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It is shown that the mean value of any observable with a bounded spectrum can be uniquely determined from
binary statistics of the measurement performed osirgle-qubitancilla coupled to a given system. The
corresponding positive operator-valued measure fully encodes the observable structure. The method is gener-
alized to the case of distant-laboratory paradigm and is considered in the context of entanglement detection
with few local measurements. The results are also discussed in the context of quantum programming.
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One of the serious problems of quantum-information Surprisingly, the answer for the question above is positive
theory[1—4] is the fragility of quantum entanglement. The for any bounded observable, no matter whether it involves
latter is a basic feature of some quantum cryptographicontinuous variables or notThe nature of the associated
schemes, quantum teleportation, quantum dense coding, aeffect seems to be quite fundamental, and it has not been
guantum computing5]. known in quantum measurement theory so far.

However, before using entanglement, one has to be sure It can be explained as follows. If apart form our system
that it is really present in the systefsee Ref[6] for some we have asingle qubitand can control the system-qubit in-
paradoxek In particular, it is important to be able to detect it teraction, then there exists a general quantum measurement
in the distant-laboratory scenario, where two observers argositive operator-valued measure, POVMith two out-
far apart and have restricted access to the composed syst@@mes such that the mean value Adfcan be immediately
they shardsee, for instance, Ref7]). There are many meth- reconstructed from the POVM statistics. Because binary
ods checking whether or not there is entanglement in th®OVM corresponds to the estimation of a single parameter
system(see Refs[3,8]). However, they require prior state (see previous discussipnit happens that in the presented
reconstruction, i.e., full knowledge about the density matrixscheme the estimation of the mean value of a single observ-
of the system. Recently, a new paradigm was introdiégd able does correspond to a single parameter. The mechanism
Assume that we do not know the state of the system at allof this effect can be roughly summarized with the statement
Can we detect the presence of entanglement at all withouhat the observable has beencodedinto the interaction
state reconstruction then? Can we estimate the entanglemeepresented by POVMbetween the system and the qubit
measure? The answers have been given in a series of papangilla.

[9—11]. In particular, for two-qubit entanglement can be de- Note that to get the above POVM statistics, we need
tected both qualitatively9] and quantitativelyf10] without ~ many runs of the experiment, i.e., we need many copies of
state reconstruction. If partial information about the state i®ur system and many qubit ancillésach of them coupled to
provided, then entanglement can be detedtét] in the a single copy of the systembut this is always needed in
distant-laboratory paradigm with a minimal number of localquantum mechanics where mean values are measured.
measurements of mean values of product observables. In context of the results of Ref11], we also pose a simi-

The problem is that any measurement of the latter usualljar issue in case of product observables measured by distant
requires the estimation of more than one parameter. Evegbservers. It happens again that two binary POVMs are suf-
determining the mean value of single [sic] observableA  ficient but with data analysis refined to get apart from the
usually requires the estimation nfanyparameters, namely, marginal statistics also one correlation probabil#ych as in
the probabilities of outcomes of von Neumann measuremeriell-type experiments
(see theproblemlaten. The problem is especially striking in ~ Let us note that as a by-product of other investigations,
the continuous variables caEE?] where any von Neumann we have provided a partial positive answer to the above
measurement can be only approximate due to finite numbeguestion[16] earlier. The idea was to encode any spinlike
of outcomes of any real experiments. In this context, weobservableA into some stateg,=al+ BA (that can be
address a quite general questitgithere any way to associ- viewed as a kind of prograyof the auxiliary system. Then
ate the mean value of a given quantum observable A with thafter interaction of the ancilla with our system in the given
experimental estimation of a single parameter? statep, the valuen=Tr(o,0) was reconstructed with the

Here, by the estimation of a single parameter we mean thkelp of an incompletébinary) measurement giving finally
estimation of the probability of some single outcome in thethe mean value§— )8! of the observablé\ in the state
easiest way: counting detector clicks corresponding to th@. However, the scheme required complex resources: for any
outcome and dividing the resulting number by the number ofl-level system, it needed®2level ancillas. Moreover, as dis-
all runs of experiments. The simplest example is the spineussed subsequently, it cannot be applied for the continuous
polarization measurement along a given axis: to get the probrariables casg¢12], though local quantum operations and
ability of being “up,” we count up events and divide them classical communicatioLOCC) scheme for localproduc}
by the number of al(*up” and “down” ) results. observables is possibjé7]. Here, we provide a solution for
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both single system and bipartitt OCC) system scenario. =0), i.e., has no negative eigenvalue. Now, we define the
This unified approach has further advantagés:requires new operator, i.e., the Hermitian opera@f=D/(a,) (a.
minimal ancilla—just single qubits an@) is applicable for =a_+ap,,]), such that it satisfies the proper§<D’'<1

the continuous variables case under the only assumption afhich means that all its eigenvalues belong to the interval
boundness of the observable. We also provide a motivatiorf:0,1]. Consider now the following operators:
many-parameter estimation in the typical von Neumann mea-

surement. Vo=yD'=\(a_l+A)/a,,
As we have already mentioned, the LOCC scheme we
rovide here is especially important for the local detection of
p pecially imp Vi=1- ViV, )

unknown or partially unknown entanglement. In particular, it
provides additional justification to approaches from Ref. ) ) . 1ot
[11]. They satisfy the following cond|t_|on2i:0Vi V;=1 so they
It is worth mentioning that recently one developed ideag€Present the so-called generalized quantum measurement
of quantum computing with quantum data struct{@ele], and can pe easily .|mplement(.a<.j_on our systTem. It has two
guantum programmable interferometric netwof§], and  outcomesi=0,1 with probabilities po=Tr(VoVoe), p1
programmable quantum gaté8]. In this context, we ad- = Tr(ViV;0)=1—p,. Note that only thesingle parameter
dress a naturalopen question: what observable can be po describes this binary statistics. Now, it is elementary to
implemented as a kind of quantum program, and, if so, howsee that because of the Hermicity \8§ (which means that
to do it optimally and how to quantify this process. V0=V8), one haspy=Tr[(a_l +A)g]/a, and, finally, be-
The paper is organized as follows. First we pose the probeause of TrAg) =(A), this leads to the main conclusion
lem with the standard von Neumann measurement and we
show how to solve it by encoding a given observable into the (A)p=a,pp—a_. 3
binary POVM. Then, we provide a similar result for the
product observable in the LOCC paradigm. Finally, weThus, we have reproduced the mean value of the arbitrary
briefly discuss the result, especially in context of the recentlypbservableA with a bounded spectrum with the help of a
considered computing with quantum data structure and resingle parametep, coming from the binary generalized
lated issues. quantum measuremetROVM).
The problem Consider an arbitrary quantum observable |t is remarkable that the above POVM can be performed
A=Z\i|¢i)(¢i]. If it has more than two different eigenval- on the system if we only have one-qubit ancilfdditional

uesii, A, ...,\y, N>2, then the usual procedure to get physical systemand can control the interaction between our

the mean value oA in the given state, system and the ancilla. In fact, this is all what a binary
POVM requires( [13], see the Appendix of Ref7] for tu-

(A)o=Tr(Ag), (1) torial review. Indeed, we prepare our ancilla qubit in the

_ _ pure staté0). Then, we subject our joint systefimitially in
requires von Neumann measurement withutcomes corre- a stateo ®|0){0|) to unitary evolutionU that leads to an

sponding to n eigenvectors of the observabla: ¢, interaction between our system and the angfiba definition
Yo, ..., The measurement relies on the estimation ofof evolution U, realizing a given POVM, see Rdf7]). Fi-
n—1 parameters that are probabilities of outcom@s nally, we measure observahle on our ancilla. If we get the
=(yle|pr), p2=(¥ale|¥2), ..., Pno1=(¥n-1l@|¥n-1)  result up(ancilla state unchanged i.e., remains in initG),

(the last parametgy, can be inferred from the normalization this corresponds to the resiik=0, and if we get the result
condition. Finally, we multiply the probabilities by eigen- down (ancilla state changed {d)) this corresponds to the
values and calculate the sunj_,p;\; that is equivalent just resulti=1; both occurring with probabilitiep,, p; defined

to the mean valuéA), we were looking for. Clearly, ihis  above. This has a similarity to the scheme of a universal
greater than 2, we need an estimation of more than one pauantum estimator allowing one to detect nonlinear state
rameter in the sense thépart from counting runs of our functions[16], where one finally measures a single qubit to
experiment we have to count clicks correspondingrire  get the output of the measurement. There is a difference,
than oneoutcome. Moreover, if the observable correspondshowever. Indeed, while there the mean value of the non-
to the continuous variables case<c above, then there is Hermitian unitary “shift” operator is estimated, here we
no way to measure it directly and any indirect measuremerntiave theHermitian operator structure which is built in the

must be approximate. POVM scheme in a more complex way. Still, it is interesting
We shall see, however, that one can overcome these dits perform a more detailed comparison of the two schemes.
advantages under two assumptiotigboundness of the ob- Note that the above scheme allows one to detect the mean
servable spectrum andii) additional resource: well- value of the non-Hermitian operatérdefined by(X), with
controlled interaction with a single quantum bit. the help of decomposingK into Hermitian and anti-

Solution for a single observabléet us first assume that Hermitian partqcf. Ref.[14]) and detecting the correspond-
the observable has the spectrum bounded and its lower aridg observables with the help of two binary POVMs.
upper bounds correspondag,;, anda,, .y, respectively. Let
us define the non-negative numbar =max0,—ayin]-

Then the following operatoD=a_l+A is positive O We say thatA=B, if for all ¥ one hag ¥|A—B|¥)=0.
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Product observables and the distant-laboratary para- (A®B =a.b +a_b_—Ja.b_py+a_b ,
digm Suppose now that Alice and Bob are in theydigtant- { Jons™ 2D Poo ab-po <ol ©6)
laboratary paradigm, i.e., they are far apart and they share
some bipartite quantum state,g. This is similar to quan-
tum teleportation process where they shared a single sta{ghereb, are defined with respect to observalien full
(here, we allowg to be mixed. In such a case, Alice and analogy toa. . Thus, again we have reduced the LOCC
Bob are allowed to perform local operatiofisO) and com-  measurement oA®B to two binary POVMs with more
municate classicallfCC). Suppose now that they want to careful data analysis, leading not only to binary marginal
detect the mean value of some entanglement wit\&ss distributions(determined by probabilitieg,, q,) but also to
=31 A ®By with its structure and number chosen prop- correlation probabilityp,,. Finally, let us note that the above
erly (see Ref[11]). Because of LOCC restrictions, this can reasoning can be generalized to the multipartite LOCC
be achieved only by the measurement of local measuremenggheme. Then, only the proper hierarchy of correlation prob-
and exchange of information. Usually, it is done as in stangpilities must be taken into account.
dard Bell inequalities(for similarity of entanglement wit- Applications to Bell inequalitiesNote that, using the
nesses formalism to Bell inequalities theory, see RES]):  above formalism, any Bell inequality involvingrbitrary
namely, this corresponds to local measurements of obserbounded observables can be formally transformed to binary
ablesA, By (for each fixedk), but by keeping the record of inequality that has formally “Bell-like” form: namely, it in-
results and finally establishing the mean value from jointvolves joint probabilities of binary eventsuch aspy, o,
statistics. However, there are more outcomes, in general, §§,,, and their multipartite analogsHowever, the new Bell-
again there is a question whether we can reduce the aboVie inequality, as it is, assumes validity of quantum mechan-
scheme to binary experiments. The answer is “yes,” thoughcs (quantum interaction corresponding to local binary
the solution is not so simple as it was before. Suppose thgQVMs). As such, it does not represent the legitimate Bell

Alice and Bob want to measure the mean value inequality because it iot independent of quantum formal-
ism The question whether and when it is possible to over-
(A® B)QAB:Tr(A® Boag) (4) come this difficulty will be considered elsewhere. It seems

that the new inequalities might serve as an experimental test
supporting(may be as a kind of preliminary stagde fully
|detailed experimental tests of original Bell inequalities.
Discussion and conclusiong/e have discussed the prob-
m of whether measurement of a single observable with
many eigenvalues can be restricted to the estimation of a
: ; single parameter. We have shown that it is always possible if
denote {Wo,W,}. They have pairs of possible local out (i) the observable is bounded, i.e., has upper and lower

comesia,ig=0,1, wherei, (ig) corresponds to the Alice i 1
(Bob) outcome. Then, performing measurements on their an_t_)ounds_ on its spectrum ar(d) one has a well-controlied
cillas they should not only estimate parameteps interaction with the single-qubit ancilla. We have constructed

_ + " + . the corresponding POVM and pointed out that it can be
_Tr(W.OWOQA)’ qO_Tr(WOWOQ.B) Wh.'Ch correspopd 0 achieved with only one additional quantum bit: namely, the
normalized numbers of outcomes=0, iz=0, respectively.

In additi th hould al icate classicall stimated parameter corresponds to the probability of getting
n addition, they should also communicate classically ant,ne o,tcome out of two that are possible in the measurement
count all cases when they get the resuftssig=0 corre-

. i of Pauli operatoio, on the single-qubit ancilla.
!a_ted, .€., coming from the copy of the stage - Normal- We have also considered the issue of detecting partially
izing the resulting number of the cases, i.e., dividing it by th

. o Cknown entanglement with a minimal number of estimated
numper of all measurements by which they get the joint Cor'parameters in context of Rdfl1]. In this case, it happens
relation probability that the number of local observables involved in the mea-
surement is equal to the corresponding binary POVMs that
Poo=Tr(Vo®Woe ae) () can supersede them. The result of POVMs, however, should
be used in a more detailed way to get not only marginal
of getting the same outconmg=ig=0 on both sides from (single parametgr binary statistics {py,1—po} ({do,1
the same copy of the state. —qo}) on Alice (Bob) side, but also join correlation prob-
The above process is equivalent to the estimation of meagbility py,. It can be generalized to multipartite systems and
values (), (o), and (c™W®cB) on Alice and Bob Ileads to the compression of usual Bell inequalities into “bi-
local ancillas that were needed to implement the POVMnary Bell-like inequalities” involving only joint probabilities
Thus, the process is virtually identical to what happens in thef binary events.
usual Bell-type inequality on two spif-particles where Let us observe that in the continuous variallle¥) case,
marginal and correlation probabilities are also determinedthe measurement of a general observable is impossible—due
Summarizing, Alice and Bob need to determine probabilitiego infinite number of outcomes, one can only measure some
Po.0o, andpqg of standard Paulir, measurements on their approximated“digitized” ) observable instead of the origi-
ancillas. It is easy to see that from the probabilities theynal one. The present binary POVM method seems tthbe
easily get the needed mean value as follows: only onethat provides the mean value of the observable itself

of product observabl&d®B on the shared state,z. Then
they should perform local POVMs corresponding to loca
observables as defined in the preceding section, but thig
should use the data in a more sophisticated way. Let Alic
POVM be{V,,V4} (as beforg while by Bob’'s POVM we
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rather than its approximation. The present result has somtim data structur¢9,16] and a systematic way of quantum
similarity to the recent interferometric meth¢d6] where gates programmin{l8].

final estimation comes from the measurement of Pauli matrix In the above context, an intriguing question arises natu-
o,. However, its fundamental difference can be seen easiljally: is it possible to implement a given observable as a kind
when one realizes that the interferometric approach by n@f program, and if so, what is the most optimal way to do it?
means can work for infinite-dimensional scenario called thé"om the present analysis, we already know that some CV
CV case. The observable is there encoded by affine transfopPservables cannot be implemented as a sort of program
mationA— o ,= al + A, wherel stands for identity opera- (State of the ancilla But one can imagine the scenario where
tor. Hence, for CV,o, is no longer a quantum statas the observable parameters are “split” into the programmable

interferometric method of Refl16] require$ because it has part and the one that is nonprogrammable but can be en-

- : oded into dynamics. In this context, one would need mea-
no finite trace. There are no problems like that for the presengures that would quantify both parts. It seems that by char-

- . ; .%{cterizing the second part, the entangling power concept can
fining V,, V; does not mean that the discussed difference %0 important[19] as well as quantum gates programming

equivalent to that between probabilities and amplitudes i’[18] and gates cosf20]. Also, in the case of continuous
quantum theory. There is a deeper reason: in the prese{biaples, the concept dfoth classical and quantum com-

method, the observablg is encoded directlyn global dy-  ,,iapjlity of observable parameters will have to be taken into
namics (ancilla-system interaction Hamiltionan that can beaccount.

inferred from the POVM rather than “programmed” into Finally, it may be interesting to consider the application of

the “static” ancilla as it was proposed in Refl6]. the present result in context of Bell inequality tests for con-
There is, however, an important point that links theinuous variables systenfg1].

present approach with that of Refl6]. Let us recall that

some kind of “quantum programs” that implement some The author thanks A. Ekert, D. Oi, C. M. Alves, Ch.
physical observable in the physical systémcilla) has been Fuchs, M. Horodecki, and R. Horodecki for interesting dis-
already presented in the previous approgbb]. Moreover, cussions. The work was partially supported by the project
there is a general idea of quantum programming with quanEQUIP, Contract No. IST-1999-11053.
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