.771  2.681  87.23  3.70  92.55 5* 
2  4.92  80.891  2.711  79.10  3.84  92.43 12*   

14.5  84.87  3.05  83.761  3.921  88.04 5** 
10  4.92  80.98  2.54  70.781  7.661  83.57 15**   

14.5  99.711  3.231  68.59  18.03  90.53 10* 

1Data from the experimentally verified location of the crack initiation site. 
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measurement base. An important part of the study was not only the determination of critical load values, but also the location of the 
crack initiation site. Since the sites were located both in the notch bottom and at some distance from it, linear elastic models should not 
be used to predict fracture. This is especially true for specimens with larger notch root radii. Hence, numerical calculations with the 
finite element method uses an elastic–plastic model of the material and characterizes the hardening of the material already from the 
elastic limit (rather than the yield limit). This is important for small notch root radii, when the dominant load is tensile and there are 
small yield zones. 

The stress–strain criterion of fracture was used to predict the fracture. This is because it was noted that normal stresses are 
responsible for crack initiation, the critical value of which depends on the value of plastic strain. This relationship is described by 2 
straight lines, depending on the value of the largest principal plastic strain. Particularly satisfactory agreement of the prediction with 
the results of experimental tests carried out for tensile and tensile-torsion, where there are no large plastic deformations. Less accuracy 
applies to torsion specimens (larger plastic deformations), but then also the repeatability of experimental results is lower and there are 
difficulties in locating the place of crack initiation. 
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Fig. 29. Experimental and numerical critical tensile force values for: a) biaxial loading – tension with torsion and b) for uniaxial loading – tension.  
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