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In the paper, an efficient approach to tolerance analysis of arbitrary G,-C filters is
investigated. We present a general structure of G, C filter of arbitrary order as well as its matrix
description. Using this approach, we derive formulas that allow us to calculate the change of filter
transfer function caused by the deviation of filter element values from their nominal values. At the
expense of some approximations we are able, with these formulas, to determine transfer function
deviation with low computational cost, which makes them suitable to perform statistical analysis of
arbitrary G,-C filters. It can also be used to analyse the influence of parasitics on filter
characteristics. Several application examples including Worst Case analysis of high-order G,,-C
filters are presented and discussed.
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1. INTRODUCTION

Recently an increasing interest in the design of continuous-time (CT) filters based
on the transconductance-capacitor (G,-C) technique has been observed [1], [2]. The
transconductors and operational transconductance amplifiers (OTAs) offer a higher
bandwidth than their voltage-mode counterparts, i.e., voltage operational amplifiers. Due to
this, high frequency integrated filters are mostly realised as the G,-C ones [9]. In this
approach the basic building block is a simple CT integrator for which the key performance
parameter is the phase shift at its unity-gain frequency [3]-[15]. Moreover, transconductan-
ce elements can be easily tuned electronically {6], [7] and have a better suitability for
operating in reduced supply environment.

In the synthesis of G,-C filters one wants to achieve several different objectives. The
most important goal is, of course, that the filter structure should realise the desired transfer
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function H(s). Moreover, the filter should contain a small number of components, since it
results in reduction of noise, parasitic effects and power consumption. The structures
containing only grounded capacitors are also more attractive, because grounded capacitors
can absorb parasitic capacitances and need smaller chip areas than floating ones {2].
Eventually, we want filter structures which have large dynamic range and low sensitivity.

It is important for filter design purposes to develop efficient tools for performing
statistical analysis of G,~C filters. Monte Carlo and Worst Case analyses can provide us
with useful information concerning filter properties. Specifications such as standard and
maximum deviation of a filter transfer function seem to be much more reliable quantities
than standard (total) sensitivity measures (e.g. [19]) to say how deviations of filter element
values influence filter properties. However, statistical analysis is a very time consuming
task, especially for high-order filters. The aim of this work is to develop an efficient method
of tolerance analysis of G,-C filters. The novelty of the approach follows by utilising the
matrix description of general structure of G,,-C filter described in recent papers (cf. [22],
[23]). At the expense of limiting the deviations of filter element values, we get a very fast
procedure which is characterised by low computational complexity and applicability to any
structure of G,-C filter of arbitrary order.

The paper is organised as follows. In Section 2, a general structure of G,,-C filter is
presented. We discuss a matrix description of a general G,-C filter based on a separate
treatment of passive and active network of the circuit. In Section 3 we develop explicit
formulas that allow us to calculate deviation of filter transfer function given deviations of its
element values. At this stage the main equation describing the filter in Laplace transform
domain is extended by adding auxiliary matrices containing deviations of filter element
values. In the next step, linear approximation of extended equation is performed, which
leads to the required formulas. A number of examples including comparison of the results
provided by the approximate and exact method are presented in Section 4. Section
5 concludes the work.

2. GENERAL STRUCTURE OF G,,-C FILTER

Consider a general structure of a voltage-mode G,-C filter shown in Fig.1. The
current-mode counterpart can be obtained by inverting all transconductors and interchan-
ging input and output of the filter [17],[18],[21]. The structure in Fig.1 contains » internal
nodes denoted as x;, i = 1,...,n, 1 input transconductors G,,;;, an output summer consisting of
transconductors G, and -G,, as well as a feedforward transconductor G,. All
transconductors form active network, while input capacitors Cy;, [ = 1,...,n and capacitors
Cy, 1<igj<n form passive network. It is easily seen that any G,,-C filter is a particular case of
the general structure in Fig.1.
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Fig. 1. General structure of voltage-mode G,-C filter

Rys. 1. Ogolna struktura filtru G,-C pracujacego w trybie napieciowym
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In the sequel we shall denote the voltage at the i-th node x; also by ;. A general
structure of the voltage-mode G,,-C filter in Fig.1 can be described by the following matrix

equations:

sTeX = GB + BTM,- (1)
U, = CX + Dui

where wu;, u, are the input and output voltages, respectively, and

Cp + zj=l Cy; -Cp = Ciy
-Cn Cpp + Zj=1 Cy; ~ Cop
Te= . . . . ’
~Ciy = Co Cp + 21:1 Cj
- 7
Gmll Gm12 Gmln { X
G - Gle Gm22 G:.nZn , X — T ,
- )
Gmnl Gng e Gmﬂm
B= [Gmbl + SCbl Gmbn + scbn]s
2)
C = [C[ e Cn], C; = Gmci/ Gmoa = 1,2,...,”

D=d, d=Gu! G

Note that T is a symmetrical matrix, i.e. T ¢ = Tc. On the basis of (1) we can calculate the
filter transfer function:

HO (s) = ug((s)

5) =C6Te—-G)Y'B"+D 3)

i

where index (0) refers to the fact that no filter element deviations have been taken into
account. Now, let us denote adjoint matrix of sT¢ — G as A where

A(s) = adj 5Tc = G) = [A;(9)]1)=1 G
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This allows us to rewrite transfer function in the form:

1 : -
HO (s5) = m;{ i(Guyy + sC) Ay(s) + d (5)
Note that many filter structures have only one input transconductor (i.e. no input signal
distribution), a trivial output summer (i.e. one of the internal nodes is the output of the
filter), and no input capacitors. This means that B = [0 ... 0 Gy O ... 0],
C=[0 .. 010 .. 0}]-1atl-thpositionand C,;=0fori=0,1,...n. In such case, expression
(5) reduces to the form:

Gk A[k (s)

HO = _
) = etsTe - G

(6)

Similar expression can be written for slightly more general case, with no input
capacitors, input signal distribution (i.e. B =[Gy ... Gupa]), and a trivial output summer
(C=[0 ..010 ..0]-1 at I-th position). Then, we have

1 . .
H® () = “—““‘——55 ZGmbiAli () 7
i=1

det (sT¢ —~
On the basis of the above expressions one can easily calculate the transmittance of any
particular structure of G,-C filter. In a similar way one can treat current,,mode structures as
well as state-space filters (see [22] for more details). It follows that the order ny of transfer
function of general filter structure in Fig.1 is not necessarily equal to the number of internal
nodes. It can be shown that it essentially depends on the passive network. In particular, we
have that ny is not larger than the rank of the corresponding matrix Te.

3. TOLERANCE ANALYSIS OF G,-C FILTERS

In this section we shall calculate the change of filter transfer function caused by the
deviation of filter element values from their nominal values. We work within the setting of
matrix description established in the previous section. Thus, we will consider the following
deviation matrices:

ACbl + Zj:] ACU ——ACIZ —ACI,L
“Aclz AC[;Z + ijl ACQ_; “ACzn
TAC = . X . »
~ACy, ~AC,, ACh + Dypi AC,;




276 S. KOZIEL Kwart. Elektr. i Telekom.

AGm“ AG"Z}Z AGm)" BL\ - [AGmbl + SACI)I AGmblz + SACbn]a (8)
AGm AGm re AGm n -
GA - ) o ] 2 ] i g s CA = [AC) AC,I],
AGmnl AGnm2 AGmmz DA = Ad,
L. -

where AG,;, 1,j= 1,0ty AG oy, i=1,..01, ACy, ij=1,...n, i), ACy; =100, Acy, i=1,...,n, Ad,
denote deviation of transconductance values, capacitance values and summation coef-
ficients, respectively. Obviously, we have Ac; = (G * AGpei = DGy, Gui)! G,y 1=1,...1,
and Ad = (Gy * AGyg — AG o - Gra)l G2, Taking into account (8), we modify the original
equations (1) describing the filter so that they take the following form:

S(TC + TAc)X = (G + GA) X+ (B + BA)T U; (9)
u,,=(C+CA)X+(D+DA) U; ’

Using the first equation in (9) we can calculate the vector of node voltages X as:

X =[(5Tc~ G) + (sTsc = G (B + Bu)" u;
= [(sTc = G)I + (sTc = GY ' (sTac = Ga)I” (B + Bo)" u; (10)
=[I + (sTc = Gy (sTac = G 5Tc = GY' (B + By u,

Here, I stands for the identity matrix. For the rest of the paper we shall assume that
element deviations are small. This means, in particular, that the norm of matrix
(sT¢c —~ G)! (sTac — Gy) is small, so we can use the following approximation

I+A)'=1-A4, (11)
which holds for any matrix 4 such that ||A]<<1. Using (11) we obtain
Xz -(Tc— G)' (sTac = G)I(sTc ~ GY' (B + By u; (12)

Hence, the filter transfer function at the presence of element deviations is given by the
following formula

H(s) = (C + CHU — (sTc — Gy (sTsc — GITe = GY' (B + By)" + D + Dy (13)
By neglecting all higher order terms with respect to deviation we get

H(s) = C(sTc — Gy BT + C(sTc — G)"' B + Cy (sTc — GY'B”
+D + Dy~ CsTe — GY' (sTsc — Ga)(sTc — GY'B”
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Introducing matrices €, and Cy defined as follows
C,=C(Te - Gy, Cr = (sTc - G)'BY, (15)
we can rewrite (14) as
H(s) = CL.(B"+ BY) + CaCr + D + Dy — €, (sTac — G)Chr (16)

Now, using (3) and (16), we can calculate the transfer function deviation AH(s)
= H(s) — HO(s):

AH(s) = C B} + CyCr — C;, (sTac — Go) Cr + Dy, )]
the amplitude deviation of the transfer function A | H(s) |=| H(s) | — | H® (s):
AV H(s) |=| C, (B" + B}) + CoCr ~ C(sTac ~ G)Cr + D + Dy | — | C,BL + D], (18)
or phase deviation of the transfer function A(arg H(s)) = arg H(s) ~ arg HO (s)

Aarg H(s)) = arg(C(B" + BY) + CsCr — C.(sTac — Ga)Cx + D + D) — arg(C, B% + D).

(19)
Obviously, formula (17) is nothing else but the differential of H(s), i.e.
Y. OH(s) ,
AH(s) = j 20).
® 2 o A (20)

where z; denote filter elements (i.e. capacitors and transconductors). Expression (17) is just
a very convenient way to calculate it.

Note that if we assume trivial output summer (C=[0...010...0]- 1 at /-th position), then
we have Cy = 0 and D, = 0 and (17), (18) and (19) simplify to

AH(s) = CL[Bsz = (8Tac — Gp)Crl, 21
AlH(s) |=| Co (B + BY) — Cy (sTac = Gp)Cr + D| = |CLBL + D), (22)
A(arg H(s)) = arg(CL(B" + BY) — Cy(sTac — Go)Cr+ D) — arg(C,.BL + D). (23)

It is seen that the above formulas are very simple and general, since they allow us to
analyse an arbitrary G,-C filter structure. Due to the fact that they use a matrix formulation,
itis easy to implement computer software to evaluate these formulas in a very efficient way.
In particular, one can perform a very fast Monte Carlo and/or Worst Case analysis. Note that
matrices €, and Cy have to be calculated only once for a given filter structure. Then, the
evaluation of formulas (17)-(19) (or (21)-(23)) is nothing else but a simple matrix (or
vector) multiplication, no matter how we change the deviation of the filter element values.
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There is no need to invert the matrix s(T¢+ Txo) — (G + G,) while changing these deviations.
Due to this fact a computational cost of determining transfer function deviation using
approximate formulas is only O(rn%). For example, an analysis of 8" order filter is about five
times faster than the same analysis being done using the exact method.

In the case of low order filters it is possible to perform hand tolerance analysis. For
illustration purposes consider a second-order G,-C filter shown in Fig.2. We shall assume
for simplicity that nominal values of all filter transconductors are the same (up to the sign),
i.e. Gp=Gy=-G=-Gyp=g, while element deviations will be denoted as AC;, ACy, AGy,,
AG,;, AGhy, AGy. The matrices describing this filter are

G2

Vin Vout
+3

\&f

G2t ‘\G[/?f]
j;:"& iCz

Fig.2. Diagram of the second,,order low,,pass Gm,,C filter

Rys.2. Schemat dolnoprzepustowego filtru Gm,,C drugiego rzedu

TC:{C’ 0},(;:{0 —g},B.—-[g 0,C=1{0 1},D=0. 24)
0 G g —8&

Using (24) one can easily calculate matrices C;, and Cy that are

1 1 |sCg + &
C,=— Cil, Cp =~ , 25
L D(s) lg sCi R D(S)ii gz (25)
with
D(s) = C,Cys* + Cy g5 + g~ (26)

Moreover, it follows from (3) that

2

8
HO(s) = . 27
(S) C1C2S2 + ClgS + gZ ( )

Now, using (21) we can calculate AH(s) = H(s) — H? (s), which is

—__i_ AGm ..__..L SACl - AG}Z Sng + g2 )
AH() =15l ‘C‘ﬂ 0 ] D(s) LGZI SAC, - AGMH g } @9
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Hence, we get

g
D*(s)
~ 5C\(sCy + g)AGy; + 5CgAG + D(s)AG,]. 29)

AH{(s) = [~ 5(sC; + 9AC, + 5°Ci gAC, + §°AG,

In a similar way one can calculate explicit formulas for A|H(s)| and Aarg H(s)).

4. APPLICATION EXAMPLES

In this section we consider several application examples of a tolerance analysis
method introduced in the previous section. Throughout this section we shall use normalised
element values and normalised frequency. All the results of Monte Carlo simulations have
been obtained on the basis of 5000 random samples. The standard deviation of amplitude
and phase, used in the sequel, are defined as

1 " . .
St Gy = \/n—:T > (HG)| - [HOGw) | (30)

I . .
Swenio = \[=—7 D" (arg H(jo) ~ HO(w)y @D

where |[H? (jo) | (arg H® (jo)) is the nominal amplitude (phase) and | #; (jo) | (arg H,; (jw))
is the actual amplitude (phase) for i-th random sample. We have assumed a gaussian
distribution of the deviations of filter element values while calculating standard deviations
(30), (31) and a flat distribution while calculating maximum deviations of amplitude and
phase. In figures containing the results of the statistical simulations solid lines show the
results achieved according to approximate formulas (22) and (23); points indicate the
results obtained according to the exact formulas based on equation (9). Deviations of
amplitude and phase are calculated in dB and degrees, respectively.

As the first example, consider again a second-order filter in Fig.2. We assume that this
filter implements Butterworth transfer function. Then, the normalised element values are:
Ci=1.4142, C,=0.7071, Gy=G,=1.0, G13=G,=-1.0. Figs.3 and 4 show the modulus and
phase of the nominal transfer function of the filter, respectively. Figs.5,6 (Figs.7,8) show
the results of Monte Carlo simulation (Worst Case analysis) of amplitude and phase of the
transfer function. We have assumed 1%, 2%, 5% and 10% deviations for all filter elements.
Figs.5 and 6 show standard deviation of amplitude and phase, respectively. Figs.7 and
8 show maximum deviation of amplitude and phase, respectively. One can infer from the
data in Figs.5-8 that formulas (22), (23) provide us with a very good approximation.
Standard deviation calculated by means of both methods is almost identical even for the
deviations in filter element values equal to 10%. The results are slightly worse for
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maximum deviations, however, the error is negligible for deviations of element values

smaller or equal to 5%. &
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Fig. 3. Nominal amplitude characteristic [H(jo)| of 2 order Butterworth filter in Fig. 2

Rys. 3. Nominalna charakterystyka amplitudowa {H(jw)| filtru Butterwortha 2-go rzedu z Rys. 2
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Fig. 5. Standard deviation of amplitude S« versus normalised frequency for 2* order Butterworth filter ) _
in Fig. 2 with a deviation in filter element values as a parameter; approximate values denoted as solid line Fig. 7;
and exact values as circles; gaussian distribution in element values was assumed a devic
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standard deviation S arg 1.y [deg]

dev=10%

0,29 042 0,62 0,89 1,30 1,89 275 4,00

normalized frequency

Fig. 6. Standard deviation of phase Sayu(e) versus normalised frequency for 2™ order Butterworth filter
in Fig. 2 with a deviation in filter element values as a parameter; approximate values denoted as solid line

and exact values as circles; gaussian distribution in element values was assumeed

Rys. 6. Odchylenie standardowe fazy S, n ) W funkcji znormalizowanej czestotliwosci dla filtru Butterwortha
2-gorzedu z Rys. 2 z odchytka wartosci elementdw jako parametrem; warto$ci przyblizone oznaczono linig ciagla,
wartoSci doktadne oznaczono punktami; przyjeto gaussowski rozklad odchytek wartoici elementéw
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B
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Fig. 7. Maximum deviation of amplitude versus normalised frequency for 2* order Butterworth filter in Fig. 2 with
a deviation in filter element values as a parameter; approximate values denoted as solid line and exact values

as circles; flat distribution in element values was assumed

Rys. 7. Odchylenie maksymalne amplitudy w funkcji znormalizowanej czestotliwosci dla filtru Butterwortha
2-gorzedu z Rys. 2 z odchylka wartoéci element6w jako parametrem; wartosci przyblizone oznaczono linig ciagla,
warto§ci dokladne oznaczono punktami; przyjeto jednostajny rozkiad odchylek wartoéci elementéw
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25
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Fig. 8. Maximum deviation of phase versus normalised frequency for 2* order Butterworth filter in Fig. 2
with a deviation in filter element values as a parameter; approximate values denoted as solid line
and exact values as circles; flat distribution in element values was assumed

Rys. 8. Odchylenie maksymalne amplitudy w funkcji znormalizowanej czgstotliwosci dla filtru Butterwortha 2-go
rzedu z Rys. 2 z odchylka warto$ci elementéw jako parametrem; warto$ci przybliZone oznaczono linig ciagla,
wartoéci doktadne oznaczono punktami; przyjeto jednostajny rozklad odchylek wartosci elementéw

Another example is a 3™ order elliptic low-pass filter in leap-frog (LF) structure with
a floating capacitor [24] shown in Fig.9. We assume that the filter implements transfer
function with minimum pass,,band attenuation A;=0.9, maximum stop-band attenuation
A;=0.16 and selectivity w,/w,=1.2 [24]. The normalised filter element values in this case
are: C;=1.1653, C,=0.6241, C5=0.4710, C4=0.9428, G=G=Gx=1.0, G1=Gp=G3=-1.0.
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Fig. 9. A third order low-pass eliptic filter in LF structure with a floating capacitor

Rys. 9. Dolnoprzepustowy filtr eliptyczny trzeciego rzedu w strukturze LF z kondensatorem nieuziemionym
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Figs.10 and 11 show the modulus and phase of the nominal transfer function of the filter,
respectively. Figs. 12,13 (Figs.14,15) show the results of Monte Carlo simulation (Worst
Case analysis) of amplitude and phase of the transfer function. We have assumed 1%, 2%,
5% and 10% deviations for all filter elements. Figs.12 and 13 show standard deviation of
amplitude and phase, respectively. Figs.14 and 15 show maximum deviation of amplitude
and phase, respectively. It follows from the data in Figs.12~15 that formulas (22), (23) give
a very good approximation for frequencies which are not too close to the frequency of the
transmission zero of the filter. Standard deviation calculated by means of both methods is
almost the same even for the deviation in filter element values equal to 10%. The results for
maximum deviation are slightly worse. However, for frequencies close to the frequency of
the transmission zero, approximation is not that good, especially for deviations of element
values equal to or higher than 5%. We can account for this fact by recalling that [H(jw)|
decreases to minus infinity (in dB scale) as the frequency approaches zero of the transfer
function. Thus, even very small error produced by the approximate formula (22) in a linear
scale, gives considerable error in a logarithmic scale. Similarly, the transfer function has
a considerable phase jump at its zero, which means that the results of maximum phase
deviation are not reliable for frequencies close to this frequency point and for large
deviation of filter element values.

A t — f f

o, 20 0,27 0,36 0,47 0,63 0,84 J.12 1,50 2,00
-5+

-9+
-13 4+
47 +
21 4+
-25

[H(w)| [dB]

normalized frequency
Fig. 10. Nominal amplitude characteristic JH(jw)| of 3 order eliptic filter in Fig. 9
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10. Nominalna charakterystyka amplitudowa [H(jo)| filtru eliptycznego 3-go rzedu z Rys. 9
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Fig. 11. Nominal phase characteristic arg[H(j®)] of 3* order eliptic filter in Fig. 9

Rys. 11. Nominalna charakterystyka fazowa arg[H(jo)] filtru eliptycznego 3-go rzedu z Rys. 9
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Rys. 12. Odchylenie standardowe amplitudy S0y W funkcji znormalizowanj czgstotliwoscei dla filtru
eliptyczngo 3-gorzedu zRys. 9 z odchylka wartosci elementéw jako parametrem; wartosci przyblizone oznaczono elipty
linia ciagla, wartosci dokladne oznaczono punktami; przyjeto gaussowski rozklad odchylek wartosci elementéw linig c
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Fig. 13. Standard deviation of phase Sun () versus normalised frequncy for 3* order eliptic filter in Fig. 9 F
with a deviation in filtr element values as a parameter; approximate values denoted as solid line
and exact values as circles; gaussian distribution in element values was assumed
Rys. 13. Odchylenie standardowe fazy Supn(ey W funkcji znormalizowanj czestotliwodei dla filtru Rys.
eliptyczngo 3-go rzedu zRys. 9 z odchyltka wartoSci elementéw jako parametrem; wartoci przyblizone oznaczono z I

linig ciagla, warto$ci dokiadne oznaczono punktami; przyjeto gaussowski rozklad odchylek wartosci elementéw ;
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Fig. 9 Fig. 14. Maximum deviation of amplitude versus normalised frequncy for 3" order eliptic filter in Fig. 9
with a deviation in filtr element values as a parameter; approximate values denoted as solid line
and exact values as circles; flat distribution in element values was assumed
ltru Rys. 14. Odchylenie maksymalne amplitudy w funkcji znormalizowanj czestotliwosci dla filtru
aczono eliptyczngo 3-gorzedu z Rys. 9 z odchyika wartodci elementéw jako parametrem; wartoéci przyblizone oznaczono
1entow linia ciagta, warto§ci dokladne oznaczono punktami; przyjeto jednostajny rozklad odchylek wartoéci elementow
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Fig. 9 Fig. 15. Maximum deviation of phase versus normalised frequncy for 3 order eliptic filter in Fig. 9
> with a deviation in filter element values as a parameter; approximate values denoted as solid line
and exact values as circles; flat distribution in element values was assumed
u Rys. 15. Odchylenie maksymalne fazy w funkcji znormalizowanj czestotliwosci dla filtru eliptyczngo 3-go rzedu
1aczZono z Rys. 9 z odchylka wartoéci element6w jako parametrem; wartosci przyblizone oznaczono linia ciagla,
nentow wartosci dokladne oznaczono punktami; przyjeto jednostajny rozklad odchylek wartosci elementow
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Now, consider the all-pole low-pass LF filter that realizes 8" order Butterworth transfer
function. A diagram of a general structure of all-pole low-pass IFLF filter is shown in
Fig.16. Here, we have n=8. As before, we use normalised values of elements and normalised
frequency. We assume that Gy = G, = —Gj = 1, i=2,...,1, j=1,...,n, 1.e. all transconductors
are the same (up to the sign). Normalised values of capacitances are: C;=1.5600, C,=1.827,
Cy=1.729, Cy=1.526, Cs=1.259, C¢=0.937, C,=0.578, C5=0.195. Normalised value of corner
frequency equals 1.

v
in oo J— @ @ L @ | Voout
T o

Q
I
Y
1|
$
IH|

Fig. 16. Diagram of a n-th ordr all-pole low-pass LF filter structure

Rys. 16. Schemat filtru dolnoprzepustowego rzedu n w strukturze LF bez zer transmisyjnych

Figs.17 and 18 show the modulus and phase of the nominal transfer function of the
filter, respectively. Figs.19,20 (Figs.21,22) show the results of Monte Carlo simulation
{(Worst Case analysis) of amplitude and phase of the transfer function. We have assumed
1%, 2%, 3% and 5% deviations for all filter elements. Figs.19 and 20 show standard
deviation of amplitude and phase, respectively. Figs.21 and 22 show maximum deviation of
amplitude and phase, respectively. Also in this case we can observe a very good agreement
between the results obtained by means of the approximate and exact formulas.

0 f + : ‘ ; .
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Fig. 17. Nominal amplitude characteristic [H(jw)| of 8" order Butterworth LF filtr in Fig. 16

Rys. 17. Nominalna charakterystyka amplitudowa [H(jw)| filtru Butterwortha 8-go rzedu z Rys. 16
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Fig. 18. Nominal phase characteristic arg[H(jw)] of 8" order Butterworth LF filter in Fig. 16

Rys. 18. Nominalna charakterystyka fazowa arg[H(jw)] filtru Butterwortha 8-go rzedu z Rys. 16
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Fig. 19. Standard deviation of amplitude Sju ;. y versus normalised frequency for 8" order Butterworth LF filter
in Fig. 16 with a deviation in filter element values as a parameter; approximate values denoted as solid line
and exact values as circles; gaussian distribution in element values was assumed
\ Rys. 19. Odchylenie standardowe amplitudy Sy ;e W funkcji znormalizowanej czestotliwoéci dla filtru
Butterwortha 8-go rzedu z Rys. 16 z odchylka wartoéci elementéw jako parametrem;
B wartosci przyblizone oznaczono linia ciagla, wartosci doktadne oznaczono punktami;
przyjeto gaussowski rozklad odchylek wartodci elementéw
)
16
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Fig. 20. Standard deviation of phase Sugn(je) versus normalised frequency for 8" order Butterworth LF filter
in Fig. 16 with a deviation in filter element values as a parameter; approximate values denoted as solid line

max. deviation [H(jw)| [dB]

and exact values as circles; gaussian distribution in element values was assumed

Rys. 20. Odchylenie standardowe fazy Sugn¢e) W funkeji znormalizowanej czestotliwosei dla filtru

Butterwortha 8-go rzgdu z Rys. 16 z odchylka wartosct elementéw jako parametrem;
warto§ci przyblizone oznaczono linig ciagla, wartodci dokladne oznaczono punktami;
przyjeto gaussowski rozktad odchylek wartodci elementéw
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Fig. 21. Maximum deviation of amplitude. versus normalised frequency for 8% order Butterworth LF filter
in Fig. 16 with a deviation in filter element values as a parameter; approximate values denoted as solid line

and exact values as circles; flat distribution in element values was assumed

Rys. 21. Odchylenie maksymalne amplitudy w funkcji znormalizowanej czestotliwosci dla filtru Butterwortha
8-go rzedu z Rys. 16 z odchylka wartodci elementéw jako parametrem; wartodci przyblizone oznaczono linia
ciagla, warto$ci dokladne oznaczono punktami; przyjgto jednostajny rozklad odchylek wartosci elementéw
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Fig. 22. Maximum deviation of phase versus normalised frequency for 8" order Butterworth LF filter

in Fig. 16 with a deviation in filter element values as a parameter; approximate values denoted as solid line
and exact values as circles; flat distribution in element values was assumed

Rys. 22. Odchylenie maksymalne fazy w funkcji znormalizowanej czestotliwosci dla filtru Butterwortha
8-go rzedu z Rys. 16 z odchytka wartosci elementéw jako parametrem; warto$ci przyblizone oznaczono linia
ciagla, wartoSci dokladne oznaczono punktami; przyjeto jednostajny rozktad odchylek wartoéci elementéw

Since the proposed method is very fast, it can be used to make a comparison of
different filter structures. As an example we shall compare different structures of all-pole
canonical low-pass G,-C filters that realize the same transfer function. Fig.23 shows
a general structure of n-th order all-pole canonical low-pass G,,-C filter.

If the feedback signal at intrinsic node x; in Fig.23 is taken from the node x,,; for
i=1,2,...,n—1 and the node x, has the inner feedback loop the we obtain so,,called leap-frog
(LF) structure. If all feedback signals at nodes x;, i=1,2,...,n are taken from the node x, then
we get so-called inverse follow-the-leader (IFLF) structure. It is well known that IFLF and
LF filters can be considered as two ‘extreme’ canonical structures of all-pole filters [23]. In
general, the feedback signal emerging at node x; can be taken from node x; with j=i+1,...,n.
This yields the total number (n-1)! of different canonical multiple-loop integrator structures
of order n.

Gk G, Gk R

Cs Cn
Fig. 23. A general structure of n-th order all-pole canonical low-pass G,-C filter

Rys. 23. Og6lna struktura kanonicznego filtru dolnoprzepustowego G,.-C rzedu » bez zer transmisyjnych
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Table 1
Standard deviation of amplitude for 5-th order all-pole low-pass Butterworth filters ™
Odchylenie standardowe amplitudy dla dolnoprzepustowych filtréw Butterwortha 5-go rzedu
Filter w=0.5 a):Al 0 w=2.0
structure \G+C dev.| Cdev. | Gdev. |G+Cdev.| Cdev. | Gdev. |G+Cdev.| Cdev. | G dev.
23455| 019 0.05 0.18 0.29 0.19 0.22 0.32 0.22 0.23
23555 0.19 0.06 0.18 0.30 0.20 0.22 0.34 0.22 0.26
24455 0.19 0.06 0.18 0.42 0.28 0.32 0.33 0.22 0.24
24555 0.19 0.06 0.18 0.49 0.28 0.40 0.36 0.23 0.27
25455 0.16 0.07 0.14 0.48 0.30 0.36 0.33 0.23 0.24
25555| 0.16 0.07 0.14 0.51 0.31 0.40 0.36 0.23 0.28
33455) 022 0.09 0.19 0.40 023 0.31 0.32 022 0.23
33555) 021 0.10 0.19 0.40 0.25 0.33 0.34 0.22 0.26
34455 0.28 0.09 0.26 0.55 0.35 0.43 0.34 0.23 0.24
34555 0.30 0.10 0.27 0.66 0.34 0.56 0.36 023 0.28
35455 0.19 0.09 0.17 0.60 0.37 0.47 0.33 022 024
35555 0.21 0.10 0.19 0.62 0.37 0.52 0.36 023 0.29
43455) 023 0.10 0.21 0.34 0.19 027 032 0.22 0.24
43555 023 0.11 0.21 0.39 022 032 0.34 0.22 0.26
444551 028 0.10 0.26 0.57 0.33 0.46 0.33 0.23 025
44555 0.29 0.11 0.27 0.71 0.34 0.62 0.36 0.23 0.28
45455 0.21 0.10 0.19 0.60 0.36 0.49 0.33 0.23 0.24
45555 022 0.11 0.20 0.67 0.37 0.58 0.37 0.23 0.29
53455 0.26 0.11 0.24 0.33 0.17 0.28 0.32 0.23 0.23
53555 0.26 0.12 0.23 0.33 0.20 0.26 0.34 0.22 0.26
54455 0.31 0.12 0.30 0.54 032 0.43 0.34 023 0.24
54555 032 0.12 0.29 0.66 0.32 0.59 0.37 0.23 0.28
55455 0.23 0.11 0.21 0.63 0.36 0.49 0.33 0.23 0.24
55555 0.24 0.12 0.21 0.64 0.36 0.53 0.36 0.23 0.29

*~G+C dev. means that both transconductors and capacitors were deviated, G dev. (resp. C dev.) refers to the

situation when only transconductors (respectively: capacitors) were deviated.
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able 1 Table 2
Maximum deviation of amplitude for 5-th order all-pole low-pass Butterworth filters”

Odchylenie maksymalne amplitudy dla dolnoprzepustowych filtréw Butterwortha 5-go rzedu

E— Filter w=0.5 : w=1.0 ©=2.0
structure | G+C dev.| C dev. Gdev. |G+Cdev.| Cdey. | Gdev. |G+Cdev.| C dev. G dev.
dev. 23455 0.36 0.08 0.35 0.56 0.29 0.42 0.70 0.39 0.45
E—— 23555 0.37 0.09 0.35 0.61 0.31 045 0.75 0.40 048
)—%é———- 24455 0.36 0.09 0.32 0.81 0.46 0.59 0.65 0.40 0.48
)—?—4——~ 24555 0.38 0.09 0.35 0.96 0.47 0.77 0.68 043 0.51
)_'Z"Z___ 25455 0.30 0.09 0.24 0.97 0.52 0.67 0.67 0.37 0.47
1;2—4-—-“ 25555 0.29 0.09 0.25 0.94 0.53 0.81 0.71 0.39 0.52
)—%—8———- 33455 0.46 0.16 0.33 0.76 042 0.62 0.84 0.42 0.46
E—m 33555 043 0.17 0.41 0.88 041 0.62 0.74 042 0.46
23_6__ 34455 0.64 0.17 0.52 0.16 0.62 0.83 0.76 041 0.46
24 34555 0.61 0.19 0.54 1.35 0.60 1.11 0.73 044 0.52
28 35455 0.37 0.17 0.35 1.19 0.58 0.89 0.68 040 0.50
-24 35555 048 0.17 0.34 1.31 0.61 1.00 0.76 0.42 0.57
29 43455 0.46 0.15 0.44 0.67 0.29 0.51 0.70 0.39 0.45
24 43555 0.53 0.17 0.40 0.79 0.38 0.66 0.74 0.39 0.46
)26 44455 0.54 0.16 0.50 1.12 0.55 0.93 0.68 0.43 0.45
025 44555 0.60 0.19 0.52 1.54 0.57 1.27 0.83 0.40 0.59
028 45455 041 0.15 0.35 1.21 0.58 0.95 0.68 0.40 0.46
024 45555 043 0.19 0.36 1.40 0.60 1.20 0.75 0.39 0.57
0-29 53455 0.61 0.18 0.44 0.67 0.26 0.53 0.65 041 0.44
023 53555 0.53 0.18 0.44 0.65 032 0.51 0.66 042 0.56
0:26 54455 0.60 0.17 0.58 1.14 0.59 0.76 0.65 0.40 0.54
0.24 54555 0.68 0.19 0.62 1.42 0.50 1.22 0.72 0.42 0.60
028 55455 0.51 0.17 0.38 1.27 0.57 0.93 0.63 042 0.48
024 55555 0.53 0.19 0.39 1.32 0.60 1.12 0.76 040 0.52
029 "~ G+C dev. means that both transconductors and capacitors were deviated, G dev. (resp. C dev.) refers to the
s to the situation when only transconductors (respectively: capacitors) were deviated.
To simplify further description, we introduce the following notation: let the

SCQUENCE f1,ja,...,/» denote the canonical all-pole low-pass structure of n-th order, for which

the feedback signal emerging at node x; is taken from node x;,. For example, n-th order LF

structure will be denoted as 2,3,4,...,n,n, while n-th order IFLF structure as n,n,...,n.
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Here, we consider 5-th order Butterworth filters. According to the discussion above, there
are 24 different canonical structures that realize this transfer function. They can be implemented
with the same value of transconductances for all filter transconductors (see [23] for more
details). Table 1 and 2 show the standard and maximum deviation of amplitude, respectively, for
all considered filter structures, obtained for 5000 random samples. 1% deviation in capacitance
elements, transconductance elements or all filter elements has been assumed (with gaussian
distribution for standard deviation and with flat distribution for maximum deviation). The
simulations have been performed for normalised frequency equal to 0.5, 1.0 and 2.0. It follows
that for low frequency (w=0.5) transconductance element deviations determine the deviation of
transfer function of the filter. For higher frequencies (w=2.0) the contributions of transconduc-
tance and capacitance element deviations becomes roughly the same. It is also seen that transfer
function deviation is larger for IFLF filter than for LF one. Note that there is a kind of monotonic
dependence between the filter structure and transfer function deviation. In particular, the more
the filter is similar to LF one, the smaller transfer function deviation it exhibits. The similarity is
‘measured’ by the number of feedback transconductors located in the same place as in LF filter
(see also [25] for more detailed discussion on this subject).

5. CONCLUSIONS

In the paper, an efficient procedure for calculating deviation of filter transfer
function given deviations of filter element values has been developed. The procedure has
been used to perform statistical analysis of G,-C filters. It follows that accuracy of the
results obtained by means of the method is very good, provided that the deviations of filter
element values are not larger than 5-10% (depending on the considered filter). A number of
examples that illustrate the proposed approach have been presented including statistical
analysis of family of filters realizing the same all-pole low-pass transfer function of 5%
order. The computational complexity of the proposed procedure is O(n?), while the
complexity of the exact method is O(r’) since it involves inverting n(n matrix during each
iteration. It is also worth noticing that the proposed method is versatile, since it can be
applied to any G-C filter structure using the same general formulas (and, as a consequence,
the same software packages).
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S. KOZIEL
EFEKTYWNA ANALIZA TOLERANCJ FILTROWAKTYWNYCH G,-C CZASU CIAGLEGO

Streszczenie

W pracy przedstawiono efektywng metode analizy tolerancji dla filtréw aktywnych G,-C czasu ciaglego.
Zaprezentowano ogdlny opis macierzowy filtréw G,-C, ktéry obejmuje wszystkie mozliwe realizacje filtréw
w rozwazanej klasie elementow. Zaletg tego opisu jest miedzy innymi to, ze wszystkie macierze wystgpujace
w réwnaniach moga by¢ tworzone bezpodrednio przez wglad w schemat uktadu.

W oparciu o przedstawiony model wyprowadzono formuly umozliwiajace wyznaczanie tolerancji funkcji
przenoszenia filtru (zaréwno modutu jak i fazy) przy zadanych odchylkach wartosci elementdw filtru od wartosci
nominalnych. Zastosowano pewne przyblizenie, ktdre przy zalozeniu matych odchylek wartodci elementdw filtra
umozliwia obliczanie odchylki funkcji przenoszenia bez koniecznosci odwracania macierzy giéwnej uktadu
réwnafl opisujacych filtr przy kazdorazowej zmianie warto$ci odchytek elementéw. Powoduje to zmniejszenie
asymptotycznej zloZzonosci obliczeniowej calej procedury z O(n*) do O(n?).

Przedstawiona metode wykorzystano do przeprowadzenia analizy statystycznej filtréw G,,-C. W szczegdlno-
§ci, dokonano analizy Monte Carlo i analizy najgorszego przypadku (Worst Case) dla wybranych struktur filtréw
réznych rzedéw. Zaprezentowano réwniez wyniki analizy poréwnawczej rodziny filtréw realizujacych ta sama
dolnoprzepustowa funkcje przenoszenia piatego rzedu.

Przedstawione wyniki eksperymentéw pokazuja, Ze wzory przyblizone daja bardzo dobre rezultaty przy
odchytkach wartoéci elementéw ukladu nie przekraczajacych 5-10% od warto$ci nominalnej w zalezno$ci od
badanej struktury filtru, przy czym uzyskano kitkukrotne zmniejszenie czasu obliczefi (w poréwnaniu do metody
dokladnej) juz dla filtr6w o Sredniej zloZzonosci (68 rzedu). Nalezy réwniez zaznaczy¢, ze opisana procedura jest
uniwersalna i pozwala analizowaé dowolne struktury filtréw G.-C za pomocg tego samego programu
komputerowego. Moze ona zatem by¢ wykorzystana w systemach automatycznego projektowania i analizy
filtréw tej klasy.
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